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ABSTRACT: We investigate the possibility of extending the “partially massless” symmetry
of a spin-2 field in de Sitter to nonlinear order. To do so, we impose a closure condition
on the symmetry transformations. This requirement imposes strong constraints on the
form of the nonlinear symmetry while making only minimal assumptions about the form
of the nonlinear partially massless action. We find a unique nonlinear extension of the
free partially massless symmetry. However, we show that no consistent Lagrangian that
contains at most two derivatives of the fields can realize this symmetry.
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1 Introduction and summary

A massive graviton on de Sitter spacetime can acquire an enhanced scalar gauge symmetry
for a special choice of the graviton mass relative to the de Sitter curvature. The symmetry
removes the helicity-0 mode of the graviton, leaving one fewer physical degree of freedom.
This theory is known as partially massless (PM) gravity [1-4]. It enjoys a number of
compelling properties such as stability [5, 6], null propagation [7], extensions to Einstein
backgrounds [8], as well as conformal invariance in four dimensions [9, 10] and a remarkable
analogy to electromagnetism [11-13]. In addition, because the PM gauge symmetry ties the
value of the cosmological constant to the mass of the graviton, which is in turn technically
natural, the PM theory offers a tantalizing new approach to the cosmological constant
problem.

The field theory that describes this particle is known at the linear level. However, the
linear theory is not phenomenologically viable and thus we are motivated to search for a
nonlinear completion of this theory. This question has recently received much attention [14—
25]. In part, this is due to the recent success in constructing nonlinear ghost-free theories
of massive gravity [26-30] (see, [31, 32] for reviews). Yet despite this progress and some
encouraging findings, solid no-go results exist in the literature. In D = 4 dimensions
(and only D = 4) there exists a two-derivative cubic Lagrangian with a nonlinear partially
massless symmetry [14, 23]. However, in arbitrary spacetime dimensions, no two-derivative
quartic Lagrangian exists [14]. In particular, among the new nonlinear ghost-free massive
gravity theories, no PM theory exists [20, 23].

Thus certain candidate nonlinear PM theories have been ruled out. While these theo-
ries were constructed using reasonable assumptions, they are, in fact, not the most general
theories one can consider. The aim of this work is to derive a conclusive “go” or ‘“no-go”



result for the nonlinear PM theory while making no assumptions about the form of the
Lagrangian. To do so, we will take a somewhat different route from that of previous works.
We will focus on the candidate symmetries rather on the candidate Lagrangians of PM
gravity. The main tool we will use is a consistency condition on the nonlinear symmetry:
we will demand that the symmetry forms an algebra. In other words, the commutator
of two successive transformations should itself be a transformation. In this way, we can
determine the possible nonlinear extensions of the PM gauge symmetry, without making
any a priori assumptions about the form of the action. Our analysis largely follows that of
Wald [33-35] who used this approach to derive the nonlinear symmetries of massless spin-1
and spin-2 fields.

In particular, our starting point is the partially massless symmetry of the free theory:

Sh) = (VW Vo + H? ) o() . (1.1)
We consider a generic nonlinear extension of this symmetry of the form
Shag = B" 5(V,V,, + DA,V + Cu)d(x) . (1.2)

The B, C, and D tensors are functions of the field A, and its derivatives and must reduce
to (1.1) at lowest order in the fields. The main assumption of this paper is the number
of derivatives that appear in the gauge transformation, which we limit to be two. Thus
B* Vaﬁ contains no derivatives, D’\W contains one, and C,,, contains at most two.
Consistency requires that the nonlinear partially massless symmetry form an algebra:

(66, 0y] hap = Oxhap - (1.3)

We impose this condition on (1.2) and solve for B, C, and D order by order. We find a
unique nonlinear extension of the PM symmetry:

2

Ohag = (vavﬁ + H2§aﬂ)¢ + Y 9ap F/\WF/\MV — m

F* R 6, (1.4)
where F),, = ?/\h/w - ?Mh,\,, and v is a free parameter.

The existence of such a symmetry does not guarantee an invariant Lagrangian. In
section 4 we perform a brute force analysis and show that no consistent Lagrangian that
contains at most two derivatives can realize this symmetry. This is both consistent with
previous findings and generalizes them, as we are able to exclude the possibility of two
derivative Lagrangians that contain, say, no cubic or quartic terms but are still able to
realize a nonlinear PM symmetry at higher order. We discuss further implications of our
results in section 5.

For clarity, we present only our main results here and omit many of the derivations.
Readers interested in further details can refer to the arXiv version of this paper.

Conventions. Our choice for the metric signature is n,, = diag(—,+,+,+,...). We
assume throughout that the number of spacetime dimensions is D > 3. Symmetrizations
and antisymmetrizations of indices are defined with unit weight.



2 Background

The dynamics of a free massive spin-2 field h,, on a D-dimensional de Sitter background
is described by the Fierz-Pauli action:

1= — — - - - 1o, =
S = /dD:U vV—g [— §V>\h’“’VAhW + V,\h“”V“h’\,} — V,hV, A" + EV“hV#h
R 1 m? 21)
(W hy — <h? ) — —— (W hy — B?) |
Here g,., ?# and R are the metric, covariant derivative and curvature of the de Sitter
background. The helicity-1 components of the field are stable whenever the graviton mass,
m, satisfies the inequality m? > 0 [11]. The helicity-0 component is stable provided that
m satisfies the Higuchi bound [5]:
. (D-2)
> —R. 2.2
"7 DD 1) (2:2)
When the Higuchi bound is saturated, the action boasts a scalar gauge symmetry of
the form

m?
Shyw = (?,ﬁy + D2 g,w> P(x). (2.3)

This symmetry removes the helicity-0 mode, rendering the number of degrees of freedom
to be D(D — 1)/2 — 2. This is the free partially massless (PM) theory, whose action is
given explicitly by

1_ _ _ _ I 1- =

S = /dD:r V=g [— iv)\h’“’vkhw + V,\h’“’Vﬂh’\,} — V,hV, A" + Ev“hv#h
2 (2.4)
H 2

+ T(Dh“l’hw —h%)|.
We have chosen to write m2 and R in terms of the Hubble constant H via the relations
(including the cosmological constant A for later use)

R m? 2A

H = 5 =2~ 0D 3 (25)

While the PM symmetry exists in AdS as well, having R > 0 ensures the stability of the
remaining modes.

The partially massless Lagrangian can be written in terms of an invariant field strength
tensor [11, 36]:

F)\;w = v)\hJ,LLI/ - ?,uh/\u . (2'6)
Using the notation F\ = g"”F),,, the action (2.4) becomes
1
S = - /d% V=g[F* Fy,, — 2F F)]. (2.7)

In fact, any action constructed out of F),, and (de Sitter) covariant derivatives of F),,
will be exactly invariant under the symmetry transformation (2.3). In particular, we can



consider nonlinear theories which contain higher powers of F. However, the particular
choice of terms in (2.7) guarantees the theory propagates the right number of degrees of
freedom for the partially massless theory and contains no ghosts.

As a free theory, PM gravity (2.7) is consistent. However, the recent success in con-
structing nonlinear theories of massive gravity has prompted the search for a nonlinear
PM theory of which the action in (2.4) is but the lowest order term (in a power series in
huw), and of which the transformation in (2.3) is only the h-independent part of a nonlinear
infinitesimal gauge symmetry. Finding an extension of this symmetry is the focus of this

paper.

3 Closure condition on the PM gauge symmetry

3.1 General argument

Our goal is to extend the lowest order partially massless gauge symmetry (2.3) to a fully
nonlinear (in hy, ), two-derivative scalar gauge symmetry. Generically, this symmetry can
be written as

5¢h04/3 = Buyaﬁ(vﬂvl’gb + DA;,LV?AQS + C,U,l/gb) . (31)

Here B”Vaﬁ = B(“V)aﬁ = B“”(QB) contains no derivatives of hy,,; D)‘W = D)\(/w

contains terms linear in VVh, quadratic in VA,

) contains a
single derivative of h,; and C, = C(W)
and terms with no derivatives. The assumption that the gauge transformation contains at
most two derivatives is perhaps the most important restriction in our argument. At the

zeroth order we have, by assumption,

0)puv v 0)\ 0 _
B =y, DO =0, CN) =H%us. (3.2)

B af

We adopt as a criterion of consistency that the act of two subsequent symmetry trans-
formations must itself constitute a symmetry transformation. In other words, for this
infinitesimal symmetry to be “integrable”, it must satisfy the closure condition that for
any two gauge parameters ¢ and 1 the following equation must hold for some function Yy,

(06, 0p] hap = Oyhagp - (3.3)

This condition places very strong constraints on the form of the nonlinear symmetry (3.1).
Our goal is to solve this equation for the unknown tensors B* VO(B’ D)‘W and C},, as series in
hyuw. To do so write these tensors as well as the unknown gauge function x as power series
in h,, and examine eq. (3.3) order by order in h,,,, to solve for B“Vaﬁ, D>‘W and C,.
Before proceeding, we note that there are several ways in which a nonlinear symmetry
may be a trivial rewriting of the lowest order symmetry: if it arises from a redefinition of
the gauge parameter or if it arises from a redefinition of h,,. In the first case, a redefinition
of the gauge parameter ¢ — f¢ can be absorbed by a redefinition of the tensors
BWQB — fB“”aB,
D= D s+ 2100,V f (3.4)

Cap = Cap+ [ VoV f+ f DY 5V



where f is an arbitrary function constructed from h,,,, with f|,—o = 1. In what follows we
will use the redefinitions in (3.4) to eliminate spurious nonlinear symmetries.

In addition, redefinitions of the field h,, can also lead to trivial nonlinear symme-
tries. Suppose we perform an algebraic field redefinition h,, — Ew(h Ao ). The EOM then
changes as
05 _gro Ol
0hag Ohap

We see that certain terms in B Vaﬂ can be absorbed by field redefinitions of h,,. We use

£ 5 £ = (3.5)

this freedom of redefinition to simplify our expressions in the following sections.

Finally, we note that the lowest order partially massless symmetry (2.3) closes trivially
by itself. From a symmetry point of view, it is consistent to have nonlinear PM actions
constructed out of the invariants Fj,,\ and derivatives of F,, ) that are exactly invariant
under (2.3). (Though these actions are not guaranteed to be ghost-free.) Here, we look
instead for nonlinear extensions of (2.3).

3.2 Imposing the closure condition

We start by using the closure condition to constrain the possible first-order corrections to
the partially massless symmetry. We consider the most general order-one B, D and C
tensors. The coefficients of these terms must obey the closure condition at zeroth order
in hy,,. We have four independent quadratic field redefinitions and another trivial tensor
BW comes from a redefinition of the gauge parameter. We find six independent solutions
for the tensors DM and €M, all of which can be written in terms of the invariant tensor
F given in (2.6):
Dpr
B op =0,
DA _
DY =01 ) + 02 s PN + 0350, F) | (3.6)
1 _ - _
C) = BiV o F" o + B2GasV o FP + B3 V(o F) -
These are simply all the possible expressions such that 6(5)0) D(l))‘a 5= 0 and 5;0) Cc(xlﬁ) = 0.
And so
0 = = _
5543» hag = (VaV + H*Gop)x ) = 0. (3.7)

Thus y(© is independent of the gauge parameters ¢ and 1.

Some of the terms in (3.6) lead to trivial symmetries in the sense that they vanish on
the linear EOM. Taking this into consideration, the most general nontrivial tensors B(),
D and €M satisfying the zeroth order closure condition are given by

B(l)/ﬂ’aﬁ — 0,
1A _
DY = o ) + 02 s FN + 0380, F) | (3.8)
D) _ 5 o pr
Cap = B1 Vol () -

We can make contact with results known in the literature. We see that the D = 4 non-
linear partially massless symmetry found in [14, 23, 24] is a specific case of the coefficients



given above, in particular when a1 # 0 and all other coefficients are zero. It is interesting
to note that this symmetry also appears in a truncation of Weyl gravity in D = 4 [10],
which is fourth order in derivatives. The degrees of freedom of Weyl gravity on a de Sitter
background correspond to those of a massless graviton plus a PM spin-2 [37]; setting the
metric to be a nondynamical Einstein manifold yields a theory that is PM invariant up to
cubic order in interactions. However, we will see that this symmetry does not survive the
imposition of the closure condition at higher-orders.

We now turn to the quadratic terms in the gauge symmetry B2, D@ and C¢®. We
find that the closure condition forces the linear terms D) and C) to vanish:

D" =0,
o (3.9)
ol =o0.

In particular, the nonlinear symmetry found for D = 4 in [23] does not survive the higher
order closure argument. In addition, we find that B® and D® must vanish, while tensor
C® contains the six independent contractions with two powers of the invariant tensor F:

@Qupv

B of = 0,

D =o,
E‘f) (3.10)

Cog=m GapF Ny + 72 FoFp + 73 F’\F,\(ag)
+ 4 gaﬂFMwF)\uu + 75 FuuaFuu/j + % FauuF/juy-
The function y) must satisfy

50 hag = (VaVs + H2Gaz)x D = 11
@ ag = (VaVp+ H Gag)x'” =0. (3.11)

The fact that 5(;1)}”“, = 0 now greatly simplifies the rest of the analysis. From imposing

the closure condition at order three, we find the following constraint on the C @

af :
002
aB ~(2) _
- Cv)=0. 3.12
av)\huy j22s ( )

This equation constrains the v coefficients in (3.10) so that the tensor C’Sﬂ) must be given by

2 _ v 2
C%) = 74 Gag | FM Fy — mF’\F,\ . (3.13)

At higher order, we no longer need to use a brute force approach. Following [33] one
can derive a similar recursive relation and conclude that

B(nJrl),uZ/ _ 07 D(n+1))\ _ 07 C(n-‘rl) =0

o5 » (n : (3.14)

for n > 2.



3.3 Final results

The full B, D and C tensors are

o sp
B of = 5(045;) ,
A
D =0, (3.15)
2 . A A
Cocﬁ =H JaB +’79aﬂ |:F ul/F)\,LLV - mF F)\:| )

with free parameter . The unique candidate infinitesimal nonlinear PM gauge symmetry
is then

Sphap = (VaVp + H?Gop)d + 7 Jap [FA“”FW - FAFA} ®. (3.16)

(D—1)
An action that is separately invariant under the linear PM symmetry and a conformal-

like transformation of the form 5fﬁha5 = gap?® would trivially be invariant under this
symmetry. We note that the combination

2

P = 5 )

F ARy, (3.17)

in addition to being a PM invariant, is also invariant under the conformal-like transforma-
tions and is thus itself invariant under the transformation (3.16). However, such a term
is itself not a viable Lagrangian, since it doesn’t have the ghost-free form of the PM the-
ory (2.7). We emphasize that the nonlinear symmetry is not a trivial extension of the
lowest order PM symmetry, in the sense that it is not obeyed by the free PM theory (2.7).

4 The action

What sort of consistent action can realize such a symmetry? The existence of a scalar
gauge symmetry of the form
Ohuy = Pu¢, (4.1)

where 15“1, is an operator constructed locally from h,,,, implies that the equation of motion
(EOM) & = 6S/dh,,, must satisfy a corresponding Bianchi identity:

O0EM™ =0, (4.2)

where the operator OAW is obtained from ]5“,, (and vice versa) by integration by parts. Let
us examine the full Bianchi identity that follows from (3.16):

ViV (B 5€7) = VA(B" 5D, €%7) + B jCu€®” =0, (4.3)
Considering this expression perturbatively, we observe,

(VaVp + H2Gap)EP =0,

- - ~ 4.4
(VaVg + H2gop)EF+D08 — _y 0P g 5 k)b (4.4)



for k> 1and C? = FAWFAW — ﬁFAF,\. Note that v plays the role of a dimension-
less coupling constant, as the terms with higher powers of h,, are proportional to higher
powers of 7.

Consider the Bianchi identity that constrains the cubic EOM. If we take the lowest
order Lagrangian to be the free, ghost-free PM theory (2.6), the Bianchi identity reads
explicitly

(VaVg + H2Gap)EBP = 5 (D — 2)V,F7 | FMEy,, — (D21)FAFA : (4.5)
Conceivably, a two derivative action that is quartic in the fields £ might be able to satisfy
such an equation.

In order to check, we perform a brute force, perturbative analysis. In fact, our analysis
is more general than that required by (4.5). We take as a starting point the quadratic PM
action (2.6). We then consider every possible cubic and quartic interaction with at most two
derivatives. In addition, we consider the most generic linear and quadratic extensions of
the gauge transformation that themselves have at most two derivatives. We then determine
whether a choice of coefficients exists so that eq. (4.2) can be satisfied order by order. We
find that no such action exists. Since the cubic case was already considered in [14] and the
quartic result was already stated there as well, we only briefly summarize our findings here:

The cubic Lagrangian £®) is the unique two-derivative term that satisfies the second
order identity, o o

3 2

ogyféw + 0}})% =0, (4.6)

Here OAES,) is given by the lowest order PM symmetry, and £2) is the free PM Lagrangian.

Allowing for non-canonical derivative interactions, we find only one cubic action £ exists

that satisfies this expression and only when D = 4, consistent with the results of [14, 23].
The part of the Bianchi identity containing three powers of h,, is given by

o) 9L

+omILY | pm L _

=0. 4.
1 0hyu 1 0hyu " 0hyu 0 (47)

The generic quartic Lagrangian contains 5 zero-derivative contractions with four powers
of hy,. We choose to write the two-derivative terms in contractions of the form hhVhVh.
There are 43 such contractions; however, five of them can be show to be redundant via
identities. Thus the generic form of £*) contains a total of 43 free parameters. For the
operator OAELQV) we find 4 terms with no derivatives plus 68 with two derivatives, for a total
of 72 parameters to be determined. The Bianchi identity (4.7) then contains contractions
with zero, two and four derivatives with three powers of h,,. We count 16 contractions of
the form hhVVVVh, 50 contractions of the form hVAVVVh, 45 contractions of the form
hVVhVVh, 65 contractions of the form VAVAVVh, 12 contractions of the form hhVVh,
16 contractions of the form hVAVh, and 3 contractions of the form hhh. The total number
of constraints is therefore 207, which involve 115 parameters (116 in D = 4).

We then find that no set of nonzero coefficients exists that solves the constraints,
except for the trivial ones that arise from field redefinitions of the free PM Lagrangian. In



particular, the cubic Lagrangian £ inevitably generates an obstruction at the next order
in the Bianchi identity. Furthermore, even if cubic interactions are absent, there exist no
quartic interactions with up to two derivatives that exhibit a gauge symmetry.

Note that, due to the recursive relation (4.5) the absence of a quartic Lagrangian means
that no nonlinear two-derivative Lagrangian can realize the nonlinear PM symmetry with
~v # 0. In other words, one could conceive of action that is two derivatives in the fields,
has no cubic or quartic terms, and yet somehow realizes a nonlinear symmetry via higher
order terms. Eq. (4.5) rules out this case: this equation cannot be satisfied if £3)*8 = 0.

5 Discussion

The closure condition (3.3) places powerful constraints on any nonlinear extension of the
partially massless symmetry, while allowing one to remain entirely agnostic about the form
of the invariant Lagrangian. The basic assumption of this paper was that the partially
massless symmetry itself contains no more than two derivatives of the fields. With this
assumption and using the closure condition we were able to identify a unique nonlinear
partially massless symmetry. We could then show that no consistent Lagrangian which
contains at most two derivatives can realize this symmetry.

For the closure condition, we have demanded that two gauge symmetries close to an-
other gauge symmetry. More generally, it’s potentially consistent for the gauge symmetries
to close to a gauge symmetry plus an on-shell trivial symmetry. While this is not the situa-
tion for the gauge symmetries of massless spin-1 and spin-2 fields, this occurs, for example,
in the case of supersymmetry without auxiliary fields.! We have checked to see if such
considerations modify our results. At lowest order, generalizing the closure condition to
allow for trivial on-shell symmetries leads only to new symmetry terms that are themselves
on-shell trivial. However, it remains possible that this generalization could lead to a wider
family of candidate symmetries at higher order.

The candidate nonlinear symmetry (3.16) has some curious properties that distin-
guishes it from its GR and Yang-Mills counterparts. The symmetry not only has the
feature of being Abelian, [d4, 0y]hag = 0, but it is also nilpotent,

S40phap = 0. (5.1)

This means that the transformation solves the closure condition in a rather trivial way
despite it being nonlinear. A consequence of the nilpotency property is that the infinites-
imal transformation can be trivially integrated to yield the corresponding finite gauge
transformation.

Despite these simple properties, we remark again that this nonlinear symmetry is not
a trivial extension of the usual PM symmetry, since the free PM theory does not obey it.

If this symmetry can at all be realized by a Lagrangian, either higher derivative terms
or additional fields are required. The method we have used here gives only the form of the
symmetry and tells us little else about other properties of the invariant Lagrangian, such

"We are grateful to Kurt Hinterbichler for pointing this out.



its health or stability. Thus even if a higher derivative action possesses the nonlinear PM
symmetry, recent results [38] cast doubt on whether such an action can be ghost-free.

Finally, we note that imposing the closure condition on the combination of the PM
symmetry plus diffeomorphisms, rather than on the PM symmetry alone can potentially
allow for more general symmetries than those found here. Such a condition would be
appropriate for a partially massless particle coupled to gravity. Such a possibility was
considered in [24]. A no-go result was obtained for an action consistent with the gauging
of SO(5,1). Our approach is more general than the one of [24]. It’s possible that the
application of the approach used here might lead to a nonlinear symmetry in this case,
though it will not necessarily lead to a Lagrangian. We leave this for future work.
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