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1. INTRODUCTION

It is well-known that MV -algebras (as algebras of type (®,®, —,0,1) of signature
(2,2,1,0,0)) have been introduced and studied by C. C. Chang in [4] and [5] as an
algebraic counterpart of the Lukasiewicz infinite valued propositional logic. More-
over, Chang proved in [5] that every linearly ordered MV-algebra is isomorphic to
an MV-algebra in the form I'(G, u), where G is a commutative linearly ordered (ad-
ditive) group, 0 < u € G is a strong order unit in G, I'(G,u) = [0,u] = {z € G; 0 <
x < u}, and the operations on I'(G, u) are as follows: 1 = u, © @ y = min(z + y, u),
r =u—z 0y = max(zx + y — u,0) = =(—-xz & —y) for any z,y € I'(G,u).
D. Mundici generalized this result in [11] to arbitrary MV-algebras. Namely, let,
in general, G be a commutative lattice ordered group (I-group) and 0 < u € G.
frxdy=(+y)ANu, w=u—=z, 0y = (-zd y) for any z,y € [0,u],
then T'(G,u) = ([0,u],®,®,—,0,u) is an MV-algebra. Mundici proved that every
MYV -algebra is isomorphic to I'(G,u) for some commutative l-group G and some
strong unit v € G, and moreover, that the category of MV-algebras is equivalent
to the category of commutative [-groups with strong units. Mundici further proved
in [12] that MV-algebras are also categorically equivalent to bounded commutative
BCK-algebras. The author in [13] and [14] showed that one can obtain M V-algebras
as special cases of dually residuated {-monoids (D RI-monoids) because MV -algebras
are equivalent to D RI-monoids of a class of bounded D RI-monoids.

In the paper we define a generalization of MV-algebras as algebras A = (A4, ®, ®,
—,~,0,1) of signature (2,2,1,1,0,0) in which the binary operations @& and ©
in general need not be commutative. (MV-algebras introduced by Chang are
then called commutative.) In the first part of the paper some properties of
non-commutative MV -algebras are described. In the second part it is proved
that (non-commutative) MV-algebras are in a one-to-one correspondence with
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some bounded non-commutative DRIl-monoids, and in the last section it is shown
that every interval [0,u] of any (non-commutative) [-group can be viewed as an
MV-algebra and that every linearly ordered M V-algebra is isomorphic to an analo-
gous interval of some linearly ordered loop.

(Note that the class of commutative [-groups is the smallest non-trivial variety of
l-groups. Therefore, from this point of view, intervals of non-commutative /-groups
represent a very essential generalization of Chang’s MV-algebras.)

We use the terminology and results of [2], [7] and [9] concerning the theory of
lattice ordered groups and of [1] concerning the theory of loops.

2. PROPERTIES OF NON-COMMUTATIVE MV -ALGEBRAS

An algebra A = (A,®,®,—,~,0,1) of signature (2,2,1,1,0,0) is called a (non-
commutative) MV -algebra if for any z,y, z,u € A:

Dzd(ydz)=(xdy)® z; Nezooz) =20y Oz
TO~r=0="20x
z00=0=002

(
(1)x\/(y\/z) (xVy)V z; (I xzAyAz)=(@AYy) Az

(122) 2 (yA2) Du=(zDyDu)A(z® 2z u)

(12b)z @ (yVz)du=(zdydu)V(rd2zdu)

(1) 20 (YA2)Qu=(zQyOu)A(x®zOu)

12D) 20 (yVz)Qu=(z0ye0u) V(@20 u)

Note. It is obvious that the above system of axioms is not the simplest one,
but we use it in this form to have the possibility comparing the introduced notion
with that of a commutative MV -algebra. We can see that A can be considered as
a commutative (Chang’s) MV-algebra if and only if both operations @ and ©® are
commutative and the unary operations — and ~ coincide. (Note that conditions (12b)
and (12'a) are not directly required but can be derived for Chang’s MV -algebras.
See e.g. [8], Theorem 3.1.) A simple axiomatic system for commutative M V-algebras
is used e.g. in [6].
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Theorem 1. If A is an MV -algebra, x,y € A, then
(a) \1=0=~1;
(b) 20y = ~(~z @ ~y) = ~(-r & ~y);
() zvO0=z=2Al,2A0=0,2V1=1;
(d) ~(zVy)=—2zA-y, ~(zAy)=—zV -y,
~(aVy) = ~r Ay, ~(a Ay) =~ Voey;
(e) zA(xzVy)=x=aV(zAy).
Proof. (a)It follows from (7) and (8).
(b) From (5), (6) and (7).
(c) From (4') and (8).

(d) (zVy) ==y (@0 ~y) =y -(x0~y)
=y ® (—|_'1,‘ D —\Ny) =y ® (—|_'1; D N_\y) = - N\ Y.

The remaining equalities are analogous.

() eA(@Vy)=aA((cr0y)or) =20 (-z0y) ) S ~)
=20(z0ydl)=0l==x

Analogously the second equality. O
We obtain the following theorem as a consequence of (10), (10"), (11), (11'), and
(c) and (e) from Theorem 1.
Theorem 2. If A is an MV -algebra then (A, V, ) is a bounded lattice with the
least element 0 and the greatest element 1.

Hence we can consider the order relation < on A induced by the lattice (A4, V,A),
ie.
TLyYy<s=zrVy=y<=cNy==z.

Theorem 3. For any x,y,z,u € A we have

(a) r<y=udrdz<udY®z,
UOrTOzLuUOYO =2

,<) and (A, ®, <) are ordered monoids);
rVy<zrdy;
T = ~Yy < ~T.
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Proof. (a)Ifz < ythen u® (zAy) Bz = udaxdz hence by (12a)
(TP )AN(UBYD2z)=uPrd®z, thisuPrdz<udyd 2.

Using (12) and (12') we also obtain the remaining implications.

(b) Since y < 1, by (a) and (4') we get @y < x® 1 = z. Similarly z © y < y,
andsoz Oy <z ANy.

The equality z Vy < x @ y is dual.

(c) Let © < y. Then —(xVy) = -y, hence by Theorem 1(d) we have ~x A—y = -y,
and thus -y < —z.

Suppose that -y < —z. Then ~(—y A —z) = ~—y, hence by Theorem 1(d),
~=y V ~ox = ~-y, that means y V @ = y, therefore z < y.

The second equivalence is analogous. O

Theorem 4. For any x,y € A we have
(a) z0y=0=2=0=y;
(b) z0y=1=z=1=y.

Proof. (a) Let 2 ® y = 0. Then by Theorem 1(c) and conditions (4) and (12a),
0=2A0=2A(z0y)=(2P0)A(zdy)=2d0==2.

Hence 0=2x®y=00y =y.
(b) Dually. O

Theorem 5. For any x,y € A the following conditions are equivalent:

Proof. (a)e(b): Let z < y. Then by (2) and Theorem 3,1 = z@~zx < y & ~u,
hence y ® ~x = 1.

Conversely, if y® ~z =1, then by (') weget cAy=20 (yd~z)=201=n=z,
thus « < y.

(a)<(c): Analogously.

(a)<(d), (a)<(e): Dually. O

Theorem 6. a) If 2 ® 2z =y Dz (z®2x =2dy) and z,y < ~z (z, y < ~z,
respectively), then x = y.

b)Ifx©z=y0z (20x=20y)and -z <z, y (~z < z,y, respectively), then
z=7y.



Proof. a)Letz®z=y®zand x, y < —z. Then by Theorem 5, (9') and (10’),

r=10z=(z®2)0zr="20(x®~2)
=720 (02 =720 o2) =y

Analogously the second implication.
b) Dually. O

Theorem 7. For any x,y € A the following conditions are equivalent:
(a) zoy=1y;
(b) Oy =ux;
(c) ~azvy=1
(d) zA—-y=0.

Proof. (a)e(d): Let x @y =y. Then
xAﬂy:—\y@(x@Nﬁy) =-yoy=0.
Conversely, let © A =y = 0. Then

y=00y=@@Ay)0y=20y) A(-yDdy)
=(xeyANl=zdy.

(b)e(c): If  ® y = x then
~eVy=(~aQy)d~r=x@~z=1.
Conversely, if ~z Vy =1 then

r=20l=20(~zVy =@0~z)V(z0y)
=0V(zoy) =z0y.

()& (d): If ~zVy=1then =(~x Vy) = -1, hence z A -y = 0.
Conversely, let £ A =y = 0. Then ~(z A —y) = ~0 =1, thus -z Vy = 1. O
The proof of the following theorem is analogous.

Theorem 8. For any x,y € A the following conditions are equivalent:

(a) @y =
(b) 2Oy =y;
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(€) zV-y=1;
(d) ~zAy=0.

As a consequence we get

Theorem 9. For any x € A the following conditions are equivalent:

(b) Oz = x;
(c) mxvVe=1;
(d) zv-z=1;
(e) z ANz =0;
(f) ~zAz=0;

N_’L‘@N{L‘ = ~T.

Let us now consider the set of all elements in A having the properties from the
preceding theorem.

Theorem 10. The set B = {x € A; x & * = z} is a sublattice of the lattice
(A,V,A) containing 0 and 1 such that if x € B then also ~x and ~x belong to B
and both are complements of x in B.

Proof. Letx,y € B. Then by (12'b) and Theorem 3(b),

(zVy)o(@Vy)=(@oz)V(@Eoy) V(o) V(yoy)
=zVyV(zoyV(yoz)=zVy,

hence = Vy € B. Similarly we get x Ay € B.
By Theorem 9, —~x, ~x € B, by (4) and (4’), 0, 1 € B, and thus by Theorem 9,
-z and ~z are complements of z in B. O

Now let us denote by MV the class of all (non-commutative) MV-algebras. From
the definition it is obvious that MYV is a variety of algebras of type (®,®, -, ~,0,1).
Recall that a variety of algebras is called arithmetical if it is congruence distributive
and permutable. It is well known (e.g. [3], Theorem I1.12.5) that by Pixley’s theorem
a variety V is arithmetical if and only if there is a term w(z, y, z) of given type such
that the identities

w(y,y,v) = w(z,y,x) =w(r,y,y) =

are satisfied in V.
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Theorem 11. The variety MYV of MV -algebras is arithmetical.
Proof. Set
w(x,y,2) =((ry@2)0x)V((~ydx)©2)V(xAz2).
It is obvious that w(z, y, z) is indeed a term in the language (®, ®, 7, ~,0,1) because
the operations V and A only express abbreviations of the corresponding terms of the

type of MV-algebras.
Let A be an MV-algebra and x,y,z € A. Then

w(y, y,2) = ((~y ©2) ©y) V(Y Dy) O ) V(Y Aw),
and so (9'), (2) and (4') of the definition of an MV-algebra yield
w(y,y,z) = (@ Ay)VaV(zAy) =x.

Further,
w(z,y,z) = ((y®x) Ox) V((-y ® ) Ox)Va,

and because (—y @ ) ©® x < x by Theorem 3, we get
w(z,y,z) = x.

Finally,

(yoy)oz)V((-yor)©Oy)V(zAy)
xV(xAy)V(zAy) =

w(w,y,y)

3. CONNECTIONS BETWEEN M V-ALGEBRAS AND DUALLY RESIDUATED
LATTICE ORDERED SEMIGROUPS

Definition. An algebra A = (A, +,0,V,A,—, ) of signature (2,0,2,2,2,2) is
called a dually residuated (non-commutative) lattice ordered monoid (a DRI-monoid)
if:

(1) (A,+,0) is a (non-commutative) monoid;
(2) (A,V,A) is a lattice;
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(3) (A4,4+,0,V,A) is a lattice ordered monoid, i.e. for any z,y, z,v € A,

r+@yVz)+v=(r+y+v)V(z+z+v),
r+YNz)Fv=(z+y+v)A(x+z+v);

(4) if < denotes the order on A induced by the lattice (A, V, A) then for any z,y € A,
x — y is the least element s € A such that s +y > =,
T ~— y is the least element r € A such that y +r > x
(5) A satisfies the identities
(8) (t =) VO +y<zVy y+ (& — 1) VO) <z Vy,
b)z—2>20,z~—2x>0.

)

Remark. Condition (4) is equivalent to the following identities:
(4da) (z —~y)+ty >, y+(v~y) >
(4b) (z —y) < ((xVz) —=y), (z~y) < ((&V2)—y)
<

(4c) (x+y) —~y) <z, (y+2) —y) <z

Therefore DRI-monoids form a variety of algebras of signature (2,0,2,2,2,2).

Commutative D RIl-monoids have been introduced and studied by K. L. N. Swamy
in [15], [16] and [17] as common generalizations of commutative lattice ordered groups
and Brouwerian (and so also Boolean) algebras. (For commutative D RI-monoids,
the operations — and «— coincide and the common result + — y = = «— y is denoted
by x — y for any elements z and y. Then commutative D RIl-monoids are regarded
as algebras in the language (+,0,V, A, —) of signature (2,0,2,2,2).) Connections
between commutative M V-algebras and D Rl-monoids were described by the author
in [13] and [14]. The properties of non-commutative D RI-monoids were studied by
T. Kovér in [10].

Now we will deal with connections between MV -algebras and D RI-monoids in
non-commutative cases.

Theorem 12. Let A = (A,+,0,V,A,—,~) be a DRl-monoid with a greatest
element 1 which satisfies the conditions

) VeeAl—(1—2)=2=1—(1+v2);

(i) Va,y € A 1= (L a) + (1) =1+ (1= 2) + (1 = y)).

Set

r=1—=a, ~r=1<«2z, x-y=-(~z+~y)

for any xz,y € A.
Then (A, +,-,—,~,0,1) is an MV -algebra.
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Proof. By [10], Theorem 1.2.3, if a DRI-monoid A is bounded above, then it
is bounded below too, and moreover, 0 is the least element in A.

We will verify the axioms of an MV-algebra for A. Since (A,+,0) is a monoid,
(1) and (4) are satisfied.

(2) By [10], Lemma 1.7, in any D RI-monoid we have

(=Y V0 +y=zVy=y+((x~y) VO).
Hence in our case we get for any z € A
z+~r=z+(1l—2)=1+(x—1)2140=1.
Analogously,

rz4+zr=(1—-z)+z=(x—-1)+120+1=1

(3) x+12041=1, 14+2>2140=1.
(7) By condition (i) we get
~r=1l-(1vz)=2 ~z=1—(1—2) ==z

(5) By (7)
w2y = () = (o).

(6) By condition (ii) and property (7) we have
- oy = ot + ) =~ + 7).

(8) =0 = 1 — 0 is the smallest of the elements r € A such that 0 4+ r > 1, hence
=0 = 1. Similarly ~0 = 1.

1) By ) =2 (A +~2))
= (i + (o + ~e2)) = (o (e + )
(2-9) - 2 = ~(~(r 4 ~y) o ~v2) = (v op) + ),

and thus by (1), condition (1') is satisfied.
(2") By (7) and (2) we have

wNx:N(ﬁx+ﬁN1'):N(—|1’+1’):N1:0
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Similarly -z -z = 0.
(3') By (3),

and similarly also 0 -z = 0.

(4" z-1==(~z+~1)=a(~z+0) = ~x = 2.

Similarly 1 -2 = x.
(5") By condition (ii),

—\({p . y) = _|N(_|_'L' + —\y) = x + Y.
(6") ~(@ - y) = ~o(va o vy) = ~a ey

Put now z =<1 y <= y+ (¢ - ~y) =y for any x,y € A. Let x <1 y. Then by the
definition of the operation «— we have - ~y > = «— y, and hence y + (z «— y) = v,
that means, by [10], Lemma 1.1.7,  V y = y, and therefore z < y.

Conversely, let < y. Then the equality (1 — z)+2 = 1 implies (1 =~ z)+y = 1.
Hence

y+(@-~y)=y+~(rty)=y+ (01— (1 —2)+y)

that means z <1 y.

Therefore the relation <; coincides with the relation < of the DRI-monoid A.

Similarly, put ¢ <o y <= (-y-z) +y = y for any x,y € A. Analogously we
can prove (using the definition of the operation — and [10], Lemma 1.1.7) that the
relation <5 also coincides with <.

Hence xVy = y+(x-~y) = (-y-x)+y is the lattice join and x Ay =y - (x + ~y) =
(—y + ) - y is the lattice meet also in the MV-algebra constructed. (So at the same
time we have verified the validity of conditions (9) and (9’).) Therefore (10), (10),
(11) and (11’) are satisfied.

(12) It follows from the fact that (A4, +,0,<) is an [-monoid.

(12) First verify that ~(z Vy) = ~x A ~y and =(z Ay) = -z V —y.

~EVy) =~y z)+ty) =~y -z) ~y
= (y+r~z) vy = (oY +va) vy =~z Ay,
“(xAy) ==y (x+~y)) =y +(z+~y)
=-y+(r-y)=-y+ (-z-~oy) = Voy.
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Now we get

z-(yVz)=—(~r+~(y V) =o(~a+ (~vy Avz))
= (vt og) A (e ~2) = () Al 2)
=-~(z-y)Vo~(z-2)=(z-y)V(z-2).

The equality (yV z) -z = (y-z) V (z - ) can be proved analogously, hence (12'b)
is proved. Dually (12'a). O

In the next theorem we will show that also conversely, any MV -algebra induces
some D Rl-monoid.

Theorem 13. Let A = (A, ®,®,—,~,0,1) be an MV -algebra. For any x,y € A
set
r—=y="1Yyo0Or, T~yY=x0O~VY.
If  Vy (x ANy) denotes the supremum (the infimum) of elements x,y € A in the
order induced on A, then (A, ®,0,V,A,—, <) is a bounded D RI-monoid with the
greatest element 1 satisfying conditions (i) and (ii) of Theorem 12.

Proof. By the definition of an MV-algebra and by Theorem 2 we get that
y®(rO~y)=2aVy =2z Let v e Abesuch that y v > 2. Then by Theorem 5,
x ® ~y < v, and hence x ® ~y is the least of the elements v € A with the property
yPv2x, thisz©~y=2+«y.

Similarly (-y©x)®y =xVy >z, and if wdy > x for w € A, then by Theorem 5
we get ~y © x < w, that means -y z =z — y.

We will show the validity of conditions (5) of the definition of a DRI-monoid.

(a) Let z,y € A. Then (9) of the definition of an MV-algebra yields

(z—y)oy=(wor)dy=xVy,
Yo (r~—y)=y@(xO~y)=2Vy.

(b) For any x € A we get by (2) and (2') of the definition of an MV-algebra:

r—rx=—x0x=0,

r—x=x0O~x=0.

Hence (4,®,0,V,A,—,+) is a DRIl-monoid and 1 is its greatest element.
We will verify conditions (i) and (ii).

(i) l1«-1—2)=1+(20l)=1v2z=10~2x=u,
l1-(1lv2z)=1—-(10~a)=1—=r~z=-~z0Ol=u.
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(ii) 1= (Aol —y)=1—=(10~)® (10 ~y))
=l=(rzd~y)=-(rzd~y) Ol=20y,
(=)ol —y)=1—((z0l)®(yo1l)
=l (2@y) =10~(2dy) =20y.

O

Remark. Let A = (A,®,®,7,~,0,1) be an MV-algebra and let 4; =
(A,®,0,V,A,—,—) be the DRI-monoid generated by A by the method of The-
orem 13, that means, in A;, c =~y =y 0Oz, z ~—y =2 O~y for any z,y € A.
Then in the MV-algebra As = (A, ®,-,,~,0,1) induced by A; by the method of
Theorem 12, we have in Ay for any = € A,

dr=1—-z=-201=z,

Hr=1lvz=1 -~z =z,
and hence by Theorem 1(b) also
Toy=z0y

for any =,y € A. Therefore the MV-algebras A and As coincide and thus every
MYV -algebra is induced by a D RI-monoid.

Let C and C¢ be classes of algebras of given types. Recall that two classes Co, and
Cc of algebras are equivalent if there exists a one-to-one correspondence F between
Coo and C¢ such that for any A € C, A and F(A) have the same underlying set,
and for each A, B € C, and each mapping f of A into B, f is a Coo-homomorphism
of the algebra A into the algebra B if and only if f is a Cc-homomorphism of F(.A)
into F(B). It is obvious that the algebraic categories corresponding to the equivalent
classes Co, and C¢ are isomorphic.

Let us denote by MYV the class of MV-algebras (which is a variety of algebras of
signature (2,2,1,1,0,0)). For the class of bounded DRI-monoids we will consider
the greatest element 1 as a nullary operation and so we will extend the type of
such DRIl-monoids to (+,0,V, A, —, <, 1) of signature (2,0,2,2,2,2,0). Now, let us
denote by DRIy(;)(;i) the class of DRI-monoids with 1 satisfying conditions (i) and
(ii) viewed as a variety of the above type. Then we get the following theorem.

Theorem 14. The classes MV and DRIy ;)(i1) are equivalent.

Proof. If A = (A,®,6,-,~,0,1) is an MV-algebra, denote by F(A) =
(4,®,0,V,A,—,+, 1) the induced DRI-monoid. By the preceding remark it is clear
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that F is a one-to-one correspondence between MV and DRIy ;). Moreover, if
f+ A — Bis an MV-homomorphism then (since the operations V, A, — and — are
defined by MV-terms) f is also an D Rl;j-homomorphism, and vice versa. O

Corollary 15. The categories MV and DRIy ;)(is) are isomorphic.

Let CMYV denote the class of commutative MV -algebras and CDRI, ;) the class of
commutative D RI-monoids with the greatest element 1 satisfying condition (i) which
is now in the form 1 — (1 — z) = z. (Note that condition (ii) is trivially satisfied for
commutative D RI-monoids.)

Thus as a consequence we have (see also [14]):

Theorem 16. The classes CMV and CDRIy(;) are equivalent (and hence the
corresponding equational categories are isomorphic).

Moreover, by [10], Theorem 1.1.23, the lattice (A, V,A) of any DRI-monoid A is
distributive. Hence we have:

Theorem 17. If A = (A, ®,©,~,~,0,1) is any MV -algebra, then the lattice
(A, V,A) is distributive.

At the same time we obtain as an immediate consequence of Theorem 10:

Corollary 18. For every MV -algebra A the set B = {x € A; x ®x = x} of its
additive idempotents is a Boolean algebra in which the complement x' of arbitrary
element x € B fulfils ¥’ = —x = ~x.

4. INTERVALS OF LATTICE ORDERED GROUPS AND LOOPS

Let G be a commutative [-group, 0 < u € Gand A = [0,u] = {z € G; 0 <z < u}.
Set t@y=(x+y)Au, v =u—zand xOy = —(—x ® —y) for any z,y € A. Then
I(G,u) = (A, ®,®,,0,u) is a commutative MV-algebra. C. C. Chang in [5] proved
that any linearly ordered commutative MV-algebra is isomorphic to I'(G,u) for a
commutative linearly ordered group G and a strong order unit u in G. D. Mundici
in [11] generalized this result to arbitrary commutative MV-algebras. Namely, he
showed that if A is any commutative M V-algebra then there are a commutative
l-group G and a strong unit w in G such that A is isomorphic to I'(G, u).

In this section we will examine analogous intervals of non-commutative [-groups.
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Theorem 19. Let G = (G,+,0,—(),V,A) be a (non-commutative) lattice or-
dered group, 0 < u € G and A = [0,u]. For any x,y € A set

r@y=(@x+yAu, z—y=(x—-y)Vv0, zv—y=(—y+z)VO0.

Then (A, ®,0,V,A,—, ) is a bounded DRI-monoid (with the greatest element u)
in which any x,y € A satisfy

W we (u =) = o= u = (a2

(i) u=((u=2)®(u—y)) =u—((u=2)3(u—y)).

Proof. We will verify conditions (1)—(5) of a D Rl-monoid.
Condition (1):

2@ ydz)=(+y+2)ANu=(zdy) Dz,

hence (A, ®,0) is a monoid.
Condition (2), (3): (A, V,A) is a sublattice of the lattice (G, V,A) and e.g.

2@ yYNAz)=(+y)A(x+2)ANu=((z+y)Au)A((x+2) Au)
=@y A (re2),

hence (A, ®,0,V,A) is an [-monoid.
Condition (4):

yo@@—y =yo(-y+z)v0)=(ya(-y+z)Vy
=(@Au)Vy=zVy,

thus y @ (z — y) > x.

Let r€e A, y®r > x. Then (y+7)Au >z, hence y +r > z, ie. r > —y + x.
Moreover, r > 0, therefore r > (—y+2) VO = & «— y. Thus  — y satisfies
condition (4). Similarly for x — y. (Moreover, (x — y) ®y =z Vy, as well.)

Condition (5a): Since 0 is the least element in A, we have

(z—=y)vo)oy=(z—y)dy=1Vy,
Yo (z—y) V) =y (r~—y)=xVy.

Condition (5b): Evidently x — 2 =0=2 « z.
It remains to show the validity of conditions (i) and (ii).
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Condition (i):
u—(u—2)=—(u—z)+u=z,u— (u~—2x)=u—(—x+u) =a.
Condition (ii):

u—((u~—2)®(u~—y))=u—((-r+u) & (-y+u))
=u—((—z+u—y+u)Au)=(y—u+z) Vo0,
u—((u—=2z)&u—y)=u~—((u—2)&@u-y))
=—(u—z+u—y)Au)+u=({y—u+z)VO0.

As an immediate consequence of Theorems 12 and 19 we obtain

Theorem 20. Let G = (G,+,0,—(:),V,A) be a (non-commutative) I-group,
0<ueGandA=]|0,u]. If we set

r@y=(+y Au, z0y=@Yy—ut+z)VO0,

r=u—x, ~r=-T+u

for any x,y € A then I'(G,u) = (A, ®,®, 1, ~,0,u) is an MV -algebra.

Remark. a) By Remark after the proof of Theorem 12, for arbitrary 0 < u € G,
the set B, of additive idempotents of I'(G, u) is a Boolean algebra. Evidently « € B,
if and only if t A (u —2) =z A (—x +u) =0.

b) If for 0 < u € G the interval [0,u] is a chain (i.e. u is a basic element in the
l-group G), then B, = {0,u}. Hence, if G is a linearly ordered group, then for each
0 <u € @G, B, is a two-element Boolean algebra.

c¢) Let an l-group G be the direct sum of linearly ordered groups Gi,...,G, and
let 0 < u=(up,...,up) € G. If u; # 0 for each ¢ = 1,...,n, then B, is a finite
Boolean algebra having 2™ elements. Hence for any finite Boolean algebra B there
are an [-group G and 0 < u € G such that B = B,,.

d) Let G be an I-group and 0 < u € G. Let us suppose that v is a singular element
in G, i.e. for any s,t € [0,u], s+ ¢ = u implies s At = 0. Since for every x € [0, u],
r+(—r+u) =u= (u—2x)+z, we have z A~z =0 = -z Az, and so z € B,. Hence
in this case B, = A = [0, u], therefore A is a Boolean algebra and ' = —a2 = ~ux for
any = € A.

Recall that any commutative M V-algebra is isomorphic to I'(G, u) for an appro-
priate commutative lattice ordered group G and 0 < u € G (where moreover u can
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be a strong unit of G). This fact has been proved for linearly ordered MV -algebras
and linearly ordered groups by C.C. Chang in [5], and it has been generalized to
arbitrary MV-algebras and commutative I-groups by D. Mundici in [11] using the
possibility of expressing any commutative MV -algebra as a subdirect sum of linearly
ordered MV -algebras.

We will show that for non-commutative MV -algebras the similar construction
does not lead in general to a group, but, nevertheless, we will show that any linearly
ordered MV -algebra can be represented as an interval of a linearly ordered loop.

Definition. a) Let (G,+,0,/,\) be a loop and let < be an order on G. Then
G = (G,+,0,/,\,<) is called an ordered loop if

Ve,y,2,v € G e <y=v+r+z<v+y+z.
b) If G is an ordered loop and (G, <) is a lattice with the lattice operations
V and A, then G = (G,+,0,/,\,V,A) is called a lattice ordered loop if for any

T,Y,2,0 € G7

v+(xVy)+z=@w+z+2)V@w+y+2),
v+ Ay)+z=@WF+ar+2)A(v+y+2).

(Recall that for any z,y € G, y/x (y \ =) denotes the unique solution v (w) of the
equation z + v =y (w 4+ = = y, respectively).)

Lemma 21. If G is an ordered loop and x € GG, then

0<ze0/z<0&0\z<

Proof. If0 < xthen0/z < 2+(0/x) =0, andif 0/z < 0 then 0 = z+(0/z) < z

Similarly 0 < z if and only if 0\ 2 < 0. O
Lemma 22. Let G be a lattice ordered loop, 0 < u € G, and A = [0,u]. For any
z,y € A set

r@y=(+y)Au, = 0\z)+u, ~z=u+(0/z),
TOY=r~("zdY).

Then @ and ® are binary and — and ~ are unary operations on A. (Denote I'(G, u)
= (Aa 69, Q, BEEAS) Oa ’Z,L))
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Proof. Let z,y € A. Obviously z @y € A. By Lemma 21, 0\ < 0, hence
(0\z)+u < u. Further, 0 = (0\z)+2 < (0\z)+u, thus (0\z)+u € A. Analogously
u+(0/x) € A.

Finally, z 0y = ~(-~z®-y) = (0\ ((u+ (0\z)) ® (u+(0\y)))) + u, and because
u+(0\z),u+(0\y) € A, we have z Oy € A. O

Theorem 23. Let A be a bounded linearly ordered DRIl-monoid satistying (i)
and (ii). Then there exist a linearly ordered loop G and 0 < u € G such that I'(G, u)
is an MV -algebra and A is isomorphic to I'(G, u).

Proof. Let A be a linearly ordered non-commutative D RI-monoid with a
greatest element 1 satisfying conditions (i) and (ii) and let Z be the additive group
of integers linearly ordered by the natural order. Denote by B = 7 XA the cartesian
product of 7 and A ordered by the lexicographic order. (That means, (m,z) < (n,y)
if and only if m < n or m < n and z < y.) We will define a binary operation ® on B
as follows: If (m,z), (n,y) € B then

(m,2) @ (n,y) = (m+n,x+y), ifrxty<l,
(m,2) & (nyy) = (m4+n+1, 1= (1—a)+(1—y), fety=L

Moreover, for any m € Z put
(m,1) = (m+1,0).

a) Let us show that for any (m,z), (n,y) € B there exists a unique (s,w) € B
such that (m,z) @ (s,w) = (n,y).

aa) Suppose that x < y.

aal) Let y # 1. Then

(m,x)@(nfm, yﬁx) = (nvy)

Show that (s,w) = (n — m,y ~— x) is a unique solution of the above equation. Let
(p, 2z) € B be such that also (m,z) @ (p, z) = (n,y).

aoll) Let 2+ 2 < 1. Thenm+p=n,z+z=y, hencep=n—m, z >y — z,
and z+ (y — z) =z + z. We have y — 2 < 1 «— =, and moreover, x + z = y < 1
and z + (1 — z) = 1 imply z < 1 «— . Therefore in the induced MV -algebra we get
24+ (y~2z)=xz+zand z,y — = < ~x, hence, by Theorem 6, z = y — x.

aol2) Let x +z = 1. Then m+p+1 =mn,thusp=n—-m—1and 1 —
(1~ 2)+ (1 « 2)) =y. At the same time, (1 — z) + (1 — z) > 1 «— z, hence
1-(1+v-2)+(1+2)<1—=(1+2a) == and so y < z. That means z = y.
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Hence by [10], Lemma 1.1.12, (1 = (1 « 2)) — (1 «— z) = z, and therefore by (i),
z—=(1vz) ==z

Moreover, from © +1 = 1 we get z > 1 «— x, hence by [10], Lemma 1.1.12,
(z—=(1+2)+ (I ~—2x)==2 Thus z + (1 — z) = z, that means z = 1.

Therefore (p,z) = (n —m —1,1) = (n —m,0). (At the same time, in this case,
(n—myy~—2x)=(Mn—-—m,z~—x)=(n—m,0).)

aall) Let y = 1. Then

(m,z) ® (n—m,1+ z)=(n,1).

Let (m,z) ® (p,z) = (n,1). If z + 2z < 1, then by the definition of @, z + z =
1, a contradiction. Hence z + z = 1, i.e. 2z > 1 «— x. It is obvious that 1 —
((1 — ) + (1 «— 2)) is equal either to 1 or to 0.

Ifl1 - (1~ x)+ (1 « 2)) =1, then by Theorem 4 we have z = z = 1.
Then (m,1) ® (p,1) = (n,1), thus m+p+1 = n, ie. p = n —m — 1. Hence
p)=mn—-m-1,1)=(n—-—m,0)=(n—m,1+ 1).

Let 1 = (1~ 2)+ (1« %)) =0. Then x ® z = 0, hence -~z ® z = 0, and
therefore by Theorem 5, 2 < ~x =1+ z,ie. z2=1+z.

af) Suppose x > y.

Let (m,z) @ (p,2) = (n,y). We have z + z > y, thus z + z = y cannot hold.
Hencex+1=1,s0 2> 1~z and 1 = ((1 — x) + (1 « 2)) = y. Therefore
20z=20((1—2z)+y),andsince z > 1~z and (1 — ) +y > 1 — z, we have,
by Theorem 6, z = (1 «— z) + y.

b) Analogously, for any (m,x), (n,y) € B there is in B a unique solution (r,v) of
the equation (r,v) ® (m,z) = (n,y).

Therefore B is a quasigroup. Obviously, (0,0) is a zero element in B, hence B is
a loop.

Now it is evident that the MV-algebra corresponding to A is isomorphic to
I'(B,(0,1)). O

Remark. If A is a commutative MV -algebra, then the loop B from the proof
of Theorem 23 is a (linearly ordered) group. But in general, for a non-commutative
case, B is not a group. Namely, for any (m,z) € B we have

(myz) @ (—m—1,~x)=(m—-m—-1+1,20 ~z) = (0,0),

(—m—1,-2)® (m,z) =(—m—-14+m+1,-2ox)=(0,0),

that means (—m — 1,~z) is a right and (—m — 1, -x) is a left opposite element of
(m,z) in the loop B. But in general, ~z is not equal to —z, therefore (B, ®) need
not be a semigroup, and so B need not be a group.
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Problem. The question whether any linearly ordered (non-commutative) MV-

algebra is isomorphic to I'(G,u) for a linearly ordered group G and an element

0 < v € G remains open.
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