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Abstract

This thesis is concerned with the question “Given a set of knowledge about propo-
sitional variables, what is the ‘best’ way to assign probability values to those vari-
ables?” I present here an approach to this question based upon a philosophical
concept of negation and its role in perception. This concept is discussed in detail
before a mathematical analysis of it is presented, in the form of structures in
propositional logic which, it is claimed, embody the principles of the underlying
philosophy. There follows the definition and mathematical characterisation of an
inference process which utilises these logical structures and also adheres closely
to the principles of Maximum Entropy. The properties of this inference process
are analysed and discussed.

Another inference process is then described based upon a modified version of
the philosophical principles defined earlier. A class of graphs is found which are
intimately connected with this inference process, and two attempts at character-

ising this class are presented.
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Chapter 1

Introduction

Uncertain reasoning is an area of study that stretches back to the Greek’s early
attempts to formalise reasoning. In recent years it has become a matter of prac-
ticality as interest in expert systems and artificial intelligence has grown with
the explosion of readily available computers. This thesis addresses the question
of how to formalise the drawing inferences from uncertain knowledge in a way
consistent with a number of philosophical principles concerning uncertainty and
perception.

In Chapter 2, I discuss the concept of uncertain reasoning and some of the
attempts to formalise it. The principle of maximum entropy is considered in
some detail, in preparation for the systems of uncertain reasoning defined later
in the thesis. I also consider the nature of negation in the process of perception
observable properties in Section 2.2, and propose two logical principles which I
believe embody the intuitions discussed in this section. These are the Classifi-
cation Principle, which states that negative propositions are never observed but
only inferred from incompatibilities with positive observed propositions, and the
Principle of Conjunctive Closure, which states that consistent conjunctions of

observable properties are themselves observable properties.

10



CHAPTER 1. INTRODUCTION 11

Chapter 3 formalises the principles discussed in Chapter 2 and presents struc-
tures in propositional logic called Positive Frames which capture the philosophical
notions discussed earlier. Some results are presented which lend support to the
thesis that our intuitions are sound. A 1-1 correspondence between certain types
of positive frame and hypergraphs which allows us to use elements of graph theory
in our discussions.

In Chapter 4 a probabilistic inference process called CFE is presented which
is based upon the principle of maximum entropy in conjunction with the two
principles proposed in Chapter 2. The technical definition of the process is ac-
complished via a restriction of the maximum entropy principle to the logical
structures defined in Chapter 3. Two characterisations of the CFE process are
presented as evidence for the justifiability of CFE. In Chapter 5 we analyse some
of the properties of CFE.

An alternative approach is taken in Chapter 6. Another inference process is
defined, this time by considering a strengthening of the Classification Principle
and dropping the Principle of Conjunctive Closure, and restricting maximum en-
tropy again, this time to the “normal positive frames” defined by the modified
principles. Via the correspondence with graphs defined in Chapter 3, we discover
that a certain class of graph is chosen by this inference process. These L-minimal
graphs can can be defined as the minimal graphs in a quasi-ordering defined on
the class of simple graphs with no isolated vertices. We present two attempts
at characterising these graphs — one graph theoretical and one logical. Unfor-
tunately both these attempts are only partial results, with the result that the
inference process can only currently be realistically studied for small knowledge
sets. A list of the Li-minimal graphs is found, with proof, and these are used to
study the behaviour of the inference process in the one-dimensional case.

Finally, in Chapter 7, we discuss the inference processes and their properties
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and present our conclusions and recommendations for further research.

12



Chapter 2

Philosophy & Motivation

We concentrate in this thesis on defining systems of uncertain reasoning and
analysing their behaviour mathematically. In Section 2.1 we will briefly discuss
uncertain reasoning and some of the attempts at defining and justifying systems of
uncertain reasoning. In particular we will be interested in principles of reasoning
which define “desirable” properties of such systems. One such principle is the
Principle of Maximum Entropy which is fundamental to the systems defined in
this thesis. Indeed, our systems will be essentially a combination of this principle
combined with a hypothesis about the nature of perception. For this reason we
discuss Maximum Entropy in more detail in Section 2.1.1.

In Section 2.2 a hypothesis concerning the nature of perception and the role
of negation and negative propositions is advanced. The implications of this hy-
pothesis are discussed and two logical principles are proposed which claim to
capture the essence of the hypothesis. These principles are used in Chapter 3 to
define types of structure in propositional logic with which we develop systems of

uncertain reasoning in Chapter 4 and Chapter 6.

13



CHAPTER 2. PHILOSOPHY & MOTIVATION 14

2.1 Uncertain Reasoning

Uncertain reasoning is that area of logic which deals with how we come to conclu-
sions upon uncertain sets of knowledge. If we have uncertain information about
a situation how should we choose the “best” representation of it?

Many attempts have been made at formalising and answering these ideas. In
this thesis we will be concerned with systems of probabilistic inference. These
systems attempt make an identification between the uncertain knowledge itself
and a set of probability functions on the language in which the knowledge is
specified (see [12]. The process of uncertain reasoning is then to pick from this
set of probability functions some subset which is considered to be the “best”
representation of the knowledge. It should be noted however, that probabilistic
inference is not the only way of conducting uncertain reasoning. Non-monotonic
reasoning, for example, offers a qualitative method of dealing with inductive
inference, while other quantitative efforts at dealing with uncertainty include
Dempster-Shafer belief functions ([9]) and possibility theory ([26]), for example.
However, we will not go into detail on those theories here.

We have been using “best” in the scare-quoted sense here because there is
considerable debate over what constitutes the correct way to pick probability
functions. There seems to be no a prior: correct way to judge what is the best
way to pick a set of probability functions to represent our knowledge — indeed
there is some debate over the matter. Howson gives in [20] a comprehensive
account of the problems involved in inductive inference and the many attempts
that have been made to solve them. In [34], Paris describes the problem of
probabilistic inference clearly, and goes on to describe a selection of proposed
“inference processes.”

We remark that in general, the method of attack upon these problems seems
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to be as follows. Some principle of reasoning is posited and argument are given
in justification of it, and then the consequences of assuming that principle are
analysed. One such principle is the Principle of Equivalence — this, broadly
speaking, says that if two sets of uncertain knowledge are essentially equivalent
then any process of uncertain reasoning should arrive at the same conclusions on
both sets.

Another important principle is that of maximum entropy, and it is that which

we describe in the following section:

2.1.1 The Maximum Entropy Principle

The concept of entropy was introduced in the late 19th century as a concept in
statistical physics. In that context, it is regarded as a measure of the disorder
of a physical system. The principle of maximum entropy in this situation claims
that since there are many more disordered states than ordered ones, we should
assume that any system will be in one of the most disordered stated consistent
with the observed properties of the system — that is, a state with the maximum
entropy.

Shannon introduced the concept of entropy into information theory in the mid
20th century as a measure of the “uncertainty” of a probability function — see
[48] for his justification. It proceeds via the assumption of a few simple properties
that any measure of uncertainty should satisfy, and from these derives the fact
that any such measure must be (a multiple of) the entropy function.

The principle of maximum entropy then states that we should pick, as our
representation of uncertain knowledge, that probability function which has great-
est uncertainty (i.e., maximum Shannon entropy). The justification given for this

is that maximising the entropy is equivalent to maximising the uncertainty in the
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representation of our uncertain knowledge given by a probability function. That
is, we are picking the representation which “makes the least assumptions” beyond
that which is contained in the original knowledge set.

Another justification for maximum entropy is given by Jaynes in Chapter 11
of [24], and is also formalised by Paris in [35]. This justification is similar to
Boltzmann’s justification of maximum entropy in the physical sense. The idea
is that, of all the myriad ways in which a particular set of uncertain knowledge
could come about, most of them have high entropy. Jaynes and Paris both show
that the vast majority of the situations in which our uncertain knowledge could
be generated are “close” (in some sense) to the situation with maximum entropy.
Therefore, we should choose the maximum entropy solution as the correct method
of representing out uncertain knowledge.

There are many other justifications given for the principle of maximum en-
tropy — for example, Paris also provides a characterisation of this principle as
equivalent to the conjunction of several other simpler “common sense” principles
in [33]. However, this is not to claim that maximum entropy is without its critics.
However we remark here that we feel the principle of maximum entropy to be a
sound one on the basis of the justifications mentioned here, and so shall use it
as a guiding principle in constructing our own inference processes in Chapters 4

and 6.

2.2 Perception and Negation

The fundamental philosophical motivation for this thesis is a hypothesis about the
nature of the process of perception, in particular the role that negation plays in
that process. The hypothesis comes from an observation about the way in which

we perceive our environment — put roughly, this observation is that we do not



CHAPTER 2. PHILOSOPHY & MOTIVATION 17

seem to actually observe or perceive negations of attributes. Rather, negations
are deduced from the totality of our positive perceptions.

The concepts of “positive perception” and “negation of attributes” need some
explaining. A positive perception is the reception of information to the effect that
some object has a certain property. On the other hand, here the negation of an
attribute should be taken to mean that an object does not possess that attribute
(or property). Then our hypothesis claims that we do not directly perceive that
observable objects do not possess certain properties — instead, we deduce that
these properties do not hold from the information we have received about which
properties do hold for the the given objects!.

Now, to give a simple example of our hypothesis, consider the statement

“The paper on which this page is printed is not red” (2.1)

While the truth of this statement is obvious, in what sense do we infer this from
our perceptions? There is no “not red” attribute of the page that we directly
perceive. Instead, we perceive a number of things about the colour of the paper
— one of which is that it is white. Our contention is that from this perception of
the whiteness of the paper, the “not red”-ness is deduced via some prior knowledge
of incompatibility between redness and whiteness. In other words, we have some

prior knowledge about colours of the form

“The attributes ‘White” and ‘Red’” are incompatible” (2.2)

L An obvious problem with this hypothesis is the symmetry in most logics between a property
and its negation. To address this issue we will make the assumption that the observable
properties are “natural” in some sense. Our approach to this problem is covered in the discussion
of Natural Kinds in Section 2.2.3
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which, when combined with

“We perceive that the page is white” (2.3)

allows us to deduce (2.1).

Of course, this is a very simple example — in particular it ignores the many
gradations of colour. The incompatibility between red and white seems obvious
enough but how would we model, for example, the difference between white and a
very light pink? As we make the pink lighter and lighter, at what point does the
shade cease to be “red?” These questions are considered in more detail in Pears’
Incompatibilities of Colours [40], and Gardenfors’ work on conceptual spaces ([13],
[14], [15]) attempts to impose more topological structure on attributes.

However, crude as this example may be, it does serve to illustrate our thesis.
Despite the difficulties inherent in dealing with “fuzzy” attributes such as colours,
certain attributes are mutually incompatible, and we use our knowledge of these
incompatibilities to deduce the negation of attributes. Consider as another ex-
ample an empty coffee mug. I do not directly perceive the emptiness of the mug
— I perceive many other things about it though. I can see the bottom of the mug
for one thing, and this is incompatible with me having any coffee left to drink.

Hence I have deduced the negation of the proposition

“There is coffee in my mug” (2.4)

Both of the examples we have considered thus far rely on the visual sense.
However, when we refer to “perception” here, we are not simply talking about the
act of seeing. Rather, we intend “perception” to be understood as the reception

of information about an agent’s environment.
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Suppose we consider the coffee cup example in a different manner. Suppose
I were to dip my fingers in my (still empty) coffee cup: the sensations I would
receive from my fingers would be incompatible with the “burning” and “wet”
sensations I would receive if there were coffee in the cup. So my perception of my
environment would be incompatible with the proposition (2.4), which we would
deduce to be untrue. Hence we are indeed talking about perception rather than
just “seeing.”

Note that in the previous example, it may be argued that we have already
denied our thesis. Surely I am claiming that I have perceived a lack of sensation
from my fingers, and thus I am in fact directly perceiving the negation of an
attribute? On the contrary though, I am claiming no such thing. In fact, [ am
claiming that there are (at least) two distinct positive sensations I may perceive
from my fingers. The most obvious “direct sensation” is that of being dipped in
scalding hot coffee — no doubt this is something I would directly perceive from
my fingers. The second, and more subtle sensation, is that of “normality”, where
my fingers are at a comfortable temperature and are dry. While this sensation
is unarguably less urgent than the first perception, I claim it is something that
I directly perceive nonetheless — it is not a lack of perception. In this case, a
lack of perception would correspond to the loss of all feeling in my fingers, a very
different state from that of the (almost subconscious) sensation of one’s fingers
feeling “normal.”

It is worth expanding upon this point. We do so with another example that
shows also that we are not restricting ourselves solely to human, or even animal,
perception. In this example we consider a computer receiving information from
some device as a string of Os and 1s — perhaps a keyboard on which someone is
typing, or maybe a modem connected to the Internet. It is clear that when the

computer receives a 0, it has not perceived “the absence of a 1”7 — on the contrary
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the computer has directly perceived the presence of a certain voltage level in some
circuit which it interprets as a 0. The absence of any information being passed
to the computer would not mean that the computer would “perceive” a 0. When
formulated this way, we can clearly see that there is a difference between a lack

of perception and “default” perceptions.

2.2.1 Perspectives on the Philosophy of Negation

This section relies heavily on the excellent survey of the many varying views of
negation proposed through history by Cleave in [5].

The example of the computer discussed at the end of the previous section sug-
gests a 3-valued logic may be appropriate for modelling our putative principle.
While we will in fact use classical propositional logic for the main body of this
thesis, a search of the literature on many-valued logics reveals that N.A. Vasil’ev
proposed a similar principle in 1913 ([51]). Kline’s investigation [25] of this logi-

cian’s work includes Vasil’ev’s claim that

“...negative predicates are not primitive but are inferred from posi-
tive predicates. Negative propositions concerning perceptions are in-
ferred from propositions about incompatible properties: a denial that
an object has a property P is founded on the the presence of a witness

having a property N which excludes P.”?

This claim is very similar to that which we make at the beginning of this sec-
tion. In fact, the concept of the existence of a witness possessing an incompatible
property will be crucial to our discussion. While Vasil’ev’s work concentrated on
many-valued logics however, we will use these intuitions to develop systems of

uncertain reasoning.

2Quoted from p. 112 of [5].
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Cleave’s survey [5], from which the above quotation is taken, also discusses
some of Wittgenstein’s views on negation. Negation, Wittgenstein believed, is
“not something in the world,” although it is “constitutive with reality in some

)

sense,” a view which is consistent with the argument we are putting forward here.
For we claim that a negative fact cannot be perceived as part of the observable
world, even though it is true. However, the fact that we may (possibly) infer that
fact from the properties of the world that we have observed indicates that it does
have some connection with reality.

Cleave cites Wittgenstein’s Tractatus ([55]) in a context which is important

to our argument:

(2.04) The totality of existent atomic facts is the world.

(2.05) The totality of existent atomic facts also determines which atomic

facts do not exist.

(2.06) The existence and non-existence of atomic facts is the reality.

(The existence of atomic facts we also call a positive fact, their

non-existence a negative fact.)

This sits well with our hypothesis of positive perceptions. Our positive per-
ceptions correspond to Wittgenstein’s existent atomic facts, and in turn they
determine the non-existent atomic facts — statements about properties which do
not hold in our framework.

However, Priest challenges our hypothesis directly in [42]. Addressing Vasil’ev’s
contention that we cannot perceive something that is not the case, Priest dis-

agrees:

When we perceive, we can see that something is the case. Can

we also perceive that something is not the case? Some have thought
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not. We can only perceive that something s the case. For example,
we cannot see that something is not green. We can only see that it is
red. Any judgement to the effect that it is not green has to be added
to what we see by inference. This, as we now see, is false. I can see
directly that something is not green. Or consider another example:
you enter a room; the whole room is visible from where you stand;
there is no one there. You can see that Pierre is not in the room. No

Pierre-shaped objects meet the eye3.

I disagree with this criticism on two counts. Firstly, it is not clear what it
means to “see directly that something is not green.” Seeing that something is
green seems to be a reasonable candidate for something we can perceive directly
— we could define it as being the event of light of a certain minimum intensity,
whose wavelength falls within a certain range, falling upon one’s retina.

However, to see directly that something is not green does not seem to admit
of such a convenient definition. To be sure, we could define the act of seeing
directly that something is not green as being the event whereby light of a certain
minimum intensity, whose wavelength is outside a certain range, falls upon one’s
retina. The problem with this is that even this apparently simple definition relies
upon there being an a prior: incompatibility between those wavelengths called
green and those called not-green. We see that the problem of direct perception
here has simply been removed to a different level of abstraction.

To answer Priest’s (and Sartre’s) second example — that of the absence of
Pierre — we turn to Wittgenstein’s conception of the totality of existent atomic
facts. Priest claims that we can directly perceive the absence of Pierre because

“no Pierre-shaped object meets the eye.” But by what means do we know this?

3Priest notes that this second example comes from Sartre [47]
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It is simply by the fact that we have directly perceived a totality of positive
stimuli about the room, the sum total of which is incompatible with any Pierre-
shaped object being observed. So we have in fact inferred Pierre’s absence from
that which we have observed — we have not perceived it directly at all. In
Wittgenstein’s terminology, according to (2.05) above, it is the totality of existent
atomic facts (i.e. the observed world) that determines the non-existent atomic
facts — in particular, that Pierre is absent.

Our critic may not accept this argument though. A possible counter-argument
could be that we might mentally list all the objects that we have observed, and
note that no Pierre-shaped objects are in that list. Again though, this is a process
of inferring knowledge from what has been perceived — not direct perception
itself. Another answer to this argument turns it on its head: we need only to
observe that no “absence-of-Pierre”-shaped object meets the eye either. So how
are we justified in concluding the absence or otherwise of Pierre? It must be
because we have some a priori incompatibility between the presence of Pierre
and the list of observed shapes, which we use to infer his absence.

This last argument raises an important point about perception — is it in
fact a consistent process? In other words, can we observe contradictions? This
question, and some of the debate surrounding it, is discussed in the next section.

To further clarify matters, we note a distinction made by Beall and Colyvan
in [2] on the difference between weakly and strongly observable properties. They
make the definition that a state of affairs o is called a) weakly observable iff it can
be observed that ¢ holds, and b) strongly observable iff that state of affairs itself
can be observed. In this thesis, we note that we consider the act of perception to
correspond to observing strongly observable properties. That is, that we perceive
only that which we can directly observe — any further information is inferred

from these perceptions. Thus, observing that an object is green is a case of



CHAPTER 2. PHILOSOPHY & MOTIVATION 24

strong observability, whereas deducing from this fact that it is not-red is a case
of weak observability: we have observed that the “not-red” state of affairs holds,
but we have not directly perceived the “not-red” property.

Finally, Priest raises another important point — the question of distinguishing
between attributes and their negation, and which of these we can reasonably call

positive perceptions. This question is addressed in Section 2.2.3

2.2.2 Observable Contradictions

The concept of negation in logic has a long and controversial philosophical history,
one which is tied intimately to the concept of contradiction and stretches back to
Greek philosophers such as Zeno, Plato and Aristotle. Some recent discussion on
“observable contradictions” and the question of whether the observable world is
consistent would seem to be relevant this exposition. We are basing our argument
upon the assumption that we can only acquire “positive perceptions,” and that
it is not possible to perceive a negation.

The question of whether or not there are true contradictions has attracted
some debate recently. Dialetheists, such as Priest, hold that there are such things
as true contradictions — for a good survey of the arguments proposed, see [43].
We are not concerned overly with the question of whether or not there are such
things here, but an important point does get raised in this argument. If we accept
that there are true contradictions, it is natural to ask what they would look like,
and whether or not we do see any. This is certainly important to the argument
presented here — if it were possible to observe a contradiction, this would count
as perception of a negation. Such a perception would of course discredit our
hypothesis.

Priest claims in [42] that whether or not there are true contradictions, they
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are not observable. That is, the observable world is consistent. The argument
runs along the lines that if there are observable contradictions, we would observe
them, and since we do not observe any contradictions then the observable world
must be consistent.

As Beall and Colyvan point out in [1] and [2], this argument relies on the
assumptions that observable contradictions would be observed, that we would
recognise a contradiction if we saw one, and that we do not in fact observe any
contradictions. They criticise these assumptions and give arguments to claim
that we do in fact observe contradictions. In fact, they claim that contradictions
are strongly observable, in the sense described in the last section, and describe
the first steps toward a para-consistent theory of vagueness, as posited by Hyde
([21]), to outline their argument.

However, I would argue that, if there are true contradictions, then they are
only weakly observable — that is, that we can infer that a contradiction is true
from what we directly perceive, but that we cannot directly perceive a contra-
diction (true or not). The reasoning behind this argument is that to observe a
contradiction, we must directly perceive that something is the case, and that it
is also not the case. Leaving aside the question of whether or not it is possible to
directly perceive something which is not the case (and of course we argue that it
is not), if we were to directly perceive that some property holds of an object, and
also that it does not hold of that same object, this is not the same as directly
perceiving the contradiction that it does and does not hold of that object. Rather
the observation that a contradiction is true of that object is an inference from the
two direct perceptions and their incompatibility. In this sense, a contradiction is
only weakly observable.

In other words, if we were to perceive that an object is green, and also to

perceive that it is not-green, then we could infer that it is green and not-green —
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a contradiction. But this is only a contradiction by the incompatibility of green
and not-green.

In summary then, I would hold that a weaker version of Priest’s hypothesis
that the observable world is consistent is true. Drawing on Beall and Colyvan’s
arguments, I suggest that in fact the strongly observable world is consistent, but

the weakly observable world may not be.

2.2.3 Observable and Inferred Properties

We mentioned at the beginning of this section (see footnote on page 16)and in
subsection 2.2.1 that there is a problem with the concept of perception as we
have thus far outlined it, one that is due to the inherent symmetry in naming

properties. Priest for example claims in [41] that

...the very distinction between seeing what is the case and what is
not the case is a false one. Some seeings are both. With respect to
physical objects, to be transparent is not to be opaque, and vice versa.
But you can see that something is transparent and you can see that

something is opaque.

This is indeed a problem for our embryonic systems. It is clear from our earlier
discussions of the nature of perception that we require some distinction to be
made amongst properties. Some properties are intuitively more “natural” than
others in this context.

One concept seems to be quite obviously applicable to this problem — the idea
of “natural kinds.” This is a concept which dates back to Aristotle (see [16]),
and which essentially refers to classes of objects which are “natural” in some
way. They are classes which share some underlying commonality — according to

Wilkerson ([53]), “An object is a member of a natural kind in virtue of having a
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real essence: a set of properties necessary and sufficient for membership of that
kind.”

There is some difficulty in the definition of natural kinds though. Quine, for
example, explains in [46] that many notions in philosophy can be definable in
terms of natural kinds, but that any general definition of ‘natural kind’ is not
possible. Theories of natural kinds have also been developed by Kripke (]27],
[28]) and Putnam ([44]), but theories of natural kinds often come under attack
for (Aristotelian) essentialism - “the doctrine that some of the attributes of a
thing ... may be essential to the thing, and others accidental.” ([45]

For our purposes, we do not concern ourselves overly with the exact definition
of natural kinds here. It is sufficient for us to note that natural kinds are classes of
object which share some common necessary and sufficient properties (beyond that
of belonging to the same class). We simply note that some classes are “natural”
and examine the implications for our theory. To take one of Hardegree’s examples

in [18], of the two classes
1. the class of all humans;
2. the class of consisting of Mozart, the planet Jupiter, and the number 41

the first class seems, intuitively, more natural than the second.

The logic that Hardegree proposes for natural kinds in [18] is based on the
supposition that there are “traits,” or properties that can hold for objects. A
natural class is a class for which there is a set of traits such that all and only
members that class share that particular set of traits. Hardegree goes on to
develop a logic of natural classes and traits which, under a particular Galois
connection assigning sets of traits to the classes that hold them, form a lattice
structure. A natural kind is then an ordered pair consisting of a set of individuals

and a set of traits such that the traits are those corresponding to the class of
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individuals, and the individuals form that natural class determined by the set of
traits.

It seems obvious to me that strongly observable properties must be instances
of Hardegree’s traits. As Cocchiarella points out in [6], “natural kinds are material
and not logical essences.” That is, traits are properties of the objects in the world,
and this must include strongly observable properties.

We remark then that we assume for the purposes of this thesis that our prop-

erties are “natural” in the sense discussed here.

2.2.4 Some logical principles

We describe in this section some more formal logical principles based on the
discussion thus far. Firstly we formalise our fundamental insight as the following

principle, phrased around Kline’s interpretation of Vasil’ev’s work in [25]:

Definition 2.1 (The Classification Principle).
The assertion that an object does not have a property P is only effected by the
assertion that it has a property N, or conjunction of such properties, which is

incompatible with P.

This principle will be important in defining the structures of propositional
logic which we present in the next chapter and which we propose capture the
notions discussed here. Notice that we do not insist that IV is a directly per-
ceived property. N itself may have been inferred from some directly perceived
information, or from other inferred properties.

The second part of this definition is important too. For it may be the case that
some combination of properties is incompatible with P, but that that particular

conjunction has no name in the language of discourse.
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Note that we insist upon conjunction here — we do not allow disjunction.
This arises from consideration of the logic of natural kinds as discussed in the
previous section. Following a similar argument to that of Hardegree in his logic
of natural kinds, it seems clear that the conjunction of two or more (strongly)
observable properties would itself be (strongly) observable — that is, if we could
directly perceive o and (3 then we could also directly perceive a&3. However,
the disjunction of two such properties does not seem to determine a strongly
observable or natural property at all. Consider for example, the two properties
“green” and “Pierre.” In our previous discussions in this chapter we have argued
that these are directly perceivable properties. However, it seems clear that there
is no sensible conception of “green or Pierre” as a directly perceivable property,
especially in light of our consideration of observable properties as being “natural”
in some sense.

Our second principle arises from consideration of the second part of the Clas-
sification Principle, and also from the logic of observable properties. If, as we say,
some combination of observable properties can determine the denial of some other

property, then surely that conjunction, being observable, should have a name:

Definition 2.2 (The Principle of Conjunctive Closure).

Any consistent conjunction of observable properties is an observable property.



Chapter 3

Positive Frames

In this chapter we define some logical structures which we claim capture the intu-
itions discussed in the previous chapter. We work here with finite propositional
languages, which although lacking in expressive power, have the advantage of
being simple to work with. In some of the technical discussions of Chapters 46,
this will prove to be very important in keeping our discourse coherent. Explana-
tions of propositional logic can be found in most textbooks on logic, such as [10]
for example.

Of course, we can always consider the propositions to be unary predicates to
be applied to a single individual at a time. This sits well with the discussion in
the previous chapter, where we considered observable properties of objects in the
world. Throughout this chapter we consider the propositions of our language to
be observable properties in the sense discussed in Chapter 2.

We begin with the definitions that we will require to build the logical struc-

tures encompassing the principles in Section 2.2.4.

30
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3.1 Basic Concepts

We begin with the idea that the process of perception corresponds to the recep-
tion of some positive information. We start with a weaker principle than those
discussed in Chapter 2.2.4, and consider a perception to be some statement about

only positive properties which hold.

Definition 3.1 (Positive Sentences).
In a language L for propositional logic a positive sentence is a sentence of L in
which no negation or implication signs occur.

More precisely, in a language L, the set of positive sentences PL C SL is

defined inductively by:
1. PL° =L,
2. PLMY.={00¢ | 0 € PL!, ¢ € PLJ for some 7,5 <k, O € {A,V}}

and finally set
PL:=|JPL".

k=0
We now define a framework in which everything can be related to the positive

perceptions described by the previous definition.

Definition 3.2 (General Positive Frames).
A general positive frame on a propositional language L is a theory T of SL

relative to which all sentences of L are equivalent to a positive sentence. That is,

T is such that for all 8 € SL there is some §* € PL for which
TEO—O.

This corresponds to the notion that we must infer everything we know from
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only our positive perceptions. The next definition, that of an atom of a positive
frame, will be very important in the technical discussions to follow later in this

thesis.

Definition 3.3 (Atoms of positive frames).
Take L to be a finite propositional language. We follow the usual convention! of
calling a maximal conjunctions of literals of L an atom of L. That is, an atom

of L is any conjunction of the form

Av”

peL

where €, € 0,1 and p' = p while p° = —p.

Notice that if L = L, then there are 2" atoms of L,,. In this thesis we will
denote by aq, as, ..., asm the atoms of L, unless otherwise stated.

We denote the set of all atoms of L by At(7"). For any general positive frame

T on L, denote by At(T") the set of atoms of L which satisfy 7.

The General Positive Frames described above give us a framework in which we
can discuss positive perceptions. However, we would like to be able to formulate
our logical principles of Section 2.2.4 in such a way as to allow us to investigate

their formal consequences. We begin with the Classification Principle.

Definition 3.4 (The Classification Principle).
Within a propositional language L we can specify the Classification Principle of

Definition 2.1 in the following way. For some p € L, call any sentence of the

1See, for example, [34] page 13
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following type a classification sentence for p

k
-p < \/ AW
=1

when k > 1 and the sets Wy, Wa, ..., Wy are s.t. 0 £ W; C L\ {p}.
Call the sets Wi,..., W, witness sets for —p. If there is some W; s.t.

W; = {q} then call ¢ a witness for —p.

Now we consider the arguments about totality of perception to give the fol-

lowing definitions

Definition 3.5 (Positive Frames).
A positive frame is a theory T of SL which has a classification sentence for
every p € L.

That is, if L = {p1,p2,...,pn}, say, then there are ky,...,k, > 0 and for

every 1 < ¢ < n there are sets W, 1, W; o, ..., W, such that
ki
T —pi < \/ /\ Wi,
j=1

and 0 Wi, € L\ {pi}.

The next definition imposes some more conditions on these structures.

Definition 3.6 (Reflexive Classification Sentences).
A set of classification sentences on L, is said to be reflexive if there is exactly

one classification sentence for each p € L,, and the following conditions hold:

1. Forevery i,/ =1,2,...,nand j =1,2,... k;

Di € VVZ"]' = 31 S j/ S ki/ s.t. Wi’,j/ = (Wi,j \ {pl/}) U {pl} )
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2. Foreveryi=1,2,...,nand j,l =1,2,... k;if j #1 then W;; £ W, .

These seem reasonable conditions to us. Surely if we believe that P is in-
compatible with N, then we must also take N incompatible with P. The second
condition simply says that if we already consider the conjunction of a set W to
be incompatible with P, then there is no reason to include any supersets in the

definition of P’s incompatibilities.

Corollary 3.1  Notice that from the second condition in the above definition

a stronger condition actually follows: Namely that for every v,7 € 1,2,...,n,

rel,2,... ki andsel,2, ...k wehave W;, U{p;} ¢ W, U {p;}.

Proof. Suppose W;, U{p;} C W;,U{p;}. Then p; € W;, and so, since this is
a reflexive set of classification sentences there must be some ¢t € 1,2,...,k;

such that W, = (W;, \ {p;}) U {p:}. Hence

Wi = Wi\ {pi}) U {p;}
= W U{pi,p;} CW;,U{p,}

= Wie =W, U{pi} C Wiy

which is a contradiction to the 2nd condition of Definition 3.6. O

For technical reasons we will make a connection between the sets of reflexive

classification sentences and the theories they determine:

Definition 3.7 (Normal Positive Frames).
A normal positive frame on a propositional language L is a theory of L which

is generated by a reflexive set of classification sentences for L.
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There is another property of positive frames which seems relevant to us: that
of contingency. In the discussion in chapter 2 we outlined our theory of observable
properties. There is an argument to be made that properties that are either ever-
present or never observed are not observable properties at all. It seems obvious
that a property that is never observed is not an observable property, but what
of ever-present properties? 1 would contend that a property which is always the
case cannot be proper subject of a perception: a logical necessity is something
that is deduced. It is unclear what it would mean to directly perceive a logical

truth. For this reason we make the following definition:

Definition 3.8 (Contingent Frames).
A general positive frame T on a propositional language L is called contingent if

for every for every p € L we have both T [~ p and T' [~ —p.

3.1.1 Relationships between types of Positive Frame

In this section we explore some of the relationships between the different types
of structures defined above, and study some of their properties.

To begin with, it turns out that even in their most general form, positive
frames allow us to consider statements as being equivalent to a disjunction of
some conjunctions of positive perceptions. In other words, we have a sort of

“positive normal form” for sentences in General Positive Frames:

Lemma 3.2  If 0 is a positive sentence of L then there are k > 1 distinct sets

@#Sl,...,SkgLs.t.

):QH\//\Si.

Proof We prove the claim by induction on the complexity of 8. If § € PL°

then € = p for some p € L, and so the claim is true.
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Now suppose that the claim is true for all 6 € |J;_, PL" for some r > 0,

and take § € PL™"'\ PL".

By construction of PL, either § = ¢V or § = ¢A1) for some ¢, € | J PL.
§=0

By hypothesis we have k;, ks > 1 non-empty sets Sy, ..., Sk, and 11, ..., T}

2

s.t.
k1
): ¢ < \/ /\ Si
ko
Fve VAT

and

where § = {S1,...,Sk} and T = {T,..., T}, } are collections of pairwise

distinct sets.

Alternatively, if 6 = ¢ V ¢ then

):QH(V/\Si)V(\//\E)
= koo \/ AX

XeSuT

and so the claim is true for 6 = ¢ V 9.

If§ = ¢ A <) then

=0 (VASHIANAT)

= ko= VVASAAD

i=1j=1
K1k
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where R;_1)p,+; = S; UT}. Clearly we can eliminate any repetitions from

this list, and so the claim is true for 6 = ¢ A .

Hence the claim is true for any § € PL™™' \ PL" and so by induction the

Lemma is proved for all § € PL. O

Now, the argument about contingency of frames turns out to be important. If
a general positive frame is contingent then we can express it as a positive frame —
in other words, the Classification Principle holds for contingent general positive

frames.

Proposition 3.3  IfT is a contingent general positive frame on L, then T is

a positive frame on L,,.

Proof. Since T is a general positive frame then for each 1 < ¢ < n there is
0; € PL, such that

Then by Lemma 3.2 for each ¢ = 1,2,...,n there are k; > 1 distinct non-

empty sets W; 1, Wi o, ..., W, such that

k;
F 0 < \/ /\ Wi
j=1
Hence we have
k;
T -pi =\ A\Wi;.
j=1
Now it remains only to show that p; ¢ W, ;. So for each i =1,2,...,n let

li=[{Wi; | pi €Wi;}]|.

Notice that since 7" is contingent {; > 0. For if not, then let V; ; = W, ;\{p;}
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for j =1,2,...,k;. Then we have

k;
T E-p; < \/ [pi A /\V;,j]
j=1
ki
= T E-pi < pi A [\//\V;]}
j=1
= TEp

which contradicts T" being contingent.

So we have 1 < I; < k;. Relabel the W ;’s so that p;, € W, ; < j > [; and

for j > I; let V; ; be as above. Then

l; ki
T e (\//\w;-,j) y (w v /\vm-)
j=1 '
l;
= T):_'pi_)\//\vvi,j‘
j=1

Now note that

and so

l;
T):ﬁpi<—>\//\I/Vi7j.

j=1

Hence T' is indeed a positive frame on L,,. O
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3.2 Hypergraphs

We will find there is a close relationship between positive frames and hypergraphs,
which allows us to study more properties of positive frames. It will also turn out
to be a very important relationship in the definition of inference processes in

Chapters 4 and 6. We take this definition from Berge [3],(pp.3):

Definition 3.9 (Hypergraph).
Let X = {x1,22,...,2,} be a finite set. A hypergraph on X is a family H =
(E1, Es, ..., Ey,) of subsets of X such that:

1. E#0 (i=1,2,...,m);

A simple hypergraph (or “Sperner family”) is a hypergraph
H = (Ey, Es, ..., E,) such that

The elements xq, 2o, ..., x, of X are called vertices, and the sets Fq, Es, ..., E,,
are the edges of the hypergraph. A simple graph is a simple hypergraph each of
whose edges has cardinality 2; we shall not consider isolated points of a graph to
be vertices.

A hypergraph H may be drawn as a set of points representing the vertices.
The edge Ej is represented by a continuous curve joining the two elements if
|E;| = 2, by a loop if |Ej| = 1, and by a simple closed curve enclosing the
elements if |E;| > 3.

The anti-rank of a hypergraph is the minimum cardinality of its edges ([3],

pp. 4).
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For the purposes of this discourse we will be concerned with simple hyper-
graphs of anti-rank 2. The following concept from graph theory will be of central

importance:

Definition 3.10 (Maximal Independent Set).
Given a hypergraph H = (Ey, Fs,...,FE,) on a set X, A C X is called an
independent set of H if there is no E; € H such that F; C A.

A is called a maximal independent set of H if there is no independent set

B of H such that A C B.

Theorem 3.4  There is a 1-1 correspondence between reflexive sets of classifi-

cation sentences and simple hypergraphs of anti-rank 2.

Proof. We give a construction for a mapping from the set of reflexive sets of
classification to simple hypergraphs of anti-rank 2, and a construction for

1ts inverse:

1. Let X be a reflexive set of classification sentences on L,,. For each

7;:1,2,...771,,]':1,2,...,]@ define Ei,j:Wi,jU{pi}a and let
H*:{‘/;,] ‘7;:1,2,...771,, j:1,2,,kl} .

Now consider V;; € H* of cardinality k. Since X is a reflexive set
of classification sentences H* will contain exactly & — 1 other sets
Virjo =Vi;. Let H be H* with all such repetitions deleted.

Then H is a hypergraph on L,: indeed, it is obvious that V;; # 0.
Secondly, each p; € L, appears in Zf;l |Vij| sets of H*, of which

Z?;l |Vij| — 1 are deleted to form H. Hence every p; € L, appears in
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some set of H and so

UV:Ln.

VeH

Suppose now that we have E, F' € H such that £ C F'; then there
must be some p; € E'N F. By construction of H we must have some
distinct j, 5’ such that £ = W, ;U{p;} and FF = W, ;;U{p;}. This gives
Wi ; C W, s, which is a contradiction to the second condition for the
reflexivity of the set X. Hence H is a simple hypergraph, and is also
trivially of anti-rank 2 since W, ; # 0 = |V ;| > 2|.

2. Take H to be a simple hypergraph of anti-rank 2 on L,,, and for each
i=12,...,nletk;=|{E€H |p;e E}|. Set D;1,D;9,...,D;, to
be the k; distinct edges of H which contain p;. We now define a set of

classification sentences for L,, by setting W; ; = D, ; \ {p;} and putting

ki
X:{_‘pz‘H\//\VVm |1§i§n}
j=1

Note first that X is indeed a set of genuine classification sentences
since each p; must be in some edge of H and so k; > 1. Also H being
of anti-rank 2 implies that |D; ;| > 2, and so W, ; # 0.

We check now the two conditions for reflexivity given in Definition 3.6:

(a) Suppose that for some ' # i we have p; € W;; for some j. Then

by construction of X there is an edge E of H such that £ =
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W, ; U{pi}. Since py € E then there is some Dy ; = E. Then

Wiy = Sy \ {pi}
= Di; \{pv}
= (Wi; U{p}) \ {pv}

= (Wi; \{pr})U{p:} as required.

(b) Suppose for some i there are j, [ such that W; ; C W; ;. Then there
are edges £y = W, ; U {p;} and Ey = W;; U {p;} of H for which
E, C E5. But H is simple and so we must have F; = E5. Hence

Wi ;= W,;and so j = [.

It is easy to check that each of the constructions given above defines an
injective mapping and that the mappings so defined are the inverse of each

other. Hence the 1-1 correspondence is established. O

This theorem shows us that there is a very nice graphical representation of
reflexive sets of classification sentences. However, we are more interested in the
consequences of such reflexive sets, so we would prefer to have a graphical repre-
sentation of normal positive frames. We will now construct such a representation.
Firstly, we construct a link between maximal independent sets of a hypergraph

and the valuations of its corresponding reflexive set of classification sentences.

Proposition 3.5 Let X be a reflexive set of classification sentences for L,
let H be the hypergraph generated by X, and let A be a subset of L,. Then the

valuation v defined on L, by setting

v(p) =1epecA
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is consistent with X iff A is a maximal independent set of H.

Proof. = Let v be a valuation on L, consistent with X. Suppose the set
A C L, defined by v is not independent. Then there is some edge
E of H such that A O E. By construction of H then there is some
p € L, and some witness set W for —p such that W U {p} C A.
Hence v(p) = v(AW) = 1. But since W is a witness set for —p, this
contradicts v being consistent with X, and so A is indeed independent

w.r.t. H.

Suppose then that A is independent w.r.t H, but not maximal such.
Then there is some p € L, \ A such that AU {p} is independent. But
p & A = wv(p) =0. Since v is consistent with X then this gives us

v(AW) =1 for some witness set W for —p.

By construction of H though, there exists some edge E of H such that
E =WU{p}. Then E C AU{p}, which contradicts the independence

of AU {p}, and so A is indeed maximally independent.

< Let A be a maximal independent set of H. Consider p; € L,,. If p; € A
then v(p;) = 1, and so for v to be consistent with X we must have
o(VE, AW, =0,

That is, for every j = 1,2, ..., k; we must have v(/\ W; ;) = 0. Suppose
not: then there is some W, ; such that v(p) = 1 for all p € W; ;. Then
by construction of H there is an edge E = {p;} U W, ; of H such that
E C A, contradicting the independence of A. So v is indeed consistent
with the classification sentence for p;.

Now suppose that v(p;) = 0. To ensure v’s consistency we must then
have v\/f":1 AW, ;) = 1. Suppose not: then for every j =1,2,... k;

we have at least one p € W, ; such that v(p) = 0. That is, for every



CHAPTER 3. POSITIVE FRAMES 44

witness set W for —p; there is at least one p € W for which p € A.
Then AU {p;} is independent w.r.t H: since for every edge E of H
which contains E there is at least one p € E such that p & AU {p;},
and any edge of F which does not contain p; is not a subset of AU{p;}
by the independence of A. This contradicts the maximality of A, and

so v is again consistent with the classification sentence for p;.

Hence for all € X, v(0) = 1.

O

Corollary 3.6  Let X be a reflexive set of classification sentences on L,,. Then
for any A C L,, X &=~ N\ A iff there is some p € L,, and witness set W for —p
such that A D W U {p}.

Further, if A is such that for any B C A we have X [~ = \ B then in fact
A=WuU{p}.

Proof. = Let H be the hypergraph generated by X. By Proposition 3.5 A
is not maximally independent w.r.t H. Further, since X | = A A, we
know that B is not maximally independent w.r.t. H for any B D A,
and so in fact A is not independent w.r.t. H. Then there must be
some edge F of H such that £ C A. By construction of H there must
be some p € L, and witness set W for —p for which E = W U{p}, and

so the claim is proved.
< Trivial.

The second part of the corollary is also clear. Indeed, A must contain
WU{p}, but if A D W U{p} then there is a proper subset B of A for which

X = - A\ B, namely B =W U {p}. O
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Now we are ready to make the link between normal positive frames and hy-
pergraphs. See Figure 3.2 for an example of how we can use this correspondence

to give graphical representations of normal positive frames.

Theorem 3.7  There is a 1-1 correspondence between normal positive frames

and reflezive sets of classification sentences.

Proof. Denote by f the mapping that takes a reflexive set of classification
sentences to its corresponding normal positive frame. By definition there
corresponds at least one reflexive set of classification sentences to each nor-
mal positive frame and so the mapping f is trivially surjective. To prove
injectivity consider two reflexive sets X, Y of classification sentences on L,
and suppose that they both determine the same normal positive frame T
that is f(X) = f(Y) = T. Notice then that, by definition of T, for any
sentence 0 € SL,, X 0 <Y 0. Let

ki
X:{ﬂpiH\//\Wi,j \1§z’§n}
j=1

and '
Y:{ﬂpie\z//\vm- ]1§i§n}.
j=1

Consider some W; ;. By Corollary 3.6 X = -~ A(W,; U {p;}), and for any
BcW,;U{p}, X E-N\B.

Of course then these same properties hold for Y. Again by Corollary 3.6
we can see that there is some p; and witness set V; ,,, for which W ;U{p;} =
Vi U{pi}-

Now if [ # ¢ then p; € Vj,,, and since Y is a reflexive set there must be

some witness set V; ;» such that V;  U{p;} = Vi, U{pi}. If | =i we can
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P,

This hypergraph is equivalent to the normal positive frame defined by
—p1 < (p2 A ps3)
P < (P1 Ap3) V pa
—p3 < (p1 A pa)
P4 < P2

Figure 3.1: Correspondence between normal positive frames and hypergraphs
just set j' = m.

Hence for every W, ; there is some V; j; = W, ;. A similar argument provides
the converse relationship, and so we see that up to a reordering of the

witness sets X =Y. Hence the mapping f is indeed injective. O

Corollary 3.8  There is a 1-1 correspondence between normal positive frames

and simple hypergraphs of anti-rank 2.

Proof. Immediate from Theorem 3.4 and Theorem 3.7. 0

3.2.1 Positive Frames and Hypergraph Results

In this section we present some results which rely on the correspondence defined
by Corollary 3.8 for their proof.

Firstly, we see that contingency is a property of all normal positive frames.
In other words, the fairly natural constraints (of symmetry and efficiency of rep-
resentation — see Definition 3.6) we imposed on positive frames to make them

“normal” have contingency as a consequence.
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Proposition 3.9  Normal positive frames are consistent and contingent.

Proof. Let T be a normal positive frame on L, and let H be the hypergraph
generated by 7. Since H is of anti-rank 2 there must exist non-empty
independent sets of H, and hence there must exist non-empty maximal
independent sets of H. Hence by Proposition 3.5 there is at least one

valuation on L, which makes T true, and so 7' is consistent.

For contingency, consider p € L,. Since every edge of H has cardinality at
least 2, {p} is independent w.r.t. H and so there exists at least one maximal
independent set of H which contains p. Again by Proposition 3.5 then there
exists at least one valuation v consistent with 7" for which v(p) = 1 and

hence T' £~ —p.

Finally, to prove T [~ p take any witness set W for —p. Since W does not
contain any edge of H then by Corollary 3.6 then T' = = A W. Then since

T = AW — —p we have T [~ p, and so T is contingent as required. O

Our final result in this shows that normal positive frames are the weakest
contingent positive frames — that is, “normality” is a stronger condition than

contingency.

Proposition 3.10  IfT is a contingent positive frame on L, there is a normal

positive frame T* on L, s.t. T | T*.

Proof. Take a contingent positive frame 7" on L,. Then for 1 < ¢ < n there

are k; > 1 distinct witness sets 0 #£ W1, ..., Wik, C \{p:} s.t.

ki
T%{ﬂpm\//\mllgz’gn}.
j=1
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For each ¢, j set D; j; =W, ; U{p;}. Then put
H:{Di,j ’ 1<¢<n, 1§j§ki}

and let H' be H with all repetitions deleted.

Now remove every F' € H* for which 3 E € H' st. E C F and call the

resulting family H*. That is,
H =H*{FeH"|3E€H",ECF }.

Claim: H* is a simple hypergraph of anti-rank 2.

Clearly, for all E € H*, |E| > 2 since £ = W, ; U {p;} for some ¢, j and so

H* is clearly of anti-rank 2. Now, suppose that

U E#L..

EeH*

Then there is some p; € Ly, s.t. p; € Ugey- E. But

U E=1L,

EeH+

= V F € H" containing p;, 3IE€ H" st. EC F\ {p;}

= V1<j<k, 3IE€H" st. ECW,;;.

Now E € H* gives T = = A\ E and so for for each 1 < j < k; we have

TE-A\Wy.
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But since T' = —p; < \/?:1 A Wi, then

ki
T):ﬂpi<—>\/J_
j=1
= T E pi

which is a contradiction to the contingency of 7. Hence Jgepy B = L,
and so H* is indeed a hypergraph of anti-rank 2. It is clearly simple by its

construction from H™, and so the claim is proved.

So by Corollary 3.8 there is a normal positive frame 7™ corresponding to

H*. Suppose T is
ki
T* = —\pi<—>\//\Wi:j}1§i§n,@#WilngLn\{pi}
j=1

It remains to show that 7" = T*. First note that since T" is contingent it is
also consistent. Take some « € At(7T") and consider each p;. There are two

cases:

1. a = p; Suppose there is some W/, s.t. o = pi A AW/, Then by
construction of T* there is some ' € H* s.t. E/ = {p;}UW/ ;. Similarly,
by construction of H* there is some py € E and j's.t. Wy j = E\{py}.

Thus we have

« }: Dir N /\Wi/J/

which contradicts a = —py \/fil A Wi . Hence

k;
&):pi—>ﬂ\//\W'i’7j. (3.1)
j=1
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2. a = —p;
Since a = T then there is a witness set W, ; s.t. a = —p; A AW, ;.
By construction of H* there is £ € H* st. E = W,;; U {p;} and
by construction of T there is some 1 < j" < ki s.t. W/, = W;;.

Therefore

(67 ): —p; N\ /\ VVz'l,j’
k;
=  afE-p— \/ /\Wi’,j (3.2)
j=1

So for each 1 <i < n and a € At(T") we have from (3.1) and (3.2)

3
af=—pp \//\Wz’/J
j=1

and so T' |=T". O

3.3 1-frames

In Definition 2.1 we allowed unnamed conjunctions of observable properties to
be witnesses to the negation of other properties. In this section now deny this
possibility, and insist upon the stronger principle that the negation of a property
P can only be asserted by the assertion of a witness property N which is incom-
patible with P. translating this into the terminology of this chapter we get the

following definition:

Definition 3.11 (1-frames).

A 1-frame is a positive frame T" for which |W; ;| =1 for every witness set W ;.

Notice that an immediate consequence of Corollary 3.8 is that there is a 1-1
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correspondence between normal 1-frames and simple undirected graphs with no
isolated vertices. This gives us a very nice visual representation of the “incom-
patibility structure” of normal 1-frames. Two nodes in the graph corresponding
to a normal 1-frame T' are connected by an edge if and only iff their respective

propositions are mutually incompatible in 7. For example,

[ ®r,
P,

P, Py Ps Ps

This graph is equivalent to the normal 1-frame defined by
“p1 <> P2 VP P2 <> p1 V3
T3 <> p1LVp2 P4 < Ps
—Ps <> P4V Pe P < D5

Figure 3.2: Correspondence between normal 1-frames and simple graphs

3.3.1 Interpretation of 1-frames

There seems to be a sense in which 1-frames are more “natural” than positive
frames as a model of the perceptual process described in Section 2.2. We outlined
in that section a theory of what it means to directly perceive a property or an
attribute. There is an argument to be made then, that unless a particular con-
junction of observable properties is itself a property, then it is not an observable
property itself — rather it is one which must be inferred. This approach to the
process of perception and subsequent inference appears to be a much closer model
of the thesis outlined in Chapter 2 in that the perception part of the process is

much simpler.
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For this reason, we will later examine 1-frames as a model for uncertain rea-

soning.

3.3.2 Some results from graph theory

In Chapter 6 we will study an inference process which uses normal 1-frames as its
starting point. The correspondence between normal 1-frames and simple graphs
will become very useful for this purpose, especially the correspondence between
the maximal independent sets of a graph and the valuations of the corresponding
1-frame. In particular, the maximum possible number of maximal independent
sets is important. This is a problem solved for simple graphs by Moon and Moser?

in [32], and so give the following definition:

Definition 3.12 (Moon and Moser function).
The maximum number of maximal independent sets of a graph of order n is

denoted m (n) and is called the Moon and Moser function.

The following theorem from [32] gives the value of m (n) and the graphs on

which this maximum is attained:
Theorem 3.11 (Moon and Moser [32]) Ifn > 2 then the largest possible

number m (n) of mazimal independent sets for a graph on n vertices is given by

3n/3 ifn=0 (mod 3)
m(n) = ¢ 43051 ifp =1 (mod 3)
233 ifn=2 (mod 3)

[For completeness and convenience we will also set m (1) =1/

2We note that the same problem was also solved by Erdos in [11], but the Moon & Moser
solution also gives a constructive method for finding the graphs which realise the maximum.
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AVANRYAN

M, for n =0 (mod 3),

AVAVAY/ NVAVAYANE
M, for n =1 (mod 3), and
AVAYAN

M, for n =2 (mod 3).

Figure 3.3: The Moon & Moser Graphs for n > 2

Furthermore, for n > 2 these values of m (n) are attained by the graphs de-

noted by M, and shown in Figure 3.11.

We will also find it useful to be able to count the maximum number of maximal
independent sets in a connected graph. This was calculated by Griggs et al. in

[17]. We define

Definition 3.13 (Griggs Function).
The maximum number of maximal independent sets of a connected graph of order

n is denoted ¢ (n) and is called the Griggs function.

Theorem 3.12 (Griggs et al [17])  The maximum number g (n) of mazximal

independent sets of a connected graph on n vertices is given by

g(n)=n
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. forn=0 (mod 3),

7

\
/\04 forn=1 (mod 3),and

e \
\A / \ forn=2 (mod 3).

Figure 3.4: The Griggs graphs for n > 6

forn <5, and

(

2.3"% 425 ifn=0 mod 3
g(n) =435 +2% ifn=1 mod3

43 P 432" ifn=2 mod 3

forn>6. As for m(n), g(0) = 1.
Furthermore, for n > 6 the extremal graphs E, which realise these values of
g (n) are shown in Figure 3.12.

For n < 4 we have E,, = K,,, the complete graphs on n vertices. For n =5
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however, there are four extremal graphs E5. One of these is Cs, the circuit on 5

vertices, and the other three are shown in Figure 3.5.

N
o

—
N

Figure 3.5: The Griggs graphs E5 forn =5

3.4 Conjunctively Closed Frames

we turn now to the second principle proposed in Section 2.2.4. Definition 2.2
gives the Principle of Conjunctive Closure as the prescription that any consistent
conjunction of observable properties must be an observable property itself. In
other words, that conjunction should have a name in our logical structure. In our

propositional logic framework this can be expressed by the following definition:

Definition 3.14 (Conjunctively Closed Frames).
A positive frame T on a propositional language L is called conjunctively closed

if for all X C L s.t. T = = A\ X there is some p € L s.t.

TeEpe \X

In other words, for every set X of L consistent with 7" there is some p in
L which is T-equivalent to the conjunction of X. For brevity’s sake we will
write “c-frame” as an abbreviation for Conjunctively Closed Frame throughout

the remainder of this thesis, and we will use the notation T to indicate that a
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positive frame T is a c-frame.

Notice that for any contingent c-frame T there is a conjunctively closed 1-
frame equivalent to 7' formed by the removing all witness sets W which are
inconsistent with 7" and then replacing all remaining witness sets W with their
corresponding names. Hence the remarks on 1-frames in Section 3.3.1 also apply.

C-frames therefore appear to be the “best” model of the perceptual process
that we have, in the sense that they most closely capture the notions involved in
our discussions of perception in Chapter 2. In the next chapter we will use them

to define an inference process.



Chapter 4

Inference Processes & Positive

Frames

This chapter begins with a brief discussion of probability functions and infer-
ence processes together with some of the mathematical definitions used later in
the chapter. We then define an inference process combining arguments from
maximum entropy with the c-frames developed in the previous chapter. This is
followed by two justifications for the use of this inference process, which present
characterisations of it as a model of expert reasoning based upon a large experi-

ence base.

4.1 Probabilistic Inference

This section describes some of the basic definitions required to develop a prob-
abilistic approach to uncertain reasoning with positive frames. We describe the
notation we use to work with probability functions, and what it means for a
probability function to be consistent with a positive frame. We then give a brief

discussion of what is meant by “probabilistic inference” before setting out some

57
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technical details necessary to define and analyse the inference process set out in

Section 4.2.

Definition 4.1 (Probability functions).
We follow [34] (pages 10-14) in defining probability functions on propositional
languages. That is, given a finite propositional language L, w : SL — [0,1] is a

probability function on L if, for all 6, ¢ € SL,, w satisfies the two axioms
(P1) If = 0 then w(f) =1
(P2) If = —(0 A @) then w(0V @) = w(h) + w(9)

An important representation theorem is also given in [34] which defines a
correspondence between a probability function on L and the value it gives to the
atoms of L. As such it is possible to identify a probability function w with the

vector

(w(an), w(ag),. .., wlay)) € DF = {fe R’

J
>0 inzl}
i=1

where aq,...,ay run through all atoms of L. ¥ here denotes the set of all
vectors corresponding to probability functions on L. If we have L = L,, rather
than D", we will often write D".

It will be necessary for us to consider probability functions over different size
languages which are in some sense ‘the same.” To this end for a probability
function w on Ly, for any n < k we denote the restriction of w to L, as w [ L,,

and define it on the atoms of L,, by

w [ Ln(a) = Z w(p)

BeAt(Ly); BEa

for all o € At(Ly,).
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We will be interested in studying probability functions which correspond to
positive frames. The natural way in which a probability function might be said
to ‘correspond to’ a logical theory is if it gives probability 1 to any sentence
which is true relative to that theory. That is, for a positive frame T on L, w is a
probability function for T iff w(f) = 1 for each § € SL s.t. T |= 6. Notice then
that no probability function can correspond to an inconsistent theory, since that
would give w(6) = w(—0) = 1, which contradicts (P1) and (P2) above.

Note that it is sufficient to check that the above condition holds for any set
X C SL st. X = T, rather than checking for every sentence of SL. So for
example, if T" is a normal positive frame, w is a probability function for T iff
w(f) = 1 for all 6 in the RCS corresponding to T' (Recall that there is exactly
one such RCS by Theorem 3.7).

An immediate consequence of this definition is that a probability function w
corresponds to a general positive frame 7" iff we have Y w(a) = 1 where the sum
is over all o in At(T).

Equivalently!, a probability function w can be said to correspond to a positive
frame T" on L if it only gives non-zero probability to atoms of L which are in At(T").
That is

a € At(L) \ At(T) = w(a) =0

4.1.1 Inference Processes, Constraint Sets and Solution

Sets

Our aim in this chapter is to present an inference process for finite propositional

languages. An inference process is, generally speaking, some rule which, given

Tt may seem a little excessive to give so many equivalent conditions for an essentially simple
concept, but all of them will have occasion to be useful in the course of this thesis so they are
given together here for the sake of clarity
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some information or data or knowledge about allowable or possible probability
functions, selects a subset of those probability functions. Phrased in the termi-
nology of uncertain reasoning and belief functions, inference processes are often
portrayed as being a way of picking the “best” belief function available under
a certain set of constraints (see for example [7], [8], [19], [30],[34], [35],[36],[37],
[38]). What constitutes “best” is a question of some debate. Indeed, in general,
for a given set of knowledge K there will be many probability functions consistent
with K — often uncountably many?.

An established approach within uncertain reasoning is to impose certain prin-
ciples or conditions on our inference process that we think are reasonable or
desirable, and to analyse the resulting inference processes. One such principle is
the Equivalence Principle (see [34], pp. 82-87), a principle which dates right back
to Laplace’s work on the founding of modern probabilistic reasoning, yet which
was not made explicitly clear until Jeffreys stated it in the 1930’s (see [23], p.7).
In essence, this principle states that in circumstances where we have the same
knowledge, we should assign the same probability function. We will see that the
inference processes described here satisfy this principle trivially, and shall study
their satisfaction or otherwise of a range of other principles.

Turning to the question of what we intend to denote by information or data
or knowledge, we comment that it is a common step in probabilistic uncertain
reasoning to formalise our knowledge as a constraint set: that is, some constraints
on the possible or allowable probability functions. We would like to think that a
constraint set arising from given knowledge (or information or data or beliefs) K
determines a set of probability functions which are “consistent” with the infor-

mation in K.

2 Assuming of course that K is consistent, in the sense that there is a probability function
which agrees with K. This is by no means a trivial assumption, as discussed in [34], [50] and
[54]
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In general, we would like the set of probability functions determined by our
constraint sets to be both closed and convex for reasons of mathematical con-
venience. Obviously in practise it is not always convenient or even possible to
establish such a constraint set®; however an analysis of the more mathematically
convenient case is one way in which we can advance our understanding of the more
complicated situation. In practise we will impose a slightly more rigid restriction

on our constraint sets:

Definition 4.2 (Constraint Sets and Solution Sets).
Given a finite propositional language L a constraint set X is a finite set of linear
constraints on the values assigned to the atoms by a probability function w on

L. That is, for L = L,, we have m constraints of the form
27l
> aiw(ag) < b
j=1

where ¢ = 1,...,m and a;;,b; € R. Denote the set of all such constraint sets on

L by C'L. Notice that these constraints can also be given in matrix form as
Ad=b

where A is an m x 2" matrix given by A = (a;;) while @ and b are vectors of
size 2" given by @ = (w(ay), w(aw), ..., w(ag)) and b= (by, b, ..., ban).

For a constraint set X on L, we denote the set of probability functions on L
which satisfy the constraints given in ¥ by V(X). If ¥ is given on L,, then for all
k > n denote by Vi (X) the set of all probability functions on Lj whose restriction

to L, satisfies the constraints in ¥. Denote by DX(X) and D*(X) the subsets of

3See [54] for a discussion of the problems involved and a suggestion of how to establish such
sets
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D* and D* corresponding to V(X) and Vi(%).

Note that both V(X) and D*(X) are closed and convex. We turn now to some
special types of constraint set that we will be particularly interested in.

A proper constraint set ¥ € C'L,, is one which does not forces the elements
of L, to be contingent — i.e., it does not permit probability functions to insist
that any of the elements of L, are either necessarily true or false. We formalise
this as the condition that each w € V,,(X) has the property that for all p; € L,,
w(p;) € (0,1) — that is, w(p;) # 0 or 1.

We say that a constraint set ¥ € CL, is called adamant (on L,) if there
is some subset {pi,, Dip, - - -, pi, Jof L, such that ¥ forces the disjunction of this

subset to be always true. Formally, for all w € V,,(X) we have

Constraint sets which are not adamant are called ethereal.

Now that we have made the notion of a probability function being consistent
with a constraint set clear, we consider what it means for a (general) positive
frame to be consistent with a constraint set. We think of the constraint set
Y. embodying our knowledge about a certain language L, say, whilst a positive
frame imposes a certain logical structure on that language. Therefore, for a GPF
T to be consistent with X, the logical structure of 7" must be realisable under the
constraints of ¥. Recalling our remarks on Definition 4.1 then, there must exist
some probability function w € V(X) s.t. w(a) = 1 for all & € At(T). In the case
that T"is on L,, and X is defined on Lj, where k£ < n, then we say T is consistent

with ¥ if there is some w € V,,(X) such that w(a) = 1 for all atoms of 7.
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For yet further notational convenience we denote by V(3,T') the set of prob-
ability functions consistent with both 7" and ¥, and let D(3, T") denote the cor-
responding subset of D¥. Note that here we do not need to index these sets with
the language size since it must be the same as the size of T'.

Finally, now that we are clear on probability functions and constraint sets we

can define what we take to be an inference process:

Definition 4.3 (Inference Processes).

An inference process on a propositional language L,, is a function N : C'L,, — Z,(D")
which assigns to every constraint set on L, a finite set of probability functions
which are each consistent with that constraint set.

That is, for each constraint set ¥ € C'L,,, N(X) is a finite set

{wl, Wa, . . . ,’LUT} g Vn(Z)

4.2 The CFE, Inference Process

4.2.1 The Concept

We present here an inference process (in the sense defined in the last section)
which combines the principle of maximum entropy with the Classification Prin-
ciple and the Principle of Conjunctive Closure, as discussed in Chapter 2 and
given mathematical formalisation in Chapter 3. The concept is to restrict the
maximum entropy inference process to c-frames.

As discussed in Chapter 3, I claim that as propositional structures, c-frames
capture the principles outlined in Section 2.2.4. I also claim that the principle of
maximum entropy should be applied to uncertain reasoning with these structures,

for the reasons outlined in Section 2.1.1. The CFE inference process defined in
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the next section is an application of the principle of maximum entropy with
the additional conditions that the Classification Principle and the Principle of

Conjunctive Closure also apply.

4.2.2 Formalisation

Definition 4.4 (The Entropy Function).

For a probability function w on L, let the indexed entropy of w be

H,(w) = [ w(a)™®

OleLn

Note that this is the exponent of the entropy function as it is usually used
and derived elsewhere (for example in [24], Chapter 11) — we use this form of
the function purely for convenience with certain of the calculations performed in

this thesis. For the sake of conformity, we also define

h,(w) = — Zw(&) Inw(a)

QELn

which we will also have some use for. Note that h,(w) = InH,(w), and since
most of our entropy calculations will be concerned with maximising entropy, and
specifically on which probability functions it is maximised, it will usually be

irrelevant which form of the function we use in a given case.

Definition 4.5 (Molecular Weight and Y-minimality).

Suppose that > is a constraint set on L;. The minimum n for which there is a
c-frame T on L,, which is consistent with X is called the molecular weight of
Y and is denoted £().

Any c-frame T on a language L, where n = £(X) is called X-minimal.
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Definition 4.6 (The CFE; Inference Process).
We give here a definition of an indexed inference process CFE; from the set of
adamant constraint sets on L; to the set D* of probability functions on L.
Suppose Y is an adamant constraint set on L. Let the Y-minimal c-frames
which are consistent with ¥ be denoted 17,75, ..., Tk.
For each T; let w; be that w € Ve(x) (2, T;) which maximises the entropy. That
is, set

w; = argmax Hes)(w)
’LUEVE(E)(E,TZ')

Let Hyjax = max {Hé(z) (w1), Hemy(w2), . .., He(s) (wk)} and then, finally we

can set

CFEL(Y) = {w I Ly, ‘ w = w; for some i = 1,..., K and Hex)(w;) = HMAX}

4.3 A Simple Characterisation of CFE,

We now move on to providing a characterisation of the CFE, process in an at-
tempt to justify its use. The general concept is similar to that of Jaynes’ justifica-
tion of Maximum Entropy given in Chapter 11 of [24] and, in a slightly different
form, explained in detail by Paris and Vencovskd in [35]. Indeed, the justifica-
tion given here follows that given in [35] quite closely, and uses or adapts many
of the results given there. The argument is essentially a version of Boltzmann’s
derivation of the Maximum Entropy method as discussed in [22].

The idea is simple: we consider ‘examples’ distributed at random, which in
some sense satisfy a set of constraints. In [35] it is shown that when these ex-

amples are distributed according to the constraints, then as their number grows
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without limit the vast majority of them will be near the classical maximum en-
tropy solution. In our case we also impose the restriction that each example
corresponds to some c-frame, in a sense which we will make clear later. It is the
aim of this section to show that distributing the examples in this way leads to

the examples clustering around the (finite number of) CFE,, solutions.

4.3.1 The Model

The concept we use to justify the CFE, inference process here is similar to that
used in [35] — in fact it is the same model, but with an extra condition imposed.
Essentially, the idea is that we consider an expert who has a great deal of expe-
rience of a certain field. This experience is modelled as a large set of examples
of the expert’s field, and various properties are identified with subsets of this
set. The expert’s knowledge, drawn from this experience, is modelled as a set of
approximate constraints on the relations between the properties. A typical such
approximation may be “About half the examples have property P.” The next
step in the process is to consider the many ways of assigning the subsets of the
example set to the properties in such a way as to conform with the constraints.
This is where we differ slightly from Paris and Vencovsk4 in [35]. Whereas there is
no restriction on the way in which these subsets are assigned in their paper, here
we impose the restriction that each assignment must correspond to a c-frame.
There is a natural way to define a probability function from each assignment,
and it turns out that as the number of examples grows without bound then so
the vast majority of probability functions so defined become arbitrarily close to
the solutions of CFE,. The remainder of this section gives a more detailed ex-
planation of this process. It is in the nature of such abstract ideas that they can

seem quite vague at times, and so a detailed example is given to illustrate the
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method described.

Suppose we have an expert in some field whose knowledge we wish to model
mathematically — this may be for the purpose of making predictions, or perhaps
we simply wish to understand better how they themselves reason from their expe-
rience to conclusions. Our hypothetical agent could be expert in locating valuable
oil fields for example, a gambler betting on horse racing, or a pathologist studying
tumour slides. This last example is indeed the motivation of Paris and Vencovska
in [35]. Such an agent is a common starting point for the study and application
of intelligent reasoning and “artificial intelligence”, and predictive systems aris-
ing from their consideration are naturally known as expert systems. However, we
should note that the nature of the expert, whether an oil prospector, a stockbro-
ker or a pathologist, is not important to our argument here; what is important is
the way in which we model their knowledge and experience.

We make a connection between “experience” and “knowledge” here. The field
of epistemology is a fascinating area of philosophy*, but we shall not be overly
concerned with the status of our expert’s “knowledge” here. Instead,we simply
remark that we consider the expert to have a certain amount of information
on their field which has been acquired in a number of ways — they will have
read a certain amount of literature on their field of expertise; they may have
discussed certain phenomena with other experts; they will (ideally) have seen a
large number of examples of their field — from which they have formed their
opinions and beliefs. Hence experience seems a suitable term to describe the
many ways in which our expert has acquired his/her information, while we use
the term knowledge to describe the more general beliefs formed and distilled from

this experience. Note that this is not an attempt at defining what “knowledge”

4For a stimulating introduction to this field, [49] contains a selection of articles covering
many different aspects of the theory of knowledge.
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is in the strict epistemological sense, it is simply a convenient terminology for the
purposes of this thesis.

As remarked above, we will be following quite closely the model of experience
developed in [35]. Paris and Vencovskd there illustrate the modelling of what they
term old knowledge by developing the example of a pathologist visually examining
lymphoma/epithelial tumour slides — it is worth noting that this arose from a
real attempt to create an expert system to study such slides. A different example
is developed in this thesis for two reasons: the first is simply to give the reader
a fresh example to consider alongside that set out in [35]. Secondly, I wish to
illustrate that this method of modelling experience is applicable to a wide range
of expert knowledge — there is nothing special about tumour slides per se in this
context®.

For these reasons, the example we give will be one of a gambler whose specific
field of expertise is horse racing. Far from being a trivial or frivolous example of
uncertain reasoning, this is in fact an ideal field for analysis of how experts come
to decisions based on their experience. One of the primary reasons for this is that
serious gamblers will have a huge body of experience. A professional gambler will
almost certainly have seen (and bet on) thousands, if not tens of thousands, of
races. That our expert has experienced a large number of examples of their field
is essential to the argument presented here.

Further, the field lends itself well to statistical analysis. There are a multitude
of daily, weekly and annual statistics published on the subject of horse racing,
ranging from the minimal daily form guides and results services published in
tabloid newspapers, through the more detailed analysis in specialist newspapers
such as The Racing Post to in-depth statistical analysis of results provided by

weightier tomes such as Timeform.

®Other authors have also modelled experience in a similar way; see for example [39] and [4]
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Finally, the whole point of gambling is that it is a question of forecasting
a result. As discussed in various places earlier, one of the major problems in
developing real-life expert systems is that of eliciting consistent information from
the experts that accurately reflects their state of knowledge and experience. This
problem is likely to be reduced in the case of a professional gambler — they are
likely to have a fairly shrewd idea of how to represent their knowledge in a useful
format. Indeed, the vast number of books touting “racing systems” available in
any moderately sized bookshop is testament to this fact. A superb and practical
discussion of “The Horse Racing Problem” is given in [31], especially the first and
second chapters. Many professional gamblers do indeed use such systems.

Of course, it may be argued that the fact that our expert is likely to have
given such thought as to how to represent their knowledge is likely to distort
such a representation. For example, an expert who has previously worked with a
particular system, such as one of the rule-based systems presented in [31], may
have forced the representation of his/her experience into a format consistent with
the rules of the system — and as such does not accurately reflect their experience.
This may introduce a distorting factor into the representation of their experience
that we can elicit from them, if they are “set in their ways” of representing knowl-
edge about the field of horse-racing. The fact that many professional gamblers do
indeed use such systems, and are likely to have considered or used a large number
of them over time lends weight to this criticism.

The counter-argument to this point is that the effect of using such a system,
presumably with a conscious or sub-conscious evaluation of the success of using
the system, will be present in the statements that our expert gives us when we
are forming our representation of their experience. That is, all of our expert’s
experience of their field, including such indirect experience as using “racing sys-

tems,” is contained with the statements that we elicit from them. Indeed, it can
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be argued that the fact that use of a previous system may have distorted the
statements given to us by our expert is not in fact a distortion, but is essential
to these statements containing all of the expert’s experience and knowledge. In
other words, this is the Watts Assumption that our knowledge base contains all
of our expert’s experience, not just some of it (See [34]).

Therefore we can be fairly certain that our expert has access to a great deal of
experience, both direct and indirect, about their chosen field, and is reasonably
likely to be able to present us with a useful representation of their knowledge.

There is one final criticism to be levelled at the choice of a horse racing expert
as a useful example of an “expert”, and it is an important one. That is simply
that most gamblers are not very good! Indeed, the very existence of bookmakers,
together with their substantial profits, illustrates this fact. What sense can be
found in an analysis of such inadequate reasoning? The answer is twofold: firstly,
a practical rebuttal is possible. While it is true that the vast majority of gamblers
do lose in the long run, this is partly as a result of the lop-sided books that
bookmakers keep. The average bookie keeps his book “over-round” to the tune
of 20-30% — that is, if horses were picked at random a loss of 30p could be
expected for every £1 staked. Compare this to roulette which operates at 3%
over-round [31]. This is an important point — bookmakers must increase their
margins to turn a profit as the average punter does better than simply picking
horses at random, so the gambler as expert is not such an inadequate choice as
it initially appears. Further, there are of course professional gamblers, who make
a living out of “beating the bookies,” turning that 30% loss into a profit. These
are the people we should consider an expert in this field.

The second answer to the ‘problem’ of gambler-as-expert is that the success
or otherwise of our expert is, to a certain extent, irrelevant. We are simply

trying to model how the expert might evaluate certain probabilities based on their
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experience. Whether the probabilities so evaluated are profitable to our gambler
is not the issue here — we are concerned with the effectiveness or otherwise of
our modelling of the expert’s reasoning, not the success of that reasoning.

Now, there are many factors involved in choosing a horse to bet on. Racing
systems vary in their complexity from those that rely on only a few factors such
as the Topspeed or Postmark speed ratings of a horse to those that take in a vast
array of factors such as the horse’s form, the jockey, the trainer, the weather,
the number of days since the horse ran, and so on and on. In this example we
shall consider only a few factors — we are not attempting to present a working
forecasting system, simply to illustrate how our expert’s knowledge can indeed
correspond to the mathematical analysis we will give in the next section. Of
course, being a gambler our expert is interested in which horse should be expected
to win a race under consideration. This is however, far too complicated a problem
to serve as a sufficiently illuminating example here. Therefore we will present
here an example of how a gambler might judge two important factors which will
influence their decision on whether to consider a particular horse as a valid betting
proposition, with the information gleaned from such a judgement used in a further
decision on whether to bet on a horse or not. These factors will be the horse’s
standard of fitness and whether it can be judged to be ‘trying.” The first factor
is a fairly obvious choice — an unfit horse is unlikely to win a race. The second
factor however is slightly different. While it would seem obvious that every horse
will try to win every race, in reality this is not always the case. Trainers may
enter horses into races without the intention of winning for a variety of reasons:
to increase its fitness levels, to improve a young horse’s experience of racing, or
possibly even to lower the handicap for a later race which the trainer has set
his/her sights on winning.

Unlike many of the statistical data available to race followers such as form,
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handicap, distance, etc., these are two factors which are relatively difficult to
judge before a race has been run, but will usually be apparent to the experienced
gambler after the race. This makes these factors ideal for the purposes of this
illustration: the experience the expert has of past races will include which horses
were fit and/or trying, but this data is not apparent for the next race to be run.
They are however factors which our expert may well need to consider, and a
certain number of other factors, of which our expert can have knowledge, may
influence the expert’s decision on whether the horse is fit and/or trying. For
example, it seems likely that our expert may use a simple rule-based system to
rule out betting on horses which are either not fit or not trying. Unfortunately,
unlike the horse’s form, the information on these factors is not available in the
newspapers and so our expert must make a judgement based on what data is
available.

Let us assume that our expert has given us the following information:

Most horses which have run recently are fit (4.1a)

Top class trainers usually produce fit horses (4.1b)

where the expert has given us some indication of how to judge who counts as a
top class trainer in their opinion, perhaps a list of the ‘elite.” The next statement

might be about the fact that ‘not trying’ does occur, but comparatively rarely:

The majority of horses try to win (4.1¢)
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This is obviously not a huge amount of information to go on for our putative
system — most obviously the question of a whether or not a horse is trying
is still a bit vague. We have information about the circumstances which affect
whether a horse is trying or not. Suppose we ask our expert to clarify and receive

the following statement

For races classed as Group 1, the horse is almost certainly trying to win

(4.1d)

We now have a (small) set of statements from our expert about horse-racing.
We would like to rephrase these in a useful fashion. As discussed earlier, we are
taking the approach of considering a large set of examples, in this case the runners
that the gambler has previously seen or has knowledge of. Let this set be H. We
would like to attach some mathematical meaning to phrases like “most...are

.7 “usually” and “almost certainly.” There are numerous ways of doing this,
for example the verbal-numerical scale proposed in [54]. However, for the sake of
simplicity let us ask our expert to simply give approximate frequencies to these

statements, based on the experience contained in H. We would be led to a set of

statements such as

Approximately 60% of horses which have run recently are fit (4.2a)
About 70% of horses produced by top trainers are fit (4.2b)
Around 75% of horses try to win (4.2¢)

About 95% of horses try to win Group 1 races (4.2d)

Now we identify (unspecified) subsets of H with the different properties of
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runners described in the statements as follows. Let

The set of runners which were fit be F'
The set of runners which ran recently be R
The set of runners which are trying be T’
The set of runners with a top class trainer be C'

The set of runners which ran in Group 1 races be GG

Now, if for the time being we express “about” and “approximately” as =,

leaving the exact definition until later, we can express (4.2a)—(4.2d) as

IRNF|~ .6|R| (4.32)
ICAF|~ .7|C] (4.3b)

IT| ~ .75/H| (4.3¢)
IGNT|~ .95|G (4.3d)

We now have a set of approximate constraints on the subsets of H which
correspond to our named properties. That is, however we assign the elements
of H to the various subsets F, R, T, C' and G, this assignment must conform to
these constraints — with the additional constraint that the assignment must also
correspond to some c-frame, where the precise meaning of such a correspondence
is defined in the next section.

Notice that each assignment naturally defines a probability function on the
propositional language L = {F, R, T,C,G}. Suppose we have an assignment

A: L — Z(H) which ‘satisfies” our approximate constraints and also corresponds
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to a c-frame. Each o € At(L) will be of the form F* A R AT N\ C N G

where €; € {0, 1}. Define a probability function a from A by

IA(F) N A(R)® N A(T)® N A(C)“ N AG)*|
| H|

a(a) =

where for any X C H we set X’ = H \ X and X! = X.

The next step is to consider all possible assignments of H. In general, for
large H there will be a vast number of such assignments. As we have no more
information about the assignments than that contained in the constraints, to-
gether with the additional condition that they should conform to c-frames, it
seems reasonable to insist that we should take the most ‘common’ assignments as
being representative of the expert’s knowledge. In other words, while we do not
know exactly which of the many possible assignments of H corresponds to our
expert’s actual experience, if there is a class of assignments which constitutes the
majority of such assignments, it seems reasonable to assume that our expert’s
experience is one of this class. We will show in the next section that majority
of the probability functions arising from these assignments will tend to cluster

around the CFE solutions to the constraints when H is sufficiently large.

4.3.2 A Mathematical Description

We first give a general outline of the mathematical argument presented in this
section. We begin with some preliminary technical definitions such as what we
take to be a constraint set, and the precise meaning that we give to ~. We then
state our characterisation theorem, and follow it with a proof. To give a brief
description of the proof: first we restrict our attention to a single c-frame and

apply Theorems® 1 and 2 of [35] to show that assignments of examples which

6These theorems are stated in Appendix A as Theorem A.2 and Theorem A.3
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correspond to a particular c-frame cluster around the maximum entropy solution
on that c-frame. This is a fairly standard argument in maximum entropy but will
require some careful analysis of technical details to do with how we impose the
condition of “corresponding with a c-frame.”

We then present a number of Lemmas to illustrate that as the number of
examples grows without bound then the assignments of the examples will tend
to cluster around a finite set of c-frames. These will be shown to be those c-
frames whose probability functions (as selected in the first step) have greatest
entropy — in other words the CFE; solutions to the constraint set. Between
them these Lemmas essentially amount to a reworking of the proof of Theorem 1
of [35] to take into account the fact that we are dealing with both the restriction
of the argument given there to c-frames and the fact that in general we will
have multiple solutions in the case of CFEy, unlike the unique solution given by

classical maximum entropy.

Definition 4.7 (Examples and Properties).
We define an example set to be simply a non-empty set E of cardinality N.

Properties Py, ..., Py (k > 0) defined on E are subsets of E. We identify

~P, with E\P,

P AP, with BNP,

Let the set of example sets of size N with k properties be denoted EX (N, k).

From such an example set £/ we name the atomic properties of F as A;, As, ...

and are defined to be the sets of the form

PRANPREN--- NP
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where ¢; € {0,1}, P? = =P, and P! = P,. Let the set of atomic properties of an

example set £ be denoted At(E).

From this definition it is easy to take the constraints given to us by our expert,

as in the derivation in the previous section, and present them in a cardinal form:

Definition 4.8 (Expert Constraint Sets).
Let E be an example set of size N with properties P, ..., P, defining atomic
properties Ay, ..., Aor. An expert constraint set on F is a set of m constraints,

each of which is either of the form

2k
sz,]‘Az| =~ CjN (44)
i=1
2k

or Zym\Al] ~0 (4.5)
i=1

where z; ; € {0,1}, v;; € R and ¢; € (0,1).
Define the set of expert constraint sets on example sets of size N with k

properties Py, ..., P, to be EL(N, k).

Note that since the Ay, ..., Ay form a partition of E we also have the (manda-

tory) constraint that
2k
> JA|=N (4.6)
i=1

and of course for each ¢ we also have
|Ail >0 (4.7)

Definition 4.9 (Approximation Relation).

Suppose For N and m as given we now define the relationship ~ on integers
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X, Y <N as
X -Y|[<2"V/m =X=Y (4.8)

and

X~Y = |X-Y|<eN (4.9)

for some € > 0. Obviously these relationships require 2%\/m < eN.

A brief word on the & relationship: the two relationships which specify ~ are
indeed reasonable ones when N is large. (4.8) states that if X and Y differ by less
than a specified and constant absolute amount (i.e., 28y/m), then they should be
considered approximately equal — this makes sense if N is large compared to this
value. (4.9) states that if X and Y are approximately equal then they differ by less
than a specified proportion of N. Again this seems reasonable. Strictly speaking
~ should be indexed by €, N, k and m, but since this would make our notation
cumbersome and almost certainly illegible we shall restrict ourselves to using ~
and commenting on its dependence on these parameters where appropriate.

Set z; = 44 for cach i = 1,2,...,2%. Then (4.4)-(4.7) become

N

ok
Z l‘i7jZiN ~ CjN (410)
1=1

2k

> iguN ~0 (4.11)
i=1

ok

> uN=N (4.12)

i=1

%N >0 (4.13)



CHAPTER 4. INFERENCE PROCESSES & POSITIVE FRAMES 79

k
Notice here that each vector Z = (21, 29, ..., zo1) where Z?Zl z; = N corre-

sponds to
N!

2k
[T=: 2!
assignments of the elements of E to the partition formed by Ay, As, ..., Ayx. The

following notation will aid in the clarifying the meaning of this thesis:

Notation: If X is a vector of size 2" whose entries are all non-negative integers

which sum to N, we define

NT N
X| I X

Denote by % the probability function corresponding to the point in D™ defined

X1 Xon
N”"’N

Now, taking the limit form of ~ as N — oo and € — 0 we get

by the vector

ok
in,jzj = C; (414)
j=1

ok
Zyi’jzj =0 (415)
j=1
ok
> =1 (4.16)
j=1

Recall that in Definition 4.6 the inference process CFE, is defined on con-

straint sets where each constraint has the form

2k
Z &Z'J’LU(Odj) S bz
j=1
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There are also conditions which arise from w being a probability function. Namely,

> w(ay) =1

J=1

w(a;) >0

Hence the limit form of the expert constraint set E expressed by (4.14)—(4.17)
defines a constraint set to which we can apply CFE; if we replace each equality
with a pair of inequalities. For convenience let us now denote the set of constraints
defined by (4.4)—(4.7) as ¥, the constraints defined by (4.10)—(4.13) as X', and
the set defined by (4.14)-(4.17) as X".

To develop our model further, we need to introduce the concept of an assign-
ment of subsets corresponding to a c-frame. To that end we make the following

definition

Definition 4.10 (C-distribution).
Let £ € EX(N,n) and take a function f : At(E) — Z(E). f is said to be a

c-distribution if there is some c-frame T on L,, such that for each i = 1,2,...,2"

where a; runs through the atoms of L; and A; runs through the atomic properties
of E. We assume an ordering of At(L,) and At(E) to be such that for each
j=1,2,...,n

afEp & A CP

where L,, = {p1, pa, - - ., pn} and the properties of E are Py, P, ..., P,. Denote the
set of all c-distributions on E as €D (FE), and for an expert constraint set > denote

the set of all c-distributions on E which are consistent with 3 by €D (E, X).
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The idea of course is that a c-distribution corresponding to T is an assignment
of the examples in F in such a way that only assigns examples to the atoms of

T. This amounts to a constraint

Y z=0 (4.18)
aj €Ly \At(T)
Notice that this constraint is equally applicable to the expert constraints (4.10)—
(4.13) and to the limit constraints in 3.
Each c-distribution also describes a probability function on Ly of course. We

define the probability function wy € D" by

where the correspondence between «; and A; is as described above. Intuitively,
a c-distribution corresponds to a c-frame iff its probability function is consistent

with that c-frame.

Now, the intuitive idea behind this characterisation is that the probability
functions derived from “most” c-distributions will be “close” to the solutions of
Y provided by CFE,. However, it is not necessarily the case there will be a
c-frame on L, consistent with these constraints. To this end we need to enlarge
the language until there is a c-frame which is consistent with X”. That is, we
need to enlarge the language to the size of the molecular weight of X", £(3") —
this will exist iff ¥ is a consistent set of constraints, due to a result in [35] which
states that " will be consistent iff ¥ is. Then there will be a c-distribution which

is consistent with X..

Definition 4.11 (Expansions of constraint and example sets).
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Take an example set F € EX(N, k). For n > k, the expansion of E to n prop-
erties is an example set F,, € EX(N,n) which has the same set of examples and
properties Py, Ps, ..., Py, Pyiq, ..., P,. The atomic properties of E, correspond

to those of F as follows. Suppose A is an atomic property of E. Then

A= |J B

BeAt(Er),
BCA

We can define an expansion of expert constraint sets directly from the above.
For the expansion of X € EL(N, k) to n properties is defined as 3, € EL(N,n)
where each constraint is defined from those in ¥ by replacing each A € At(FE)
by its expansion to At(E,) as shown above. That is for every A € At(E) each

occurrence of |A| in ¥ is replaced in X, by

> 1B

BeAt(Ey),
BCA

The relationship ~ will also change for 3J,, — the condition (4.8) changes from
X -Y|<2*ym = X=Y

to

X -Y|<2V/m = X~Y

Finally, the expansion to n properties of the limit form of X is simply the

limit form of the expansion to n properties of X..

We are now ready to state the theorem characterising CFE:

Theorem 4.1 (First Characterisation Theorem) Assume ¥ € EL(N, k)
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is a consistent expert constraint set on an example set E € EX(N,k). Setn =
E(X"), where X" is the limit form of ¥ as described by (4.14)-(4.17), and let E,,,%,
and X be the expansions to n properties of E, ¥ and X" respectively. Then for
each p,v > 0 there exist Ny and € > 0 such that for all N > Ny and = satisfying
(4.8) and (4.9) there is a finite set of probability functions py, ps,...,pr € D™ for

which the ratio

[{f € ED(En %n) | [y — pill 2 v for all pi}|
€D (E,, 5,)]

1S at most L.
Furthermore, the set of probability functions py, ps,...,p: is exactly the set

chosen by CFE, (X").

Notice that since n = £(X”), when restricted to Ly, each probability function
p; is a member of CFE,. Hence this theorem does indeed characterise CFE; as
defined in Definition 4.6.

To begin the proof we first utilise Theorem 1 of [35]. For each c-frame T on L,

which is consistent with ¥ define Ef as being Y, together with the constraint:

> 14,=0 (4.19)

a; €L, \AL(T)
Notice then that any f € €D(E,, Zz) is consistent with 7. Suppose T is the
set of all c-frames on L,, which are consistent with ¥. Now, applying Theorem

1 of [35] to X7 we get the result that

Lemma 4.2  Suppose T is a c-frame on L, which is consistent with ¥, as

above. Then for each p,v > 0 there exists Nz and ex such that for all N > N=
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and = satisfying (4.8) and (4.9) the ratio

{r e et sT) | Juy = prl = v}
€D (E,, XT)|

is at most u/|T|, where pg is the mazimum entropy solution on the limit form of

»T.

n

Notice that the sets €D (F,, Zz), where T ranges over T, form a partition of
CD(E,,%,). This gives us

{f € €D(E,. %) | [lwy — pp| > v for every T € T }|
[CD(E, 3n))|

Srer|{7 ¢ €05 5D | hur = prl > v}
< —
B > 7er | €D (B, X))
{1 €€, ST [ uy—prl = v}]
|€D(E,, 5T)

<

TeT

where the last step is by Lemma A.1. By Lemma 4.2 if N > max {NT } T e T}
and ~ satisfies (4.8) and (4.9) for e < min {ez: | T € T} then this is less than s.

In other words, a weaker version of the First Characterisation Theorem fol-
lows immediately from Theorem 1 of [35] — namely that as N grows large, the
c-distributions consistent with >,, will tend to cluster around the maximum en-
tropy solutions of each c-frame consistent with X,,. However, we wish to prove
something slightly stronger. Our characterisation theorem states that as NV grows
large, then certain of these c-frames will come to dominate, in the sense that more
c-distributions will be near them. The rest of this section is the proof that the
c-frames that do so dominate will be those selected by CFEy. First we define a

relationship that will be useful for this proof; that of a real number being “close



CHAPTER 4. INFERENCE PROCESSES & POSITIVE FRAMES 85

to” a given integer.

Definition 4.12 (Closeness).
For the purposes of this proof, we define a relationship ~ between the set of real
numbers R and the integers Z. For z € R and n € Z, we say that “x is close to

n”, denoted” z ~ n if
n = [z] or  n=J[z]+1

where [x] denotes the smallest integer less than or equal to .

We will require two Lemmas from the Proof of Theorem 1 in [35], namely
Lemmas 2 and 3 on pages 21-23. We restate them here, slightly changing some

notation:

Lemma 4.3 Letp = (p1,...,pm), 0 < p; <1 for all i, and 32 ,p; = 1. Let

d=min{p; | p; #0} and N > %. Suppose P = (Py,..., Py) is a vector such
that for all i, P, ~ Np;, P; =0 whenever p; =0 and Zf:l P, = N. Then

v n )5

Lemma 4.4 Let T = (T4,...,Tsn) be a vector such that Zf:l T, = N, where

LAl 2
"ol T AN

the T; are non-negative integers. Let t = % Then
2" —1 2" +1

In27N +

2] - o] <

The following Lemma uses a method similar, yet not identical, to Lemma 4 of

[35] to estimate how many frames cluster around the maximum entropy solutions

"We may sometimes write n ~ z to mean the same thing. The meaning is apparent in any
case - i.e., the real number is “close to” the integer.
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corresponding to different c-frames.

Lemma 4.5  Suppose that p is the maximum entropy solution corresponding
to a c-frame Tp and o is the same for T, where both Tp and T,, are c-frames on
L,,. Suppose further that there is some k > 0 such that hy,(p) > h, (o) + k.

Now let R and Q be vectors of size 2" where R;, (); are non-negative integers

and .
ZR ZQZ N

and suppose further that

Define dr and dg to be

(R Qi
=i () ot do= i ()

Finally, if
9 dp| 2 do| 2
N>—-<(2"—-1)In27N +2"|1 — + 2" In—=| 4+ —
_K{( )In27N + n2+dR+ 2+dQ}
Then
N N 1
In {R} —1In {Q} > §N/<a
Proof. Define f(R,Q) :=In []r\ﬂ ln[ ] Then

f(R,Q) = In m _ N.h, (%) NL (%)

o (@) (@43
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From this re-arrangement we can see that

f(R,Q) > N. (hn (%) h, (%)) _

o[ o 3
ey ®)

> N. (hn (%) “h, (%)) _ ((2”— 1) In 27N + 2n2+ 1)

by Lemma 4.4. Now, we effect a further rearrangement of the terms in the

first brackets to give us

where

Hence

=
&
e
v
=
EF
?
2

E
N
=| =
~—

=0

.:r
3
/\
QL e

1 + 2"

>N/<¢—(A+2” 2

In 92 )
2
by Lemma 4.3, and by definition of k. Now, by our condition on the mini-

mum size of N we see that

f(R,Q) 2 SNx



CHAPTER 4. INFERENCE PROCESSES & POSITIVE FRAMES 88

as required. |

Lemma 4.6  Take ¥ € CLy, and suppose 6,v > 0. Let T, and Tp be c-frames
on Ly, where n > £(X), and let o,p be the probability functions with mazimum
entropy in V,(3,T,) and V,,(3,T,) respectively. As in Lemma 4.5 suppose they
are such that h,(p) > h,(0) + k for some k > 0.

Now take some large integer N and let X range over all vectors of size 2" such
that X; is a non-negative integer and 21221 X; = N. Then if N > Ny, where Ny
15 such that

(2Nov + 1)2n exp ( — %NO/@) <6 (%)

and

then
AR IE ol <v ¥ eVET))
SAE X -l <v, ¥ eVET,)}

Proof. First notice that for any N > Ny the conditions (x) and (1) still hold

<9

with N replacing Ny throughout.

Now, there are less than (2Nv + 1)*" vectors X such that ||X — o|| < v.
Indeed, take some o; # 0. The range (0; — Nv,0; + Nv) contains at most
2Nv + 1 integers. Hence there are at most (2Nv +1)2" vectors X such that
for each 1 <i < 2" X € (0; — Nv,0; + Nv). These vectors will include at

least all those that satisfy || — o|| < v.

There is also at least one vector X such that ||X — p|| < v since if a vector

X is such that X; ~ Np; then by ()
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Clearly there is at least one vector X for which X; ~ N.p; for each ¢, and

so for such an X we see that

Clearly by choosing N large enough we can pick such a vector to be arbi-
trarily close to Np and hence % will be in V(%,T,) as this set is closed and

convex. We choose one such vector and denote it R.

Now consider the value [Q] for each of the vectors X in

Clearly, if X is such that No; ~ X; for each ¢ then Lemma 4.5 holds and

B (429

Suppose however that X is such that No; ¢ X; for some ¢. There will be

we have

some probability function 7 € V(X,T,) for which N7; ~ X; for every i.
Moreover, since o has maximum entropy on V(3,T,) then there is some r;
for which h,,(¢) > h,(7)+k;. Now take S to be a vector such that No; ~ S;

for each 7. Then we can apply Lemma 4.5 again to X and S to get

) = s oo (o)

Together with (1) this gives us
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and so we see that (1) holds for all vectors X in

Hence the ratio

SHUE IR =0l <v, 2 eV(ET,)}
3 }

SR [ 1IXE=pll<v, 2 eVST,)
is at most
(2Nv + 1)*exp (—1Nk) [Jf\ﬂ
[l
which by condition (x) is at most §, as required. =

We are now ready to finish the proof of Theorem 4.1:

Proof of Theorem 4.1. Recall from the discussion of Lemma 4.2 that for
each c-frame T on L, which is consistent with X" there is a probability
function pz which has the maximum entropy on V(X! T). Let J denote
the set of all c-frames on L,, which are consistent with /. Then let .7 be
that subset of .7 where the entropy of the probability function associated

with each c-frame in .% is the maximum possible. In other words, define

S = {T €T ' H,(p7) = r_naan(pf)}

TeT

Then . is the set of c-frames whose corresponding probability functions

form the set CFE, (X!).

Now, we are interested in the ratio

{f € ¢D(E,, %) | ws—prl > viorall T € .7}

€D (.5, (4.20)
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To calculate (4.20) we count how many c-distributions have associated prob-
ability functions which are close to the p7’s first. Indeed, if we first set set,

for each S € 7, r3 to be such that

Hf € @D(Eng) ’ |ws — pz|| < v for some T € 9}’

—rg|{f € €D(EwT5) | llwy - psll < v}| (4:21)

then we can split the set of all c-distributions according to which c-frame

they correspond to:

{f € D(E,,%,) | [lwy — p7|| < v for some T € T }|

-3 s {feet@(EmEf) | lwy = psll <”H

Seg

=3 s |{F € €D(EL ) |y~ sl < v}
Sev

+ 3 rs|{f e eo(B =D |y - sl < v} (1.22)
Seg\&

Now, as we discussed earlier, for each probability function
wy = (wy,Wwa, . .., W)

there are [¥] distributions f € €D(E,, ¥5) s.t. wyp = £, where

r
N

[f(AD] [f(A)] [ f(Aan)|
p o (WU 100 11t

where Aq, Ag, ..., Agn are the atomic properties of F,,. Then, setting

X:{XEZQ"

on
i=1
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we see that (4.22) becomes

{x]

S nY

Sey  XeX

X —
- E//
<v, y eV n,S)}'

<, % € V(E;;E)}' (4.23)

Since for each pair S € . and T € .7 it is the case that H,(pg) > H,(p7),

then by Lemma 4.6 for any d7 > 0 and sufficiently large N we have

DAL [T —prll<w §
AL % —rsll <v ¥

z|x|=
M
M| M

Let R be that c-frame in .¥ for which

mx Sy |15 ol < F v R}

XeX

is minimal. Now, given § > 0, for each T € .7 \ .# choose 7 such that

g _ |7
oy = 61,
Lorr |7\
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Then for sufficiently large N we see that

U |5+
U [[5-os
{[N] [7-

X _
— eV R
<V,N€ (>, )}'

PN

Seg\y  Xe&X

<Zr5(5z

<se£\5’m X;;
sl
x

SIS

Yy
Hence (4.23) is less than

X —
- Z//
<v, eV n,S)}'

X _
— e VX' R
<V,NE (>, )}’

X _
— e V(X' R
" Y VLB ||

X _
<v, — eV, S)}’
Se.7 XeX N

X " Q
I/, N € V(ZH,S)}'

) 15

We now replace vectors X with c-distributions to see that this is equal to

(1+0) > rs|[{f € DB D) | llwy—psll < v} (4.24)

Se.s

Now, for each S € .7 set tz and sz to be such that

Hf € @CD(E”,ZE) ’ |lws — pz|l < v for someTEYH

= t5|{f € €D(Ew B | s —psll < v |
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and

er@l@(En,ZE) ‘ |w; — pg|l < v for some T € 3\YH

{# e (B2 | llws = psll < v}

:Sg

then rg = tg+sg. Of course, by Lemma 4.2, given any eg > 0 for sufficiently
large N we have

sg < €§.t§

So (4.24) is less than

(140) Y0+ es)ts |{f € @B ) |y —psll < v

Sev

=(1+9) Z(l + €3) Hf € CD(E,, %) | lws — pgl| < v for some T € YH
Ses

Given some € > 0, then by appropriate choices of eg this is then less than

(1+8)(1+¢) [{f € €D(E,, ) | |lwy— ppll < v for some T € . }|

Hence, referring back to (4.22), we see that given €,5 > 0, for sufficiently

large N the following holds:

{f € €D(E,. %) | [[lwy — pp| < v for some T € T }|

<(1+6)(1+e)|{f € €D(E,, %) | [lwy — pp| < v for some T € .7 }|
(4.25)

It will be more convenient for us to re-write (4.25) in the following way.
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Given any A > 0 then for sufficiently large N we have

{f € €D(E,, %) | [lwy — pp|| < v for some T € .7 }|

> (1-A) |{f € €¢D(E,,T,) | |lwy — ppl| < v for some T € T }| (4.26)

Returning now to (4.20), and setting I' = |€D(FE,,, ¥,,)|,we can now calcu-

late that
[{f € DB ) | lwg = prl > vforall T e 7}
:F—]{fGQZ)(En,Zn) }le;—pfu < v for some T € .7 }|
<F—(1—A)}{f€€@(En,Zn) ’ﬂwf—pTH<l/f0rsomeT€9H
:r—(1—A)}{fe¢©(En,zn) lﬂwf—WH<l/forsomeT€9}}
r

D= (1-2)[T = [{f € D(E, %) | lwy—prl| > vforal Te 7}|]
T
|

lwy — ppll = v forall T € T }|
r

:A+(1_A>}{fe€©(En,Zn)

Now, by the discussion after Lemma 4.2, we know that given any u' > 0,
for sufficiently large N the fraction in the above equation is less than g’
Hence (4.20) is less than

A+ (1—A)

Setting u' = ﬁL:—A we then see that given u, v > 0, then for sufficiently large

N

{f € eD(E,,S,) | |lwy—ppl| > viorall T € .7 }| _

€D (E,, %) H

This completes the proof of the First Characterisation Theorem. O
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4.3.3 Analysis

We have provided here a proof that there is some “intuitive” justification for the
adoption of CFE, as an inference process. The First Characterisation Theorem
states that as the size of our example sets grow without bound, an arbitrarily large
proportion of them will produce probability functions arbitrarily close to those
given by CFE, on the same constraints. Our motivation for such a characterisa-
tion was discussed in terms of an “expert gambler” in Section 4.3.1. Theorem 4.1
re-phrased in this terminology essentially says that if our expert’s experience in-
cludes enough examples, then we should expect with probability arbitrarily close
to 1 that that experience gives rise to a probability function arbitrarily close to
a CFEj solution of the knowledge embodied by the constraints given to us by
our expert. In other words, under the assumption that the expert’s knowledge
is structured as a c-frame and that they have “enough experience,” we should
expect their conclusions to agree closely with (one of) the solutions provided by
CFEg.

While this seems to be an agreeable conclusion to reach, there are certain
criticisms that can be made of this model of the reasoning process. While there
are other important arguments to be made in criticism of this formulation, we
save those until later. Instead we focus on one criticism here: namely, why do
we only investigate the smallest possible c-frames, the Y-minimal c-frame? It
might be argued that to restrict our attention solely to those c-frames is simply
an ad hoc constraint, and given the definition of CFEy it is hardly surprising that
the probability functions arising from this model correspond to these c-frames.
Surely there might be larger c-frames which are more suited (in the sense of being
more “common”) to a given c-frame?

In answer to this criticism, we could draw upon Ockham’s Razor, which states
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(see [29]):

Pluralitas non est ponenda sine neccesitate

which is translated as
“entities should not be multiplied unnecessarily”

In the context of this discussion, the fallacy of needless multiplication of entities
can be invoked to ascribe a reason to restricting ourselves to the smallest c-frames.
The smallest possible c-frames, the »-minimal c-frame, require the addition of
the fewest possible propositional variables. That is, we have “multiplied entities”
only up to the point where it becomes possible to apply our model of reasoning.

However, as we shall see in the next section, such a defence is unnecessary.
If we accept the argument that it is unjustifiable to restrict our attention to the
smallest c-frames, the natural approach now is to ask what happens when we

consider all c-frames.

4.4 A Further Characterisation of CFE;

We respond to the criticism that it is unjustified to restrict attention to the
smallest c-frames here by giving another characterisation theorem for CFE;. The
concept here is that we allow the size of the c-frames under consideration to
grow without bound. This allows us to consider assignments of the example sets
which correspond to all possible c-frames, no matter their size. The theorem is

as follows:

Theorem 4.7 (Second Characterisation Theorem) Let X € EL(N, k) be
a consistent expert constraint set on an example set E € EX (N, k), such that the

limit form X" of ¥ is adamant. Set n = £(X") and take M > n. Let Ep, 3y
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and X%, be the expansions to M properties of E, ¥ and X" respectively. Then
for each p,v > 0 there exist Ny, My and € > 0 such that for all N > Ny,
M > My and =~ satisfying (4.8) and (4.9) there is a finite set of probability

functions py, pa, ..., p; € D™ for which the ratio

}{f € CO(Ey, Xun) } Hw} — pZH > v for all pz}}
€D (En, X))

where wy = wy | Ly, is at most fu.
Furthermore, the set of probability functions py, ps,...,p: is exactly the set

chosen by CFE, (X").

In other words, if we insist upon considering all c-frames consistent with X
of whatever size, then as we let the c-frames grow there comes a point where the
majority of c-distributions consistent with the c-frames in question will determine
probability functions arbitrarily close to those selected by CFE;. Hence the
problem raised by the criticism of the simpler characterisation of CFE,, described
at the end of the last section is averted.

The outline of the proof is as follows: we consider certain c-frames on Ly,
which are certain type of extension of those of minimal size to Lj;, which we call
“natural extensions”. We then show that these c-frames have the highest entropy
of all c-frames on Lj;: then by the arguments presented in the previous section,
namely Lemma 4.6 and the proof of Theorem 4.1, the majority of c-distributions
will be close to these natural extensions. Finally, we show that there are many
more c-frames corresponding to extensions of the c-frames of minimal size which
have highest entropy.

To begin the proof, we define what we mean by the extension of a c-frame to

a larger language:
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Definition 4.13 (Extension of a c-frame).

Suppose T is a c-frame on L,,. For M > n, T* is an extension of T to L, iff:

1. T* is a c-frame on Ly;

2. T* =T
3. For each ¢ € Ly \ L,, either:

(a) T* |= q <> p for some p € L,,, or;

(b) T* |= ¢ — « for some o € At(T).

The idea behind such a definition is of course that the extension of a c-frame T
has the same structure as T on L,, — the extension simply adds further structure
“below” the atoms of T, or makes elements of Lj; equivalent to L,. In the course
of the argument to follow we will have occasion to count the number of atoms of
the extension which imply a given atom of the original c-frame. Hence, for an

extension T* of T we define, for each a € At(T)

ko =|{8 € AUT") | B a}]

Consider now a c-frame T on L,, and a probability function w € D" consistent
with T, and an extension T* to Ly;. With k, defined as above define the function

w* € DM for each 3 € At(T*) as

where « is that atom of T such that 3 = a. Then by a simple maximum entropy
argument w* has the highest entropy of all probability functions in D™ which are

consistent with 7* and whose restriction to L, is w.
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We now use a constructive argument to show that given a c-frame and a
probability function on that c-frame, there is a certain type of extension whose

corresponding probability functions have the highest entropy.

Lemma 4.8  Let T be a c-frame on L, and letw € V((, T). Let M > n and let

Ty, Te be extensions of T to Ly;. Define functions F,G : At(T) — N by setting,

for each a € At(T),

Flo)=|{B € At(TF) | Bl o}
Glo)={B e M(T5) | Bl ol

Define probability functions wr, wg by the following:

wr(a) = Fu(zz) for all « € At(Tr)
we(a) = Gu();:) for all o € At(Tg)

Suppose the following also holds:

1. There are distinct «, 3 € At(T) s.t.
(a) F(a) > w(a)|At(Te)| + 1
(b) F(B) <w(B).| At(Tr)| — 1
(¢c) Gla) = F(a) — 1
(d) G(B)=F(B)+1

2. For all v € At(T) \ {a, B8}, F(v) = G(7).
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Then we have

HM(’LUG) > HM(’LUF)

Proof. For the purposes of this proof we will work with the log form of the

entropy function h.

hy(wp) —hy(we) = > wE)hwl)— > w)hw(y)

veAt(Ta) YEAL(Tr)

hy (wr) — hy(we) < w(a) <F(a()&_ = 1) +w(p) <F(F5()ﬁ_i)_ 1 1)
__wl@ _w(p)
Fla)-1 F(@3)+1
1 1
< — — =0

O

Corollary  The preceding Lemma clearly shows that given any extension Ty to

Ly of a c-frame T as above, there is some extension T* such that:
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1. w(a).| At(T*)| ~ k,, where
ko = {8 e A(T*) | BEa}

, and;

2. With wr defined as in the Lemma, and with w* defined as

for all 3 € At(T*) such that B = «, then we have

HM(UJ*) > HM(’LUF)

The proof of this statement is by repeated application of the Lemma.

102

We now take the intuition afforded by this Corollary and define a set of exten-

sions of a given c-frame which are “natural” with respect to a given probability

function, in the sense that the probability functions associated with them have

the highest entropy.

Definition 4.14 (Natural Extension of a c-frame).

Suppose T is a c-frame on L,,, and w € D" is a probability function consistent

with T. Now take T* to be an extension of T to Ly; O L,. Then T* is called a

natural extension of T with respect to w if:

1. For every a € At(T*) we have

w(a).] AT ~ ko

where k, is as defined in Definition 4.13, and;
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2. For every p € Ly \ Ly, p is an atom of T*

3. For every distinct pair p,q € Ly \ L, T* Ep 4 q.

Lemma 4.9  Tuoke ¥ € CLy adamant andn > £(X). Then of those w € V,,(%)
which correspond to c-frames of size n, H,(w) will be greatest for those w whose

corresponding c-frame is a natural extension of a X-minimal c-frame.

Proof Suppose w € V,, corresponds to some c-frame T* on L,,. Then

Ha(w)= [[ w(@)™?

BEAL(T*)

=11 1l

a€AL(T) BEAL(T*),
Bl=a

where T is the smallest c-frame s.t. T* is an extension of T to L,,. Suppose

IT| =t.

Now suppose that w(a) is fixed for each o € At(T). Then H,(w) takes it

highest value when for each 3 € At(T*) we have

where k, = | {8 € At(T*) | B }= a}|. Then

Ho(w)= ] (%O‘))_w(a)zﬂtm)x ] #ee

a€AL(T) ¢ a€AL(T)

Subject to the condition Y ko = | At(T*)|, by the Corollary to Lemma 4.8
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this is greatest when

Now set d, to be
ko

0 = —
w(a).| AL(T*)|

By the definition of ~ in Definition 4.12 it is easy to see that

1 1
% € (1 T @ @) wa)] At@\)

Hence

H, (w) = Hy(w) | A(T)]. [] (Gaw(a))”

a€AL(T)

= |A(T)|. ] ow

a€AL(T)

104

Clearly, as | At(T*)| — oo then 6, — 1, and so H,(w) — | At(T*)|. Ob-

viously, | At(T*)| < n —t, and so we require a sufficiently large n for this

convergence to occur. Given such a n, H,(w) is largest when | At(T¥)] is.

This clearly occurs when T* is a natural extension® of the smallest possible

c-frame — that is, a ¥-minimal c-frame.

O

The final part of the argument that we require here is to investigate how the

number of natural extensions of a given c-frame and probability function grows

with the size of the extensions. We will show in Lemma 4.10 that this number

depends crucially on the entropy of the selected probability function. We make

the following definition to allow us to count natural extensions which are “the

8Notice that it does not matter which probability function T* is a natural extension with

respect to — as their size grows they will all tend to have the same entropy.
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same” with respect to a given c-frame.

Definition 4.15 (T-isomorphism).

Take a c-frame T on L, and let T} and T be extensions of T to L, for some
M > n. A bijection f : Ly; — Ly is called a T-isomorphism between 7} and
T, if it is constant on L,, and it preserves the structure of 7j. More precisely, f

is such that

f(p)=p foranypelL,

and for any 0 € SLy,

TE0eT = f(9)

where the extension of f to SLj, is defined in the usual inductive way, i.e. for

0,6 € SLy
o f(0)=f(p)if0@=pec Ly
o f(=0)=-f(0)

o f(ONQ)=Ff(O)Nf(9)

Lemma 4.10 Let T be a c-frame of size N and take wy,wy € D™ to be proba-

bility functions consistent with T s.t.

Hy(wq) > Hy(ws)

Now take M > N. Let T}, T, be natural extensions to Ly of wy and ws
respectively. Let X; denote the number of c-frames which are T-isomorphic to T;.

Then X1 > Xs5. Furthermore, as M — oo, % — 0.
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Proof.
_ A1)
IR

acAt(T)

X;

where k!, = | {8 € At(T}) | B a}| for all o € A4(T).

As Ty and T, are chosen so as maximise the entropy of their corresponding

probability functions then
ko, ~ wi(a).] A4(T5)|

Hence by the Wallis Derivation (See Chapter 11 of [24]), as | At(T;)| grows
without bound then

| At(T3)]
X — (HN(wz)>

Now since 77 and T, are natural extensions of the same c-frame T then
| At(TY)| = | At(Ty)| = M — | At(T)|. Hence, as M — oo we do indeed have

X1 > X,. And of course we also see that as M — oo then

M
X1

O

We are now ready to give a proof of Theorem 4.7. We give a heuristic proof
using the previous two Lemmas and Theorem 4.1 to outline the argument. The
majority of the work is done by the proof of Theorem 4.1 — here we characterise

which are the c-frames of maximum entropy as n grows.

Proof of Theorem 4.7. Consider the c-distributions onto L,, for a constraint
set 3, where X" is adamant and n > £(X”). By Theorem 4.1, the majority

of the c-distributions will be arbitrarily close to the CFE,, solutions of Y.
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Now, Lemma 4.9 shows that for sufficiently large n these CFE,, solutions of
Y will correspond to c-frames which are natural extensions of the Sigma’-
minimal c-frames. Hence, the majority of c-distributions will cluster around

natural extensions of the Y-minimal c-frames.

Finally then, we count which natural extensions of the ¥-minimal c-frames
are most common. Lemma 4.10 shows that as n grows the natural exten-
sions which correspond to the probability functions on L¢sry of highest
entropy will come to dominate. Therefore, for sufficiently large n, then an
arbitrarily high proportion of the c-distributions consistent with ¥, will be
arbitrarily close to natural extensions of the YX’-minimal c-frames. This

proves the theorem. O

4.5 Discussion

We have given an example in this chapter of an inference process defined on
conjunctively closed frames, and presented two characterisations of its use as an
attempt at providing some justification for it. The first justification suffers from
the defect of being too simple in conception, although technically quite difficult.
The assumption that we should only consider c-distributions onto -minimal c-
frames is far too limiting, and therefore it is no surprise that this characterisation
agrees with the CFE process.

However, the second characterisation is much more sound. In effect we con-
sider all possible c-frames which are consistent with our constraints, and show
that the ¥-minimal c-frames still dominate.

Unfortunately the second characterisation, and the CFE process itself, are
only defined on adamant constraint sets. While the first characterisation of CFE

will work equally well on ethereal constraint sets, we have already seen that this
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is not really an adequate justification for the adoption of CFE as an inference
process.

Now, it could be argued that adamant constraint sets do have a coherent
meaning in terms of our original motivation discussed in Chapter 2, specifically
the principles discussed in Section 2.2.4. If we are to consider CFE as a model
of the perceptual process then it seems reasonable to insist that we do in fact
perceive something - to receive no perceptions at all would correspond to total
sensory deprivation (or perhaps death!). In this case, it would seem reasonable
to insist that our inference process, based as it is upon direct perceptions and
observations of the world, should fail. For example, the extensive horse-racing
example considered in Section 4.3.1 does not describe an adamant constraint set,
and so this constraint set would not be susceptible to analysis by CFE?.

However, the condition that our constraint set is adamant still seems a rather
severe one. The condition that we must perceive something is surely not part
of our agent’s knowledge, but rather a constraint on the inference process itself.
It would be interesting therefore to investigate how the second characterisation
would behave on ethereal constraint sets.

Some preliminary investigations seem to indicate that, for ethereal constraint
sets defined on L,, the process will assign the maximum possible probability

consistent with the constraints to

pr Ape A - Ay,

, and then behave as CFE on the other atoms. Unfortunately, we have no results

concerning this conjecture yet. Also, it seems likely that this process will fail one

9Note that this does not disqualify the horse-racing discussion as a useful example of expert
knowledge — only that the simplified knowledge presented in Section 4.3.1 is inadequate for
analysis by CFE. It still serves to illustrate the nature of this conception of expert knowledge.
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of our desiderata for inference processes, that of language invariance, which as

we will see in the next chapter does hold for CFE on adamant constraints.



Chapter 5

Properties of CFE

In this chapter we discuss some of the properties of CFE, and what they mean

for the process.

5.1 Language Invariance

Roughly speaking, an inference process is called language invariant if the addition
of extra propositional variables to the language of the constraint set, but without
the addition of any information about these new variables, does not change the
probabilities it assigns to the original.

In the terminology of Chapter 4, this can be formulated as the following:

Take Ny to be an indexed inference process, so that N, is an inference
process on L,. Suppose that X is a constraint set on L,,. Now take
m > n and let ¥,, be the expansion of ¥ to L,, D L,. Then the

family Ny is said to be language invariant if for all n and m we have

(w an) € Nn(z)

110
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for each w € N,,(2,,).

Language Invariance is an important property of inference processes. Surely
the probability one ascribes to a property should not be changed by considering
some additional properties, about which we know nothing? Fortunately, CFE is

language invariant:

Theorem 5.1  CFFE is Language Invariant

Proof. We give a heuristic proof. First note that if ¥ is adamant then there is

some subset {p;,, i, --,pi, } of L, for which for every w € V,,(X) we have

w(piy, Vpi, V- Vp,) =1 (5.1)

Now, since for every w’ € solsm(%,,), we have w' | L,, € V,,(X) then

w/(p’i1 \/pzz Voo \/pzt) =1

and so X, is also adamant. Therefore it is meaningful to talk of CFE being

language invariant.

Now, for all n < m < £(()X) we have

CFE(Xm) = CFEg(n) (Ze() | Lm

And so

CFE.(3n) | Ln =(CFE¢s)(Xgx))) | Ln
= CFE&(ZE(E)) [ L

= CFE, (%)
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Hence CFE is trivially language invariant in this case.

Now, suppose that m > £(X). By the preceding discussion we need only
show that

CFE,.(Zn) I Les) = CFE¢(s) (Ze(s))

Consider then the ¥,,-minimal c-frames. Since m > £(X), we will have
£(3,,) = m. Then by the arguments presented for the proof of Theorem 4.7,
each >,,-minimal c-frame will be a natural extension of a »-minimal c-
frame. Furthermore, the probability function picked by C'F'E,, on each of
these natural extensions will have maximum possible entropy and so, when
restricted to L¢(X), it will be an element of CFE¢(x)(3¢(s). Finally, each
Y¢(xy-minimal c-frame will have some natural extension to L,,, and hence

we will indeed have

CFE..(3n) I Les) = CFEg(s) (Z¢(s))

5.2 Continuity

There is an argument to be made (see e.g. [7], [30], [34]) for the claim that
inference processes should be in some sense “continuous” - that is, that small
changes in the information contained in the constraint sets should only lead to
small changes in the conclusion reached by the inference process, whatever “small”
may mean in this context. Indeed, some of the simpler metrics which can be
applied to measure closeness of constraint sets turn out to not quite capture the
correct notion. A convincing argument is given in [34] that the correct metric

to use is the Blaschke metric A on the solution sets defined by the constraints,
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which is defined on convex subsets C, D of D" by
AN(C,D)=inf{0 |VZ7€CIGeD,|T—y|<5&VjeDITeC,|T—y| <4}

where |Z—1] is just the Euclidean distance between & and 3. The Blaschke metric
essentially finds the smallest ¢ s.t. every point in C' is at most 0 from some point
in D and every point in D is at most ¢ from some point in C.

Then the continuity requirement as stated in [34] for an inference process N

on a language L is

If0eSL, K,K;eCL fori e N and lmA(VEK),VE(K;))=0

1— 00

then lim N(K;)(0) = N(K)(9)

1—00

However, as before, we should need to reformulate this definition to take
into account that CFE may have multiple solutions. Such a reformulation is
unnecessary though, as we can show immediately that CFE is not continuous in
the above sense even when it has a single solution.

Let X, = {w(p1 Ap2) > e,w(pr) > % + e, w(ps) > % +e}, where 0 < € < %
Then ¥, is adamant and the molecular weight of ¥, is £(X,) = 3, with the unique
Y.-minimal c-frame being T, represented diagrammatically as

pP1=p2=p1iA\p2  p3
° °

Now, also let ¥ = {w(p1) > %, w(po) > 1}. Then ¥ is adamant with £(X) = 2

and the unique Y-minimal c-frame is T, represented as

b1 D2
° °
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Hence we can see that

1 1
CFEQ(EG) = <§ + 6,0,0, 5 - €>
CFE() = (0,2, 1. 0)
2 - 72727

Now it is clear that the > .-minimal and >-minimal c-frames are very differ-
ent. Indeed, T, treats p; and py as being equivalent, whereas T treats them as
contradictory. However, the constraint sets that generate them are quite similar
- it is easy to see that any solution of > is a solution of X. Conversely, for any
solution # € D? of X, there is a solution 7 of ¥, s.t. |z, —y;| <efori=1,...,4.

Hence, in the Blaschke metric,
AV(X), V() < 2ve (5.2)
Now, let ¢; = h%Q fori =1,2,.... Then clearly

lim A(V(E), V(5.)) < Jim —— = 0

but
_ 11
lim CFEQ(Eg) - <_7 07 07 _>
1—00 ‘ 2 2
11
7& <07 57 57 O> = CFEQ(Z)

Hence CFE does not satisfy this version of the continuity principle, in the

case of CFE having a single solution.
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5.3 Renaming

The renaming principle is stated in [34] for an inference process N on a language

L as

Suppose K1, Ky € CL,

J
K1 = {Zaﬂw(’y]):bl ]izl,...,m},

7j=1

J
Klz{ ajiw(éj):biﬁzl,...,m},
=1

J

where ~vq,...,7,01,...,0; are permutations of the atoms aq,...,ay
of L. Then
N(K1)(v;) = N(K2)(55)

The justification given for this principle is that “the atoms of SL all share the
same status of being simple possible worlds and so the particular ordering of
aq,...,ay of these atoms which we choose should not be significant. In a sense
this principle can be viewed as a restricted version of the principle of indifference.”
In light of this, we should not expect CFE to satisfy this principle, as of course
CFE is not indifferent to the atoms, and indeed some of the initial motivation for
studying this inference process was that we should not be indifferent to renaming,
especially with regard to negations. Now to show this by a concrete example, let

> be given by

{w(p1 A p2 Aps) +w(pr Apas A —p3) +w(—p1 A —p2 Aps) =1}

Then ¥ is adamant, and has molecular weight 6 with unique minimal c-frame T

given by
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pl N P2
D5 = pl/\p2/\_‘p3 pl/\p2/\P3 p6—_‘p1/\_‘Z72/\p3

Then, if w = CFE3(3) we see that

w(pr Ap2 Aps) =w(pr Apa A —p3) =w(—pr A—p2 Aps) = =

and w(«) = 0 for all other o € At(L3).

However, consider

' = {w(p1 Apa A p3) +w(pr Ape A—ps) +w(—pr A “pa— Apg) =1}

obtained from 3 by exchanging the atoms —p; A —=py A p3 and —p; A —=py A —p3.

Y is ephemeral, and so CFE gives only the solution

w(p1) = w(pz) = w(ps) =0

w(—p1 A —pe Aps) =1

and so CFE clearly does not satisfy this version of renaming. However, CFE may
well satisfy some weaker versions of renaming. There are two particular versions
of renaming that would seem appropriate to CFE. Firstly, what would happen if
we were only to allow permutations of all the atoms except —p; A—=pay A---A—p,,7
It seems that this principle would clash strongly with the idea, embodied by the
Classification Principle, that propositions and their negations are fundamentally
different, and so CFE seems unlikely to satisfy it. Indeed, the following example

shows just that.
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Let the constraint sets be defined as

1
X = {w(Pl Ap2) +w(py A —p2) = 5} and

1
Yo = {w(ﬂpl A pa) +w(pr A —ps) = 5}

Then ¥ is clearly obtained from ¥; by the permutation of At(Ls) which only
exchanges p; A po and —py A ps.

Now, again £(X;) = 2 and the unique ¥;-minimal c-frame is
b1 D2

° °
which has CFEy(2) = (0, 3, 3,0). However, (35) = 3 and the ¥y-minimal

c-frame is

and for this we have CFE(X,) = (0, &, i, %>, which is clearly not any permu-
tation of the CFE solution to ¥, let alone the permutation which gives rise to
Yo from ;.

Now that even this weakened principle of renaming has been shown to be too
strong to be satisfied by CFE, we could consider the n! permutations that only
permute the p;’s - that is permutations of L,,, along with their natural extensions
to SL,. This principle would just amount to a relabelling of the elements of the

Y-minimal c-frames, and so should give the “same” solutions. However, a formal

proof of this is yet to be produced.



Chapter 6

An Alternative Inference Process

In this chapter we present another inference process defined using the principles of
maximum entropy and the concept of normal 1-frames, which we will designate as
the frame entropy inference process. The motivation behind such an inference
process is discussed and a technical definition of the process is given. A theorem
is proved which characterises which normal 1-frames are the “most entropic.”
Unfortunately, we will see that these “L-minimal” 1-frames, as we term them,
are quite difficult to find — it is shown that there are only 3 such 1-frames in the
case where L consists of only a single propositional variable, but we have found
no characterisation of the L-minimal 1-frames for larger languages. However,
a number of avenues of attack on this problem are presented along with some
partial results which suggest that such a characterisation may be possible.
Finally we study how the inference process behaves in the case where L has
only one variable. The process behaves quite unpredictably — we discuss the

plausibility of eliciting any meaningful results from this inference process.

118
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6.1 Concept

The inference process we will be investigating here will be a restriction of max-
imum entropy to the logical structures called normal 1-frames defined in Chap-
ter 3. Due to the correspondence! between 1-frames as logical structures and
simple undirected graphs with no isolated vertices, we shall tend to make no dis-
tinction between a normal 1-frame and its corresponding graph unless we need
to.

In this chapter we will be interested primarily in normal 1-frames. For the
sake of convenience it is to be understood that in this chapter when we refer to
1-frames we are actually referring to normal 1-frames.

The concept behind the inference process discussed here is very similar to that
of the CFE inference process defined in Chapter 4. For CFE we restricted the
maximum entropy process to consider only conjunctively closed positive frames.
Here we consider a slightly different approach. The intuition is to restrict max-
imum entropy to normal 1-frames, capturing as they do the a simplified version
of the Classification Principle, as discussed in Section 3.3. However, whereas in
Chapter 4 we took the inference process as being defined on the smallest possible
c-frames, in this chapter we shall look at an inference process which is defined on

all possible 1-frames

6.2 Definitions and Notation

As in Chapter 4, we will be interested in probability functions that correspond
to a certain type of logical structure — in this case normal 1-frames. If F'is a

1-frame on a language L, and w is a probability function on a language L' O L

1See Corollary 3.8
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then we say that w is consistent with F if for all o € At(L')

wla)#0=>a = F

That is, w only assigns non-zero weight to atoms which are consistent with F'.
For a constraint set > on L we defined the set of probability functions which
satisfy ¥ by VE(X), and where L = L,, we write V*(X). Also, write V"(X, F') for
the set of probability functions on L,, which satisfy > and are consistent with the
normal 1-frame F'. As an extension of this notation we will also write V(%) for
the set of probability functions on L,, which satisfy ¥ and which are consistent

with some 1-frame on L,,.

Definition 6.1.
We define a two-dimensional series of inference processes. Define the (n, k)—frame

entropy inference process as FE! : CL, — 22,(D") where
FEL(X) = {wy,wa, ..., w} S V(E)

s.t. each w; is the restriction to L, of some w’ € V¥(X) for which Hy(w’) is
maximal (i.e. there is no w* € V¥(2) for which Hy(w*) > Hy(w')).

Let FE,, be the (infinite) sequence of inference processes
(FEr, FEI ' FEI 2, ..)

The motivation behind this definition is that we will examine how the terms
of the infinite sequence FE, behaves as & — oo. To examine which 1-frames
will have the corresponding probability functions of maximum entropy, we now

define an ordering on them. It will later turn out that the number of maximal
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independent sets that the graph of a given 1-frame has is crucial in determining

which 1-frames are the “most entropic.”

6.3 Ordering of 1-frames

Definition 6.2 (Weight of a valuation).

For a 1-frame G containing a language L and a valuation v € Val (L), define
Val (G), ={weVal(G) |w|L=v}
Define the weight of a valuation v € Val (L) w.r.t. G to be
vl = [ Val(G), |

For reasons of clarity we also define the following. Suppose G is a 1-frame
which has a non-empty intersection with a language L. For a valuation v € Val (L)

we define the weight of v w.r.t. G as the weight w.r.t. G of v restricted to L:

[ollg = llv T Lllg

Definition 6.3 (L ordering).
We define an ordering <, on 1-frames containing a language L. For 1-frames F'

and G containing L set F' < G iff |F| < |G| and for all valuations v € Val (L),
m(IGl = [F])- vl p = vl

Finally, set F' <, G iff F <;, G and G A F.

Recall from Section 3.3.2 that m (n) is the Moon & Moser function for the
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maximum number of maximal independent sets on a graph of order n, and is

given by m (1) = 1 and

33 fn=0 mod3
m(n)=1<43"" ifn=1 mod3

23" ifn=2 mod3

for n > 2. We also set m (0) = 1, since the empty graph has precisely one

maximal independent set, namely (..

Definition 6.4 (L-minimal 1-frame).
A 1-frame F' containing L is called L-minimal if there is no 1-frame G D L s.t.

G < F.

Definition 6.5 (Determination in G).
For a valuation v € Val (L) and a 1-frame G D L, say v determines ¢ € G \ L
if every extension of v to GG gives the same valuation to ¢q. That is, for all
wy,wy € Val(G),, we have wi(q) = wa(q).

Similarly, say v determines @ C G \ L if v determines ¢ for all ¢ € Q.

Lemma 6.1  For any valuation v € Val (L), if v determines Q = {q1,..., ¢}
in a 1-frame G D L, and there is no ¢ € G\ (L U Q) which is determined by v,
then

lWllg <m(IG] = (L] + 7))

Proof. Suppose |G| = N and |L| = n. Every maximal independent set A of G
is of the form A = X UY, where X = AN(LUQ) and Y = A\ X. Now,

consider the set V of maximal independent sets of G which correspond to
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v. That is,

V={ACG |Aismax. ind. in Gand Vpe Gu(p)=1=pe A}

Note that |V| = |Jv||5.

Now, for all Ay, A; € V, since v determines () we see that A; N (LUQ) =

Ay N (LUQ). So, if we set

V ={A\(LUQ) | AeV}

it is clear that |V'| = |V].
Let G' = G\ (LUQ). Since every A € V' is independent w.r.t. G it must

also be independent w.r.t. G’.

Now, suppose A is not mazimal independent w.r.t. G’. Then there is some
¢ € G’ s.t. ¢ is not connected in G to any p € A, and which is connected
in G to some p € L U Q for which w(p) = 1 for all w € Val(G),. Hence,
w(q') =0 for all w € Val (G),: i.e., ¢ is determined by v, contradictory to

assumption. So A is maximal independent w.r.t. G'.

Therefore V'| < m(|G'|) = m(N — (n+7)). O

Proposition 6.2  Ifv € Val(L) determines at least r elements of G\ L, then

lWllg <m(IG] = (L] + 7))

Proof. Suppose the r elements of G \ L determined by v are {q¢1,...,q¢.} = Q.

Let @' be the set of all elements of G \ L determined by v, and suppose
Q=
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Clearly Q C @' and r < r’. So, by Lemma 6.1,

lolle < m(IG] = (L1 + 7)) <m(|G] = (IL] + 7)) =

6.4 A Characterisation of FE

In this section we present a Theorem which describes which 1-frames the FE
process picks out as being “most entropic.” Roughly speaking, we see that those
1-frames which have the “most efficient” distribution of their valuations will be

the most entropic. First we make a definition:

Definition 6.6 (Connective Closure of a set in a 1-frame).

Suppose F'is a normal 1-frame defined on L, and that X is some non-empty
subset of L;. The connective closure of X in F' is that set which is “reachable”
from some vertex of X. Formally, y € Lj is in the connective closure of X in F

if there is some finite ordered set {z1, 29, ..., 2} C Ly such that
1. 2y =yand 2z € X
2. z; and z;41 are connected in the graph corresponding to F'

We see that in the language of positive frames, the second condition of this

definition becomes “z;,; is a witness for z; in F.”

This definition allows us to capture the natural intuition that those elements
of the language L, which are “close” to the underlying language L, in the in-
compatibility structure of F' are more important than those which are not in
determining which 1-frames are most entropic. We are now able to state our

theorem.
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Theorem 6.3  Let X be a constraint set on L,,. The mazimum frame entropy
of a probability function on Ly D L, satisfying ¥ occurs at a probability function

w which is consistent with a 1-frame F of the form

F=CuUM,

where C' is the connective closure of L, in F' and is L,-minimal, and M; is the
Moon-Moser graph of order l =k — |C|.
That is, FEﬁ(Z) will be the restriction to L, of a probability function on Ly

consistent with such a frame.

Proof. Define FH,(X) to be the maximum entropy of a probability function on
L, which satisfies ¥ and is consistent with a 1-frame on L;. We proceed as

follows:

Let F' be some fixed 1-frame on Lj. Define FHy (3, F') to be the maximum
entropy of a probability function on L, which satisfies ¥ and is consistent

with F'. Then

FHy(Y) = max {FH, (X, F)) | F'is a 1-frame on L; }
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Now, by the definition of entropy,

FH(X, F) = max H w(B)v®)

weVF(S,F) BEAF)

—amny AL 1L e

a€At(Ly) BEAL(F)
E-(aAF)  BEa

) w' e VX, F)
= max H max H w' ()@
wevr(®) a€AL(Ly) BEAL(F) w' | L, =w
\ E(anF) BEa
(
—w(a)
— max { ] (“’W )
wevn(x) a€At(Ly) HUQHF
\ Em(anF)

where this last step is by an argument similar to that of the Corollary to

Lemma 4.8.

Now, consider G >,, F', |G| = k. Then ||v,||s < |[vallx for all @ € At(Ly,).
Then, since any w € V,,(X) consistent with G is also consistent with F', we
then have

F =, G = FHy(S, F) > FH(S, G)

Also,
F <, G = FH(X, F) > FH (X, G)

since there is some o € At(Ly,) s.t. ||vallp > ||vallo- Hence,

F'is a 1-frame on L; for which
FHi(X) = max  FHi(X, F)

Aa l-frame G on L; st. G <, F

These 1-frames are exactly those of the form F' = C' U M;. U
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Now that we have shown that there is a characterisation of which 1-frames
are important to the FE process, we examine how we may go about finding such
frames. We begin with the one-dimensional case where 3 is defined on a language

containing only one propositional variable.

6.5 The L;-minimal frames

In this section, as we will be dealing exclusively with the language L of order 1,
for convenience we will write < for <;,. First we note that the complete graphs

of orders 2, 3 and 4 are L;-minimal:

Proposition 6.4 K5, K3 and K4 are Li-minimal, and are the only Li-minimal

frames of order 2,3 or 4.

Proof. We take Ly = {p}, and assume of course that the K;’s do actually
contain L. For reasons of brevity write ||1]|, for the weight of v w.r.t. F

when v(p) = 1. Similarly, write ||0]|, for the weight of v w.r.t. F' when

v(p) = 0.

1. K,
It is clear that K5 is L;-minimal since there is no smaller 1-frame
containing L;, and K is the only 1-frame of order 2. We have ||1]| ., =

2. K3
We have [[1]|, = 1 and [|0]|, = 2. Hence Ky £ K3. Now, there are

only two other 1-frames of order 3 which contain L;, namely:

PANEERPAN
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It is easy to see that for both G and Gy we have [[1[|, = [|0]|5, = 1.
Hence, for both GG;’s we have K3 < (;, and so K3 is indeed L;-minimal,

and is the only such graph of order 3.

3. K4
We have 1], = 1 and [|0[|, = 3, and hence Ky £ K4 and K3 A Kj.
Now, suppose there is some 1-frame G of order 4 containing L, s.t.
G =1 Ky. Hence ||1||; > 1 and |0, > 3.
Now, m (4) = 4 and so in fact ||1]|, = 1 and ||0]|, = 3. Then we have
| Val (G) | =4 =m (4), and so G is the extremal Moon & Moser graph
of order 4 - that is, G = K4. So K, is indeed L;-minimal.
Now take G to be any other graph G of order 4 which is L;-minimal.
Then K3 £ and so either a) ||1||, > 2, or b) [|0]|, > 3.

a) First, if ||1|, = 3, then |Val(G)| = 4 = m(4), and so G is
the extremal Moon & Moser graph of order 4, K, contradictory
to assumption. Hence ||1||, = 2. This gives ||0]|, = 1, since
otherwise we again get G = K4. Now, Ky < (G, and so G is not
Li-minimal.

b) Obviously, [|0||; > 3 gives | Val(G)| = 4 = m (4), and so again

G:K4.

So K, is the only L;-minimal graph of order 4. O

Next we see that any L;-minimal 1-frame must correspond to a connected

graph:
Proposition 6.5 If G D Ly = {p} is Li-minimal then G is connected.

Proof. Notice that G = H{UH5, where p € H, and H; is the maximal connected

subgraph of G which contains p — the connective closure of L; in fact.
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Suppose G is disconnected: that is, Hy # (). Then H; < G.

Indeed, for each v € Val (L),
||U||G = | Val (Hy) |. HUHHl
and

| Val (Hy) | < m(|G| — |H)
= vy, m(IG] = [Hi|) > [Jv]lg

iHle

Since H; < G and |Hy| < |G| then H; < G, and so G is not Li-minimal. [
The last step is to show that there is a maximum size on Li-minimal frames.

Theorem 6.6 IfG D Ly = {p} is a 1-frame of order n > 5 then G is not

Li-minimal.

Proof. Suppose G is Li-minimal. Then

Ky A2G = |0|lg=2m(n—-2)+1or |1l]g=>m(n—-2)+1 (6.1)
K; AG = |0]|g=2m(n—-3)+1lor |[1|;>m((n—-3)+1 (6.2)

KiAG = |0[g=3mm—-4)+1or ||l >m(n—-4)+1 (6.3)
Also, G is connected by Proposition 6.5 and so,
100l + Il < g (n) (6.4)

Now, the valuation v(p) = 1 determines at least one other element of G,

and so [|1]|; < m(n —2) by Proposition 6.2. Hence, to satisfy (6.1) we



CHAPTER 6. AN ALTERNATIVE INFERENCE PROCESS 130

must have

10lg = m (n—2)+1

Then (6.4) gives, by Lemma A.6,

Mg < g(n) = (m(n—2)+1)

<m(n-—3)+1

Hence to satisfy (6.2), we have

10| >2.m(n—3)+1

Again, (6.4) gives, by Lemma A.6,

Mg < g(n) = (2m@n-3)+1)

<m(n—4)+1

So to satisfy (6.3), we must now have

0] >3m(n—4)+1

=m(n—1)+1 by Lemma A.4.

The valuation v which fixes v(p) = 0 does not necessarily determine any
elements of G'\ Ly, and so by Proposition 6.2, we see that [|0]|, < m (n — 1),

which is a contradiction. Hence, G is not L;-minimal. 0
Theorem 6.7  The only Li-minimal 1-frames are Ko, K3, and Kjy.

Proof. Immediate from Proposition 6.4 and Theorem 6.6. O
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6.6 A Graph Theoretical approach to L-minimal
frames

In this section, we will describe an attempt to construct L,-minimal frames by

means of successive graph operations.

Definition 6.7.
For a valuation v € Val (F') of a 1-frame F' and a maximal independent set X
of F, we write X = v iff for all p € L,, we have p € X < v(p) = 1. We say X

satisfies v in this case.

Definition 6.8 (Moon-Moser Operation on a Graph).
Suppose F'is a graph containing adjacent vertices z,y. Denote by F(z;y) the

graph obtained by:
1. Deleting all edges (x, z) where z # y, and;
2. Adding edges (z, z) for all z € Np(y) \ {z}.

This is called the Moon-Moser operation on F'. It is fundamental to the argu-
ment presented in [32] where the graphs with the maximum number of maximal

independent sets are determined.

Definition 6.9 (Depth of a vertex).
Let F be a graph defined on a set L, and let X be a non-empty proper subset
of L. Suppose p € Ly \ X. Then the depth of p from X is defined as being
the minimum length of a path in F' from p to any vertex in X, and we denote it
d(p, X).

If there is no such path, then we set d(p, X) to be co.

The depth of a set of vertices X from a set of vertices Y is the minimal depth
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of any vertex r € X from Y, i.e.

d(X,Y) =mind(z,Y)

reX

Our first result shows that we cannot destroy a valuation by removing vertices

at maximal depth from L,.

Proposition 6.8  Suppose F' D L, is a 1-frame and there is some q € F'\ L,
for which d(q, L,) is mazimal > 2. Then, for any valuation v € Val(L,), if

loll > 0, then [jol| ., > 0.

Proof. Take X to be a maximal independent set of F' s.t. X = v.

1. Suppose ¢ ¢ X. Then X \ {¢} is a maximal independent set of F'\ ¢

which satisfies v. Hence [[v[|f, > 0.

2. Suppose ¢ € X. Then Y = X \ {¢} is an independent set of F'\ q.
Suppose Y is not maximal such.
Then there is Z C Np(q) s.t. Z is independent in F' and no vertex in
Z is adjacent to any in B. Pick a maximal such Z, and then Y U Z
is maximal independent in F'\ ¢. Also, d(q,L,) > 2 implies that
Z 0 Ly =0. Hence YU Z |= v, and so [[v]|,, > 0. O

A leaf of a graph is a vertex of degree 1. The next result shows that if a 1-frame
has a leaf at depth geq2 from L,, then conducting the Moon-Moser operation on

this vertex produces a graph which precedes the original in the <,, ordering.

Proposition 6.9  Suppose a 1-frame F' D L, has a leaf x at depth > 2, and

that © is connected toy € F'\ L,. Then F(x;y) <, F.
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Proof. Take v € Val(L,). Let G = F(x;y) and set

Arp ={X amax. ind. set of F' | X Fv, ye X}
Br ={X amax.ind. set of F' | X Fv, y¢ X, Np(y)NX = {x}}

Cr={Xamax.ind. setof F | X v, yZ X, Np(y) N X \ {z} #0}

Similarly, set

Ag ={X amax. ind. set of G | X Fv, ye€ X}
B ={X amax.ind. set of G | X Fv, z € X}

Co={X amax. ind. set of G | X Fv, z,y € X}

Then,

[ollp = [Arl + [Be| + |Cp| (6.5)

lvllg = [Acl + |Bal + |Cdl (6.6)

and so

1. If X € Ap then X € Ag, and vice-versa

iAF = AG
(6.7)
=|Ar| = |Aq]

2. If X € Br then X € Bg, hence

|Br| < |Bal (6.8)
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3. If X € Cp then X \ {2} € Cg, and so

[Crl < |Ccl (6.9)

Now, using equations (6.5) - (6.9), we see that

vl = [Ar| + [Br| + |CF|
< |A¢| + |Be| + |Cql|

= [lvllg

Hence, G <,, F' as required. O

Now, a clique of a graph is a subset of its vertices, each of which is connected
to every other vertex in the clique. A mazimal clique is a clique which will cease
to be a clique if we add any other vertex of the graph. The following result shows
that certain types of clique can be removed from graphs to produce graphs which

precede the original in the <,, ordering:

Proposition 6.10  Consider a 1-frame F' O L, with vertex set G U H which

is the connective closure of L,. Suppose that:
1. F has no leaves at depth > 2;
2. H is a mazimal clique of of F, and r = |H| > 2;

3. There is no maximal clique of F' at greater depth than H, and the depth of

H is > 2, and;

4. There are exactly 1 < k < r edges (z;,y;) s.t. x; € G and y; € H, and for

i #£ 7, v # x5 and y; # y;.

Then the 1-frame Gg induced by F' on G has Gg <, F.
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Proof. Pick v € Val(L,) s.t. ||v]» > 0. Now, let €range over {0,1}" and set:

Ay = {X max.ind.setof F' | X EFv, s, € X e =1y,...,us € X}
Br = {X max.ind.setof F' | X v, z1,..., 2%, 91,...,ys € X }
Ch = {X max. ind.set of F | X = v, 3 € X, N, (z;)N X =0}

DY = {X max. ind. set of F | X =, y; € X, Ng,(z;)N X #0}

Then
k
[vllp =Y JAGI+Bel + > ) (C5° + DY) (6.10)
=1 €

&40

Now also set

-

A = {X max.ind.set of G | X Fv, 1, € X & ¢ =1}

Bs = {X max.ind.set of G | X F v, x1,...,00 € X }

Then

vl =Y |AG] + |Bal (6.11)
e£0

We proceed by restricting maximal independent sets of F' to maximal in-

dependent sets of (G, and counting them according to their type:

1. Take X € A%. Then X NG € A, Further, for every Y € AS,, there

are r — k sets X € A% s.t. X NG =Y. Hence,
AR | = (r — k)| AG] (6.12)

2. Take X € Br. Then X NG € Bg. Also, for every Y € Bg, there are
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r—ksets X € Br s.t. X NG =Y. Therefore,
|Br| = (r — k)| B¢ (6.13)

3. Take X € Cfp’g.

A) Suppose ¢, = 1. Then X D {x;,y;}, contradicting the indepen-
dence of X. ..
ICH =0 (6.14)

B) Suppose ¢; = 0. Then (XNG)U{z;} € AT, where & is the vector
of length k with zeroes everywhere except in the ith position,

which is 1. Hence,

| < 1A

= > IC¥ < > 1A% (6.15)
0

€e;=1

o
€6, =

4. Take X € Dilg.

A) Suppose ¢; = 1. Then X D {z;,y;}, contradicting independence
of X. So,
|IDF] = (6.16)

B) Suppose ¢; = 0 and € # 0. Then X NG € AZ,, and therefore
[DF| < |AG] (6.17)

C) Suppose € = 0. Then X NG € B and for all Y € Bg there is

exactly one X € D st. X NG =Y, namely X = Y U {y,}.
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Hence,

|Dy’| = | Bdl (6.18)

Substituting the above into (6.10), we see that, by (6.12) and (6.13),

k
loll, = (r— &) (|BG| 'y |A2|) YT (|0;6| i w)
g‘#ﬁ =1 &

Rearranging, and using (6.14), (6.16), (6.17) and (6.18),

_k ~ B
ol < il + 5 S (S50 + X 1451)

i=1 “exg, €e;=1
;=0
k - . —
+Z[|o;0\+ > (|0;€|+|Aa|)]
=1 &£0,e,=0

which gives

k B A k
ol < rlBel + g(zzma) — (Z
i=1 €¢;

i=1 e£0,
€;=0

k
+2 D ICK]

i=1 ¢;=0

rAér)
1
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and so by (6.15),

k

r = =
ol < il + 5 3 (1451 + X 1451)
i=1 “gx{ Eei=1

;=0

k
= rlBg| + 4. 2- D 14|

=1 g#(j‘

—r(1Bdl + 31451

e£0
=r HUHGF

<m(r) o],

Then, since also |G| < |F|, we have G <,, F as claimed. O

Unfortunately, we have managed no further results in this vein. It may be
possible to use this technique to give a constructive process for finding L,-minimal
graphs, but as yet we cannot see how. The results presented in this section lead
us to conjecture that the maximal depth of vertex in an L-minimal frame from L
is 1. A major step toward this conjecture this would be an answer to the following

question:

Conjecture If we remove mazimal cliques at maximal depth from L, no matter
what the connections between the clique and the rest of the graph, does the resulting

graph precede the original in the < ordering?

6.7 Toward a Logical Characterisation of L,-minimal
frames

In this section, we turn away from the graph-theoretical characterisation of 1-

minimal frames, and consider the logical properties that L-minimal frames must
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have. It was hoped that this would lead to a characterisation of L-minimal frames

allowing us to find them.

Definition 6.10 (p-Negation).
For a normal 1-frame F', set Np for each p € F to be the set of witnesses for
peF.

Now, for any p,q € F'let \/(Nr(q) \ {p}) be denoted by Neg,(q), called the
“p-negation of ¢.”

Note that if p € Nr(q) then Neg,(q) = ¢q. Also, if Np(q) = {p} then Neg,(q) =
1.

First we state a result that allows us to make connections between the different

orderings on 1-frames:

Lemma 6.11  Suppose F,G are 1-frames with L,1 C |F| C |G|. Then

F<,,.G6=F<,G

Proof. Relabel |F| and |G| so that |F| = L+, and |G| = L,,4; where 1 < k <.
Since |F| C |G| and F <,41 G, then

Vo € Val (L), [[vllpm (= k) = o] (6.19)

If I =k then 3w € Val (L,11), ||w| > |w|s (6.20)

Consider a € At(L,,). There are (unique) a™, o™ € At(L,11)s.t. a=at Va~,

namely o™ = a A p,r1 and @™ = a A ppyg.

For any atom « of a language L, let v, be the valuation in Val (L) cor-

responding to « in the usual way. Then it is easy to see that for any



CHAPTER 6. AN ALTERNATIVE INFERENCE PROCESS 140

a € At(L,) and any 1-frame H s.t. |H| D Ly,

[Vallzr = Vet + Va1l (6.21)

Now, (6.19) and (6.21) give, for all @ € At(Ly,)

[vallp-m (I = k) = [[va+ | p-m (L = k) + [|va- || p-m (I — k)
> ||Ua+||G + Hva_HG

= |[vallg
That is
Vo € Val (Ly) , [[v][p-m (= k) > [[v]lg (6.22)

So if [ > k then the claim is proved.

Suppose now | = k and pick w € Val(L,41) s.t. |w||p > |w| s, which
exists by (6.20). Then there is a € At(L,,) s.t. either w = vo+ or w = v,-.

Suppose the former holds. Then by (6.19),(6.20) and (6.21)

[vall = [lwll p + [[va- [l £
> fwllg + llva-lle

= [lvalle

This argument clearly also holds if w = v,-. Hence if [ = k

Jv e Val (L), |vllp > lvllg (6.23)

namely v = v,. Considering (6.22) and (6.23) together the claim is also

proved for the case [ = k. O
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By applying induction with the Lemma 6.11 we get the following immediate

corollary.

Corollary 6.12  Suppose F,G are 1-frames with L,y C |F| C|G|. Then

F<,:.G=F<,G

The following Lemma describes how the valuations of a 1-frame must change

if one of its incompatibilities is deleted:

Lemma 6.13  Let F' be a 1-frame with distinct elements p,q € |F| s.t. p €
Nr(q). Suppose F' is obtained from F by deleting the edge {p,q} and R =

Val (F') \ Val (F") is non-empty. Then for allv € R

either v(p) =1 and v(q) =v(Neg,(q)) =0

or v(g)=1 and v(p)=v(Neg,(p)) =0

Proof. Consider v € R. Let X be the maximal independent set of F' corre-
sponding to v (i.e. X = {p € |F| | v(p) =1}). Now since v ¢ R, X is not
maximal independent in F’. But since X is still independent in I’ there

must be z € |F|\ X s.t. X U{z} is independent in G.

Let H be the graph formed from F' by deleting the vertices p and ¢. Then

for any set A C |H| it is easy to see that the following are equivalent:

1. A is independent in H
2. A is independent in F

3. A is independent in G
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Suppose now that x & {p,¢}. Then, since X U {z} is independent in G

(X U{z})\ {p,q} is independent in G

= (X U{z})\ {p,q} is independent in F (6.24)

Now suppose p € X. Then z ¢ Ng(p) since otherwise X U {z} would not

be independent in G. Similarly if ¢ € X then = € Ng(g). Then, since also

T #p,q, (6.24) gives

X U{z} is independent in F

which contradicts the maximality of X. Hence x € {p, ¢}.

Suppose, wolog, that x = p. Then p ¢ X

= () =0 (6.25)

Also, since X U {p} is independent in G we have Ng(p) N X =)

= v(Neg,(p)) =0 (6.26)

Next, since X is mazimal independent in F' and p € X, we must have

Ne(p)NX #0
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But Np(p) = Ng(p) U {q}. So the above gives

{afnX #0
= qe X

= (g =1

So (6.25),(6.26) and (6.27) give

v(g) =1 and v(p) =v(Neg,(p)) =0

as required. Similarly, if x = ¢ then

v(p)=1 and wv(q) =v(Neg,(q)) =0

143

(6.27)

We now present a series of lemmas stating various properties of L,-minimal

1-frames discovered by considering various operations upon their graphs. These

results are used later to give some limited characterisation theorems.

Lemma 6.14  If F is an L,-minimal 1-frame s.t. |F| = L, U X (where L, N

X =10) then

Vp,q € |F|, F i (p — Neg,(q)) A (¢ — Neg,(p))

Proof. First we relabel the elements of X so that |F| = L, y, where k = | X|.

Consider p,q € |F|. If p ¢ Np(q) then trivially F' [= p — Neg,(q), since

v(p) = v(q) = 1 is consistent with F. The same also holds trivially if

Nr(q) = {p}, since then Neg (¢q) = L, or if p = ¢ since then Neg,(p) = p.

Now consider the case where p # ¢, {p} C Ng(q). Construct the 1-frame
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F’ by deleting the edge {p,q} from F. Since F is L,-minimal we have
F' £, F. By Corollary 6.12 we then have F’ £, F. Hence at least one

of the following is true

Jw € Val (Lnsk) , [Jw]lp > [lwl]|p (6.28)

Vo € Val (Lnyk), [|vllp = [[v]lp (6.29)

Suppose (6.29) holds. But there is a valuation v € Val (F’) for which
v(p) = v(q) =1, and for any such valuation v ¢ Val (F'). Hence for such a
v,

[l >0 = vl 5

which contradicts (6.29). Hence (6.28) must hold.

So choose a valuation w that satisfies (6.28). Then by Lemma 6.13, either
w(p) =1 and w(q) = w(Neg,(q)) =0

or

w(q) =1 and w(p) = w(Neg,(p)) =0

Whichever of the above holds the claim is proved, since in each case w €
Val (F') and

w((p — Neg,(q)) A (¢ — Neg,(p))) =0 O

Lemma 6.15  If I is an L,-minimal 1-frame s.t. |F| = L, UX (where L, N

X =0) then for all p € X there is some q € Np(p) s.t.

F [~ p — Neg,(q)
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Proof. Pick p € X. Relabel X so that |F| = L, and p = py,ix, where
k = |X|. We can assume that for all ¢ € Np(p), Nr(q) \ {p} # 0 since
otherwise Neg,(¢) = L and so the claim follows trivially. Now obtain F”
from F' by deleting p - F” is a valid 1-frame since it’s corresponding graph

has no isolated vertices.

Now, since F'is L,-minimal, F’ 4, F. Hence by Lemma 6.11, F" 4,41 F.
Therefore

Jv € Val (Lpyx—1) s.t. [[v]lp > [|v] 5

But since ||v]|, < 1, we see that ||v]|, = 0. Hence any such v must be of

the form

v(p)) =0 Vp' € Np(p)

v(Neg,(q)) = 0 for some g € Np(p)

and for any w € Val (L,1x) s.t. w | L,1x—1 = v we have w(p) = 1. Hence

for each p € X there is ¢ € Np(p) s.t.

F = p — Neg,(q) O

We go on to extend this result to all vertices surrounding a vertex outside L,,.

Lemma 6.16 Let F' be an L,-minimal I1-frame s.t. |F| = L, U X where

L,NX =10. Then for all p € X, for all ¢ € Nr(p)

F = p — Neg,(q)

Proof. Consider p € X and ¢ € Ng(p). First notice that we can take, wolog,

Nr(q)\{p} # 0, since in this case Neg,(¢) = L and so the claim is trivial for



CHAPTER 6. AN ALTERNATIVE INFERENCE PROCESS 146

such a p and ¢. Also, if Nr(p) = {q} then the result holds by Lemma 6.15.

Now, relabel X as L,y \ L, so that p = p,1y, where k = | X]|.

Suppose now that Ng(p) \ {q} # 0. Let F’ be obtained from F' by deleting
the edge {p, ¢}. Then since F" is L,-minimal " £,, F', and by Corollary 6.12
we then have F' 4,11 F. That is, there is some v € Val (L, x_1) s.t.

vl =1 and ||v||p, = 0. Then for any such v, by Lemma 6.13, either
1. v(g) = 1 and v(Neg,(p)) = 0, or
2. v(g) = 0, v(Neg,(p)) = 0 and v(Neg,(q)) = 0.
Now, if the first case holds then for the w € Val (L, yx) s.t. w [ Lyyp1 =0

and w(p) = 1 we have w € Val (F’). Then |v| = 1, which contradicts

|v]| 7 = 0. Hence the second case must hold.

So let w € Val (Lg) be s.t. w | Lyir—1 = v. Then we must have w(p) = 1,

and so

F [ p — Neg,(q)

as required. |

Lemma 6.17  Let F' be an L,-minimal I1-frame s.t. |F| = L, U X where

L,NX =10. Then for allp € X, for all p' & Ng(p) there is some g € Ng(p) s.t.

F W= (pAp') — Neg,(q)

Proof. 1. For p’ = p the claim is proved by Lemma 6.15.

2. Let p # p/. Relabel X as L, \ L, where k = |X| so that p = p, .
Form F’ from F' by adding the edge {p,p’}. Now since F'is L,-minimal
we have F’ £, F. Then by Corollary 6.12 we have F’ 4,1 F'. That
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is, there is some v € Val (L, 1—-1) s.t. ||v]|z = 0 and ||v|| = 1. Clearly

any such v must have

(a) v(p) =1
(b) v(Neg, (p)) =0

(c) There is some ¢ € Ng(p) s.t. v(Neg,(q)) =0

Notice that for any w € Val (F') s.t. w [ Ly 4x—1 = v, we have w(p) = 1
and so w ¢ Val (F'). Hence

F = (pAp') — Neg,(q)

as required. O

We now give a logical characterisation of the L,-minimal 1-frames of size n.

Theorem 6.18  If |F| = L, then F is L,-minimal iff for all p,q € L,

F %= (p — Neg,(q)) A (¢ — Neg,(p))

Proof.

= Immediate from Lemma 6.14.

<= Suppose for all p, ¢ that

F %= (p — Neg,(q)) A (¢ — Neg,(p))

Then for any p,q s.t. p € Ng(q) there is some v € Val (F') s.t. either
1. v(p) = 1 and v(q) = v(Neg,(q)) = 0, or

2. v(q) =1 and v(p) = v(Neg,(p)) = 0.
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In either case removing the link {p, ¢} gives a 1-frame F” for which v

is not valid. Hence F’ 4, F.

Also, if p ¢ Np(q) then the valuation v(p) = v(¢g) = 1 is not consistent
with adding the link {p, ¢} and so any 1-frame F”’ so constructed has
F' 4, F.

Hence any 1-frame F’ formed from F by adding or removing an edge

has I’ £, F', and hence F' is L,-minimal. d

Corollary 6.19  For |F| = L, F' is not L,-minimal iff there is some p,q € F

with p € Nr(q) and for which

F |= (Neg,(q) < q) A (Neg,(p) < p)

Remark: The previous Theorem and Corollary can be interpreted as saying
that an L,-minimal 1-frame on L,, has no “redundant” incompatibilities. Indeed,
the Corollary can be read as saying that a 1-frame is not L,-minimal iff there
is some incompatibility p,q which may as well be removed - it will not affect
the 1-frame. That is, p never forces ¢ to be false unless some other variable is
already forcing the same - and vice versa. In this sense, we may as well ignore
the incompatibility between p and q.

This is a reassuring interpretation of L,-minimality - it is a concept which
selects as special those 1-frames which are most “efficient,” in terms of their

incompatibility structure.

We can also extend the previous result to 1-frames whose size is n + 1.

Theorem 6.20 If |F| = L,y then F is L,-minimal iff all of the following
hold:
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1. For allp,q € L1,

F = (p — Neg,(q)) A (g — Neg,(p))

2. For allp € Np(pns1)

F £ pns1 — Neg,, . (p)

3. For allp & Np(pni1) there is some ¢ € Np(ppi1) S.t.

F = (p A pny1) — Neg, . (q)

Proof. =
1. By Lemma 6.14
2. By Lemma 6.16

3. By Lemma 6.17

149

(6.30)

(6.31)

(6.32)

<= Suppose F'is s.t. (6.30), (6.31) and (6.32) above hold. Suppose F’ is

st. |F'| = L, and F’ <, F. As in the proof of Theorem 6.18 every

edge of I’ must be an edge of F'. Consider now some p € Np(pni1).

Then by (6.31) there is v € Val (F) s.t. v(ppy1) = 1, v(p) = 0 and

v(Neg,, ,,(p)) = 0.

Let now w = v [ L,. Then ||w|| = 1. But since Np/(p) C Np(p) we

have

w(\/ Ne:(p)) = v(\/ Ni(p)) < v(\/ Nr(p)) = v(Neg,,,,(p)) = 0

Hence w ¢ Val (F’) and so ||w| - = 0 < ||w||p. Therefore I’ 4, F.
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So any 1-frame F’ s.t. F' <,, F' must have |F'| = L.

Now, suppose F' <,, F with |F'| = L,4+;. Again as in the proof of
Theorem 6.18, F” has exactly the same edges {p, ¢} where p,q € L, as
F.

Suppose now that F’ has some edge {p, p,+1} which F' does not. By

(6.32) there is some ¢ € Np(p,41) and a valuation v € Val (F) s.t.

v(p)=1 v(ppt1) =1

v(g) =0 U(Negpn+1(q)) =0

Let v = v [ L,. Then ||v'||; = 1. Clearly v ¢ Val (F’) since v(p) =
V(pns1) = land p € Np/(ppy1). Let w € Val (Ly,41) bes.t. w [ L, =

and w(pn41) = 0. Then

1V o = Mol g+ 1wl g = llwllg

But since w(q) = 0 and w(\/ Ng/(q)) = 0, we have w ¢ Val (F’) and
so ||w||p = 0. Hence |[v'[| =0 < 1=|¢'||;, and so F' £, F.

So suppose that F' has an edge {p,p,+1} which F’ does not. By
(6.31) there is some v € Val(F) s.t. v(pot1) = 1, v(p) = 0 and
v(Negp,.,(p)) =0. Let v = v | L,, so that |[v/||, = 1.

But it is clear to see that ||v/|| = 0. Indeed, for any w € Val (L)

s.t. w [ L, =v" we have w(p) = 0 and

w(\/ Nr:(p)) = w(Neg,, ., (p))
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so that w ¢ Val (F”). Hence F" 4, F. So there is no I’ s.t. F' <, F,

and so F'is indeed L,-minimal. O

Remark: Again we can interpret the preceding theorem in a useful manner.
Essentially it says that L,-minimal frames on L, are characterised by the fol-

lowing features:

1. They have no redundant incompatibilities, as in the Remark on Theo-

rem 6.18.

2. The extra variable is not redundant - we cannot have an equally rich in-

compatibility structure without the extra variable p,1.

3. The third condition is more complicated to understand, but it can be read
as claiming that the extra variable has “enough incompatibility.” That is,
adding further incompatibilities to the extra variable will result in redun-

dancy in the 1-frames incompatibility structure.

Unfortunately, we again have no further results in this section.It seems that
when we add 2 or more extra elements to L,,, logical characterisations become

exceedingly hard to calculated.

6.8 The Behaviour of FE;

To further explore the properties of the frame entropy inference processes we
will study in detail the 1-dimensional case where the constraint set is defined on
Ly ={p:}.

As stated in Section 6.4, we need only consider probability functions which are

consistent with 1-frames whose non-trivial® part is L;-minimal, and whose trivial

2For this section, we will consider the non-trivial part of a 1-frame to be the connective
closure of L1, and the trivial part to be the rest of the 1-frame
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part is a Moon-Moser extremal graph. There are precisely three non-trivial 1-
frames, namely K,, K3 and K, as shown in Section 6.5°.

Now, since we wish to examine how the three different non-trivial parts will
interact, we must consider FE’f for k > 6, since for k < 5 not all three are possible.

We proceed by defining a maximum entropy function for each of Ky, K5 and Kj.

Let

TF = KyU M,
Ty = K3U M, _3

Ty = K,U M,y

where in each case p; is an element of the complete graph K;, and M, is a Moon-

Moser extremal graph of order r. Now set

k T e l—x —(1-2)
filz) = <m(k72)) <m(k72))

k T - l1—x —(1-2)
fa(x) = <m(k73)) <2m(k73))

k T - 1—x —(1-2)
fi(x) = <m(k74)) <3m(l€74))

Then fF(z) is the maximum entropy of a probability function w on Lj; which

is consistent with 7; and for which w(p;) = 2. Hence, FE¥(X) is that w € V(X)

for which

max {ff(I), f§($)a fzf@)}

is maximal, where x = w(py).

3Since there are no 1-frames of order 1, FE] is undefined and so we will only look at FE¥
for k > 2.
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F¥(z)
18
17.5
17
16.5
/0.2 0.4 0.6 \0.8 i v

Figure 6.1: F*(z) for k =6,7,8

So, now let F*(z) = max {ff(z), f¥(z), f¥(x)}. It is clear that F* depends
on the Moon-Moser function m (k), which behaviour varies awkwardly with &
mod 3. However, we can easily see that for each f;,

fi8 = 3.4k

7

since m (k + 3) = 3.m (k). Hence, any maximum of F* will also be a maximum
of F*+3_ and vice versa, and so we need only examine FE¥ for three values of k
(pairwise distinct mod 3).

Although we might hope that the three cases turn out to be equivalent, the
graphs in Figure 6.1 show that this is not the case. We will examine the three sep-

arate cases to see how they behave in the simple case where X = {w(p1) € [a, ] }

e k=0

FE}(X)(p) is that « € [a, b] for which |z — 1| is minimal. This is reminiscent
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of classical ME, which (in the 1-dimensional case) minimises the distance

1
to 5-

e k=1
In this case F* has two minima and three maxima and hence does not

always have a unique maximum on [a, b]. The maxima occur at i,é and %,

while the minima occur at t; = ﬁigjﬁg ~ 0.290 and t, = % ~ (0.415.

Hence FE¥(X) will have a unique solution for k = 1 mod 3 iff:

11

1 )
1 3 and 3, and;

1. [a,b] contains at most one of the points
2. If t1 € [a,b] and } < a < b < 1 then f§(a) # f5(b), and;

3. Iftyefa,b] and 3 <a < b <

N[ =

then f§(a) # f7'(b).

e k=2
F* has two maxima and one minimum in this case, so again FE}(X) does
not necessarily have a unique solution. The maxima are at é and % while

the minimum is again at ts.

So FE#(X) will have a unique solution for k =2 mod 3 iff:

1. [a,b] contains at most one of the points % and %, and;

2. If ty € [a,b] and 5 < a < b < § then ff(a) # fF(D).

So we see that in this case we get three different answers, depending on the
value of & mod 3. Also, note that the existence of multiple maxima in the k = 1,2
cases indicate that this process will behave highly discontinuously. Changing the
values of a and b (in the definition of 3J) by small amounts in the region of these
maxima will sometimes add extra solutions, and will sometimes destroy existing

solutions.
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6.9 Discussion

The frame entropy inference process as defined here seems to behave very errati-
cally, as evidenced by the example considered in Section 6.8. Also, as we saw in
Section 6.6 and Section 6.7 it is extremely difficult to calculate the L,-minimal
frames. We cannot say even that there are a finite number of L,-minimal 1-
frames, except in the 1-dimensional case. These problems mean that there is
very little we can learn from this inference process, at least at the current stage
of development.

However, all is not lost. The partial success of the two attempts at charac-
terisation of the L,-minimal 1-frames suggests that it may in fact be possible to
formulate some process for finding such frames. It is to be hoped that the work
described here may give some clue as to how to proceed in this matter.

Also, the dependence of the inference process upon the values of £ mod 3
may not turn out to be such a problem. If we could discover that there are
only a finite number of L,-minimal frames then presumably the values given by
this inference process would depend upon the values of kmod3. Then we could
define the inference process so as to give the union of these 3 sets of answers.
Unfortunately, our current paucity of results concerning this inference process

means this can only be conjecture though.



Chapter 7

Conclusions

We present here a summary of the work in this thesis, and discuss further research

possibilities.

7.1 Positive Frames

The notion of a positive frame seems to capture successfully the intuitions con-
cerning perception and negation discussed in Chapter 2. The different types of
positive frame such as normal frames, 1 -frames, c-frame and general positive
frames allow for subtle distinctions between the different philosophical concepts
concerned. Certain of the results shed light on the relationships between the dif-
ferent types of positive frames, and the correspondence with (hyper)graphs is of
major importance in the study of these structures.

It would be interesting to investigate the theory of positive frames further,
looking for additional relationships between the various flavours of frame. In
particular, it may be of value to consider variations of the fundamental principles,
especially with respect to the criticisms levelled at the Classification Principle in

Chapter 2.

156
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7.2 The CFE Inference Process

The CFE inference process is one which is very simple to specify, however it is
quite complicated to understand how it behaves. The characterisations of the
process as a model of expert knowledge given in Chapter 4 give, I believe, a solid
justification to the process. However, due to the technical difficulty involved in
working with this process, we have only managed to give a description of CFE on
a certain small class of constraint sets (i.e., the adamant constraints). It would
certainly be of importance to extend these results to ethereal constraint sets also,
as discussed in Section 4.5.

Another problem with the complexity of the CFE process is the difficulty in
producing examples of its behaviour. Chapter 5 considers only three properties
of inference processes, two of which do not hold for CFE. The most important,
Language Invariance does hold though, and the failure of CFE to satisfy Renam-
ing and Continuity is not surprising given the nature of its definition. Further
research into understanding the detailed behaviour of CFE with more examples

would certainly be valuable.

7.3 The FE Inference Process

Our definition of FE in Chapter 6 seems to behave even more erratically than
CFE. Perhaps this should not be surprising given that the inspiration for FE
involves dropping the principle of Conjunctive Closure, a principle which goes
a long way toward making CFE possible to analyse. However, the concept of
specifying an inference process upon a (finite?) class of graphs is an attractive
one — if the problems in discovering the L-minimal graphs could be overcome

it may open the door to a easily calculable inference process. It is unfortunate
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that we only have partial characterisations of the class of L-minimal graphs. It is
hoped however that these very different approaches might be extended to further
results about this class of graphs.

The behaviour of FE in the one-dimensional case suggests that although this
inference process might behave in a confusing manner, it might exhibit some
interesting behaviour if we could easily analyse it. The discussion at the end of
Chapter 6 proposes a way in which this might be accomplished.

In summary then, we have developed two unorthodox inference processes from
a philosophical approach to perception and negation. The complexity of these
processes indicates that much further work may be necessary, into both the philo-

sophical fundamentals of the theory and its technical implementation.
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Appendix A

Useful Results

Some useful arithmetical results and results from other papers are stated here to

save space in the main thesis.

A.1 Arithmetical Results

Lemma A.1

real numbers. Then

Proof.

Let xq, 29, ..

n n
Zi:l i < Li

Z?:l Yi N i=1 Yi

DT _ N~ ~
i1 Yi ; > i1 Yi =2 Yj

J Jj=1

165

., Ty be real numbers and let vy, ys, . . .

, Yn be positive
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A.2 Maximum Entropy Results of Paris and
Vencovska

The two theorems given here are Theorems 1 and 2 of [35], stated here for con-
venience. We first give a brief summary of the notation used in that paper.

As in subsection 4.3.2 of this thesis they assume the existence of a constraint
set which is defined similarly to the expert constraint sets of Definition 4.8.
The conditions (1) and (2) referred to are the equivalents of (4.8) and (4.9)
— the conditions on the = relationship. There is an example set M of size N
with subsets Ag, Ay,..., A,_1. A “model of the constraints” is an assignment of
Ap, Ay, ..., A, to specific subsets of M which satisfies the constraint set. B(A)
is a boolean combination of the subsets A;, Ay, ..., A, and g1, ¢o, . . ., g, numMber
the “atoms” of B(A). That is,

B(A)=C, UC,U---UC

Juw

where C,Cy, ..., Con are the subsets of M formed by taking the intersections
cp =AY
<n

over all functions f : {0,1,...,n — 1} — {0,1} where A} = A; and AY = M \ A,.
p is the maximum entropy solution of the limit form of the constraint set, and p;

denotes the value of p in its ith coordinate. The theorems are:

Theorem A.2  Assume the given constraints are consistent. Then for each

w, v > 0 there exist Ny and € > 0 such that for all N > Ny and =~ satisfying (1)
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and (2) the proportion of the models of the constraints for which

> v

- B(A)
Z-Zl Pg; — N

15 at most L.

That is, if M is taken sufficiently large the majority of the models of the
constraints will define a probability function arbitrarily close to the maximum

entropy solution.

Theorem A.3  If [the limit form of the constraints] and Y, | pg > 0 has a so-
lution, then the mazimum entropy solution p of [the limit form of the constraints/

also satisfies Y .| pg; > 0.

This theorem states that the maximum entropy solution will not give zero

probability to any proposition unless forced to by the constraints.

A.3 Properties of the Moon & Moser and Griggs
functions

Lemma A.4 Letr and s be natural numbers. Then

m(r).m(s) <m(r+s) forr,s >0, and

m (3r).m(s) =m3r+s) forr>0,s>2.

Proof. e Firstly, let G; and G, be two graphs of order r and s respectively,
which have m (r) and m (s) maximal independent sets. Then G; U G

is a graph of order r + s which has m (1) .m (s) maximal independent
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sets, since any maximal independent set X of GG; U G5 is of the form

X = X; U X, where X; is a maximal independent set of G;.

However, the maximum number of maximal independent sets that a
graph of order r + s may have is m (r + s), and so m(r).m(s) <

m (1 + s).

e The second part of the Lemma is by induction and is obvious from

inspection of m — for s > 2, it is obvious that

m(3).m(s) =3.m(s) =m(s+3)

Hence, by induction, for r > 1

m(3r+s)=3.m3(r—1)+s)

=3.m3(r—1)).m(s)

=m (3r).m (s)
O
Corollary A.5 Forr>s>1,
m(r—s) < m(r)
m (s)
Proof. Immediate from Lemma A.4 with r replaced with r — s. 0

Lemma A.6 Forn >4,

m(n—2)+m(n—3)+2>g(n)

2m(n—3)+mn—4)+2> g(n)
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Proof. 1. m(n—2)+m(n-3)+2>g(n)
The claim is easily checked by inspection for 4 < n < 11. Now, for

n > 12 let
- m(n—2)+m(n—23)
iy g(n)

We examine x(n) for n =0,1,2 mod 3
en=_0

4.3%5° + 3%
93" 49
23" 3%

23 49

2.3"5" +4.3"5
3% 42"
3% 4 3%
— Tn—1  _n—4

373 +273

3% 4237
43" + 32"
43" +3%5°

= = > 1
433 +3.23

z(n)

Hence z(n) > 1 for all n > 12, and so the claim is proved.
22mn-3)+mmn—4)+2>g(n)

Again, the claim can be easily checked by inspection for 4 < n < 7.

For n > 8, set
2.m(n—3)+m(n—4)
g(n)

y(n) =
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We examine y(n) for n =0,1,2 mod 3

en=20

43 4435

— > 1
43" £ 32"

y(n)

Hence y(n) > 1 for all n > 8, and so the claim is proved.



