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Abstract. In this paper we introduce a new Weber-type transform pair for the
representation of a function f(r) defined over the domain a < r < co and which satisfies
the Robin mixed boundary condition f(a)+ Af'(a) = 0. The orthogonality relationships
of the transform kernels are derived in both the spatial and the spectral domains as well
as Parseval’s theorem. We apply this new Weber-type transform pair to solve a mixed
boundary value problem in a system of planar layers.

1. Introduction. In many practical applications, integral transform methods have
been a powerful analytical tool in solving mixed boundary value problems. The most
important advantage of such transform methods is that they provide a means of reducing
the degree of complexity of solving a problem allowing, in some cases, analytical or semi-
analytical solutions. Also in hybrid numerical techniques, integral transforms can permit
the reduction of the dimensionality of the problem at hand, hence significantly reducing
the computation cost.

In the next section and using the notations of this paper, we review some known
material on Weber transform pairs [1]-[3] for the representation of a function f(r) defined
over the domain a < r < oo and which satisfies either a Dirichlet boundary condition
f(a) = 0 or a Neumann boundary condition f’(a) = 0. Weber’s integral theorem and its
proof for circular cylinder functions of unrestricted order with Dirichlet and Neumann
boundary conditions have been established by Watson [2]. In the third and fourth sections
we introduce a new Weber-type transform pair for the representation of a function f(r)
defined over the domain a < r < oo and which satisfies the Robin mixed boundary
condition f(a)+ Af’(a) = 0. In the last section, we apply this new Weber-type transform
pair to solve a mixed boundary value problem in a system of planar layers.
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2. The Dirichlet-Weber and Neumann-Weber transforms. For a function f(r)
defined over the domain a < r < oo and subject to the condition that:

/ " drvr i) (1)

exists and is absolutely convergent, its Weber transform [1]-[3] is given by the following
pair:

fle) = [ drrCuno)f0) )
1) = [ decCulr9)7ute (3)

where v > —1/2 and C, (1, &) is the kernel of the Weber transform given by:
Cultr€) = pgay Yo €0 (€) = (oY, €r) (4)

for a function f(r) that satisfies the Dirichlet boundary condition f(a) = 0, in which case
we refer to the Weber transform as the Dirichlet-Weber Transform (DWT). On the other
hand, for a function f(r) that satisfies the Neumann boundary condition f'(a) = 0, the
kernel C,(r, &) is given by:

Colr ) =

My(éa)

in which case we refer to the Weber transform as the Neumann-Weber Transform (NWT).
The normalization coefficients, N, (£a) and M, (€a), are given by:

[Yu/(ga)‘]u(ér) - Jlll (ga)YU(&r)]’ (5)

N, (a) = [T} (€a) + Y2 (€a)]' /2 (6)

M, (§a) = [ (60) + Y, ()2, (7)
This kernel satisfies the following partial differential equation:

(o im+(2-5%)]ero -0 ®

subject to the boundary condition:

C,(a,&) =0, for the DWT 9)
and

C,(a,&) =0, for the NWT. (10)

The prime indicates differentiation with respect to the argument (or first argument). The
Weber transform kernel, C, (r, &), also satisfies the following orthogonality relationships:

/ drrcy(r,sl)cu(r,§2)=ﬁa(a—gz) (1)
/OoodééCu(mﬁ)Cu(Tz,ﬁ)= wll_rzé(n—m (12)

Parseval’s theorem states that:

/ " drrf(r)g(r) = /0 " deef, (©)3.(6) (13)
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where f,(€) and §,(€) are the Weber transforms of the two functions f(r) and g(r),
respectively. It is implied that f(r) and g(r) both satisfy either the Dirichlet or the
Neumann boundary conditions and that f,(¢) and §, () are their corresponding DWTs
or NWTs, respectively.

Defining the operator £,{f(r)} by:

2f(r r) V2
cosy = TID 100 Vg (14)

the principal operational property of the Weber transform is given by:
| drreAfECn ) = af (@Cu(a€) - af(@)Clia,) - €,(6)
= -£1,(6), (15)

where we have made use of the conditions f(a) = 0 and C,(a,&) = 0 for the Dirichlet-
Weber transform and of the conditions f’(a) = 0 and CJ(a,&) = 0 for the Neumann-
Weber transform.

In the limit when a — 0, we obtain C,(r,§) — J,(£r) and the Weber transform
reduces to the Hankel transform [4].

3. A new Weber-type transform. In this section we develop a new Weber-type
transform for the representation of a function f(r) defined over the domain @ < r < oo
and which satisfies Robin mixed boundary condition f(a) + Af’(a) = 0. The function
f(r) is subject to the condition that:

/mm¢ﬁv) (16)

a

exists and is absolutely convergent. The new Weber-type transform for the function f(r)
is given by the following pair:

ﬁ@>=/mdwvxnaﬂw (17)
fvr=Am%anm@ﬂ@x (18)

where v > —1/2 and D, (r,€) is the kernel of the transform given by:

D, (r,€) = ;ZEES[{YL(fa)-+AkaZ(£a)}JL(§T)-— {Jo(Ea) + AT, (EQVYo(Er)]  (19)

with
P,(€) = [{u(€a) + AT (€a)} + {Y. (€a) + AEY,(€a) }]V/2. (20)
This kernel satisfies the following equation:
9 19 , V2 .
[W‘*‘;E‘F (f —T—Q)]Du(r,f)— (21)
with

D,(a,&) + AD,(a,§) = 0. (22)
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It also satisfies the following orthogonality relationships:

/ drrou<r,sl>Du<r,&>=ﬁaa—@) (23)
o0 1
| D D €) = bt =), (20)
Parseval’s theorem states that:
/ drrf(r)g(r) = / dEEF, (€3 (E), (25)

where f,(¢) and §,(€) are the new Weber-type transforms of the two functions f(r) and
g(r), respectively, which satisfy Robin mixed boundary conditions f(a) + Af'(a) = 0 and
g(a) + Ag’(a) = 0, respectively.

The principal operational property of this Weber-type transform is:

/ ) drr Lo, {f(r)}D,(r,€) = a[f'(a)D,(a,€) — f(a)D,(a,&)] — E2£,(€)
= —aD,(a,8)[f(a) + Af'(a)] — E&£,(¢)

= —ngu(f), (26)

where we have used the conditions D, (a,£) + AD,,(a,€) = 0 and f(a) + Af'(a) =0. In
the limit when A — 0, we obtain D, (r,&) — C,(r,£) and the new Weber-type transform
reduces to the Dirichlet-Weber transform. Similarly, in the limit when A — oo, we have
D,(r,&) — C,(r,§) and the new Weber-type transform reduces to the Neumann-Weber
transform. Finally, in the limit when a — 0, we obtain D,(r,&) — J,(ér) and the new
Weber-type transform reduces to the Hankel transform.

4. Proof of the orthogonality relationships. D,(r,&;) and D,(r, ) satisfy the
following two equations:

[2(2) (¢ Docwe

[%% (r%) + (f,% - ;;)] D, (r,&) = 0. (28)

Multiplying Eq. (27) by D,(r,&2) and Eq. (28) by D,(r,&;) and subtracting, we obtain:

(63 - f%)DV(T, f])Dy(’l‘, 52) = %%[T{DV(T’ 52)1)1,/(7'7 gl) - DV(T7 él)D;/(rv 62)}] (29)

Multiplying by 7 and integrating from a to b (later set to oo in the limit), we get:

b
(€~ 61‘))/ drrD, (r, &1)Dy (r,2) = [P{Du(r,&2)D, (1, &1) — Do (r,&)D; (r, &2) 2
= b[D, (b, £2)D;, (b, &1) — D (b,£1)D,, (b, &2)]
- a[Du(a»§2)D:x(av 51) - ’D,,(a, él)D:/(a’ 62)]
= b[Du(b7 &2)Dzl/(ba 61) - Du(ba gl)D;/(b7 52)]’ (30)
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where we have used:
2\

Dy(a,§) = ‘m (31)
D)(a.6) =~z (32)

In the limit of large b (b — o0), we have [5, p. 364]:

J,(€b) — ,/% cos{ ( ) g} (33)
J(£b) — —,/%sm {ﬁb— ( %) 7—;—} (34)
Y, (£b) — %sm {gb— ( %) g} (35)
Y!(£b) — ,/% cos {{b— ( %) g} (36)
Hence,
/ ’ 4Dy, £)D ! =
, PR EIPAn ) = R ) e
<[4 Au() + Bulen Bue 2= S
HALE)AE) - Bule) B ) T Bl
+ {Au(gl)Bu(§2) - BV(&I)A’%/(&?H’W
HAL)BE) + B(6) A () LTS,
(37)
where
A, (§) =Y, (€a) + MY, (¢a) (38)
By (&) = Ju(€a) + AEJ, (€a). (39)
From the integral
reT =1 1
/ d 56 + ¢ (40)
we obtain:
/ drcos(ér) = hm bdr cos(ér) = l lim Sm;{;b} (41)
and
% = /000 drsin(ér) = bll'ngo Ob drsin(ér) = % - bll'rgo @ = blirgo % =0. (42)
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Taking the limit of Eq. (37) as b — 0o, we finally obtain the first orthogonality relation-
ship of Eq. (23):
1

/a 4D, (160D (1, 62) = —==(61 — €2), (43)
where we have used
P2(€) = AZ(€) + BX(&). (44)

The proof of the second orthogonality relationship of Eq. (24) follows directly from
the first orthogonality relationship of Eq. (23). From the first orthogonality relationship,
we have shown that:

) = [ drDy(r, ood"DV,’L'. 45
fe) = [ amDune) [ e i) (45)
Defining
f0) = [ ageDLnEIRAE), (46)
we obtain from Eq. (45):
@)= [ Do f) (47)
and substituting back in Eq. (46), we obtain:
1) = [ agenuing) [ ari Dt 050 (48)
Upon rearrangement, we have:
= dr'r’ f(r' OQd D, (r,&)D,(r', 49
fo)= [ arv'se) [ agenur D) (49)
which implies
| asenuromur 6 = Sa - = = -, (50)

resulting in the second orthogonality relationship of Eq. (24).

5. Green function in an unbounded medium. As an application of the use of
the new Weber-type transform to the solution of partial differential equations, we develop
an expression for the Green function, g(R, ﬁ/), in an infinite unbounded medium. The
Green function satisfies the following partial differential equation:

(V2 =7")9(R, R) = -6(R-K), rr'>a (51)
with the boundary condition

(9(RR) 422 g(R R )} =0, 52)

where v is a wavenumber and A is a constant. Expanding the Green function as a
Fourier series along the ¢-direction and in terms of the new Weber-type transform along
the r-direction, we obtain:

JR.E) =) o) /0 d€ED, (r,€)3 (€, = R). (53)
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Substituting from Eq. (53) into the PDE of Eq. (51) and using the properties of the new
Weber-type transform pairs derived in the previous sections, one can easily show that
3. (&, z;ﬁ/) satisfies the following ODE:

d2 ~ Y 1 / /
<F—a )g,,(é,z,R)——ED,,(T,g)d(z-—z), (54)
where
o = +42 (55)
Equation (54) has the solution
~ . - —alz—2|
3,65 R) = D, &) (56)

and the Green function is therefore given by

JRR) = %Ze“’(‘b_‘b,) /0 d&%m(r,s)py(r’,s)e"alz—z". (57)

6. Green function in a layered system. In this section we develop an expression
for Green function in a system of planar layers in the presence of the cylindrical surface,
r = a, where the Green function satisfies Robin mixed boundary condition given by Eq.
(52). The source region is located in the layer —hd < 2,2’ < h¥ whose thickness is
H = h¢ + h¥. There are N layers above the source region and N¢ layers below. The
thickness of the n-th upper layer is h* and that of the n-th lower layer is h? (see Fig. 1).

We assume that the Green function satisfies the following set of generic boundary
conditions at a boundary located at z = z; separating the two layers above and below:

[GRR ) oezp- = [gRR )]st (58)

0 = = 0 = =
—g(R,R = [n=—g(R,R , 59
e )| =) (59)

where 7 is the material property of the medium which encounters a change across the
boundary at z = z, separating the two layers.

Following the approach in [6], one can show that for observation points in the source
layer, —hd < 2,2’ < h¥, the Green function is given by:

— 1 : ’ > ’ —aglz—2'
JRE) = £ e [T Ln g, e

1
1o RYRle—200H

{(1+Ru —2aghg )Rge—ao(2h3+z)

+ (1 4 Rle=2e0h%) Rye=0(2h -Z>}] ,  (60)
where R¥ and RE are computed using the following recurrence relationships [6]:
d
+ R e_2an+1hn+l
R%? = M1+ oy —, n=N"i_1 N“_2 .10 (61
_20‘n+1hn+1

1+ rn n+1Rn+ €
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F1G. 1. Schematic of a system of planar layers in the presence of a
cylindrical surface.

and
d u,d
d N — M
Tantl = g (62)
'+ nn-{-l
ad =€ +~3 (63)

o ®? = €% + [P, (64)
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Conclusions. In this paper a new pair of Weber-type transform has been developed
which facilitates the solution of mixed boundary value problems for field functions, f(r),
defined over the domain a < r < oo and which satisfy Robin mixed boundary condition
f(a) + Af'(a) = 0. The properties of the transform kernels have been discussed and
their orthogonality relationships have been derived in both the spatial and the spectral
domains. Also, the relevant Parseval’s theorem was deduced.
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