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A NON-RECURSIVE INCOMPLETE CHOLESKY DECOMPOSITION METHOD FOR
THE SOLUTION OF LINEAR EQUATIONS WITH A SPARSE MATRIX
I. Introduction

The algorithm described in this paper is applicable to diagonally
dominant matrices. It makes use of the fact that an incomplete Cholesky
or LU decomposition which imposes a certain sparsity is actually an
expansion in powers of off diagonal elements. It is therefore pointless
to compute the elements of the tridiagonal matrices and the solution to
infinite order by recursive procedures. It is self-consistent and suf-
ficient to compute these quantities to the same order as the one intro-
duced by the imposed sparsity of the tridiagonal decomposition.

The first section describes the method for symmetric matrices. The
extension to non~symmetric matrices is achieved by iterating the solu-
tions for the symmetric component of the matrix where the source terms
contain the non-symmetric contributions from the previous iteration.

The second section gives the times and number of iterationms used
for a test case taken from a NRL electrostatic code. It involves the
solution of an elliptic partial differential equation with variable co-
efficients in the two dimensions.

The third section gives some conclusions.

II. Algorithm
1) General considerations
The linear system of equations to be solved for the vector x
can be written in the form
Mx =y (1)

X,y are vectors of length N and Det(M) # O.

Manuscript submitted May 2, 1980
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In order to explain the following concepts one must introduce the
definition of weakly and strongly diagonally dominant matrices. A
matrix A is defined to be weakly diagonally dominant if

[ag|

W =1 - A, Ta,D = ° @

wij

for all 1,j;1 # 3

A matrix A is defined to be strongly diagonally dominant if

Sy =1 - l§j (lAjk “kj/Akkl) Nagglz0 @

for all j.
Let L and U be two lower and upper triangular matrices respectively,
subject to the following two conditions
a) wehw™y = wan 2 o (4)
b) The inversions
z = L—ly
x=U"2 (5)
with z a vector of length N can be performed exactly.
Equation (1) can be transformed into

o twxy = LYy (6)

L
It 18 obvious that Eq. (6) is easier to solve than Eq. (1). Any itera~-
tion scheme will use fewer iterations. One should also remark that
neither L, U, or L-l, U.1 have to be known, but only the results of
L’l, U™l applied to a vector.

The real question is how one finds good matrices L, U with a

minimum of operations, such that Eq. (6) can be solved with a few
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iterations. This is especially important in time-dependent problems

where a good approximation to the solution is known from the previous
timestep. It is clear that with more operations one could find a bet-
ter L and U, thereby reducing the number of iterations needed to solve
Eq. (6). The problem is to find an algorithm which minimizes the total
number of operatioms.

For most physical problems (elliptic equations in two or three .‘?

dimensions) the matrix M is sparse with an (average) bandwidth B << N.

The number of operations Op should be
Op & B*N f(N) 7

where f(N) is a weakly increasing function of N. Also, the algorithm
should not contain recursive formula, which invoke scalar operations on
a vector computer (ASC, CRAY, . . .) cr parallel computer (ILLJAC),
2) Expansion in connections
In order that the following approximation for L and U be valid
the matrix M must have two properties

a) the average bandwidth B << N

b) M must be expandable.

Condition b) will be explained now.

A connection of vth order is to be defined as

v _ v .
€ Ei eij Mjk/ij s val 8)
Jk
with ) 1
= 9
ik = Mk ®
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Then M is expandable if for all v

vl v 4
It is obvious that the condition of strong diagonal dominance . ;
3.

s(M) >0

T

Wy A

is sufficient. Furthermore, if M is expandable then
w(M) > 0

M is weakly diagonally dominant. Therefore, the necessary and

LT Lo Sea Ty S

sufficient conditions for expandability lie somewhere between weak and

B 1411 A

strong diagonal dominance. The computation of L, U will be an expansion
in the number of connections, thus avoiding recursion procedures. In .

general, given a recursion formula

. | y = o1 + €Wy 1 i=1,n
(11)
with o < ¢ < 1,
E The iterative formula
n’ =g, +en’! 1=1,n
a i i i-1 ’
o
g =0y (12)

will give the same results after n iterations. Terminating after the

‘ vth iteration gives the results to order ev+1. All recursion formula

‘1 which do occur will be replaced by an iteration with a very small v.
The matrices L, U will be computed to a certain order in the expansion in
the number of connections. In order to explain this procedure the tri-

angular decomposition is briefly described here without proof.

4




Let

uji = Mji - 1§1 ijDkUki js 1. (13)
Then
My =§Liknkukj (14)

and one can solve

z, =D (y, -~ 3, L.z)
i i1 <i ik'k

x; =z, = 2 U, Dex (15)

directly.
The incomplete Cholesky or incomplete LU decomposition consists of

imposing a specified sparsity on L, U, The order of approximation is
n = v(s) +1 (16)

where v(c) is the highest possible connectivity given by the sparsity

imposed on L and U (or n is first one neglected).




The recursion formulae in computing L, U (Eq. (13)) are reset by
iteration to the order p, which leaves an error of 0@ + 1l). These

iterations can be written as follows

!
v vl _v-1 v-1
1/p; L kgi Lig D Uy -l
\ 2 v-1 _v-1 _v-1 g
, Ly =My, kgi Lig P Ug v =1, (17) 4
v _ v-1 .v-1 v-1 ;
Ui TMp - & Y % Y 1
15
It
| 1/Dp M, .
o .
Lig =My j=1i
o ¥
Uji = Mji js i :
(18)
Voo b - poo_v-1 :
2y Dy Oy kgi Lik 2 )
Voo W wo_v-1 -
x4 2y §1 Uik D *k V=l
with
z: = D: Yy
] 19)
. o _ .
3 Xy 2y
E This procedure gives a matrix
3 1 |
]
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whose off diagonal elements consists of errors of order V(S) +1

left by imposing a specified sparsity S, and errors of order p + 1

caused by resetting the recursion formula by iteration. [
i
3) Example i
As an example the five point difference formula for an ﬁ
I
elliptic equation in two dimensions is taken. M at one point, j,k is i1
then ]
'4
- k-1 &
uy ;
M = - By 1 - by k
- k+1
by
(20)
j-1 3j j+l
Then imposing the same sparsity on L and U and for v = 1,2 gives:
0 k-1
- k+1 21
My (21)
i-1 hj jtl
T by k-1
. o™ - o b 1/1)(") 0 X
,‘ 0 k+1 (22)
i{ k-1 k k+1
‘
¥
with 0@ =1 p@® o1 __ (23)
. 1-p _2-p 2
1 T
r
L
3 7
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This yields:

0 0 -u}z, 0 0 k-2
0 -2uxuy 0 -uxuy 0] k-1
w1y W w2 0 1-u2u2 0 ~u2 K (24)
0 —pxuy 0 —Zuxuy 0 k+1
0 0 —u}% 0 0 k+2
3-2 j-1 3 j41 j42

This is not a good approximation to a unity matrix. Therefore, one more

iteration step has to be taken:

(2)
'l =

0 0 0 -u3 0 0 0 k-3
) 2 -
0 0 3uyux 0 “y“x 0 0 k-2
- 2 - 12 _ - u2 -
0 3u ue 0 uyux MM uyux 0 k-1
13 2 2 - 3
u 0 uyux 1 ]Jyux 0] My k
- 12 —u 1u2 -y 2 - 2
0 uyux uyux uyux 0 3uyuX 0 k+1
-2 _1,2
0 0 uyux 0 3uyux 0 0 k+2
0 0 0 -u; 0 0 0 k+3
j-3 j-2 j-1 j j+l j+2 i3

This is a much better anproximation to the unity matrix correct to

terms of third order, except for the off diagonal terms uxuy caused

by the sparsity imposed on L and U, A complete
8




recursion would give only the expansion of those off diagonal terms, A

(3)

third order (L_lMU—l) with the inclusion of these off diagonal elements

will give 4th order accuracy.

4) The conjugate gradient method
A short description of the conjugate gradient method which is
used to solve the equation

1

Loty = 171y (26)

L
is given for completeness. The procedure is taken from Kershaw's [1]
paper where further references can be found. It minimizes (x, Mx-y).
For other norms see the paper by Petravic L2]. The conjugate gradient
method can only be applied to symmetric matrices. The handling of
asymmetric matrices will be discussed in the next paragraph.

Let the zero order approximation vector r and p be defined by

£©) Ly ©)

o (27)

@y £

p(0)

where x(o) is an approximation to the solution x. Compute two auxiliary

vectors as

ICORNCY

M @l HM e
and two scalar products

e IRV ISR

s o ) )y (29)

The next iteration vectors are then given by

9
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)
O+1) _ ) _a ™ @)
¥ r P (30) "

LOH) | (9 L a )

5) Non-symmetric matrices
Non-symmetric mafrices M arise in physical problems from
different sources: gradients that can also be present in elliptic
equations, non-separable coordinate systems and most important from
Neumann boundary conditions. The method proposed by i:
Kershaw [1] did not work very well in test problems. It consists essen-

tially of multiplying

1 1

| L lux) = LYy (31)
- -1.T

by the transposed matrix (L lMU l) and then solving the resulting linear {j

system. One can easily see that off diagonal elements are multiplied

essentially by two. Therefore, the convergence of the conjugate

gradient method is slowed. Even worse is to take MTM. Then the con-

e Ol aah Jadil

dition of expandability is not fullfilled for elliptic equations. The

method used here 1is to solve for the asymmetry by iteration. Let

1 T
MS =3 M+ M)

(32)
: 4 oM -'% ™ - Mb)
» | Let o denote the iteration for the asymmetry, then
i Mx() -y - sMx (-1 (33)

10
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(0-1)

One can go one step further and correct x as used in the above

equation. Let

(O =g - mx(9) _ axo-D) (34)
Then

Ms(rc +6x) =0
or

M_bx = - e (35)

Now use LLT in above equation and define

-1

%@ 2 3@ o Ty @ (36)

for the right hand side of Eq. (33).

III. Numerical results

Test runs have been made with an elliptic equation which arises

in numerical simulations of electrostatic plasma flow:

3 d .3 .2 _ 3
(.a; o$+$33}7)f % (37)

0<x,y<1
XX 2
o =14+ geexp |- ( T ) - (%—)
X y

The partial differential equation was translated into a five point

formula in two different ways; a) by leaving o inside of the
second derivative and b) by taking the differentiation of o out of the

second derivatives and treating the first derivatives of ¢ separately.

11
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3

1
Er [(°j+1,k oy Cae ~ 0 7 Og 95,0 By ko fj-l,k)]

+ =1

dy2 [°j,k+1 o) Gy~ f

3,60 7 Ot 051 Gy fj,k-lﬂ

1
= 2ax 441,k T %3-1,K) (38)

while b) gives

1 1
dx? [(fj+1,k'2fj,k t a0 %o, L Ok T %5, Gk fj-l,k)]

h|
+ -1 [(f 2f. .+ f Y+ — (o -6 ) (£ - £ )]
ay? (10075, fy,e0Y B0 €k 7 0000 Grien” T
==L - ) (39)
20, %+1,k ~ 93-1,Kk’°

Version a) is symmetric; b) is not.
Test runs have been made with B from 104 to .L,lx, ly from .1 to
.5. The number of points in x and y has been varied between 25

and 100. The rms error:

ms 5@22:5—2— varied between 107> and 107°.

The general experience gained by the test runs can be summarized as
follows.

1) The need for double precision on the ASC (the ASC has a
32-bit word). The reason seems to be that the orthogonali-
zation has to be achieved with high precision.

2) A simple-minded iterative scheme with single precision worked
well only for a low accuracy and relatively small n & 30.

The scheme eventually did converge but with a great number of

iterations.
12
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3)

4)

5)

Timing

The use of recursion rather than iteration for the incomplete LU
decomposition for a specific approximation did not (essentially)
change the convergence rate.

The use of p = 3, v( ) = 2 compared to p = 2, V(S) = ]1 decreases

S
the number of iterations in about the same ratio as the number of
operations per point increases. Therefore, the total time
remained essentially constant.

The use of recursion in the second index (allowing partial
vectorization on a vector-computer) only decreased slightly the
number of iterations. It seems to be more appropriate - at least
in the test cases run - to use the same approximation in the x and

y directions. There may be asymmetric cases where this will not

be true.

The number of operations per point is:

Scalar products 2
Compute x,r,p 6
q = Mp 9
Total I;
rms error 11

-1

The number of operations for x = (LLT) depends on the approximation.
Let nsca be the equivalent number of vector operations for one scalar

{ operation; then the ratio of operations for tnhe equivalent number for a

recursive procedure becomes for p = 2, V(S) =], for p = 3, VS = 2
- 38 r. = 58
T) = Znsca + 24 2  4nsca + 26

13




This gives for nsca = 20 (® factor for the ASC)

r, = ,37

1 = .55

2
The iterative procedure can be vectorized over the whole array. For the
recursive procedure the remaining vectorization can be only achieved for
an inner loop, thus increasing the setup times compared to the iterative
procedure. Also the more efficient use of two pipes on the ASC machine
decreases the ratio further. Test runs have shown for p = 2, vs = 1 an

overall savings of about a factor of 5.

The total number of iterations Ni seems to be proportional to

Ni ~ (NxNy)3/2

The dependence of Ni on the error reduction rate seems to be more compli-
cated, roughly speaking 5 iterations per factor 10, such that the
convergence factor is fred = (.1)1/5. In contrast to ADI and other
methods the convergence factor seems to be more or less constant and
independent of the error itself.

Imposing the Neumann boundary condition g§-= aty=21
introduces an asymmetric matrix M. The number of iterations about the
asymmetry is on average two. The program imposes at each iteration an
error limit which is about 1/2 the error of the asymmetry. It thereby
avoids unnecessary iterations for the symmetric solutions. Test runs
have shown that the number of 1iterations (computing time) increases by
about 50%, when compared to the same problem using Dirichlet boundary
conditions,

In time dependent problems the computing time depends to a large

extent on the guess of fo. Crude time dependent calculations where the

14




center of the exponential function is simply shifted and fo is set to
the previous solution, gives a reduction of about 3 - 10 over that given
by fo = 0, depending on the required rms error and Nx, Ny. The relation-

ships for N, and fred still hold approximately. The reduction is about

i
10 for higher accuracy and lower for a lower accuracy because the
change in f is the same.

S. Zalesak has used the scheme extensively in his electrostatic code.
For small error (rms = 10—3) and bad approximations the code runs about
as fast as a vectorized ADI. For higher accuracy (10—“) and a good
approximation the code runs about two times faster than ADI with an

accuracy of 10—3. ADI did not converge after a reasonable number of

{terations for a rms error of 10 °.
IV, Conclusion

A vectorized incomplete Cholesky description scheme for the
solution of large linear systems for sparse matrices has been developed.
The vectorization is achieved by systematically replacing recursive
formulae by non-recursive expansions in connection strength, both in the
incomplete LU decomposition and in applying (LU)-1 to a vector. The con-
jugate gradient method assures convergence. The saving in computing time

over the recursive solution on a vector machine is about a factor five.
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DIRECTOR
U.S. ARMY TRADOC SYSTEMS ANALYSIS ACTEVITY
WHITE SANDS MISSILE RANGE, NM 88002

0ICY ATTN ATAA-SA

01CY ATIN TCC/F. PAYAN WR.

0ICY ATTN ATAA-TAC LTC J. HESSE

COMMANDER
NAVAL ELECTRONIC SYSTEMS COMMAND
WASHINGTON, D.C. 20360
01CY ATTN NAVALEX 034 T. HUGHES
QICY ATTN PHE 117
01CY ATTN PME 117-T
01CY ATTN CODE 5011

COMMANDING OFF |CER
NAVAL INTELLIGENCE SUPPORT CTR
4301 SUITLAND ROAD, BLDG.
WASHINGTON, D.C. 20390
01CY ATYN MR. DUBBIN STIC 12
01CY ATIN NISC-50
01CY ATTN CODE 5404 J. GALET

COMMANDER

NAVAL OCEAN SYSTEMS CENTER

SAN DIEGO, CA 92152
03CY ATYN CODE 532 Ww. MOLER
01CY ATTN COOE 0230 C. BAGGETT
01CY ATTN CODE 81 R. EASTMAN

OIRECTOR
NAVAL RESEARCH LABORATORY
WASHINGTON, D.C. 20375
01CY ATTYN CODE 4700 TIMOTHY P. COFFEY (25 CYS
IF UNCLASS, 1 CY IF CLASS)
01CY ATTN CODE 4701 JACK D. BROWN
01CY ATYN CODE 4780 BRAND4 HEAD (150 CYS
IF UNCLASS, 1 CY IF CLASS)

01CY ATTN CODE 7500 mQ COMM DIR BRUCE WALD
01CY ATTN CODE 7550 uJ. DAVIS

GICY ATTN CODE 7580

01CY ATTN CODE 7551

01CY ATTN COOE 7555

01CY ATTN CODE 4730 E. MCLEAN

01CY ATTN CODE 4127 C. JOMNSON

COMMANDER
NAVAL SEA SYSTEMS COMMAND
WASHINGTON, D.C. 20362

01CY ATTN CAPT R. PITKIN

COMMANDER
NAVAL SPACE SURVEILLANCE SYSTEM
DAMLGREN, VA 22448

01CY ATTN CAPT yu. W. BURTON

OFF [CER~IN-CHARGE

NAVAL SURFACE WEAPONS CENTER

WHITE OAK, SILVER SPRING, MO 20910
01CY ATYN CODE F31

DIRECTOR
STRATEGIC SYSTEMS PROJECT OFFICE
OEPARTMENT OF THE NAVY
WASHINGTON, D.C. 20376
01CY ATYN NSP-2141
01CY ATTN NSSP-2722 FRED wIMBERLY

NAVAL SPACE SYSTEM ACTIVITY

P. 0. 80X 92960

WORLOWAY POSTAL CENTER

LOS ANGELES, CALIF. 90009
0l€Y ATIN A. 8. MAZZARD

e




COMMANDER
NAVAL SURFACE WEAPONS CENTER
DAHLGREN LABORATORY
DAFLGREN, VA 22448
01CY  ATTN CODE OF-14 R. BUTLER

COMMANDING OFF [CER

NAVY SPACE SYSTEMS ACTIVITY

P.O. BOX 92960

WORLOWAY POSTAL CENTER

LOS ANGELES, CA. 90009
81CY ATTN CODE 52

OFFICE OF NAVAL RESEARCH

ARLINGTON, VA 22217
01CY ATYTN CODE 465
01CY ATTN CODE 461
01CY ATTN CODE 402
01CY ATTN CODE 420
01CY ATTN CODE 421

COMMANDER
AEROSPACE DEFENSE COMMAND/DC
DEPARTMENT OF THE AIR FORCE
ENT AFB, CO 80912

01CY ATTN DC  MR. LONG

COMMANDER
AEROSPACE DEFENSE COMMAND/XPD
DEPARTMENT OF THE AIR FORCE
ENT AFB, CO 80912

0ICY ATTN XPOQQ

01CY ATIN XP

AJR FORCE GEOPHYSICS LABORATORY
HANSCOM AFB, MA 01731
0l1CY ATTN OPR HAROLD GARDNER
01CY ATTN OPR-1 JAMES C. ULWICK

QLCY ATTN LKB KENNETH S. W. CHAMPION

GICY ATTN OPR ALVA T. STAIR
QICY ATTN PHP  JULES AARONS
0l1CY ATTN PHD JURGEN BUCHAU
QICY ATTN PHD  JORN P. MULLEN

AF WEAPONS LABORATORY

KIRTLAND AFB, NM 87117
01CY ATTN SUL
01CY ATIN CA ARTHUR H. GUENTHER
0ICY ATTIN DYC CAPT J. BARRY
01CY ATTIN DYC JOHN M, KAMM
01CY ATTN DYT CAPT MARK A, FRY
Q1CY ATTN DES MAJ GARY GANONG
01CY ATTN OYC  J. JANNI

AFTAC

PATRICK AFB, FL 32925
01CY ATTN TR/MAJ WILEY
0I1CY ATTN T™N

AIR FORCE AVIONICS LABORATORY

WRIGHT-PATTERSON AFB, OM 45433
GICY ATTN AAD WADE HUNT
01CY ATTN AAD  ALLEN UOMNSON

DEPUTY CMIEF OF STAFF
RESEARCH, DEVELOPMENT, § ACQ
DEPARTMENT OF THE AIR FORCE
WASMINGTON, D.C. 20530

01CY ATTN AFRODG

NEADQUARTERS
ELECTRONIC SYSTEMS OIVISION/XR
DEPARTMENT OF THE AIR FORCE
HANSCOM AFB, MA 01731

01CY ATTN XR . DEAS

TERS
ELECTRONIC SYSTEMS DIVISION/YSEA
DEPARTMENT OF THE AIR FORCE
HANSCOM AFB, MA 01731

S1CY ATTN YSEA

HEADQUARTERS
ELECTRONIC SYSTEMS DIVISION/DC
DEPARTMENT OF THE AIR FORCE
HANSCOM AFB, MA 01731

01CY ATTN DCKC MAJ J.C. CLARK

COMMANDER
FORE(GN TECHNOLOGY DIVISION, AFSC
WRIGHT-PATTERSON AFB, OH 45433
01CY ATYN NICD LIBRARY
01CY ATTN ETDP 8. BALLARD

COMMANDER
ROME AJR DEVELOPMENT CENTER, AFSC
GRIFFISS AFB, NY 13441
01CY ATTN DOC L IBRARY/TSLD
01CY ATTN OCSE V. COYNE

SAMSQ/SZ

POST OFFJCE BOX 92960

WOR_DWAY POSTAL CENTER

LOS ANGELES, CA 90009

(SPACE DEFENSE SYSTEMS)
01CY ATTN SZJ

STRATEGIC AIR COMMAND/XPFS

OFFUTT AFB, NB 68113
01CY ATTN XPFS MAJ B. STEPHAN
01CY ATTN ADWATE MAy BRUCE BAUER
01CY ATTN NRT
01CY ATTN DOK CHIEF SCIENTIST

SAMSQO/YA
P. 0. BOX 92960
WORLDWAY POSTAL CENTER
LOS ANGELES, CA 90009
QICY ATTIN YAT CAPT L. BLACKWELDER

SAMSO/SK

P. 0. BOX 92960
WORLDWAY POSTAL CENTER
LOS ANGELES, CA. 90009

01CY ATTN SKA (SPACE COMM SYSTEMS) ™. CLAVIN

SAMSO/MN
NORTON AFB, CA 92609
CMINUTEMAND

01CY ATTN MNNL  LTC KENNEDY

COMMANDER
ROME AIR DEVELOPMENT CENTER, AFSC
HANSCOM AFB, MA 01731

01CY ATTN EEP A, LORENTZEN

DEPARTMENT OF ENERGY
ALBUQUERQUE OPERATIONS OFFICE
P. G, BOx 5400
ALBUQUERQUE, NM 87115
0I1CY ATTN OOC CON FOR D. SHERWOOD

DEPARTMENT OF ENERGY
LIBRARY ROOM G-042
WASHINGTON, D.C. 20545
0ICY ATTN DOC CON FOR A. LABOWITZ




EGEG, INC.
LOS ALAMOS DIVISION
P. 0. BOX 809
LOS ALAMOS, NM 85544
01CY  ATTN DOC CON: FOR u. BREEDLOVE

UNIVERSITY OF CALIFORN]A

LAWRENCE LIVERMORE LABORATORY

P. 0. Box 808

LIVERMORE, CA 94550
01CY ATTN DOC CON FOR TECH INFO DEPT
0ICY ATTN DOC CON FOR L-389 R. OTY
0ICY ATTN DOC CON FOR L-31 R. nAGER
01CY ATTN DOC CON FOR L-46 F. SEWARD

LOS ALAMOS SCIENTIF|C LABORATORY

P. 0. 80X 1663

LOS ALAMOS, NM 87545
UICY ATTN DOC CON FOR J. woLCaTT
01CY ATTN DOC CON FOR R. F. TASCHEK
01CY ATTN DOC CON FOR E. JONES
0ICY ATTN DOC CON FOR . MALIK
01CY ATTN DOC CON FOR R. JEFFRIES
01CY ATTN DOC CON FOR Jo ZINN
01Cr ATTN 0OC CON FOR P. KEATON
OlCY ATTN DOC CON FOR D. WESTERVELT

SANDIA LABORATORIES
P. 0. BOX 5800
ALBUQUERQUE, N 87115
01CY ATTN DOC CON FOR . MART IN
0ICY ATTN DOC CON FOR w. BROWN
01CY ATTN DOC CON FOR A. THORNBROUGH
01CY ATTN DOC CON FOR T. WRIGHT
01CY ATTN DOC CON FOR D. DAHLGREN
OICY ATTN 0OC CON FOR 3141
0I1CY ATTN DOC CON FOR SPACE PROJUECT DIv

SANDIA LABORATORIES

LIVERMORE LABORATORY

P. 0. BOX 969

LIVERMORE, CA 9u550
01CY ATTN DOC CON FOR 8. MURPHEY
J1CY ATTN DOC CON FOR T. Coox

OFFICE OF MILITARY APPLICATION
DEPARTMENT OF ENERGY
WASHINGTON, D.C. 20545

01CY ATTN DOC CON FOR D. GALE

OTHER GOVERNMENT

CENTRAL INTELLIGENCE AGENCY
ATTN RD/SI, RM 5648, HQ BLDG
WASHINGTON, D.C. 20505

0ICY ATTN 0S1/PSIO AM SF 19

DEPARTMENT OF COMMERCE

NATIONAL BUREAU OF STANDARDS

WASHINGTON, D.C. 20234
(ALL CORRES: ATTN SEC OFFICER FOR)
01CY ATTN R. MOORE

INSTITUTE FOR TELECOM SCIENCES
NAT [ONAL TELECOMMUNICATIONS § INFO ADMIN
BOULDER, CO 80303
01CY ATTN A. uEAN (UNCLASS ONLY)
01CY ATTN w, UTLAUT
0lCY ATI™N D, CrROMBIE
01CY ATTN L. BERRY
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NATIONAL OCEANIC § ATMOSPHERIC ADMIN
ENVIRONMENTAL RESEARCH LABORATORIES
DEPARTMENT OF COMMERCE
BOULDER, CO 80302

01CY ATTN R. GRUBB

01CY ATTN AERONOMY LAS G. REID

DEPARTMENT OF DEFENSE CONTRACTORS

AEROSPACE CORPORAT ION

P. 0. BOX 92957

LOS ANGELES, CA 90009
0ICY ATTN 1. GARFUNKEL
01CY ATTN T, SALMi
01CY ATTN V, JOSEPHSON
01CY ATTN S. BOWER
01CY ATTN N. STOCKWELL
OI1CY ATTN D. OLSEN
01CY ATTN J, CARTER
01CY ATTN F. MORSE
0lCY ATTIN SMFA FOR Pww

ANALYTICAL SYSTEMS ENGINEERING CORP
5 OLD CONCORD RGAD
BURLINGTON, MA (01803

01CY ATTN RADIO SCIENCES

BERKELEY RESEARCH ASSOCIATES, INC.
P. 0. BOX 983
BERKELEY, CA 94791

01CY ATTN J. WORKMAN

BOEING COMPANY, THE

P. 0. 80X 3707

SEATTLE, wa 98124
91CY ATTN G. KEISTER
01CY ATTN D. MURRAY
OICY ATTN G, MALL
0ICY ATTN J. KENNEY

CALIFORNIA AT SAN DIEGO, UNIV OF
IPAPS, B-019
LA JOLLA, cA 92093

0ICY ATTN HENRY G. BOOKER

BROWN ENGINEERING COMPANY, INC.
CUMMINGS RESEARCH PARK
HUNTSVILLE, AL 35807

01CY ATTN ROMEO A. DELIBERIS

CHARLES STARK DRAPER LABORATORY, INC.
555 TECHNOLOGY SQUARE
CAMBRIDGE, MA 02139

01CY ATIN D, B. Cox

O1CY ATTN U, P. GILMORE

COMPUTER SCIENCES CORPORATION

6565 ARLINGTON BLVD

FALLS CHURGH, VA 22046
0ICY ATTN H. BLANK
OICY ATTN JOMN SPOOR
01CY ATTN C. NalL

COMSAT LABORATORIES

LINTHICUM ROAD

CLARKSBURG, MD 20734
01CY ATTN G, HYDE

CORNELL UNIVERSITY
DEPARTMENT OF ELECTRICAL ENGINEERING
ITHACA, NY 14850

01CY ATIN D, T. FARLEY JR




P

ELECTROSPACE SYSTEMS, INC.
80X 1359
RICHARDSON, TX 75080
01CY ATTN M. LOGSTON
OICY  ATTN SECURITY (PAUL PHILLIPS)

ESL INC.

495 JAVA DRIVE

SUNNYVALE, CA 34086
01CY ATTN J. ROBERTS
OI1CY ATTN UAMES MARSHALL
GICY ATTN C. w. PRETTIE

FORD AEROSPACE & COMMUNICATIONS CORP
3939 FABIAN WAY
PALO ALTO, CA 94303

0lCY ATTN J. T, MATTINGLEY

GENERAL ELECYRIC COMPANY
SPACE DIVISION
VALLEY FORGE SPACE CENTER
GODDARD BLVD KING OF PRUSS]A
P. 0. BOX 8555
PHILADELPHIA, PA 19101
01CY ATTN M. H, BORTNER SPACE SC! LAB

GENERAL ELECTRIC COMPANY
P. 0. 80x 1122
SYRACUSE, NY 13201

01CY ATIN F. REIBERT

GENERAL ELECTRIC COMPANY
TEMPO-CENTER FOR ADVANCED STUDIES
816 STATE STREET (P.O. DRAWER Q
SANTA BARBARA, CA 93102

01CY ATTN DASIAC

0ICY ATTN DON CHANDLER

01CY ATTN TOM BARRETT

0ICY ATTN TIM STEPHANS

0I1CY ATTN WARREN S. KNAPP

01CY ATTN WILLIAM MCNAMARA

01CY ATTN B. GAMBILL

0ICY ATTN MACK STANTON

GENERAL ELECTRIC TECH SERVICES CO., INC.
HMES

COURT STREET
SYRACUSE, NY 13201
0ICY ATTN G. MILLMAN

GENERAL RESEARCH CORPORATION
SANTA BARBARA DIVISION
P. 0. BOX 6770
SANTA BARBARA, CA 93111
0ICY ATTN JOMN (SE uR
GICY ATTN JOEL GARBARINO

GEOPHYSICAL INSTITUTE
UNTVERSITY OF ALASKA
FAIRBANKS, AK 39701
(ALL CLASS ATTN: SECURITY OFFICER)
01CY ATTN T, N. DAVIS (UNCL ONLY)
01CY ATTN NEAL BROWN (UNCL ONLY)
01CY ATTN TECHNICAL LIBRARY

GTE SYLVANIA, INC.
ELECTRONICS SYSTEMS GRP-EASTERN DIV
77 A STREET
NEEDHAM, MA 02194

OICY ATTN MARSHAL CROSS
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ILLINOIS, UNIVERSITY OF
DEPARTMENT OF ELECTRICAL ENGINEERING
URBANA, IL 61803

01CY ATTIN K. YEH

ILLINOIS, UNIVERSITY OF
107 COBLE mALL
801 S. WRIGHT STREET
URBANA, IL 60680
(ALL CORRES ATTN SECURITY SUPERVISOR FOR)
01CY ATIN K. YEM

INSTITUTE FOR DEFENSE ANALYSES

400 ARMY-NAVY DRIVE

ARLINGTON, VA 22202
01CY  ATTN U. M. AEIN
01CY ATTN ERNEST BAUER
GICY ATTN HANS WOLFHARD
01CY ATYN UOEL BENGSTON

HSS, INC.
2 ALFRED CIRCLE
BEDFORD, MA 0173¢
01CY ATTN DONALD HANSEN

INTL TEL § TELEGRAPH CORPORATION
500 WASHINGTON AVENUE
NUTLEY, NJ 07110

O1CY ATTIN TECHNICAL LIBRARY

JAYCOR
1401 CAMING DEL MAR
OEL MAR, CA 92014

JONNS HOPK[NS UNIVERSITY

APPLIED PHYSICS LABORATORY

JOHNS HOPK INS ROAD

LAUREL, M 2081
01CY ATTN DOCUMENT LIBRARIAN
0ICY ATTN THOMAS POTEMRA
OICY ATTN JOMN DASSOULAS

LOCKHEED MISSILES § SPACE CO INC
P. 0. BOX 504
SUNNYVALE, CA 94088

01CY ATTN DEPT 60-12

01CY ATTN D. R, CHURCHILL

LOCKHEED MISSILES AND SPACE CO INC

3251 HANOVER STREET

PALO ALTO, CA 943Dy
01CY ATTN MARTIN WALT DEPT §2-10
01CY ATTN RICHARD G. JOHNSON DEPT 52-12
0iCY ATTN W. L. IMMOF DEPT 52-12

KAMAN SCIENCES CORP

P. O. BOX 7463

COLORADO SPRINGS, CO 80933
QICY ATYN T. MEAGHER

LINKABIT CORP
10453 ROSELLE
SAN DIEGO, CA 92121
01CY ATTN IRWIN JACOBS

M.I.T. LINCOLN LABORATORY
P. 0. 80X 73
LEXINGTON, MA 02173
01CY ATTN DAVID M. TOWLE

G1CY ATTN L. LOUGHLIN

MARTIN MARIETTA CORP
ORLANDO DIVISION
P. 0. 80X 5837
ORLANDO, FL 32805
0ICY ATTN R, MEFFNER

NP




MCDONNELL DOUGLAS CORPORATION
5301 BOLSA AVENUE
HUNTINGTON BEACH, CA 92647
01CY ATTN N. HARRIS
01CY ATTN J. MOULE
01CY ATTN GEORGE MROZ
01CY ATTN w. OLSON
01CY ATTN R. W. HALPRIN
01CY ATTN TECHNICAL LIBRARY SERVICES

MISSTON RESEARCH CORPORATION

735 STATE STREET

SANTA BARBARA, CA 93101
01CY ATTN P. FISCHER
0ICY ATTN w. F, CREVIER
01CY ATTN STEVEN L. GUTSCHE
01CY ATTN D. SAPPENFIELD
0lCY ATTN R. BOGUSCH
0lCY ATTN R. HENDRICK
01CY ATTN RALPH KiLB
01CY ATTN DAVE SOWLE
01CY ATIN F, FAJEN
0ICY ATTN M, SCHEIBE
01CY ATTN CONRAD L. LONGMIRE
01CY ATTN WARREN A, SCHLUETER

MITRE CORPORATION, THE

P. 0. BOX 208

BEDFORD, MA 01730
01CY ATTN JOHN MORGANSTERN
0ICY ATTN G. HARDING
01CY ATTN C. E. CALLAHAN

MITRE CORP
WESTGATE RESEARCH PARK
1820 DOLLY MADISON BLVD
MCLEAN, VA 22101
01CY ATTN W. HALL
01CY ATTN W, FOSTER

PACIFIC-SIERRA RESEARCH CORP
1456 CLOVERFIELD BLVD.
SANTA MONICA, CA 90404

0ICY ATTN E. C. FIELD R

PENNSYLVANIA STATE UNIVERSITY
{ONOSPHERE RESEARCH LAB
318 ELECTRICAL ENGINEERING EAST
UNIVERSITY PARK, PA 16802
(NO CLASSIFIED TO THIS ADDRESS)
01CY ATTN [ONOSPHERIC RESEARCH LAB

PHOTOMETRICS, INC.
442 MARRETT ROAD
LEXINGTON, MA 02173
OICY ATTN [RVING L. KOFSKY

PHYSICAL DYNAMICS INC.
P. 0. Box 3027
BELLEVUE, WA 98009
01CY ATTN E. J. FREMOUW

PHYSICAL DYNAMICS INC.
P. 0. Box 1069
BERKELEY, CA 94701
01CY ATIN A, THOMPSON
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R & D ASSOCIATES

P. 0. BOX 9695

MARINA DEL REY, CA 90291
01CY ATTN FORREST GILMORE
01CY ATTN BRYAN GABBARD
01CY ATTN WILLIAM 8. WRIGHT &R
0.CY AYTN ROBERT F. LELEVIER
01CY ATTN WILLIAM J. KARZAS
01CY ATTN H. ORY
01CY ATTN C. MACDONALD
01CY ATTN R. TURCO

RAND COPPORATION, THE

1700 MAIN STREET

SANTA MONICA, CA 90406
0lCY ATTN CULLEN CRAIN
0ICY ATTN ED BEDROZIAN

RIVERSIDE RESEARCH INSTITUTE
80 WEST END AVENUE
NEW YORK, NY 10023

01CY ATTN VINCE TRAPANI

SCIENCE APPLICATIONS, INC.

P. Q. BOX 2351

LA JOLLA, CA 92038
01CY ATTN LEWIS M. LINSON
01CY ATTN DANIEL A. HAMLIN
01CY ATIN D. SACHS
01CY ATTN E. A, STRAKER
01CY ATYN CURTIS A, SMITH
01CY ATTN JACK MCDOUGALL

RAYTHEON CO.
528 BOSTON POST ROAD
SUDBURY, MA 01776
01CY ATTN BARBARA ADAMS

SCIENCE APPLICATIONS, INC.
HUNTSVILLE DIVISION
2109 W. CLINTON AVENUE
SUITE 700
HUNTSVILLE, AL 35805
01CY ATTN DALE H. DIVIS

SCIENCE APPLICATIONS, INCORPORATED
8400 WESTPARK DRIVE
MCLEAN, VA 22101

01CY ATTN J. COCKAYNE

SCIENCE APPLICATIONS, INC.

80 MISSION DRIVE

PLEASANTON, CA 94566
01CY ATTIN SZ

SRI INTERNAT [ONAL

533 RAVENSWOOD AVENUE

MENLO PARK, CA 94025
01CY ATTN DONALD NEILSON
01CY ATTN ALAN BURNS
01CY ATTN G. SMITH
GlCY ATTN L. L. COBB
01CY ATTN DAVID A. JOHNSON
01CY ATTN WALTER G. CHESNUT
01CY ATTN CHARLES L. RINO
01CY ATTN WALTER JAYE
01CY ATTN M. BARON
01CY ATTN RAY L. LEADABRAND
01CY ATTN G. CARPENTER
0ICY ATTN G. PRICE
01CY ATT™N J. PETERSON
01CY ATTN R. HAKE, JR.
01CY ATTN V. GONZALES
01CY ATTN D, MCDANIEL
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TECHNOLOGY INTERNATIONAL CORP
75 WIGGINS AVENUE
BEDFORD, Ma 01730

01CY ATTN W. P. BOQUIST

TRW DEFENSE § SPACE SYS GROUP

ONE SPACE PARK

REDONDO BEACH, CA 90278
01CY ATTN R. K. PLEBUCH
01CY ATTN S, ALTSCHULER
0lCY AYTN D. DEE

VISIDYNE, INC.
19 THIRD AVENUE
NORTH WEST [NDUSTRIAL PARK
BURLINGTON, MA 01803
01CY ATTN CHARLES HUMPHREY
01CY ATTIN J. W. CARPENTER
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