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ABSTRACT 

A noise-compensated  long  correlation  matching 
(NCLCM) method i s  proposed fo r   au to reg res s ive  ( F I R )  
spec t ra l   es t imat ion  of the  noisy AR s i g n a l s .  T h i s  
nethod f i r s t  computes  the AR parameters from t h e  
high-order  Yule-Walker  equations. NeKt, i t  
employs these  AR parameters and uses  the  low-order 
Yule-Walker equations  to  compensate  the  zeroth 
au tocor re l a t ion   coe f f i c i en t   fo r   t he   add i t ive   wh i t e  
n o i s e .   F i n a l l y ,   i t   s o l v e s   t h e  low- a s  well   as 
high-order Yule-Walker equat ions i n  a 
l eas t - squares   sense  t o  determine  the AR 
parameters. I t  i s  shown tha t   fo r   t he   no i sy  A R  
s i g n a l s   t h e  NCLCM method p e r f o r r s   b e t t e r  t h a n  t h e  
conventional Burg method and the  high-order 
Yule-Walker  method. 

INTRODUCTION 

For s igna ls   fo l lowing   the   au toregress ive  (CIR) 
model, the  conventional A R  spec t ra l   es t imat ion  
methods  (such as  t h e  forward-backward l i n e a r  
pred ic t ion  method and the  Burg method)  perform 
reasonably  well 111. B u t ,  when t h e s e   s i g n a l s   a r e  
corrupted b y  the   addi t ion  of white no i se ,   t he  A R  
model i s  n o  more val id   and,   as  a coneequence,  the 
performance of the  conventional methods i s  poor 
f o r  n o i s y  s i g n a l s  C21. 

I t  i s  well known t h a t  i n   t he   au tocor re l a t i an  
domain only  the  zeroth  order   autocorrelat ion 
c o e f f i c i e n t   i s   a f f e c t e d  b y  the   addi t ive  white  
noise ,   whi le   the  other   autocorrelat ion 
c o e f f i c i e n t s  remain  unchanged C21. This  fact   has 
been exploi ted b y  many authors  C3-53 to  develop A R  
spec t ra l   es t imat ion  methods f o r  n o i s y  CIR s i g n a l s .  
In these  methods,  the  high-order Yule-Walker 
equat ions a r e  used for   es t imat ing   the   parameters  
of t h e  p t h  order CIR model. Gersch 151 and Chan 
and Langford C41 have  used an exact  number of 
p high-order Yule-Walker equat ions t o  compute p OR 
parameters,  while Cadzow I 5 1  h a s  employed an 
overdetermined  set  of q O p )  Yule-Walker equat ions 
fo r   t h i s   pu rpose .  I t  h a s  been shown C51 t h a t  
among these  methods t h e  Cadzow's method r e s u l t s   i n  
the  best   performance  for   the  noisy  s ignals .  We 
s h a l l   r e f e r   t h i s  method hereaf te r   as   the  
high-order Yule-Walker ( H O Y W )  method. 

Recently,  Bruzzone a n d  Kaveh [ b l  have shown 
t h a t  these  estimators  based on high-order 
Yule-Walker e q u a t i o n s   a r e   s t a t i s t i c a l l y  
i n e f f i c i e n t .  The l o s e  of e f f i c i e n c y   i s  more f o r  
t h e  wide-band s i g n a l s  and l e s s  for t h e  narrow-band 
s i g n a l s .  This l o s s  of e f f i c i e n c y  can be reduced 
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s igni f icant ly   i f   the   low-order  Yule-Walker 
equat ions   a re  a l s o  used  alongwith  the  high-order 
Yule-Walker equat ions b y  the  AR e s t i r a t o r .  
However, the use of low-order Yule-Walker 
equations  has a problem t h a t  i t  involves  the 
ze ro th   au tocor re l a t ion   coe f f i c i en t  which i s  
se r ious ly   a f fec ted  by  the  presence of t h e   a d d i t i v e  
white  noise  in  the AR s igna l .  

I n  t h e  pressent  paper, we propose a new 
method, called  the  noise-compensated  long 
c o r r e l a t i o n  matching ( N C L C M )  method, f o r  AR 
spec t ra l   es t imat ion  of noisy  s ignals .   This  method 
to rpensa te s   t he   ze ro th   au tocor re l a t ion   coe f f i c i en t  
for   the   addi t ive   whi te   no ise  and uses  b o t h  low- 
and high-order  Yule-Walker  equationr f o r  
est imat ing A R  parameters. I t  i e  shonn t h a t   t h i s  
method i s   s t a t i s t i c a l l y  more e f f i c i en t   t han   t he  
method using  the  high-order Yule-Walker equat ions 
only. 

T H E  NCLCM METHOD 

The N C L C N  method computes the  parameters {a;, 
i . l , 2 , - - - , p l  of t h e  p t h  order  A R  model using  the 
f o l l o w i n g  four   s teps!  

Step 1: Compute t h e  ( p t q )  a u t o c o r r e l a t i o n  
c o e f f i c i e n t s  from the  observed n o i s y   s i g n a l  (y,,, 
n=1,2,---,N) as fo l lous :  

N- i 

R ( i )  = - N-i Y*Y,+<, i=1,2,---rP+q, ' c  n= 1 

where q > p .  

Step 21 Compute ( i n  a l eas t - squares  srpnee) the  A R  
parameters ,   <a<>,  from t h e  q high-order 
Yule-Walker equattonsr 

i 

i: 

akR(i-k) = -R( i ) ,   i=p+l ,p+Z, - - - ,p+q.  

k=l 

Step 3r Compute ( i n  a l eas t - squares   sense)   the  
zero th   au tocorre la t ion   coef f ic ien t ,  R ( O ) ,  from the 
p low-order Yule-Walker equations: 

akR(l i -kl)  = - R ( i ) ,  i=1 ,2 , - - - ,p ,  
h.=1 

where t h e  CIR parameters,   (a;) ,  are already known 
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from  step 2. 

Step 4: With  the  knowledge o f  (ptqt1) 
autocorrelation  coefficients,  {Rfi) , 
i=O,l,---,ptq),  compute  (in a least-squares sense) 
the  desired  AR  parameters,  (aC3,  from  the 
following  (ptq)  Yule-Walker  equations  which 
include  both  low-  and  high-order  Yule-Walker 
equations: 

i ahR(li-kl) = -R(i), i=1,2,---,p+qe 

k= I 

R E S U L T S  

I n  t h i s   s e c tion,  we  study  the  NCLCM  method 
for the  noisy  AR  signals.  In  order  to  put  this 
method  in a proper  perspective,  we  compare h e r e  
its  performance  with  that o f  the  conventional  Burg 
method  and  the  HOYW  method. We report  here  only 
preliminary  results.  Detailed  results  will  be 
reported  later on. 

Statistical  bias  and  variance  in  estimating 
the  AR  parameters a r e  used  here as criteria f o r  
performance  evaluation. Since there is a l w a y s  a 
trade  off  involved  between  the  bias  and  the 
variance,  we  combine  the  bias  and  the  variance  and 
use  the  root-mean-square  (RMS)  error a s  a m e a s u r e  
of the  overall  performance  of  the  spectral 
estimation  method.  The RMS error is defined  as; 

R W S  error = [Bias2 t Variancel"" 

Following  Reddi [71, we also d e f i n e   t h e   n o r m a l i z e d  
total-mean-square  (NTNS)  error as a measure o f  
spectral  estimation  performance.  This  measure 
c o m b i n e s   t h e  RMS errors  of  the  individual FIR 
p a r a m e t e r s  a s  follows8 

\1 k 
A E (in  dB) = 10 log,o ,at/ a t  ) 

4.z \ x=\  

w h e r e  ha; is t h e   R M S  error in  estimating  the  ith 
IIR parameter. 

For  illustration, we select  here  an  example 
of  the  AR  process  which  has  been  commonly  used  in 
the  literature C 2 , 4 1 .  In this  example,  the  signal 
is generated  from a fourth-order IIR system  (with 
parameters a,  =-2.7607, a,=3.8106, a3=-2.6335  and 
a,=0.9238), driven  by  zero-mean  unit-variance 
white  Gaussian  noise  process. Here the  AR  signal 
consists  of  two  narrow-band  peaks  in  its  spectrum. 

W e   g e n e r a t e  100 independent  realizations  of 
the  fourth-order  AR  process  and use N=40  data 
points  during  steady-state  to  compute  AR 
parameters  for  each ob these  realizations. 
Different  spectral  estimation  methods  are  used 
here  with  p=4  and p+q=H/2, Statistical  bias, 
variance  and  root-mean-square  (RMSI error in 
estimating  RR  parameters  are  computed b y  
ensemble-averaging  over  these 100 realizations. 
Results a r e  listed  in  Table I +or t h e   B u r g ,   t h e  
HOYW  and  the  NCLCM  methods. It can  be  seen  from 
this  table  that  the  NCLCM  method  results  in  better 
performance  than  the  Burg  and  the  HOYW  methods. 

In t e r m s  o f  PITBIG error,  it  shows  an  advantage 04 
7.8 dB  over  the  Burg  method  and 0.9 dB  over  the 
HOYW  method.  Also,  it  can  be  seen  that  the  Burg 
method  results  in  smaller  variance  than  the  HOYW 
and  the  NCLCM  methods,  but  it Rae t o o   m u c h  O B  b i a s  
and,  hence,  its  overall  performance i s  
significantly p o o r e r  than  the  other  two  methods. 

In order  to  see  the  performance o f  t h e s e  
methods +or long  data  records, we study  them f o r  
the  noisy  AR  signal  (with SHRa2O dB)  f o r  
N-140 data  points.  Results a r e  shown i n  T a b l e  I I  
and  Fig. 1. We  show  in  Fig, l ( a ) ,  f b )  and f c )  t h e  
power  spectral  estimates f o r  the  iirst 20 
realizations  resulting  from  the  three  methods  and 
i n  F i g .   l ( d )   t h e   a v e r a g e   o f   t h m e   e s t i m a t e s   a l o n g  
with  the  true  power  spectrum o f  the  AR process.  
It can  be  seen  from  Table I I  and  Fig. 1 that  the 
NCLCM  method is only  marginally  superior to t h e  
HOYW  method,  but  it is significantly  better  than 

Table I. S tatistical  performance o f  different 
methods  in  estimating  the  AR  parameters 
(a, , a , , a , , a , l  f o r   t h e  noisy AR  signal  at SNR.20 dB 
with N=40 data  points. 

True  values 

Bias-Burg 
Bias-HOYW 
Bias-NCLCH 

Variance-Burg 
Var i ance-HOYW 
Variance-NCLCM 

RH6  error-Burg 
RMS  error-HOYW 
RNS  error-NCLCM 

T a b l e  11. Statistical  periormance o f  different 
methods i n  estimating  the  AR  parameters 
{a, ,k,,a3,as) f o r  the  noisy  AR  signal  at  6NR-20  dB 
with N.140 data  points, 

a, 

True  values  -2.7601 

B i  as-Burg  1.6273 
Bi as-HOYW 0.0441 
B i  as-NCLCM  0.0422 

Variance-Burg 0.0081 
Variance-HOYW 0.0064 
Variance-NCLCM 0.0062 

a, a3  

3.8106 -2.6535 

-3.9154 3.0419 

a% 

0.9238 

-f.01?0 
-0.0450 
-0.0441 

o.oo7a 
0.0043 
0.0040 

1.0228 
0.0796 
0.0773 
P 
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F i g .  1. S p e c t r a l   e s t i m a t i o n   p e r f o r m a n c e   o f   t h e  
Burg,  H O Y W  and NCLCM methods f o r  t h e   n o i s y  
A R  s i g n a l   w i t h  SNR.20  dB and N.140. 

t h e  Burg method. Also, t h e   v a r i a n c e   i n   e s t i m a t i n g  
t h e  AR paramete rs  i s  c o m p a r a b l e   f o r   t h e   t h r e e  
m e t h o d s ,   w h i l e   t h e   b i a s   f r o m   t h e   B u r g   m e t h o d   i s  
s i g n i f i c a n t l y  m o r e   t h a n   t h a t   f r o m   t h e   o t h e r   t w o  
met  hods. 

Nex t ,  we s t u d y   t h e   e f f e c t  o f  d a t a - r e c o r d  
l e n g t h  on t h e   p e r f o r m a n c e   o f   t h e   t h r e e   m e t h o d s  
(Burg,  H O Y W  and NCLCM). F o r   t h i s ,  we t a k e  
SNRsZO dB and   compu te   t he   va lue   o f   t he  NTMS error 
for d i f f e r e n t   d a t a - r e c o r d   l e n g t h s .   R e s u l t s   a r e  
shown i n   F i g .  2. It can  be   observed  f rom  th i l r  
f i g u r e   t h a t   t h e  H O Y W  and t h e  NCLCM aethodm show 
i m p r o v e m e n t   w i t h   r e c o r d   l e n g t h ,   w h i l e   t h e   B u r g  
method  shows no such  improvement. We a l s o   n o t i c e  
t h a t   t h e  NCLCM m e t h o d   r e s u l t s   i n   b e t t e r  
pe r fo rmance   than   t he  HOYW method f o r   a l l   r e c o r d  
l eng ths   (and   more  so f o r   s h o r t   r e c o r d s ) .  

I -  L B u r g  

a 
5 

I- 
I 

1 

- I  

-30 i I 

40 N 
-J 
140 

F i g .   2 .   N o r m a l i z e d   t o t a l - m e a n - s q u a r e   e r r o r   a s  a 
f u n c t i o n   o f   r e c o r d   l e n g t h .  SNR=20 dB. 

So f a r ,  we h a v e   s t u d i e d   t h e   B u r g ,   t h e  HOVW 
and t h e  NCLCM m e t h o d s   f o r   t h e   n o i s y   s i g n a l s   h a v i n g  
a f i x e d  SNR va lue .  Now, we s t u d y   t h e r e   m e t h o d s  
f o r   d i f f e r e n t  SNR v a l u e s .   F o r   t h i s ,  we t a k e  N.40 
and s t u d y   t h e  NTMS error as a f u n c t i o n   o f  SNR. 
R e s u l t s  are shown i n   F i g .  3. We c a n   a c e   f r o a   t h i s  
f i g u r e   t h a t   t h e   p e r f o r m a n c e   o f   e a c h   o f   t h e   t h r e e  
me thods   improve r   w i th  SNR. For   low SNR (0-10 dB) 
and h i g h  SNR (40-50  dB)   va lues,   the  three  methods 
are   comparab le  i n  per formance.  For medium SNR 
v a l u e s  (20-30 d B ) ,   t h e  NCLCM method  shows 
advantage  over   the  other  two  methods. 
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