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Abstract—A generalized coupled-line circuit is introduced to
construct a wide-stopband low-pass filter in this paper. This circuit
configuration includes two-section coupled lines and a connected
transmission-line stub. Due to the symmetry of this proposed
structure, closed-form equations for scattering parameters are
investigated. The transmission zeros and poles locations for different
circuit parameters are discussed, and the corresponding design curves
are given. For theoretical verifications, four typical numerical examples
are designed, calculated and illustrated. Furthermore, two single-stage
low-pass filters (LPF 1 and LPF 2) with the 1-dB cutoff frequencies of
0.72GHz and 1.45GHz are fabricated and measured. The implemented
LPF 2 has 19-dB stopband rejection in the range of 2.05 to 6.36GHz.
Finally, two LPF cells (LPF 1 and LPF 2) and an additional connected
transmission line are used to construct a new two-stage low-pass filter
(LPF 3) with extended stopband. The measured 16-dB stopband of
LPF 3 is up to 7.5 GHz while the 1-dB passband range is from DC to
0.67 GHz. The advantages of this proposed low-pass filter are avoiding
any lumped elements and compact layout structure.

1. INTRODUCTION

With the rapid development of the advanced RF/Microwave wireless
communication systems, many planar filters [1–6] with band-pass, low-
pass, or band-stop performances have been received wide attention,
recently. As a kind of fundamental components, high-performance
low-pass filters (LPFs) with low insertion loss, sharp rejection, wide
stopband, compact size, and flexible reconfiguration are highly required
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in modern communication systems. Most LPFs are usually used
to suppress the unwanted signals including spurious and harmonics.
Due to usage of high-performance low-cost LPFs, the linearity of the
main RF front-end can be improved and the bit error rate (BER) of
the wireless communication systems can be reduced [7, 8]. The most
conventional techniques for implementing LPFs are employing stepped-
impedance structure and open-stub circuit [7]. However, these single-
stage stepped-impedance or open-stub LPFs suffer from gradual cutoff
response and narrow stopband [7].

In order to improve performances of LPFs, several techniques
for designing LPFs have been explored in [9–24]. The proposed
harmonic-rejection LPF in [9] includes a transmission line section
and a coupled line section. This new single-stage LPF have three
attenuation poles in the stop band. Sheen has employed a semi-
lumped parallel resonance circuit to design a novel low-pass filter
in [10], and this filter has two finite attenuation poles which improve
the performance of stopband. In addition, instead of a lumped
capacitor in [10], an interdigital capacitor has been used to design
a compact distributed LPF in [11]. Microstrip stepped-impedance
hairpin resonators are useful to design high-performance LPF because
the advantages of compact size and easy implementation, as discussed
in [12–14]. The defected ground structure (DGS) with different
circuit layouts has been developed to design many kinds of LPFs
in [15–18]. Actually, the used complementary split ring resonators
in [18] can be considered as a kind of DGS. The key disadvantages
of DGS include the additional radiation from the partially open
ground and requiring the complicated wasting-time electromagnetic
simulation. The proposed compact resonators in [19, 20] can be applied
to design compact, wide-stopband LPFs. However, the corresponding
analytical theories cannot easily be achieved due to circuit layouts’
complexity. As a new research direction, the offset finite-ground
microstrip line with narrow strip or ground width can also be
investigated to construct harmonic-suppressed LPFs, as studied in [21].
Different from the above-mentioned design structures or methods, the
anti-coupled line with open-circuited resonator (lumped capacitive
load or radial stubs) has been proposed to construct LPFs with
improved stopband characteristics [22–24] and wideband bandstop
filters [25]. Furthermore, by introducing additional terminated
coupled-line section into anti-coupled line, a novel bandpass filter with
analytical design theory has been developed in [26]. Therefore, it
is confirmed that anti-coupled line is a simple and effective circuit
configuration for microstrip filters.

In this paper, a new coupled-line circuit is proposed to construct
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a novel low-pass filter. This investigated circuit configuration is
composed of two-section coupled lines and a connected transmission-
line stub. Since the total circuit layout is based on coupled lines, which
is symmetrical and simple, this LPF not only has analytical scattering
parameters’ expressions, but also features compact size and flexible
reconfiguration. This proposed circuit is generalized because the
previous structures in both [13] and [22] are special cases of this paper.
Furthermore, based on the obtained equations, the design curves for
transmission zeros and poles locations are illustrated when different
circuit parameters are employed. Then, four numerical examples are
presented for theoretical verifications. In addition, two single-stage
microstrip LPFs (LPF 1 and LPF 2) with the 1-dB cutoff frequencies
of 0.72 GHz and 1.45 GHz are designed, fabricated and measured. The
implemented LPF 1 (LPF 2) has 19-dB stopband rejection in the range
of 1.04 GHz to 3.2GHz ( 2.05GHz to 6.36 GHz). Finally, a two-stage
microstrip LPF (LPF 3) is achieved by using two LPF cells (LPF 1
and LPF 2) and an additional connected transmission line. The 16-dB
stopband of the measured LPF 3 is further extended to 7.5 GHz.

2. THE CIRCUIT STRUCTURE AND THEORY OF THE
PROPOSED LPF

The proposed LPF’s circuit structure is illustrated in Fig. 1. This
novel structure consists of two-section coupled lines (Zie, Zio, i = 1, 2)
and an open-circuit transmission-line stub (Z3). These coupled lines
and the open-circuit stub are connected at the point P, as shown in
Fig. 1(a). Two port impedances are chosen as Zo. Since the total
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Figure 1. The proposed LPF’s circuit structure: (a) Total circuit
configuration, (b) half circuit under even-mode excitation, (c) half
circuit under odd-mode excitation.
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circuit configuration shown in Fig. 1(a) is symmetrical, this model’s
scattering parameters can be analyzed through using the even- and
odd-mode method [7]. Figs. 1(b) and (c) show the even- and odd-
mode equivalent circuits of the total circuit configuration in Fig. 1(a),
respectively.

According to the symmetrical network analysis results [7, 26], the
network analysis of Fig. 1(a) will be simplified by analyzing the one-
port networks shown in Figs. 1(b) and (c). In other words, if the
one-port, even- and odd-mode scattering parameters S11e and S11o

are obtained, the two-port scattering parameters of Fig. 1(a) can be
calculated as

S11 =
S11e + S11o

2
, S21 =

S11e − S11o

2
. (1)

Two groups of input equivalent impedances including Zine, Zine1,
Zine2, Zino, Zino1, and Zino2 are defined in the Figs. 1(b) and (c).
For Fig. 1(b), their mathematical expressions can be obtained as

Zine1 =
−jZ1e

tan(θ1)
, (2a)

Zine2 = jZ2e
Z2e tan(θ2) tan(θ3)− 2Z3

Z2e tan(θ3) + 2Z3 tan(θ2)
. (2b)

The total input equivalent impedance Zine is calculated by using the
following equation

Zine =
Zine1Zine2

Zine1 + Zine2
. (3a)

Thus, the final result is expressed by

Zine = j
Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]

Z1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]

. (3b)

Similarly, For Fig. 1(c), the odd-mode input equivalent impedances
can be derived as

Zino1 =
−jZ1o

tan(θ1)
, Zino2 = jZ2o tan(θ2), (4)

The final odd-mode input impedance Zino can be obtained as

Zino =
Zino1Zino2

Zino1 + Zino2
= j

Z1oZ2o tan(θ2)
Z1o − Z2o tan(θ1) tan(θ2)

. (5)

Thus, the reflection coefficients S11e and S11o for Figs. 1(b) and (c) can
be calculated by

S11k =
Zink − Zo

Zink + Zo
, k = o, e. (6)
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After some straightforward manipulation, the expressions of S11e and
S11o are given by

S11e =

(
jZ1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]
−Zo{Z1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}

)

(
jZ1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]
+Zo{Z1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}

) , (7a)

S11o =
jZ1oZ2o tan(θ2)− Zo[Z1o − Z2o tan(θ1) tan(θ2)]
jZ1oZ2o tan(θ2) + Zo[Z1o − Z2o tan(θ1) tan(θ2)]

. (7b)

Based on combining (1) and (7), the analytical mathematical equations
for the LPF in Fig. 1(a) can be simplified as

{
S11 = RS11 + jXS11

S21 = RS21 + jXS21

, (8a)

where

RS11 =−1
2








{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2
−{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2







{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2

+{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2




+ {Zo[Z1o−Z2o tan(θ1) tan(θ2)]}2−[Z1oZ2o tan(θ2)]2

{Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2 + [Z1oZ2o tan(θ2)]
2





, (8b)

XS11 =Zo








Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]
{Z1e[Z2e tan(θ3) + 2Z3 tan(θ2)]

−Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}







{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2
+{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]

−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2




+ Z1oZ2o tan(θ2)[Z1o−Z2o tan(θ1) tan(θ2)]

[Z1oZ2o tan(θ2)]
2 + {Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2





, (8c)
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2
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−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2
−{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2







{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2
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, (8d)
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XS21 = Zo








Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]
{Z1e[Z2e tan(θ3) + 2Z3 tan(θ2)]

−Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}







{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2
+{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]

−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2




− Z1oZ2o tan(θ2)[Z1o−Z2o tan(θ1) tan(θ2)]

[Z1oZ2o tan(θ2)]
2 + {Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2





. (8e)

Therefore, the external scattering parameters performance (including
magnitude and phase information) of the proposed LPF shown in
Fig. 1(a) can be calculated and analyzed by using the Equation (8).

3. CHARACTERISTICS OF THE PROPOSED LPF

An ideal low-pass filter property can be described by using the rigorous
relationships including S11 = 0 for the low frequencies and S21 = 0
for the high frequencies. If S11 = 0 is considered, the corresponding
rigorous equation can be written as

{Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2 + [Z1oZ2o tan(θ2)]2

{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2

+{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2




= −{Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2 − [Z1oZ2o tan(θ2)]2

{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2

−{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2




= − Z1oZ2o tan(θ2)[Z1o − Z2o tan(θ1) tan(θ2)](
Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]{Z1e[Z2e tan(θ3)
+2Z3 tan(θ2)]− Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}

) . (9)

In addition, if S21 = 0 is considered, the mathematical expression can
be simplified as

{Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2 + [Z1oZ2o tan(θ2)]2

{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2

+{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2




=
{Zo[Z1o − Z2o tan(θ1) tan(θ2)]}2 − [Z1oZ2o tan(θ2)]2

{ZoZ1e[Z2e tan(θ3) + 2Z3 tan(θ2)]
−ZoZ2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}2

−{Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]}2
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=
Z1oZ2o tan(θ2)[Z1o − Z2o tan(θ1) tan(θ2)](

Z1eZ2e[Z2e tan(θ2) tan(θ3)− 2Z3]{Z1e[Z2e tan(θ3)+2Z3 tan(θ2)]
−Z2e tan(θ1)[Z2e tan(θ2) tan(θ3)− 2Z3]}

).

(10)
In the following numerical and experimental examples, electrical
lengths of coupled lines and transmission lines are all specified at
2GHz. Furthermore, we define four special frequencies including
fP , fS1, fS2, and fS3. The frequency point fP is the reflection zero
in the low frequency pass band and its value will be nonzero. The
frequency point fSi (i = 1, 2, 3) corresponds to the ith transmission
zeros. For clarity, the illustration about these four special frequencies
will be presented in the simulated scattering parameters (Example A
in Fig. 3). Fig. 2 shows the performance variation of this proposed LPF
when different electrical characteristic impedances or electrical lengths
are adopted. As shown in Figs. 2(a) and (b), the stop-band frequency
point fS2 monotonically decreases as θ1 and θ2 increases. However, the
reverse phenomenon can be observed in Fig. 2(c). Totally, the variation
trend for both fP and fS3 is not obvious in Figs. 2(d)–(h). It is very
interesting that the special frequencies fS1 and fS2 will move closer
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Figure 2. The defined frequency points vs different electrical
parameters including (a) θ1, (b) θ2, (c) θ3, (d) Z1e, (e) Z1o, (f) Z2e,
(g) Z2o, and (h) Z3.

as Z2o increases, as presented in Fig. 2(g). Since different electrical
parameters respond to different special frequency points fP , fS1, fS2,
and fS3, it is very difficult to determinate a unique design synthesis
method for this novel LPF. The chosen electrical parameters for Fig. 2
are listed in Table 1.

Four numerical examples are designed and calculated. The
achieved simulated results shown in Fig. 3 are based on ideal
and lossless coupled-line and transmission-line circuit models. The
parameters’ values for these four examples (Examples A–D) are
neglected, since the similar electrical parameters are listed in Table 1.
As shown in Fig. 3(a), the 1-dB cutoff frequency of Example A is
0.73GHz while the first zero fS1 of Example A is 1.37 GHz. The
reflection zero fP of Example A is 0.43 GHz, which is close to the
stopband. Therefore, shirt selectivity of Example A is relatively
obvious. For Examples B and C, the second transmission zero
fS2 decreases to lower than 2 GHz, as shown in Figs. 3(b) and
(c). Thus, the 20-dB rejection level cannot be kept in the total



Progress In Electromagnetics Research, Vol. 116, 2011 561

Table 1. The electrical parameters’ values for Fig. 2 (Zo = 50 Ω).

Figures Fig. 2(a) (b) (c) (d) (e) (f) (g) (h)

θ1

(Degree)
1 ∼ 8 8 8 8 8 8 8 8

θ2 78 61–79 78 78 78 78 78 78

θ3 80 80 80–98 80 80 80 80 80

Z1e (Ω) 120 120 120 68–120 120 120 120 120

Z1o 64 64 64 64 64–108 64 64 64

Z2e 150 150 150 150 150 144–160 150 150

Z2o 80 80 80 80 80 80 65–81 80

Z3 30 30 30 30 30 30 30 22–31

stopband, such as from 1.1 to 3.52 GHz for Example B. In this
stopband, the maximum transmission parameter |S21| of Example B
is about −18.4 dB. Compared to Example B, the pass-band feature of
Example C (lower than −30 dB) is relatively improved. The magnitude
performance of Example D is very similar to Example A. However, as
shown in Fig. 3(e), the group delay of Example D is larger than that of
Example A, especially in the relatively high frequency (near 0.5 GHz).

4. MICROSTRIP EXAMPLES AND MEASUREMENTS

In order to experimentally verify the proposed low-pass filters, three
LPFs are designed, fabricated, and measured. Firstly, two single-stage
LPFs (LPF 1 and LPF 2) are chosen as two typical examples, the
design parameters’ values and circuit structures are shown in Fig. 4.
To extend the stop-band range of this novel LPF, the LPF 1 and LPF 2
are cascaded to form a two-order filter with improved rejection depth.

The calculated scattering parameters of LPFs 1–3 are compared
in Figs. 5(a) and (b). Obviously, compared to LPF 1, the 1-dB cutoff
frequency of LPF 2 is larger due to the smaller electrical lengths in
circuit models. The theoretical pass-band return loss (RL) from DC
to 0.55 GHz (1.1 GHz) is better than 20 dB for LPF 1 (LPF 2), as
shown in Fig. 5(a). The calculated insertion loss (IL) is better than
1 dB in DC-0.72 GHz (DC-1.45 GHz) and better than 2 dB from DC-
0.78GHz (DC-1.56 GHz) for LPF 1 (LPF 2). The most important is
that the stop-band from 1.16 GHz to 6.57 GHz has 20-dB rejection
level for the calculated LPF 3. These designed coupled-line LPFs
have been fabricated by using microstrip technology on the Rogers
R04350B Substrate (εr = 3.48 and h = 0.762mm). The practical
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Figure 3. (a)–(d) The simulated scattering parameters of four
numerical LPFs and (e) their group delay comparison.

layouts of three microstrip LPFs are shown in Fig. 5(c). The strip
width and space width of the first coupled line (second) are 0.5 mm and
0.3mm (0.28 mm and 0.34mm), respectively. The measured scattering
parameters are obtained from the Agilent N5230C Network Analyzer.
As shown in Figs. 6(a) and (b), the measured insertion loss in the
range of DC to 0.65 GHz (DC to 1.25 GHz) for LPF 1 (LPF 2) is
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Figure 4. The considered LPFs 1–3 circuit model with accurate
electrical parameters’ values.
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Figure 5. The calculated scattering parameters of LPFs 1–3 ((a)
reflection coefficient, (b) transmission feature) and (c) the photograph
of these three LPFs.

better than 1 dB while the measured attenuation poles for LPF 1
(LPF 2) are 1.15 GHz, 2.16 GHz, and 3.08 GHz (2.33 GHz, 3.65 GHz,
and 6.16GHz). The measured results for LPF 3 are shown in Fig. 6(c).
It is shown that 16-dB suppression of the fabricated LPF 3 can extend
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Figure 6. The measured scattering parameters of LPFs 1–3 ((a)
LPF 1; (b) LPF 2; (c) LPF 3) and the measured group delay
comparison of these three fabricated LPFs.

over 7.5 GHz. The 30-dB suppression band is in the range of 1.91GHz
to 4.44 GHz, as shown in Fig. 6(c). The group delay comparison for
three LPFs 1–3 are presented in Fig. 6(d), it is shown that the measured
group delay variation in the band of DC to 0.4GHz is smaller than
0.2 ns. In general, these low-pass filters have good measured transition
response and wide-band suppression with high level.

5. CONCLUSION

A simple and symmetrical coupled-line structure is proposed to design
a novel microstrip low-pass filter. The rigorous theoretical analysis
and complete numerical simulation are discussed. The demonstrated
reflection and transmission zeros character may be helpful to guide the
synthesis of this proposed LPF. Four numerical examples and three
fabricated microstrip LPFs verify our proposed idea. The measured
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results show a good agreement with the predicted performance.
This LPF has several advantages including compact size, analytical
scattering parameters, low insertion loss, high suppression level,
avoiding any lumped elements, easy implementation and good group
delay.
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