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abstract of the thesis

A Non-Reciprocal Component with Distributedly

Modulated Capacitors

by

Shihan Qin

Master of Science in Electrical Engineering

University of California, Los Angeles, 2013

Professor Yuanxun Ethan Wang, Chair

The requirement of using ferrite magnetic material for non-reciprocal microwave components

like circulators and isolators prevents the designs from being small, lossless and broadband

especially at the lower end of the microwave frequency spectrum. Active non-reciprocal

components may have good isolation and can be integrated, but they are very poor in

noise performance. A circuit with distributedly modulated capacitors (DMC) - time-varying

capacitors distributed along a transmission line and modulated by a carrier wave - provides

a novel realization of lossless and broadband non-reciprocity. The circuit is compatible with

modern integrated circuit technology. Decent gain and low noise for receiving path are also

possible as bonus advantages. Studies on the estimations of the isolation and the receiving

insertion performance of the DMC circuit are focused in this thesis to show its ability to

serve for a non-reciprocal component. A prototype made on Rogers circuit board has verified

the theory’s prediction on the performance, which is capable of achieving > 13 dB isolation

between the transmitting and the receiving paths and < 5 dB receiving insertion loss over

the frequency range of 0.5 – 1.8 GHz.
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CHAPTER 1

Introduction

What is a non-reciprocal component? Why do we need it? Before introducing all the

theories and designs recorded in this thesis, I think those questions are the very first to

answer. However, instead of giving a general answer which may be beyond the focus of this

thesis, I’d like to start with the specific problem that I have been trying to approach.

1.1 A Circulator as a Non-Reciprocal Component

With success of modern integrated circuit technology, there are continuing ambitions and

needs of making everything small in this world. Many challenges remain including in designs

of small electronic devices, as the tradeoff between size and performance is of great concern.

In a wireless communication system, the antenna is still hard to integrate. As a result, it is

a common practice for a transceiver, capable of both signal transmission and reception, to

share a same antenna for the two functions in order to save the space, as realized in many

cell phones.

Figure 1.1 shows a typical transceiver front-end with a device called duplexer in the

Figure 1.1: The duplexer in a transceiver front-end.
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center connecting the antenna, the transmitter and the receiver. The duplexer is necessary

to perform combination or separation of signal transmission and reception paths. In practice,

it helps protect the receiver and makes independent transmitter and receiver designs possible

under the single-antenna condition.

The duplexer can be in many forms, such as a switch or a frequency-diplexer (made of

filters). The former does not give way to the application where transmission and reception

at the same time, as in cell phone communication, is required, while the latter does not allow

the same-frequency application for radar communication, for instance. If both simultaneity

and the same-frequency constrain are required, a kind of duplexer called circulator can be

used.

A circulator is known as a non-reciprocal component, as the signal flow in the forward

direction is different from that in the reverse. A conceptual, three-port circulator shown

in Figure 1.2a has ideally no mismatch in all ports, lossless insertion in the forward paths

(namely, from port 1 to 2, port 2 to 3 and port 3 to 1) and no insertion in the reverse. The

circulator in Figure 1.2a forms a clockwise circulation of the signal flow in three ports, but it

is trivial to mention that counterclockwise circulators and those with more than three ports

are also available.

When a circulator is connected as a duplexer shown in Figure 1.2b, some practical issues

arise and there is much about what performances a good circulator should have. One of

(a) (b)

Figure 1.2: (a) A three-port circulator. (b) A circulator in a transceiver front-end.
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the concerns is that the leakage in the reverse path is inevitable, but in particular, the

leaked signal from the transmitter (TX) to the receiver (RX), e.g. from port 3 to 2 in

Figure 1.2b, need be as small as possible to protect the receiver from being jammed by

the transmitter. It is referred as the TX/RX isolation performance of a circulator, and

high isolation, corresponding to small leakage from TX to RX, is always desired. Another

evaluation need be made on the noise performance of the receiving path, e.g. from port 1

to 2 in Figure 1.2b. Signals from the antenna to the receiver should gain little additional

noise through the circulator so that they could be detected properly. Noise figure can be

defined for the receiving path, and low noise figure is desired. Other concerns may include the

physical size of the circulator, or whether it can be integrated with the rest of the transceiver

components, and the power capability for the transmitting path, as the transmitted signal’s

power can be very high. It is also certain that broadband circulator designs are always

preferred.

1.2 Existing Circulator Types

Although the problems facing to circulators are also issues to other types of duplexers, making

a high-quality circulator can be more challenging than a frequency-diplexer, for example.

Some of the existing circulator types are discussed here to review their achievements and

shortcomings in performance.

1.2.1 Ferrite Circulators

Ferrite is a kind of non-reciprocal material and conventional circulators have been using

ferrite till today. One of the classic circulator designs with ferrite dates back to Bosma [1].

A ferrite circulator can have low receiving insertion loss and moderate TX/RX isolation. As

it is a passive component, the receiving insertion loss of a ferrite circulator is equivalent to its

noise figure. Ferrite circulators are also capable of handling high power. However, they are

notorious with their bulky sizes and their narrow operation bandwidths, particularly when
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they are operated at the lower end of the microwave frequency spectrum. They are hardly

applicable for integrated circuits.

1.2.2 Active Circulators

Active circulators, which utilize the non-reciprocity of transistors, were first proposed by

Tanaka, et al. [2] to come to the rescue of low-frequency circulators in integrated circuits

(IC), and they have been implemented in MMIC [3]. High-frequency active circulators

are also available by using the quasi-circulator modules [4]. An active circulator can have

moderate TX/RX isolation over a moderately-wide bandwidth. However, the top concern of

active non-reciprocal components is their noise performance, which is generally poor [5–7].

Due to the current IC technology used for active circulators, they are not able to handle

high power, but such problem may be resolved soon in the future with the newly-coming,

high-bandgap GaN semiconductor.

1.2.3 Photonic Circulators

Recently, Cox and Ackerman have proposed a transmit isolating receive photonic (TIPRx)

link [8–10] working as a photonic circulator which has shown a great advantage in TX/RX

isolation with a very broad bandwidth over the conventional ferrite and active circulators.

As they don’t target for IC, photonic circulators are large in size. Their noise performance

is also poor [10], though they are claimed to have relatively low-noise performance compared

to most of other photonic devices.

1.3 A New Solution: The DMC

It is well known that nonlinear elements like time-varying capacitors can provide frequency

mixing for the signals going through them [11] with some relations summarized in [12, 13].

Such feature is utilized to build various frequency converters, including in many recent
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works [14–16] where some employ varactors and parametric circuits to improve the noise

performance. It turns out that the frequency mixing feature of nonlinear elements may also

play a role in a non-reciprocal circuit design, although few works have been done in this area

probably due to the lack of a good analytical model for design.

More specifically, it has been recently discovered that nonlinear or time-varying trans-

mission lines (TVTLs), such as a transmission line with time-varying capacitance, can offer

a broadband non-reciprocity in the frequency mixing characteristics [17] and they can be

used for circulators. Such circulators can provide great TX/RX isolation and low receiving

insertion loss comparable to ferrite circulators but with a broader band. Even better, they

can be implemented with the modern integrated circuit technology, which may eventually

lead to monolithic integration of the complete transceiver front-end.

Based on the TVTL model, we propose a circuit by distributing time-varying shunt

capacitors whose capacitances are modulated. We call them as distributedly modulated

capacitors and DMC is short for the circuit with those capacitors. The circuit can achieve

non-reciprocity and serve for a integrated circulator with good isolation and low insertion

loss over a broad band.

1.4 Thesis Outline

In this thesis, a non-reciprocal component made of only transmission lines and time-varying

capacitors is envisioned. A circuit with distributedly modulated capacitors (DMC) is intro-

duced. The theory for guiding the DMC design is detailed in Chapter 2. Based on the theory,

a specific prototype design is made and described in Chapter 3. After that, results are given

and compared in Chapter 4. Finally, Chapter 5 summarizes the findings and suggests some

future directions.
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CHAPTER 2

Principle of DMC

Transmission lines whose reactance is time-varying have been well studied for many years

with some interesting properties. One of the classical applications is the traveling wave

parametric amplifier design [18, 19]. The analysis on the time-varying transmission line

(TVTL), especially with time-varying capacitance, is reviewed first in Section 2.1.

The theoretical TVTL model can be approached by distributing along a normal trans-

mission line a finite number of variable shunt capacitors, whose capacitances are modulated

by a carrier wave that travels in another transmission line at the same phase velocity of the

signal waves, as illustrated in Figure 2.1. We call those capacitors as distributedly mod-

ulated capacitors and the circuit with them as DMC. It is also shown in Figure 2.1 that

non-reciprocity between transmitting and receiving paths can be achieved by comparing the

signals at the sidebands of the carrier. More detail is given in Section 2.2.

2.1 Transmission Lines with Time-Varying Capacitance

Figure 2.2 shows a lump-element circuit model for a lossless transmission line with time-

varying capacitance. Given the model, the transmission line equations are

∂v(z, t)

∂z
= −L′

∂i(z, t)

∂t
, (2.1a)

∂i(z, t)

∂z
= −∂[C ′(z, t)v(z, t)]

∂t
. (2.1b)

Rearranging the equations, one can obtain

∂2v(z, t)

∂z2
= L′

∂2[C ′(z, t)v(z, t)]

∂t2
. (2.2)
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Figure 2.1: Depiction of DMC: the received signal in the same direction of the carrier

generates signals at the sidebands of the carrier, while the transmitted signal in the opposite

direction does not (See Section 2.2).

Figure 2.2: A transmission line with time-varying capacitance.

When the capacitance is modulated by a single-tone carrier wave traveling in +z direction

at the angular frequency ωm (the subscript “m” means modulation), it can be written in a

general form of

C ′(z, t) = C ′

0 + C ′

m cos(ωmt− βmz + φm), (2.3)

where C ′

0 is the mean capacitance, C ′

m is the amplitude of the variation, and βm is the phase

constant of the carrier.

A signal wave launched into this transmission line also in +z direction at the frequency

ωs is mixed up and down with the capacitance modulation frequency ωm, generating many

harmonic and intermodulation terms. As the modulation frequency is normally chosen to

be greater than the signal frequency (ωm > ωs), one can limit the discussions to three major

tones: the input tone ωs and the sidebands of the carrier ωm−s = ωm−ωs and ωm+s = ωm+ωs.
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Assuming the variation of the capacitance is small and the transmission line is non-dispersive

over the bandwidth interested, particularly,

ωs

βs

=
ωm−s

βm−s

=
ωm+s

βm+s

=
ωm

βm

= vp =
1

√

L′C ′
0

, (2.4)

a solution for (2.2) can be

v(z, t) = Vs(z) cos(ωst− βsz + φs) + Vm−s(z) sin(ωm−st− βm−sz + φm − φs)

+ Vm+s(z) sin(ωm+st− βm+sz + φm + φs), (2.5a)

where the amplitudes at the three tones follow

Vs(z) = V0 cos

(

1

2
√
2
ξβsz

)

, (2.5b)

Vm−s(z) = − V0√
2

βm−s

βs

sin

(

1

2
√
2
ξβsz

)

, (2.5c)

Vm+s(z) = − V0√
2

βm+s

βs

sin

(

1

2
√
2
ξβsz

)

, (2.5d)

and

ξ = C ′

m/C
′

0, (2.5e)

given the boundary condition v(0, t) = V0 cos(ωst + φs) at the source. More detail on the

derivation of the solution is provided in Appendix A.

In a word, a signal wave propagating in the same direction and at the same phase velocity

of the modulation carrier in the TVTL produces waves at the sidebands of the carrier, whose

amplitudes are formulated by (2.5c) and (2.5d). On the other hand, if the signal travels in the

opposite direction to the carrier, they interact in a different way and result in no comparable

signals at the sidebands. Non-reciprocity can be thus achieved.

2.1.1 Gain of the Receiving Path in the DMC

The DMC bears all the features of a TVTL, including the generation of the signals at the

sidebands and the non-reciprocity for the signals traveling in different directions.
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If we assign the received signal (RX) to travel in the same direction of the carrier, as

shown in Figure 2.1, the RX gain of the DMC can be derived based on (2.5c) or (2.5d).

It is worth noting that the output voltage amplitude at the fundamental tone ωs expressed

by (2.5b) is never beyond the input voltage amplitude V0. For traveling-wave parametric

amplifiers [18,19], exponential amplification at the fundamental tone may be expected with

the assumption that the signal at only one of the sidebands, usually ωm−s, are generated.

The signal at the upper sideband ωm+s may be cut off by a filter or the transmission line

itself. If the lower sideband ωm−s happens to be equal to ωs, or ωm = 2ωs, the parametric

amplifiers belong to a special class called degenerate parametric amplifiers. For broadband

application, we assume ωm−s is never equal to ωs, and in practice, the assumption that the

signal at ωm+s is cut off may not be valid. As a result, (2.5) is the notable solution. The

signals at the sidebands are utilized and we regard the input signal as being frequency-

converted, and then the gain is defined in the same way for a mixer. Given a total length

of z = N∆z for the DMC, where N is the number of the capacitors and ∆z is the distance

between adjacent capacitors, the RX gain can be formulated by

Gm±s = 20 log

∣

∣

∣

∣

1√
2

βm±s

βs

sin

(

1

2
√
2
ξβsN∆z

)∣

∣

∣

∣

in dB, (2.6)

where the choice of the sign “±” depends on which sideband is concerned.

2.2 A Circulator with DMC

Taking the advantage of the non-reciprocity in direction-dependent frequency-conversion,

circulators can be developed with DMC to separate the transmitted and received signals

even at the same operation frequency. Illustrated in Figure 2.1 reproduced in Figure 2.3,

the sideband signal generated from the received signal can be identified by a diplexer at

the input of the receiver, and the transmitted signal, which does not have signals at the

sidebands, would not be detected by the receiver.

In fact, a small amount of the sideband signal from the transmitted signal inevitably exist.

Fortunately, an intuitive analysis described in this section can provide a good prediction on

9



Figure 2.3: DMC for circulator application.

the actual transmitted signal level at the sidebands, and hence the TX/RX isolation can be

formulated.

2.2.1 Expressions for the Capacitance and the Signals

As shown in Figure 2.3, N capacitors are distributed along the upper transmission line with

equal delay ∆z. Their capacitances are modulated by a single-tone carrier wave traveling in

+z direction in the lower line. For simplicity, let us consider only the first-order nonlinearity

of the capacitors. That is, the relation between their capacitances and the carrier wave can

be written as

C(vc) = C0 + C1vc, (2.7)

where the single-tone carrier wave can be represented by

vc(z, t) = Vc cos(ωct− βcz + φc) =
1

2
Vce

jφcejωc(t−z/vp) +
1

2
Vce

−jφce−jωc(t−z/vp), (2.8)

where ωc is the carrier’s angular frequency and vp is its phase velocity along the transmission

line so that its propagation constant βc = ωc/vp. If we emphasis only on the positive-ωc

term that generates the interesting sideband signals and assume the mean capacitance C0

in (2.7) is zero, or in practice it is considered being embedded into the the transmission line

10



by using periodic structure analysis (See Section 3.3), then (2.7) becomes

C(z, t) =
1

2
C1Vce

jφc · ejωc(t−z/vp) = Ace
jωc(t−z/vp). (2.9)

As Ac is constant, (2.9) can be normalized to be simply

C(z, t) = ejωc(t−z/vp). (2.10)

Similar procedures can be followed to write expressions for the received signal (RX) that

travels in +z direction and the transmitted signal (TX) in −z direction. It is assumed, unless

specified otherwise, that the transmission lines are TEM lines where signals at all frequencies

propagate at the same phase velocity. There is even a phase velocity match between the

upper and the lower transmission lines shown in Figure 2.3. Given two signals at the same

frequency ω0 with the same amplitude V0 but in different directions, they can be expressed

as

vRX(z, t) = V0 cos
(

ω0t− β0z + φRX
0

)

=
1

2
V0e

jφRX
0 ejω0(t−z/vp) +

1

2
V0e

−jφRX
0 e−jω0(t−z/vp),

(2.11)

vTX(z, t) = V0 cos
(

ω0t+ β0z + φTX
0

)

=
1

2
V0e

jφTX
0 ejω0(t+z/vp) +

1

2
V0e

−jφTX
0 e−jω0(t+z/vp).

(2.12)

Or simply, if we care only about the interesting terms for the following derivation without

loss of generality, let us have

vRX(z, t) = ejω0(t−z/vp), (2.13)

vTX(z, t) = ejω0(t+z/vp). (2.14)

Although here we assume the loss of the waves propagating along the transmission line is

negligible, an analysis with consideration of such loss, particularly in the carrier, is given in

Section 2.2.3.
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2.2.2 Derivation of TX/RX Isolation Equation

Without resort to the TVTL theory, another way to think of the DMC is considering the

frequency mixing property of discrete nonlinear elements [11–13]. The signal wave in either

direction propagating on the upper transmission line in Figure 2.3 mixes with a time-varying

capacitor, generating signals at the sidebands that propagate toward both ends of the upper

line. The signal at the original frequency continues to propagate with little change caused

by the mixing, if multiple-time mixing products are neglected and the energy lost for mixing

is small as the capacitor’s variation is small. When the received signal is incident from the

right side, the signal vRX
i at the sideband ωc + ω0 generated by the ith capacitor is

vRX
i (t) = C(i∆z, t) · vRX(i∆z, t) = ejωc(t−i∆z/vp)ejω0(t−i∆z/vp) = ej(ωc+ω0)(t−i∆z/vp). (2.15)

The complete expression for vRX
i as a voltage leaving for each end, using the small-signal

analysis for nonlinear elements [13], should be

vRX
i (t) = Z0 ·

1

2
iRX
i (t) = Z0 ·

1

2
j(ωc + ω0)

1

2
C1Vce

jφc
1

2
V0e

jφRX
0 · ej(ωc+ω0)(t−i∆z/vp)

= j
1

8
(ωc + ω0)Z0C1VcV0e

j(φc+φRX
0

) · ej(ωc+ω0)(t−i∆z/vp) = ARXej(ωc+ω0)(t−i∆z/vp), (2.16)

where Z0 is the characteristic impedance of the transmission line. Normalization is made

in (2.15) as the constant coefficient ARX will be eventually canceled in (2.22). Using (2.15),

the RX signals at ωc + ω0 arriving at both ends accumulate to be

vRX
left(t) =

N
∑

i=1

vRX
i [t− (N − i)∆z/vp] =

N
∑

i=1

ej(ωc+ω0)(t−N∆z/vp) = Nej(ωc+ω0)(t−N∆z/vp),

(2.17)

vRX
right(t) =

N
∑

i=1

vRX
i (t− i∆z/vp) =

N
∑

i=1

ej(ωc+ω0)(t−2i∆z/vp) = ej(ωc+ω0)t

N
∑

i=1

e−j2i(ωc+ω0)∆z/vp .

(2.18)

It is expected that the amplitude of the accumulated RX signals at ωc + ω0 arriving at

the left end is nonzero. It will be shown in Section 2.2.4 that (2.17) agrees to (2.5d).
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Similarly, when the transmitted signal is injected from the left side, the associated signal

at the ith capacitor is

vTX
i (t) = C(i∆z, t) · vTX(i∆z, t) = ejωc(t−i∆z/vp)ejω0(t+i∆z/vp) = ej[(ωc+ω0)t−ωci∆z/vp+ω0i∆z/vp],

(2.19)

which is again a normalized expression. If the transmitted signal has the same level as the

received signal, the coefficient is canceled in the calculation for TX/RX isolation. The TX

signals at ωc + ω0 accumulated at both ends are thus

vTX
left(t) =

N
∑

i=1

vTX
i [t− (N − i)∆z/vp] =

N
∑

i=1

ej[(ωc+ω0)t−ωcN∆z/vp−ω0(N−2i)∆z/vp]

= ej(ωc+ω0)(t−N∆z/vp)

N
∑

i=1

ej2i·ω0∆z/vp , (2.20)

vTX
right(t) =

N
∑

i=1

vTX
i (t− i∆z/vp) =

N
∑

i=1

ej[(ωc+ω0)t−ωc2i∆z/vp] = ej(ωc+ω0)t

N
∑

i=1

e−j2i·ωc∆z/vp .

(2.21)

The TX signals at the sideband are suppressed at both ends of the transmission line.

The TX/RX isolation at the left side, defined with respect to the signals at ωc + ω0, is thus

|vTX
left/v

RX
left| =

1

N

∣

∣

∣

∣

∣

N
∑

i=1

ej2i·ω0∆z/vp

∣

∣

∣

∣

∣

=
1

N

∣

∣

∣

∣

1− ej2Nω0∆z/vp

1− ej2ω0∆z/vp

∣

∣

∣

∣

=
sin(Nω0∆z/vp)

N sin(ω0∆z/vp)
. (2.22)

It can be easily verified that the final isolation expression derived with respect to the

other sideband ωc − ω0 (assuming ωc > ω0) should be the same as (2.22). In practice, the

assumption that the phase velocity vp is the same for signals at all frequencies may not

be valid, especially for those at the upper sideband ωc + ω0, and the isolation performance

associated with ωc − ω0 would be more predictable. It is discussed with more detail in

Section 3.4.

The isolation performance of DMC emulates that of the side lobes of an antenna array’s

radiation pattern. It is interesting that recently it is found that the isolation vs. frequency

performance can be shaped and improved by tapering the magnitude of coupling between

the signals and the carrier [20].
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2.2.3 TX/RX Isolation with Loss in Carrier

The carrier’s frequency is usually chosen to be much greater than that of the information

signals. In our interested case, the carrier frequency is above 4 GHz, while the information

signals can be as low as several hundred megahertz. A practical transmission line usually

has more resistive loss at higher frequencies. Therefore, the loss in the carrier might be

significant and need be considered. An additional term can be added to (2.10) to take such

loss into account:

C(z, t) = ejωc(t−z/vp)e−αcz, (2.23)

where αc > 0 is the attenuation constant. Then (2.17) and (2.20) are modified to be

vRX
left(t) =

N
∑

i=1

ej(ωc+ω0)(t−N∆z/vp)e−αci∆z = ej(ωc+ω0)(t−N∆z/vp)

N
∑

i=1

e−i·αc∆z, (2.24)

vTX
left(t) =

N
∑

i=1

ej[(ωc+ω0)t−ωcN∆z/vp−ω0(N−2i)∆z/vp]e−αci∆z

= ej(ωc+ω0)(t−N∆z/vp)

N
∑

i=1

ej2i·ω0∆z/vpe−i·αc∆z, (2.25)

Finally, the isolation can be written as

|vTX
left/v

RX
left| =

∣

∣

∣

∣

∣

(

N
∑

i=1

ej2i·ω0∆z/vpe−i·αc∆z

)

/ N
∑

i=1

e−i·αc∆z

∣

∣

∣

∣

∣

=
1− e−αc∆z

1− e−Nαc∆z

∣

∣

∣

∣

1− e−N(αc−j2ω0/vp)∆z

1− e−(αc−j2ω0/vp)∆z

∣

∣

∣

∣

. (2.26)

2.2.4 Revisiting RX Gain: Conformity with TVTL Theory

With the DMC theory, the RX signal (normalized) at the sideband is expressed by (2.17).

Based on the TVTL theory, it is also formulated by (2.5d). Here we want to show that they

are equivalent.

The length of each unit ∆z is assumed small compared to the wavelength of the signal

propagating through the transmission line. Then the varying capacitance C1 for DMC and
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C ′

m for TVTL can be related by

C ′

m∆z ≈ C1Vc, (2.27)

where Vc is the voltage amplitude of the carrier defined in (2.8). When ξ defined in (2.5e)

is small, (2.5b) becomes Vs(z) ≈ V0, validating the low loss at the fundamental tone caused

by the mixing. From (2.5) and (2.5d), the signal at the upper sideband becomes

vm+s(z, t) ≈ − V0√
2

βm+s

βs

· 1

2
√
2
ξβsz · sin(ωm+st− βm+sz + φm + φs)

= j
V0

8
ξβm+sz

[

ej(φm+φs)ej(ωm+st−βm+sz) − e−j(φm+φs)e−j(ωm+st−βm+sz)
]

. (2.28)

Then combining (2.5e), (2.4), z = N∆z and (2.27) into (2.28) leads to

vRX
m+s(t) = j

N

8
ωm+s

√

L′

C ′
0

C1VcV0

[

ej(φm+φs)ejωm+s(t−N∆z/vp) − e−j(φm+φs)e−jωm+s(t−N∆z/vp)
]

.

(2.29)

Finally, replacing ωm+s = ωm + ωs with ωc + ω0, φm with φc, φs with φRX
0 and noticing that

√

L′/C ′
0 = Z0 is the characteristic impedance, the coefficient of the ejωm+s(t−N∆z/vp) term

in (2.29) is exactly N ·ARX , where ARX is the normalization constant that appears in (2.16).
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CHAPTER 3

Designing a DMC for Experiment

A microstrip prototype made with varactor diodes has been designed to approach the DMC

for a circulator application in the frequency range of 500 MHz – 2 GHz. This chapter

describes various aspects of the design, including the implementation method, the necessary

analysis for assumption validation, the choice of the parameters and the devices, and other

issues that may matter. Some simulation results, mainly in matching, are provided to

validate the design, but more important results, such as the isolation performance, are

delivered without duplication in Chapter 4 for comparisons with measurement results.

Throughout this chapter, we simply call the lower transmission line in Figure 2.1 where

the carrier propagates as the carrier line, and the upper transmission line for information

signals as the signal line.

3.1 Choice of Time-Varying Capacitors

An intuitive way to implement a time-varying capacitor in DMC is using a cut-off transistor,

whose drain capacitance can be varied by the gate voltage. However, the gate and the

drain of the transistor are usually not well isolated especially at high frequencies, and great

amount of power from the carrier may leak to the signal line, which is not desired. Double-

balanced implementation is thus necessary for suppressing the carrier at the signal line (See

Section 3.2).

Since double-balanced is used, varactor diodes have then been considered as a better

candidate than transistors, as they usually deliver higher variation of capacitance, better

16



Figure 3.1: C-V curve of the MA46580 varactor [21].

noise performance and easier implementation with double-balanced network. We determine

the varactors to be used in our DMC should be with

• Low minimum capacitance,

• High capacitance variation,

• High quality factor or Q value, and

• Few parasitics.

The last two requirements ensure the varactors can work properly at high frequencies. Based

on those requirements, we target at the MA46580 varactor from M/A-COM [21].

MA46580 is a beam lead GaAs varactor with a high Q value (≥ 3000 at 4 V, 50 MHz)

compared to most of other available varactors. There is little package parasitics and it

is reported to be useful at frequencies up to 40 GHz. Figure 3.1 shows the capacitance

vs. voltage curve of the MA46580 varactor. The curve is nonlinear as is typical for most

varactors. The capacitance of the MA46580 varactor can reach 0.2 pF when it is biased at

a high voltage, but the variation there is very limited. The variation at the lower voltage

range is greater, but the mean capacitance there is higher. The compromise between high
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(a) (b)

Figure 3.2: DMC implemented with double balanced network: (a) Ideal 3D illustration;

two units are shown. (b) Planar microstrip implementation; the cross section of one unit is

shown.

capacitance variation and low mean capacitance leads to the choice of a DC bias around 7

V. The dashed curve in Figure 3.1 shows our desired working range and our approximation

on the variation for the varactor, which corresponds to C0 = 0.3 pF and C1 = −0.04 pF/V,

where C0 is the mean capacitance of the varactor at the DC bias and C1 is the variation of

the capacitance per voltage defined in (2.7).

3.2 Double-Balanced Network

To best approach the DMC idea, we propose using the double-balanced network with varactor

diodes. Illustrated in Figure 3.2a, pairs of out-of-phase carrier and signal waves propagate

on electrically isolated transmission lines. The reversed-biased varactor diodes are in shunt

between either of the carrier lines and either of the signal lines. The shunt capacitance is then

predominantly controlled by the carrier wave, as it is much stronger than the signal wave.

Due to differential symmetry, the carrier wave is not present in the signal lines and thus the

isolation of the signal from the carrier is achieved. A planar version of the double-balanced

network implemented with microstrip transmission lines is shown in Figure 3.2b.

Independent designs for the carrier lines and for the signal lines are possible with the

double-balanced network. Consider the planar implementation in Figure 3.2b, where there

are four carrier lines and two signal lines. Each carrier line “sees” only one shunt varactor
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(a)

(b)

Figure 3.3: Equivalent circuits for (a) each carrier line; (b) each signal line. C represents

the capacitance of each varactor.

in each unit, while each signal line “sees” two of them. Equivalent circuits for the carrier

line and for the signal line are thus developed as shown in Figure 3.3. In order to match

the phase velocity of the waves propagating through them, different characteristics must be

assigned for the two lines, as different Z0’s are noted in Figure 3.3. More detail is discussed

in the next section.

3.3 Periodic Structure Analysis

As many capacitors are distributed with equal distance, DMC can be treated as a finite

periodic structure. In theory, the mean capacitance of each capacitor is assumed zero, but

in reality, no varactors have zero mean capacitance. However, we can embed the non-zero

mean capacitance into a transmission line using the periodic structure analysis to form an

equivalent transmission line without awareness of it.

Illustrated in Figure 3.4, a transmission line with characteristic impedance Z0 and propa-

gation constant k, if loaded with capacitors of C0 periodically by a distance of d, is equivalent

to a new transmission line with effective impedance ZB and effective propagation constant

β. Equations for ZB and β in terms of Z0, kd and C0 are available in many textbooks [22]

and provided here without proof:
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Figure 3.4: Transforming a periodic structure into an equivalent transmission line.

cos(βd) = A = cos(kd)− ωC0Z0

2
sin(kd), (3.1a)

ZB =
BZ0√
1− A2

, (3.1b)

where

B = sin(kd) +
ωC0Z0

2
[cos(kd)− 1]. (3.1c)

It is expected that both ZB and β are dependent on the frequency ω, which suggests that the

equivalent transmission line is dispersive in general. This limits the useful frequency range

where our assumption is valid that the line is nearly non-dispersive.

Given kd = π/2 or 90° with respect to the phase delay of a 6 GHz signal through

the unloaded line in each unit and C0 = 0.3 pF as given in Section 3.1, one can plot the

effective impedance or Bloch impedance ZB and the effective phase delay through each

unit βd of the carrier line and the signal line by referring to the models in Figure 3.3.

Additional information, namely C = C0, Z0C = 125 Ω and Z0S = 62.5 Ω, is used for

the plots in Figure 3.5. Notice that beyond a certain frequency, both ZB and βd become

purely imaginary, which physically means the wave stops propagating through such periodic

structure, if its frequency is higher than this so-called cutoff frequency associated with the

periodic structure. In our design, the cutoff frequency is around 6.8 GHz. For waves below 5

GHz, βd is approximately proportional to the frequency, where the periodic structure can be

considered as non-dispersive, i.e. the waves propagate through it at the same phase velocity.
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(a) For each carrier line.

(b) For each signal line.

Figure 3.5: Effective characteristics of the periodic structures.

Additional comments need be made on the selection of the values for the design. One of

our original ideas is using a 6 GHz carrier and that is why kd is specified with respect to 6

GHz. Another original idea is to match the signal line to 50 Ω at frequencies below 2 GHz,

which require a higher Z0S than 62.5 Ω. However, a high Z0S conflicts with a high cutoff

frequency. Moreover, as there are two capacitors in shunt of the signal line in each unit

while there is only one for the carrier line, it is required that Z0C = 2Z0S in order to match

the phase velocities of the waves propagating through the carrier line and the signal line.

A higher Z0S makes Z0C even higher and eventually the microstrip line for the carrier can
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be too thin to be fabricated or useful based on most of the substrates available. Therefore,

compromise has been made and Z0C = 125 Ω is chosen and then Z0S = 62.5 Ω is determined.

The choice of the carrier frequency is further discussed in the next section.

3.4 Choice of Carrier Frequency

It is assumed in our theory that signals at both sidebands of the carrier should not be cutoff.

In fact, the signals at the fundamental tone and at both sidebands should propagate at the

same phase velocity, which requires the carrier frequency should be much lower than the

cutoff frequency. In addition, it is implied that the fundamental tone and the sidebands

should not overlap.

Based on the current design, the cutoff frequency of the periodic structures is around

6.8 GHz. The operation frequency range that we target at is 0.5 – 2 GHz. Therefore, in

order to have the signal at the upper sideband survive, the carrier frequency must be below

4.8 GHz. To avoid the overlap between the fundamental tone and the lower sideband, the

carrier frequency must be above 4 GHz. There is not much room left for choosing the carrier

frequency. The final value is settled around 4.2 GHz. Notice that, however, the phase

velocity of the signal at the upper sideband is faster than those at the fundamental tone and

at the lower sideband, as indicated by Figure 3.5 that βd bends up starting from around

4.2 GHz. As a result, the theory fails to predict the performance with respect to the upper

sideband in the current design.

3.5 Choice of Substrate

The substrate chosen for prototype is Rogers RO4003C [23]. The material is suitable for

high frequency application. Some important data about the substrate we use are listed in

Table 3.1. The circuit layout made on this substrate is easy for etching, but the carrier lines

are so thin that they may be lossy as the tangent loss of the material is not extremely low.
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Substrate thickness h: 32 mil

Relative dielectric constant ǫr: 3.55

Relative permeability µr: 1

Conductor conductivity: 5.8× 107 S/m

Conductor thickness: 35 µm

Dielectric loss tangent tan δ: 0.0027

Table 3.1: Data of the Rogers RO4003C substrate [23].

3.6 Design of Unit Cell

The unit cell composes of two carrier lines and one signal line with two varactors in shunt

between them. With the substrate determined, the dimensions of the microstrip transmission

lines in each unit are calculated and displayed in Figure 3.6, where the dimensions of the

varactors are also included. A Momentum simulation is performed in ADS on the layout.

Figure 3.7 checks the phase delays of the carrier line and the signal line through the unit

cell. It shows that the delays are about the same, indicating the same velocity that signals

propagating through the lines.

Figure 3.6: Layout of each unit cell.
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Figure 3.7: Phase matching between the carrier line (S(2,1)) and the signal line (S(4,3)).

3.7 Design of the Ends of the Lines

Figure 3.9 shows the photo of the final prototype consisting of two rows of N = 16 unit cells

cascading side by side. At either end of the lines, a network is built to combine the common

carrier lines and lead all the lines to some 50 Ω ports, as illustrated in Figure 3.8.

Figure 3.8: Layout of the network at the left end of the lines.
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Figure 3.9: Picture of the final prototype.

(a) For the carrier path. (b) For the signal path.

Figure 3.10: Simulated results of the return loss (S(1,1), S(3,3)) and the insertion loss (S(2,1),

S(4,3)) of the prototype. Ideal baluns are used to provide differential input pairs.

3.8 Effects of Bonding Wires

Shown in Figure 3.8, the common carrier lines are connected by bonding wires, which in

practice have some parasitics, mainly inductance, that may cause problems especially for

the high-frequency carrier. The bonding wires A have little effects as they are effectively

invisible to the carrier line, but the bonding wires B are in series of the whole carrier paths

and their parasitics must be taken into account. Thick wires are employed as they introduce

less parasitics than the thin ones, and patches are added at the ends of the bonding wires to

help reduce their effects. With an estimation of 2 nH for each bonding wire B (in practice,

two parallel copper wires of 1 mm diameter are used to form each 2-nH bonding wire), the

simulated return loss and insertion loss of the whole carrier path are plotted in Figure 3.10a.
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A notch in the return loss around 4.2 GHz and a cutoff in the insertion around 6.4 GHz

are expected and confirmed by the plots. The simulated results for the signal path are also

provided in Figure 3.10b. Since the Bloch impedance of the signal line is slightly smaller

than 50 Ω at 0.5 – 2 GHz, the matching is not perfect. The cutoff seems disappear, because

for high frequency, the bonding wires A comes into effect for the signal lines, though they

do not influence the high-frequency carrier and the low-frequency signals in real application.
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CHAPTER 4

Performance of the Experimental DMC

The design described in the previous chapter has been fabricated and shown in Figure 3.9

on page 25. Its performance, especially the TX/RX isolation and the RX gain, has been

evaluated and compared to the theoretical results. In this chapter, the measurement setup

is described and the comparison results are shown.

4.1 Choice of Baluns

As differential inputs are required for the double-balanced network, baluns are necessary

and turn out to be crucial for the evaluation of our DMC design. The balun is a balanced-

unbalanced transformer that can transform between a single-ended (unbalanced) signal and a

differential (balanced) pair. A broadband balun design is also challenging. With our current

research focus, we assume baluns with lossless insertion and perfect matching at all ports

for our theory and even for simulation. In reality, however, problems with practical baluns

need be addressed.

For the carrier inputs, we use a 180° hybrid with the Σ port terminated to serve as the

balun. The carrier input is connected to the hybrid’s ∆ port and its rest ports are for the

DMC. Though the balun for the carrier does not need to be broadband, the hybrid has

well-matched ports and flat 3 dB ∆-Output insertion loss over its nominal frequency range

of 2 – 18 GHz, which covers the 4.2 GHz carrier frequency.

Two baluns are required for the signal paths and they have to be broadband, which

should cover not only the signal’s input frequency range, but also the range of its sidebands
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(a) (b)

Figure 4.1: Characteristics of the balun, simulation (red) and measurement (blue): (a)

Return loss of the differential port; (b) Insertion loss of the back-to-back connected balun

pair.

of the carrier. The input frequency range is 0.5 – 2 GHz, below the operation band of the

hybrid for the carrier. In fact, there are few hybrids available that can cover such a wide

band. Therefore, different baluns from the hybrid are used for the signal paths.

Marki Microwave’s BAL-0006 is a broadband 3-port balun with a nominal frequency

range of 200 kHz – 6 GHz [24], which covers the frequency range that we need for the signal

paths. However, Figure 4.1a shows there is still some mismatch in the differential ports of

this balun confirmed by measurement, and it causes fluctuation shown in Figure 4.1b when

we investigate the insertion loss of two baluns connected back-to-back. For measurement of

the balun pair, additional cables are employed for connection, and their phase-delay effect

is included in the plots in Figure 4.1b. The fluctuation suggests the reflected waves caused

by the mismatch greatly interactive with the incident waves and they must be suppressed.

Therefore, some 19.5 dB attenuators are loaded at the differential ports to reduce the effects

of the mismatch in the later experiment.
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Figure 4.2: Picture of the measurement setup.

4.2 Measurement Setup

Figure 4.2 shows a picture of our measurement setup and Figure 4.3 explains the detail of

the connection. The instruments and the components involved in measurement are listed in

Table 4.1. During the experiment, the varactor diodes are biased at 7.15 V. A 4.23 GHz, 26

dBm carrier is sent into the DMC. A splitter is used at the TX-input side to provide a path

connecting to the spectrum analyzer monitoring the signals at that side. For symmetry, the

other splitter is added at the RX-input side with the port terminated by simply a 50 Ω load.

The broadband baluns for the signal path include the attenuators at the differential ports

to suppress the mismatch problem as mentioned in the previous section.

4.3 RX Gain Measurement

Referring to Section 2.1.1, the receiving (RX) gain is defined as the ratio of the RX output

level at the sidebands reaching to the TX-input side over the RX input level at the funda-

mental tone. Equations (2.5d) and (2.17) provide two ways to express the RX signals at

the upper sideband which have been shown equivalent in Section 2.2.4. One may conclude

from comparing (2.5c) and (2.5d) that the signal has a greater gain at the upper sideband

than at the lower one, while in our prototype, it is not the case for the reason given in Sec-
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Figure 4.3: Diagram of the measurement setup.

Label Name Model Number Nominal Frequency Range

I Synthesized Sweeper HP 8340A 10 MHz – 26.5 GHz

O Spectrum Analyzer Agilent 8565EC 9 kHz – 26.5 GHz

D DC Power Supply Agilent E3620A N/A

T Bias Network HP 11612A 45 MHz – 26.5 GHz

S Power Splitter HP 11667B DC – 26.5 GHz

H 180° Hybrid Narda 4346 2 GHz – 18 GHz

B Broadband Balun Marki BAL-0006 200 kHz – 6 GHz

Table 4.1: List of the instruments and the components involved in measurement. Refer the

labels to Figure 4.3.
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tion 3.4. The RX gain associated with the lower sideband is evaluated here to provide the

verification of the theory. Reproducing (2.6) with mere consideration of the lower sideband,

the theoretical RX gain should be

Gain = 20 log

∣

∣

∣

∣

1√
2

ωc − ω0

ω0

sin

(

N

2
√
2
ξβ0∆z

)∣

∣

∣

∣

in dB. (4.1)

Here I use the same notation ωc and ω0 as that for the DMC theory instead of ωm and

ωs for the TVTL theory. Given the assumption and the fact that the signals in question

propagate at the same phase velocity, we have (βc − β0)/β0 = (ωc − ω0)/ω0 = (fc − f0)/f0.

The current DMC is composed of N = 16 units (though each unit has two unit cells). β0∆z

is the effective phase delay of each unit, which can be determined by the periodic structure

analysis. The last thing is thus to estimate the capacitance variation ratio ξ.

4.3.1 Estimation of ξ

The variation ratio of the capacitance ξ is defined by (2.5e) in TVTL theory and for the

current design, it is estimated by

ξ =
C ′

m

C ′
0

=
C ′

m∆z

C ′
0∆z

≈ 2C1Vc

2C0 + C ′

0S∆z
, (4.2)

where C0 and C1 are from the varactors, C ′

0S is the unit-length capacitance of the signal line,

and Vc is the voltage amplitude of the carrier. Recall that two varactors are in shunt of the

signal line (See Figure 3.3b) and thus C0 and C1 are multiplied by 2. C ′

0S∆z as a whole can

be estimated by

C ′

0S∆z =
k∆z

ωZ0S

. (4.3)

Recall in Section 3.3 that k∆z = π/2 with respect to f = 6 GHz and Z0S = 62.5 Ω, we have

C ′

0S∆z = 0.667 pF. Another way is to estimate C ′

0∆z ≈ 2C0 + C ′

0S∆z as a whole by

C ′

0∆z =
β∆z

ωZBS

, (4.4)

where β∆z is the effective phase delay through each unit with respect to the frequency ω

and ZBS is the Bloch impedance of the signal line as a periodic structure. The result is the
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same as 2C0 + C ′

0S∆z except the value goes up when the frequency increases. Given the

carrier input power of 26 dBm during the experiment, considering the splitting and the loss,

the power reaching to each of the four carrier lines is about Pc = 19.5 dBm. Then Vc can be

estimated by Vc =
√
2PcZBC , where ZBC is the Bloch impedance of each carrier line at the

carrier frequency. Finally, we have |ξ| ≈ 0.18 over the signal’s input frequency range. The

calculated RX gain is thus plotted in Figure 4.4 as the theoretical result.

4.3.2 Calibration in the Measurement

Based on the setup in Figure 4.3, we can measure the RX gain by turning on the RX input

and reading the tone at the lower sideband in the spectrum analyzer. The TX input is off, or

for symmetry and precision, it can be replaced by a 50 Ω terminator. Since we are interested

in the RX gain only through the DMC, the external loss which would be measured needs to

be excluded. Namely, the loss through the splitters and the broadband baluns in the signal

path should be taken out in the measured result. It is worth mentioning that loss at two

frequencies in minimum needs to be determined for each input frequency. For the splitter

and the balun connecting to the RX input, the loss is defined at the input frequency, while

for those to the spectrum analyzer, it should be determined at the lower sideband.

4.3.3 Comparison of Results

The measured RX gain is summarized and compared with the theoretical result in Figure 4.4.

Also included is the simulation result based on the layout described in Chapter 3 and the

setup. The loss through the splitters and the baluns in the signal path is excluded in the

measured result. In simulation, ideal baluns are used to create the differential inputs. There

is a great agreement between the results, especially the decreasing trend in overall of the RX

gain curve with respect to the increasing frequency, except that there is still some fluctuation

in the measured result due to the mismatch of the baluns. Based on the current design and

the setup, small gain is achievable at frequencies below 700 MHz. The loss of the DMC can
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Figure 4.4: The RX gain results.

be controlled within 5 dB throughout the frequency range of 0.7 – 1.8 GHz.

4.4 TX/RX Isolation Measurement

The TX/RX isolation of the DMC is defined as the ratio of the frequency-converted TX level

reflected to the TX-input side over the converted RX level reaching there, where the TX

and RX inputs are the same (at the same frequency and with the same level). The isolation

defined in this way should be negative in dB. Saying a high isolation is equivalent to saying the

isolation is greatly negative in dB. By meaning “converted”, we are supposed to measure the

signals at one of the sidebands, and for the same reason for RX gain measurement, we choose

the lower sideband for experiment. In the introduction, the isolation of a circulator seems

defined as the TX level leaked to the receiver over the TX input level from the transmitter,

and what we define is more properly called directivity of the circulator in some literature.

Despite the difference in that the directivity takes the RX gain or loss into account, especially

for active circulators, while the conventional isolation does not, they are equally appropriate

to describe the non-reciprocal performance of a circulator in the transceiver application.

The calculation of the theoretical TX/RX isolation is quite straightforward from (2.22)

and reproduced here:

Isolation = 20 log

∣

∣

∣

∣

sin(Nβ0∆z)

N sin(β0∆z)

∣

∣

∣

∣

in dB. (4.5)
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Figure 4.5: The TX/RX isolation results.

Again, N = 16 and β0∆z can be calculated by the periodic structure analysis.

To measure the isolation, we can first turn on the RX input and read the sideband

signal; then turn off the RX and turn on the TX input, which has the same frequency and

the same power level as the RX, to measure the sideband signal again. The two results can

be measured in dB and their difference tells the isolation. No calibration is necessary because

of the symmetry, assuming the splitters and the broadband baluns are identical, which in

practice nearly are.

4.4.1 Comparison of Results

The measured TX/RX isolation is compared with the theoretical and simulation result in

Figure 4.5. The side-lobe pattern is observed and the measured result matches well with the

others at 0.4 – 1 GHz. In overall, larger than 13 dB isolation over 0.45 – 1.8 GHz is expected

and confirmed.
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CHAPTER 5

Conclusion

5.1 Summary

This work presents an interesting idea of utilizing non-reciprocity of the time-varying trans-

mission line (TVTL) model. A circuit with distributedly modulated capacitors (DMC) has

been proposed to approach the model and serve for a non-reciprocal microwave component

such as a circulator. The DMC does not require ferrite and it would be readily integrat-

ed into a complete transceiver front-end even at the lower end of the microwave frequency

spectrum. The theoretical analysis provides guidelines of RX gain and TX/RX isolation

derivations. A microstrip prototype on Rogers substrate using the double-balanced network

of GaAs varactor diodes has been designed and tested to verify the theory. Larger than 13

dB isolation with less than 5 dB receiving loss is expected and observed over 500 MHz – 1.8

GHz during the experiment.

5.2 Future Work

There are several aspects of work that can be done to further explore the potential of DMC.

The first is to improve the TX/RX isolation performance by using the non-uniform im-

plementation of DMC. The theoretical study has shown even 40 dB isolation is achievable

by taping the capacitors’ variations [20]. Second, the noise performance of DMC needs to

be evaluated. Compared to conventional active non-reciprocal components, we use reverse-

biased varactor diodes instead of amplified-transistors, and the varactor’s ohmic loss can be
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very low given its high-Q value, implying little additional noise introduced. Varactor-based

circuits have shown great noise performance, including in the recent parametric amplifier

design [25, 26]. Last but not least, the power handling of DMC needs to be investigated. A

more robust design using alumina substrate and without using long bonding wires is also

considered in the next step.
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APPENDIX A

Derivation of the TVTL Solution

Selected details on solving the TVTL equation (2.2) with (2.3) are demonstrated here. Sim-

ilar steps to those in [18] are taken to derive the solution, but time-varying capacitance,

instead of time-varying inductance in [18], is assumed in our case. Signals at three frequen-

cies, the original frequency and both sidebands, are involved in derivation. Rewrite (2.3)

into the form of

C ′(z, t) = C ′

0 + C ′

m(z, t), (A.1)

where

C ′

m(z, t) = C ′

m cos(ωmt− βmz + φm) =
1

2
C ′

me
jφme−jβmzejωmt +

1

2
C ′

me
−jφmejβmze−jωmt

=
1

2
C ′

m(z)e
jωmt +

1

2
C ′∗

m(z)e
−jωmt, (A.2)

where

C ′

m(z) = C ′

me
jφme−jβmz, (A.3)

is the phasor form of C ′

m(z, t) and the superscript “∗” denotes the complex conjugate. Fur-

ther, denote

ξ = C ′

m/C
′

0, (A.4)

as the ratio of the capacitance variation to the mean capacitance of the transmission line.

Inserting (A.1) into (2.2) yields

∂2v(z, t)

∂z2
= L′C ′

0

∂2v(z, t)

∂t2
+ L′

∂2[C ′

m(z, t)v(z, t)]

∂t2
. (A.5)

Given a signal at the frequency ωs, the signals generated at the sidebands of the mod-

ulation carrier, ωm−s = ωm − ωs and ωm+s = ωm + ωs, are of the most significance. Let
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vs(z, t) = Vs(z)e
jωst + V ∗

s (z)e
−jωst, (A.6a)

vm−s(z, t) = Vm−s(z)e
jωm−st + V ∗

m−s(z)e
−jωm−st, (A.6b)

vm+s(z, t) = Vm+s(z)e
jωm+st + V ∗

m+s(z)e
−jωm+st (A.6c)

represent the signals at the three tones. Inserting (A.2) and (A.6) into (A.5) leads to

d2Vs(z)

dz2
= −ω2

sL
′C ′

0Vs(z)−
1

2
ω2
sL

′C ′

m(z)V
∗

m−s(z)−
1

2
ω2
sL

′C ′∗

m(z)Vm+s(z), (A.7a)

d2V ∗

m−s(z)

dz2
= −ω2

m−sL
′C ′

0V
∗

m−s(z)−
1

2
ω2
m−sL

′C ′∗

m(z)Vs(z), (A.7b)

d2Vm+s(z)

dz2
= −ω2

m+sL
′C ′

0Vm+s(z)−
1

2
ω2
m+sL

′C ′

m(z)Vs(z). (A.7c)

There are three more equations which are paired in complex conjugate with (A.7).

Now suppose all the signals are traveling in the same direction of the carrier. Then we

can assume

Vs(z) = As(z)e
−jβsz, (A.8a)

V ∗

m−s(z) = A∗

m−s(z)e
jβm−sz, (A.8b)

Vm+s(z) = Am+s(z)e
−jβm+sz. (A.8c)

Suppose the transmission line is non-dispersive over a broad band, that is,

ωs

βs

=
ωm−s

βm−s

=
ωm+s

βm+s

=
ωm

βm

= vp =
1

√

L′C ′
0

, (A.9)

which indicates that

βm±s = βm ± βs. (A.10)

When the ratio ξ defined in (A.4) is small, as is generally true in actual applications, A(z)’s

in (A.8) are slowly varying functions and the terms involving d2A(z)/dz2 may be neglected.

Then substituting (A.3), (A.4) and (A.8) into (A.7), we have

− 2jβs
dAs(z)

dz
− β2

sAs(z) = −ω2
sL

′C ′

0As(z)

− 1

2
ω2
sL

′C ′

0ξe
jφmA∗

m−s(z)−
1

2
ω2
sL

′C ′

0ξe
−jφmAm+s(z), (A.11a)
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2jβm−s

dA∗

m−s(z)

dz
− β2

m−sA
∗

m−s(z) = −ω2
m−sL

′C ′

0A
∗

m−s(z)−
1

2
ω2
m−sL

′C ′

0ξe
−jφmAs(z),

(A.11b)

−2jβm+s
dAm+s(z)

dz
− β2

m+sAm+s(z) = −ω2
m+sL

′C ′

0Am+s(z)−
1

2
ω2
m+sL

′C ′

0ξe
jφmAs(z).

(A.11c)

Using (A.9) that β2 = ω2L′C ′

0, the equations are reduced to

dAs(z)

dz
= −1

4
jβsξe

jφmA∗

m−s(z)−
1

4
jβsξe

−jφmAm+s(z), (A.12a)

dA∗

m−s(z)

dz
=

1

4
jβm−sξe

−jφmAs(z), (A.12b)

dAm+s(z)

dz
= −1

4
jβm+sξe

jφmAs(z). (A.12c)

Combining the equations (A.12) with (A.10), we have

d2As(z)

dz2
+

1

8
ξ2β2

sAs(z) = 0, (A.13)

whose solution in general can be

As(z) = c1e
γz + c2e

−γz, (A.14a)

where

γ = j
1

2
√
2
ξβs, (A.14b)

and c1, c2 are complex constants to be determined by the boundary conditions. From (A.12),

we also have

A∗

m−s(z) =
1√
2

βm−s

βs

e−jφm
(

c1e
γz − c2e

−γz
)

+ c3e
−jφm , (A.14c)

Am+s(z) = − 1√
2

βm+s

βs

ejφm
(

c1e
γz − c2e

−γz
)

− c3e
jφm , (A.14d)

where c3 is another constant to be determined. Put (A.14) into (A.8) and then into (A.6).

The boundary conditions are

vs(0, t) = V0 cos(ωst+ φs) =
1

2
V0e

jφsejωst +
1

2
V0e

−jφse−jωst, (A.15a)

vm−s(0, t) = 0, (A.15b)

vm+s(0, t) = 0. (A.15c)
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The constants are thus

c1 = c2 =
1

4
V0e

jφs , c3 = 0. (A.16)

Finally, the solution is

vs(z, t) = V0 cos

(

1

2
√
2
ξβsz

)

cos(ωst− βsz + φs), (A.17a)

vm−s(z) = − V0√
2

βm−s

βs

sin

(

1

2
√
2
ξβsz

)

sin(ωm−st− βm−sz + φm − φs), (A.17b)

vm+s(z) = − V0√
2

βm+s

βs

sin

(

1

2
√
2
ξβsz

)

sin(ωm+st− βm+sz + φm + φs). (A.17c)

One more comment is about the power relation. The average power associated with each

signal is

Ps(z) =
V 2
0

2Z0

cos2
(

1

2
√
2
ξβsz

)

, (A.18a)

Pm−s(z) =
V 2
0

4Z0

(

βm−s

βs

)2

sin2

(

1

2
√
2
ξβsz

)

, (A.18b)

Pm+s(z) =
V 2
0

4Z0

(

βm+s

βs

)2

sin2

(

1

2
√
2
ξβsz

)

, (A.18c)

where Z0 =
√

L′/C ′
0 is the linear characteristic impedance of the transmission line. Given

the input (A.15), we have

Pin =
V 2
0

2Z0

. (A.19)

The power change of the signal at the fundamental tone ωs is Ps − Pin. It is now readily to

see the Manley-Rowe relation [12] in the way of

Ps − Pin

βs

− Pm−s

βm−s

+
Pm+s

βm+s

= 0. (A.20)
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