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Abstract

In this paper, a practical approach for detecting packet-based orthogonal frequency division
multiplexing (OFDM) signals in the presence of phase noise is presented. An OFDM packet
consists of several OFDM symbols with full-pilot symbols at the beginning followed by consecutive
data symbols. Based on the full-pilot OFDM symbol, a frequency-domain joint phase noise and
channel vector estimator is first derived. It is shown that the phase noise vector can be estimated by
maximizing a constrained quadratic form without requiring knowledge of the channel vector. This
estimated phase noise vector is then used to compute the least squares channel estimator. Assuming
that the channel is constant during each packet, the estimated channel is used in subsequent data
OFDM symbols for equalization and data detection. Since phase noise changes from one OFDM
symbol to the next, the scattered pilots in each data OFDM symbol are used to non-iteratively
estimate and mitigate the phase noise induced interference. A significant improvement in the signal-
to-interference-plus-noise ratio is achieved using our proposed algorithms.
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I. INTRODUCTION

IGH-rate multi-carrier transmission schemes are attractive in modern communica-

tion systems, which require broadband data transmission with high spectral effi-
ciency. However, the sensitivity of a coherent receiver to the local oscillator (LO) phase
noise increases for large signal constellation sizes. This issue becomes more pronounced
for orthogonal frequency division multiplexing (OFDM) systems [1] since the transmission
bandwidth is divided into narrower sub-channels. Moreover, as the carrier frequency increases,
the phase noise effects become more significant, potentially limiting the overall system
performance. Phase noise manifests itself in two ways [2], [3] - a common phase error
(CPE), which is an identical phase rotation in all sub-carriers, and inter-carrier interference

(ICI), which is a result of the loss of orthogonality among sub-carriers.

A. Previous Work

The effect of phase noise on the performance of OFDM systems has been extensively
analyzed (see e.g. [2], [4]-[6]) using the conventional approach of estimating the CPE term
only. Since correcting for CPE yields poor detection performance in the presence of large
phase noise, estimation and compensation of ICI caused by phase noise were considered in
[3], [7]-[9]. As ICI mitigation involves de-convolving the phase noise spectral components
from unknown data sub-carriers, the authors of [7]-[9] use an iterative algorithm for joint
data and phase noise estimation. Specifically, CPE is estimated using scattered pilots and the

data symbols are detected using the estimated CPE, after which phase noise is re-estimated



using the detected data. A common problem with iterative schemes is that they suffer from
error propagation if iteration is performed on the uncoded data, or from long latency and
high complexity if iteration is performed after the Viterbi decoder [3]. Long latency is not
practical in many packet-based systems that require fast packet acknowledgement, such as
802.11a/n. Moreover, perfect knowledge of the channel was assumed in [2], [3] during the
full-pilot OFDM symbol transmission. An approach based on joint time-domain channel and
phase noise estimation was investigated in [10] which requires an N x N matrix inversion

where NNV is the discrete Fourier transform (DFT) size.

B. Our Contributions

In this paper, we propose a practical approach to detect packet-based OFDM signals in the
presence of phase noise. An OFDM packet consists of several consecutive OFDM symbols
with few full-pilot symbols at the beginning which are typically used for channel estimation,
followed by data symbols in which data and pilot subcarriers are multiplexed together. We
design efficient schemes for both channel estimation during the full-pilot OFDM symbol
and data detection in subsequent data OFDM symbols with scattered pilots. In our proposed
scheme, the full-pilot OFDM symbol is used to jointly estimate the channel and phase noise
vectors. We propose a novel frequency-domain estimator in contrast to [10] which follows a
time-domain approach. The motivation to perform the estimation in the frequency domain is
the fact that the phase noise process can be well approximated by a few frequency spectral
components [4] and this property can be used to reduce the complexity of the proposed
estimation algorithm significantly.

For indoor systems such as wireless local area networks (WLAN), the channel is constant

during each OFDM packet (i.e. no mobility). However, phase noise changes from one OFDM



symbol to the next [3]. We propose to use the scattered pilots in each data OFDM symbol
to estimate the spectral components of the phase noise process in the same OFDM symbol.
Specifically, a non-iterative approach to mitigate ICI in data OFDM symbols is investigated
where the CPE terms of at least two consecutive data OFDM symbols are estimated using
their own scattered pilots. Next, the phases of the estimated CPEs are set as the phases
corresponding to the middle samples of each time-domain OFDM symbol (see Fig. 5, 6).
Interpolation between the phases of these two points provides an estimate of the phase
transition from the middle sample of the first OFDM symbol to the next. The interpolator is
derived by minimizing the mean squared error (MSE) with respect to the actual underlying
phase noise process as the cost function. We prove that, for small phase noise, a straight line
connecting the phases of the two middle points minimizes the MSE.

Our proposed approach achieves significant performance improvement compared to con-
ventional OFDM receivers with single tap per sub-carrier frequency-domain equalizers. Based
on the full-pilot OFDM symbol, our joint channel and phase noise estimator provides an
accurate channel estimate in the presence of phase noise. For data OFDM symbols, linear
phase interpolation of CPE mitigates a considerable amount of ICI. Furthermore, no iterations
are employed in the estimation process neither during the full-pilot OFDM transmission stage
nor during the data OFDM detection stage.

The rest of the paper is organized as follows. In Section II, the system model is described
and the joint frequency-domain channel and phase noise estimator is derived. In Section
III, phase noise estimation and tracking is described. In Section IV, the effective signal to
noise plus interference ratio (SINR) is analyzed and the improvement due to our proposed

algorithm is quantified. Simulation results are given in Section V and the paper is concluded



in Section VIL.

II. SYSTEM MODEL AND JOINT ESTIMATOR
A. System Model and Notation

The notation of this paper is as follows. All vectors and matrices in the time-domain are
represented by a@ and A, respectively, while those in the frequency-domain are represented by
a and A, respectively. Unless otherwise stated, all vectors are assumed to be column vectors.
The nth element of vector a is denoted by a, and the mth vector within a set of similar
vectors is denoted by a™. Also, the (m, n)th element of the matrix A is denoted by A(m,n).
Furthermore, ™7 and @™ are the transpose and Hermitian transpose of @™ respectively. a*
is the complex conjugate of the scalar a. The estimate of a vector a™ is denoted by a™.

In many packet-based OFDM systems, carrier frequency offset (CFO) synchronization and
timing synchronization are performed based on repetitive time-domain training sequences
[11], [12], [13]. In this work, we assume that the CFO and timing offset synchronization
have been determined and compensated for, based on these repetitive training sequences.
Channel estimation is performed based on full-pilot OFDM symbol following the repetitive
training sequences. One full-pilot OFDM symbol with superscript of zero (i.e. m = 0) is
assumed in this paper. If m # 0, that OFDM symbol is a data symbol. Since the channel
is assumed constant within the packet (i.e. no mobility), the superscript is omitted for the
channel vectors and matrices for simplicity of notation.

The signal model in the presence of phase noise is studied in [2], [14]. At the nth signal
sample of the mth OFDM symbol, phase noise introduces a random phase rotation of eI
in the time-domain where ¢ = ¢™ | + ¢ and € ~ N(0,02) [2] [3] [15]. The phase noise

variance 1s ag = 2n3T, [16] [17], where T is the OFDM symbol time duration and [ is



the two-sided 3-dB bandwidth of the phase noise process. This effect can be expressed as

convolution! in the frequency-domain and the received signal 77" can be written as

N-1
T =Y @lhypl w0 0<k<N-1 (1)

q=0
where N is the OFDM symbol size, x;* for m = 0 is the gth pilot sample of the pilot vector
x’ = [z --- 2} _,]", hg is the gth element of the channel vector h = [hg - - - hy_1]" and p}’
is the gth spectral component of the phase noise vector p™ = [pj'-- - p\_,], respectively.
Note that p™ is defined as a row vector. The notation (-) denotes the modulo-N operation.
Vector x” consists of pilot tones which are known to the receiver. This vector is referred to
as the full-pilot OFDM symbol. w™ is additive complex noise Gaussian distributed with zero
mean and variance o2,. The kth phase noise spectral component of the mth OFDM symbol
Py, can be written as [3]

1 = —j2mnk
pzn:_zewexp(J_) 0<EkE<N-1 (2)

n=0

The channel response at the kth frequency sub-carrier is given by

g — okl
hk:—Zhlexp( ¥ ):nggN—l (3)

where hy; is the Ith tap of the time-domain channel impulse response of length L, which
is assumed to be less than the length of the cyclic prefix to maintain orthogonality among
the sub-carriers in each OFDM symbol. The channel taps are assumed to be uncorrelated
zero-mean complex Gaussian random variables with an exponential power delay profile and

variance E[|h|?] = o2, where E[] is the statistical expectation operation.

"Modulo-N circular convolution because of the cyclic prefix appended at the end of each OFDM symbol.



B. Channel Estimation

Assuming that the pilot tones are drawn from a constant-modulus signal constellation,

0

1.€. a:q

wg* = &,, the least squares (LS) estimator of the time-domain channel vector h =

[ﬁo - h L_I]T which collects the channel taps in the time-domain can be written as [18]

h= arg min [— log fF(°p°", )] 4)
h

where f(-) is the conditional probability density function (PDF) of the received vector, 7°,

given the phase noise and the channel vectors. Note that Baysian estimation is not considered
in this paper which means no apriori knowledge of f(h) and f(p°") is available at the
receiver. Re-writing (1) in compact matrix notation, we have r° = P°X°Dh + w°, where
D is the N x L DFT matrix with D(n,l) = %ﬁ exp (—j2mnl/N), X" is a diagonal matrix of
pilot tones, P is a column-wise circulant matrix whose first column is p°” and the following
columns are cyclically-shifted versions of it. The conditional PDF in (4) is Gaussian [18] i.e.

f(r°p°T h) = aexp(—||r® — P°X°Dh||?/c2) where a is a constant and the LS channel

estimate is derived by minimizing its exponent

h = arg min Hro — POXODi_LH2
" &)
— iDHXOHPOH,’,O

&
The second line in (5) is derived by differentiating the squared norm with respect to ~’ and
setting it to zero. Note that it can be easily shown from (2) that P° is an orthonormal matrix
ie. PPPY = I where I is the identity matrix. This fact has been used in derivation of the
LS channel estimate in (5). This channel estimate is a function of the unknown phase noise

matrix P° and, therefore, it can not be computed until P? is estimated beforehand. Phase

noise estimation is described in the next subsection.



C. Phase Noise Estimation

The dependence of the cost function in (4) on the channel vector can be removed by

substituting its LS estimate from (5) as follows

Pl = arg min[—log f(r°|p"", )]

pOT

1
= arg min ||r" — g—POXODDHXOHPOHrrOHQ

pOT x

1
— arg min[r®"r? — S—TOHPOXODDHXOHPOHTO}
pOT x

) 1
= arg min[r?"r? — 0" POX°
P07 Ex

(6)
x (I — BB™) X pHy0]

= arg max r' P' X° BB X" pOH .0

pOT

= argmax p’ R*” X° BB XH ROp"H
pOT

= arg max p° M p°?

pOT

where M 2 R X°BB” X R°. In the definition of M, B is an N x (N — L) matrix
consisting of the last (N — L) columns of the full N x N DFT matrix and, therefore,
concatenating B with D constructs a full N x N DFT matrix. R’ is a circulant matrix built
from the received signal vector 70,

Our objective is to solve the resulting quadratic form in (6) subject to the constraint that
all time-domain phase noise elements are small and lie in the unit circle, i.e. they are all in
the form of e/%n ~ 1 + j@°. Using (2) to transform this constraint to the frequency-domain,

for £ =0 we get

N-1 N-1 N-1

1 .70 1 - 1 -
0o _ — § On o~y E 210 - E 0

n=0 n=0 n=0



Therefore, a proper constraint in the frequency-domain is that the real part of pj is 12. This

constraint follows directly from the small phase noise assumption in the time-domain.
Defining e as a 1 x N row vector with first entry equal to one and zeros otherwise, we

can formulate the proposed constraint as e x R(p®)? = 1, where R(p°) is the real part of

p°. Therefore, the constrained cost function is given by

J=p"Mp"" — (e x R(p")" —1) (8)

where A is a constant Lagrange multiplier.

Proposition 2.1: The solution to the constrained cost function in (8) is given by

3(@")" = ASe”
9)
R(P")T = AT H(ATS + Ie”

where I' and A are the real and imaginary parts of the Hermitian matrix M, respectively,
~0y\ - . . ~0 N 1a02] et -1
J(p”) is the imaginary part of p° and S = [I + (T7'A) } I'""AT'"". The Lagrange

multiplier can be found by satisfying the constraint e x $(p°)? = 1 which gives

1
A= 10
e[l 'ATS +T7')e” (10)

Proof: See Appendix L. ]
The complexity of the above estimator can be reduced by considering only the most
significant elements of p°. Based on the analysis in [4], the phase noise process can be
modeled as a low-pass process and, therefore, the row vector p™ can be well approximated
by estimating its ) + 1 elements only, i.e. p?V”LQ/W e PN_1 PO ,pg/Q. As a result,

all the matrices in the estimator of (9) can be reduced in size accordingly. The remaining

2Since this constraint is approximate, the estimated phase noise vector is biased. This bias does not cause any performance

loss since it will be averaged out during data transmission stage.



phase noise spectral components are set to zero, since they are in fact very small quantities.
Therefore, P™ has a circulant and approximately banded structure with the main diagonal
equal to the CPE term and (/2 elements above and below the main diagonal. After estimating
the real and imaginary parts of the phase noise vector in the frequency domain, the circulant
banded matrix 1/50 is constructed and substituted back into (5) for channel estimation. Note
that the cost function in (8) is independent of the channel. As a result, no iterations are
needed in the joint channel and phase noise estimation.

In summary, the joint estimation is performed in two steps. In the first step, ) + 1 phase
noise spectral elements are estimated using (9). In the second step, the estimated phase noise

matrix is used in (5) to compute the LS channel estimate.

IITI. DATA OFDM PHASE NOISE ESTIMATION

The channel estimate computed during the full-pilot OFDM symbol is used for equalization
and decoding of the data OFDM symbols. Unlike the channel response, which is assumed
constant for the duration of a packet, the phase noise matrix P™ changes from one OFDM
symbol to the next. Therefore, this matrix has to be estimated for each OFDM symbol to
achieve acceptable bit error rate (BER) performance. The scattered pilots inserted in every
data OFDM symbol are used to estimate P™ for m > 0.

To mitigate ICI using these scattered pilots, we propose a non-iterative interpolation-based
technique to track the random phase variations across the time-domain data samples in a given
OFDM symbol. Our proposed approach differs from all existing approaches in the literature
[3], [7]-[9] which perform joint iterative data and phase noise detection as explained in the
introduction section. We propose two phase interpolation schemes depending on whether the

receiver is able to buffer one OFDM symbol or not. In the first scheme, interpolation is



performed between the estimated CPE associated with the current data OFDM symbol and
the estimated CPE of the previous data OFDM symbol. Therefore, the receiver does not
suffer from any latency or buffering requirements.

In the second scheme, interpolation is performed based on the estimated CPEs of the
current, the previous, and the next OFDM symbols. Therefore, the actual detection of the
mth received OFDM symbol takes place after reception of the (m + 1)th OFDM symbol.
Although the performance of the second scheme is superior to the first scheme, its drawback

is the need for one OFDM symbol buffer and a latency of one OFDM symbol.

A. Interpolation Between Consecutive OFDM Symbols

Phase interpolation is performed between the CPE estimates of two consecutive OFDM

symbols. In the data OFDM symbol, we have from (1) that
N—-1
i =piaphe+ > @l hepll g +wl s mA£0 (11)
q=0,qg#k

where the second term in (11) can be viewed as interference because of the unknown data.

The CPE estimate is given by [2], [7]

mh
pr = e T e (12)
Zkz g:v|hk|2

Assuming that the cyclic prefix length is C, the estimated CPEs of the first and the second?
data OFDM symbols are interpolated into N + C' intermediate points by designing a filter G,
which minimizes the MSE between the actual phase noise process and the phase-interpolating

function. This can be written as
C_;opt = argminE [|§ — Guﬂ = (bgu@:“lt (13)
G

3The interpolation is performed between the first and the second data OFDM symbols for simplicity of notation and there

is no loss of generality incurred. The procedure can be easily generalized to the mth and (m + 1)th data OFDM symbols.



where u = [p, py)” and 6 = [¢’ Wzl ‘Z’?W]T is the actual time-domain phase noise vector
which extends from the middle point of the first data OFDM symbol to the middle point of the
second OFDM symbol. Therefore, the interpolation region starts from the sample index N/2
and ends at the sample index 3N /2 + C (see Figures 5 and 6). ®y,, is the cross correlation
matrix between § and u, ®,,, is the autocorrelation matrix of w and G is an (N + C) x 2
interpolator matrix with the optimum solution C_T'opt, given in (13).

For a simpler solution, we propose to connect the two estimated CPE points using linear
interpolator, G, and we prove that for small phase noise levels, C_}opt reduces to G. The

linearly approximated phase noise can be written as

0, = G, u (14)
(N+C)x1  (N+C)x2

where the nth row of G, is given by

Guln,:) = NiCBN/HC_n n— N/ (15)

for N/2 <n <3N/2+C.
Proposition 3.1: The optimum interpolation matrix C_T’Opt between the first and the second
data OFDM symbols reduces to the linear interpolation matrix G, given in (14) if 57T, < 1.

Proof: See Appendix L. [ |

B. Phase Noise Tracking Strategy

The receiver with no buffer (RNB) estimates the CPE of the second received OFDM
symbol and links it to the CPE of the first symbol using matrix G';. Since G, covers only
the first half of the second symbol, the CPE is used for the samples of the second half (see

Figure 5).



Further performance improvement can be achieved if the receiver has access to memory
that allows buffering of one data OFDM symbol. The receiver with buffer (RWB) waits for
the third OFDM symbol before detecting the second OFDM symbol (see Figure 6). Hence,
RWB constructs the phase noise matrix of the second OFDM symbol, only after receiving
the third data OFDM symbol.

As an example, assuming transmission of three consecutive OFDM data symbols, the
estimated CPE points are assigned to samples N/2, 3N/2 + C and 5N/2 + 2C. The region
between the first and last CPE points (i.e., N/2 < n < 5N/2 4 2C) is defined as the
interpolation region (see Figure 6). The major advantage of the RNB and RWB schemes is
their low implementation complexity. There is a significant SINR improvement by performing
the linear phase noise interpolation which will be confirmed by computer simulations in

Section V.

C. Data Detection

After the phase noise process is linearly approximated by either RNB or RWB, the data

symbol estimates are computed as follows

Q/2

Z pq}rk Q)
= Q/Qﬁ (16)
k

where k € data sub-carriers and m # 0. Basically, instead of de-rotating each OFDM sample
in the time domain, the receiver simply convolves the received signal by the estimated phase
noise spectral components followed by a simple one-tap frequency-domain equalizer (FEQ).
The convolution operation can be implemented as a matched-filter for the phase noise matrix

since P™ is an orthogonal matrix. Note that the summation in (16) is only over ) + 1



elements and, therefore, it is very simple to implement. The soft output of the FEQ is passed
to the Viterbi decoder or a hard decision is made based on ;. Both coded and uncoded bit

error rate (BER) results are given in Section V.

IV. SINR ANALYSIS

In this section, we derive an expression for the minimum SINR improvement due to our
proposed algorithms. Note that the overall SINR improvement is due to the channel estimator
proposed in Section II together with linear phase noise interpolation in Section III. In the
following analysis, we assume perfect channel knowledge for all cases and therefore, only
the improvement due to linear interpolation is analyzed which is less than the maximum

achievable SINR gain.

A. Conventional Receiver

In the conventional receiver, the channel is estimated during the full-pilot transmission by
dividing the received signal by the pilot signal in the frequency-domain. In other words, the
phase noise process is ignored at each sub-carrier since the receiver is unable to estimate
and remove the effect of phase noise from the unknown channel response. Furthermore, data
detection during data OFDM transmission is performed as if there is no phase noise. In this
case, from (11) the SINR is given by

E(125|']

17
T E[py Y+ (4"

conven —

where v = E,0% /o2 is the matched-filter bound SNR. The right hand side of (17) is the
maximum SINR which is achievable by ignoring the channel estimation error (i.e. perfect

channel at the receiver). Using the derivations given in Appendix II, the SINR in (17) is



given by

1 - 76NT,/3 , 3

o 1 18
TBNT,/3+~ "  wBNT, (49

W/COHVCH S

where = denotes asymptotic equivalence as v — oo.

B. Proposed Linear Phase Noise Interpolation Case

In this subsection, the effect of performing interpolation is studied and the SINR im-
provement is quantified compared to the conventional receiver. We assume that the receiver
performs the proposed RWB phase noise interpolation of Section III during the data OFDM
transmission. Assuming that the received signal in the data OFDM stage follows the model
in (1), the receiver convolves this received vector with the estimated phase noise vector in

the frequency-domain (which has already been computed using interpolation) to get

Q/2
= D Blriig ¢ m A0
=-Q/2 (19)

= hixi’ + Z”M ghey + ZTA’WZ*q
7n™ in (19) is the residual phase noise vector and the interference term in (19) is a result of
phase noise estimation error. The receiver equalizes y;" by the estimated channel fALk in the
frequency-domain to get the estimate of the transmitted information symbols. To simplify

the analysis, the channel estimation error is ignored. Therefore, we have

m # 0 (20)

/ . . . . . . . . .
where w,;" is the equivalent noise which is still Gaussian with the same variance as w}’

since the frequency-domain phase noise vector p™ is orthonormal and ;" is the interference



which is the second term in (19). From (20), the maximum SINR can be derived as follows

1

<

’yinlerpolatinn

=

e[ e

Il
=)

q

The asymptotic SINR depends on the phase noise variance (3, symbol period T, (), N, the
number of scattered pilots |P| and the cyclic prefix length C. As shown in Appendix III, the

high-SNR asymptotic value of (21) can be derived to be

. 9
’Yinterpolati(m == ( 2 C

1+ — + =) 78NT,
+|77\+N>7Tﬁ

Depending on the number of scattered pilots and the guard interval length, the asymptotic

(22)

SINR expression in (22) provides improvement when compared to the expression in (18).
For example, for C' = 16, N = 64, |P| = 4, 8 = 1kHz in an OFDM system with 20MHz
bandwidth, the SINR improvement is 2.4dB. This improvement is solely due to the linear
interpolation in data OFDM transmission stage and does not consider the effect of the phase
noise resilient channel estimator during full-pilot OFDM transmission proposed in Section

II-B. The simulation results show near 5dB overall improvement (see Figure 9).

V. NUMERICAL RESULTS

In this section, the performance of our proposed phase noise mitigation schemes is inves-
tigated. In our simulations, a packet is considered as one full-pilot OFDM symbol followed
by three data OFDM symbols. The channel power delay profile is assumed exponential and
the channel memory is assumed less than the cyclic prefix length to maintain sub-carrier
orthogonality in each OFDM symbol.

Figure 2 shows the estimated phase noise process during one full-pilot OFDM symbol.

The estimated frequency-domain phase noise vector p° is assumed to have three elements



denoted by py, P, and px_,. This implies that Q is chosen to be two in our simulation.
These three elements correspond to the three main diagonals of the circulant phase noise
matrix 1/50 in the frequency domain.

The MSE of the channel estimate in the presence of phase noise is compared with the
case when there is no phase noise in Figure 3. As it can be seen from the figure, the MSE
of our proposed channel estimator is close to the scheme in [10]. In our scheme, only one
super-diagonal and one sub-diagonal of P° are estimated, i.e. () = 2, while the entire time-
domain phase noise vector of dimension N is estimated according to the algorithm in [10].
Also, compared to the channel estimation MSE in the conventional receiver, which ignores
the phase noise during channel estimation stage, our proposed joint channel and phase noise
scheme achieves significant performance improvement.

Figure 4 shows the channel estimation MSE as a function of ) for SNR of 30dB and
different values of 3. As it can be seen from the figure, if () = 0 (i.e. only CPE is considered),
the MSE is high. However, if we consider one sub- and one super-diagonal of P i.e. ) = 2,
the MSE decreases significantly especially for high 3. Moreover, as we further increase (),
little improvement in the channel estimation MSE is observed. This indicates that increasing ()
to more than four results in negligible performance improvement and adds to the complexity
of the estimation algorithm.

The RNB interpolation algorithm is illustrated in Figure 5 where the phase noise process
is shown over two data OFDM symbols. The optimum interpolator together with its linear
approximation connect the two CPEs of the consecutive data OFDM symbols. As it can be
seen in this figure, CPE is used to cover the second half of the second data OFDM symbol.

Note that in this case, the receiver has no knowledge about the CPE of the next data OFDM



symbol. The RWB interpolation algorithm is also shown in Figure 6 over three data OFDM
symbols. As it can be seen in the figure, P™ can be constructed only after reception of the
(m + 1)th data OFDM symbol.

Figure 7 illustrates the uncoded BER performance of the proposed channel and phase
noise estimator. The packet structure described before is used with () = 2 and the estimated
channel is used to estimate phase noise and decode the data in the data transmission stage.
The signal constellation is assumed to be 16-QAM with normalized energy; however, pilots
are drawn from a BPSK constellation with the same average energy. The DFT size is 64 and
the number of pilots is 4 which are equi-distant in each data OFDM symbol. From Figure 7,
we observe that the performance of our proposed channel estimation method is better than
the conventional method since there is an SINR improvement in estimating the channel. The
BER performance is further improved by applying the RNB phase noise interpolation at the
receiver. Further ICI mitigation is achieved by performing RWB interpolation, as seen in
Figure 7. Moreover, the performance of the optimum interpolator is the same as the linear
interpolator for § = 1kHz and a bandwidth of 20MHz.

The coded BER performance is shown in Figure 8. The coding rate is 1/2 and the WLAN
standard convolutional encoder [133, 171] with the constraint length of 7 is used. The Viterbi
decoder uses the soft information at the output of the detector in (16) with a decoding depth
equal to five times the convolutional encoder constraint length. As it can be seen from Figure
8, our proposed algorithms result in significant performance improvements compared to the
conventional receiver.

Figure 9 shows the SINR improvement (i.€. Viyepoiuion/ Yeomen) VETsus the matched-filter bound

SNR v = &,0%/02. The overall SINR improvement is approximately 5dB. The SINR



improvement due to interpolation only is also plotted which shows good match to our

analytical results in Section IV.

VI. CONCLUSION

In this paper, we proposed a low-complexity non-iterative frequency-domain joint channel
and phase noise estimation algorithm for OFDM systems. The improved channel estimation
algorithm in the presence of phase noise enhances the performance of data detection. Addi-
tional SINR improvement is achieved by performing phase noise interpolation during data
OFDM transmission. Finally, we prove that the optimum interpolator (in the MMSE sense)

is equivalent to the linear interpolator for small values of phase noise.

APPENDIX [

PROOF OF PROPOSITION 2.1

Expanding p° into its real and imaginary part, we can decompose the cost function as

follows

(23)
= R(P"TR(P")" + S(@°)I'S(P’)" + 2R(p")AS(p")"

— AeR(P")" — 1)
Differentiating the cost function with respect to (p°) and S(p°) and equating to zero we

have

oJ
TR [TR(P")" + AS(p%)"] — Xe" =0
oJ

I3 (p°)

(24)

= [[S(@")" — AR(P")] =0



solving (24) jointly for the real and imaginary parts of phase noise vector we get
R(P*)T = TIATS(p")T + AT el
3(p")" =T "AR(P")"
=T 'A[TT'ATS(p%)" + AT e’ (25)
= AT+ (070 CTAT e
= \Se’
the Lagrange multiplier can be found by satisfying the constraint ef*(p°)” — 1 which gives

1
A= 26
e [I"lATS + I"l} el (26)

APPENDIX II

PROOF OF PROPOSITION 3.1

As mentioned in Section III-A without loss of generality and for simplicity of notation, the
optimum interpolator between the CPE points of the first and second data OFDM symbols
in a packet is derived. To prove the theorem, we need to evaluate the autocorrelation and the

cross correlation matrices in (13). To find the autocorrelation matrix ®,,,, first note that

E [ejAﬂ =a! /00 29 exp (—M) dA¢

o 202|n — k|

o = H?

where a = \/2702|n — k|, A¢ = ¢,, — ¢y. Using the result in (27) to compute the expected

(27)

value of the CPE term, we get

1 N—-1N-1
T ~1% 71 71
Epopy] = 3 Ele/#ne7%] (28)
n=0 k=0
N—-1N-1
1 In — k|o?
S w2 ewto )
n=0 k=0
2(1

— &)+ N - N 22
_E
i-gu-g¢n PR



2 . . . 2 S
where ¢ = /2. For small phase noise, we can use the approximation e* ~ o (@' /i),

Substituting these values in (28), we get E[p;py’] = E[pip,’] ~ 1. Similarly, we compute

N-1(2N+C-1)

E[ﬁéﬁg*] _ sz Z Ee]¢ne J¢k] (29)
n=0 k=N+C
N—-1(2N+C-1

) |n—k:|0
= ay > ew- T

n=0 k=N+C
(1 . £N)< (N+C) _é (2N+C))
2

N2(1 =1 =&

. . . . ~1~2x 1k ~2 a?
Applying the approximations we used previously, we have E[pp;’| = E[p, po) = 1-F (N +
(). Therefore, the inverse of the autocorrelation matrix ®,,, can approximately be written
as

1 1 (N+C)—-1
Tl ZN+O) -1 1

N |mqw

N |(’)ql\')

Now, the cross-correlation matrix ®4,, is an (N + C') x 2 matrix which can be computed
the same way as the entries of ®,, were calculated. However, since the vector 0 extends
from the second-half of the first OFDM data symbol into the guard interval and then to the
first-half of the second data symbol, i.e. the interpolation region defined in Section III-A,
and depending on the index of the vector §, we have two different expressions for the first

column of ®,,, as follows

_ 2
ou(n; 1) = E[6, Do) =%Ze><p<—'” f'“ﬁ)
k=0
-1 11—V an
) Na—etNa—en N/2<n<N
g —gNn

m N <n<3N/2+C

For both ranges of n, the two expressions in (31) converge to the same function using the

Taylor expansion of £. Therefore, the first column of the cross-correlation matrix can be



approximately written as

2
Bpu(n, 1)~ 1 — % (2n—N) : N/2<n<3N/2+C (32)

The second column of the cross-correlation matrix ®g,,, can be found in a similar way to be

2N+C—1
1

By (n,2) = E[0"pe] = ~ > exp(—
k=N+C
( fn—N—C _ fn—?N—C

NI —-¢)

N/2<n<N
£N+C—n -1 1— gn—QN—C

N(I—¢ @ Ni-¢&)
N <n<3N/2+C

n — kloZ

5 )

(33)

\
The approximate expression for (33) can be derived to be

2
Byu(n,2) ~ 1+ 22(2n — 3N — 20)
4 (34)

N/2 <n <3N/2+C

Therefore, we can write the linear form of the optimum interpolator matrix between the first

and the second OFDM data symbols as follows

Gopt<n7 :) = (I)Gu(nv )‘I)z_nlL

0'2 O’2
z[l—f(Zn—N) 1+Z€(2n—3N—26)]q>;; (35)
1 3N N,
~N+C[—R+T+C H—E]—GLOL.)

where Gopi(n,:) means nth row of Gop and similarly for ®g,,(n,:) and G (n,:).

APPENDIX III

COMPUTATION OF THE RESIDUAL PHASE NOISE VARIANCE

Since the receiver estimates the CPEs of the two consecutive OFDM symbols, there is

an estimation error incurred due to the presence of noise and interference. Furthermore,



connecting these two points with a straight line will produce an interpolation error since the
actual underlying phase noise process is not a linear function in the index of the OFDM
samples. To compute the variance of the residual phase noise vector, it is assumed that the
initial CPE estimation error is uncorrelated with the interpolation error. Therefore, the MSE

of the frequency-domain phase noise vector estimate can be written as

> [l ] = e e I 57

_ NJerTr{E 10~ @pu®iiul’] | (36)
= —11— C’Tr{E [‘6_ - q’euq’;};ugﬂ}

T {E |t - )]}
where u, is the 2 x 1 vector containing the true values of CPEs and Tr{-} is the trace
operation. On the last line of (36), the first term on the right hand side corresponds to the
interpolation error and the second term corresponds to the CPE estimation error. For small
values of (3, the expression for the optimum interpolator C_lopt = &, P, can be replaced by

its linear approximation G, after which (36) is further simplified to

N—-1
SE[[np ] 21+ g TGP, G
q=0

et

2
o _
+ —2 _Tr{G.GE
NEGRAST
We assume that the auto-correlation matrix of the true CPEs equals to the auto-correlation
matrix of the estimated ones i.e. @ ., ~ Py, and the cross-correlation matrix of 6 and Uy

is approximately equal to the cross-correlation matrix of the estimated ones i.e. @g,,, ~ Pye.

By substituting their approximate values from (30), (32), (34) and (35) for , @4, , Py, and



G'1, respectively, and performing some straightforward algebra, (37) is simplified to

— N+OT, | 2
S E [y ] » PE T 5 KL 5% (38)
q=0

The approximation in (38) assumes large OFDM symbol size i.e 1 << N+C'. The performance
of the CPE estimator during the data transmission stage can also be computed using (12)
which takes the average of the received signal equalized by the estimated channel at |P| pilot

positions and; therefore, the variance of the CPE estimator can be shown to be

1 (#nBNT, 1
2 s
_ L (mBNT, | 1 (39)
A (5 5)
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Fig. 1. Block diagram of the proposed receiver
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