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A NONCONFORMING MULTIGRID METHOD
FOR THE STATIONARY STOKES EQUATIONS

SUSANNE C. BRENNER

ABSTRACT. An optimal-order W-cycle multigrid method for solving the sta-
tionary Stokes equations is developed, using P1 nonconforming divergence-free
finite elements,

1. INTRODUCTION

Let Q be a bounded convex polygonal domain in R>. The stationary Stokes
equations for an incompressible viscous fluid are given by

—Au+gradp=f inQ,

(1.1) divu=0 inQ,
u=0 ondQ.

Here the viscosity constant is taken to be 1, p is the pressure, u = (u,, u,) is
the velocity of the fluid, and f=(f], f,) denotes the body force. In this paper,
vectors are always represented by boldfaced letters. We assume f € (L2(§2))2 .
There exist a unique solution (u, p) € ((Hy (Q))* N (H*(Q))*) x (H'(Q)/R) of
(1.1) and a positive constant C, such that

(1.2) ”“”(H?(Q))Z + |p|H‘(Q) < C’Q”f“(Lz(Q))2

(cf. [11, 13)).
In this paper we will use the following notation for the Sobolev norms and

seminorms:
1/2

2
¥l gy 1= /Q S 10 dx

la|<m

and
1/2

2
sy = /Q > 10V dx

|aj=m
Similar notation is also used for scalar functions.
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412 S. C. BRENNER

A weak form of (1.1) is to find a divergence-free u in (HOl (Q))2 such that

(1.3) a(u,v)+/gradp-v=/f~vdx VvE(HOI(Q))z,
Q Q
where
(1.4) a(v,,v,) .= / Vv, - Vv,dx,
Q

and Vv, - Vv, = Zf’:l Vo, ;-Vu, , for vy =(v, |, v, ,) and v, = (v, |, v, ,)
in (Hy(Q))>.

Let V={vive (HOI(Q))Z, divv =0} . If we restrict (1.3) to V', the pressure
term disappears and the problem becomes to find u € V' such that

(1.5) a(u,v)=/Qf-vdx weV.

The velocity u can be characterized as the unique solution of (1.5) (cf. [10]).
In order to apply the Ritz-Galerkin method to equation (1.5), we introduce
a family of triangulations of Q: {7 k}f’:l , where I *+1 is obtained by con-

necting the midpoints of the edges of the triangles in .7~ ¥ We will denote
max{diam7T: T e<7k} by A, .
The finite element spaces V) are defined as follows:

Vi := {vl; is linear and divergence-free for all T € 7 o

(1.6) v is continuous at the midpoints of interelement boundaries,
and v = 0 at the midpoints of F~ k along 9Q}.

Note that ¥, is nonconforming because V, ¢ V.
On V, +V we define the following positive definite symmetric bilinear form,

(1.7) a, (v, v,) = Z / Vv, - Vv,dx,
res T

and its associated nonconforming energy norm
(1.8) VIl == +/a, (v, V).
The discretized problem for (1.5) is to find u, € ¥, such that
(1.9) ak(uk,v)z/nf-va'x WwelV,.
It is proved in [10] that there exists a positive constant C such that

2
(1.10) o= w2 + Aglln = w e < CHE(U 0 + P11 gy)-

Throughout this paper, C (with or without subscripts) denotes a positive
constant independent of the mesh parameter k .
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A NONCONFORMING MULTIGRID METHOD 413

We will develop an optimal-order multigrid method for (1.9). Let n, be
the dimension of ¥, . Our full multigrid algorithm will yield an approximate
solution @, to (1.9) in &@(n,) steps such that

R N 2
(1.11) g = Wl 2y + Aellwge — B ll, < Chk(|ll|(H2(Q))2 + |p|H.(Q)).

For background information on multigrid methods, we refer the reader to [12,
14] and the references therein.

The crucial part in the development of a nonconforming multigrid method
is the correct choice of an intergrid transfer operator I,f_l Ve — V.. (Since
Vi._; ¢V, , natural injection no longer works.) The intergrid transfer operator
we use is defined by averaging and has the following three properties:

k
(1.12) WM_ vVl S ClVlley YWWEV_,,
k
(1.13) M_v— V”(Lz(Q))z SCh VI, WeV_,,
and

k k
“Ik_l(nk_lg) - nkg||(L2(Q))2 + hklllk-l(nk_lg) - Hkg”k

(1.14)
< Chilgl gy VBE (H'(Q)' N (Hy ()’

»?
where II, denotes an interpolation operator from V' onto V, (cf. §2). These
three estimates will play an important role in our convergence analysis. Analo-
gous estimates have been used for other nonconforming finite elements (cf. [7,
8]). We also refer the interested reader to other related results in nonconforming
and nonnested multigrid methods in [3, 5, 18].

This paper is organized as follows. We review some facts about the finite
element space ¥, in §2. In §3 we define the intergrid transfer operator and
prove the three estimates (1.12)~(1.14). The multigrid algorithm is described
in §4. In §5 we discuss the mesh-dependent norms, which is followed by the
convergence analysis in §6.

2. THE DIVERGENCE-FREE P1 NONCONFORMING FINITE ELEMENT SPACE

Let P be a simply connected polygonal domain and .7~ be a triangulation
of P. Denote max{diamT: T €7} by h. Let

2 2

W ={we (L (Q))": w|, is linear and divergence-free forall T € 7,

2.1) w is continuous at the midpoints

of interelement boundaries, and
w = 0 at the midpoints of .7 along 9 P}.
We will describe a basis of W . First we make an observation on the diver-

gence-free condition. Let w be a linear function on a triangle 7' with midpoints
m,, m,,and m, on edges e, e,, and e; (cf. Figure 1).
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414 S. C. BRENNER

nz

]

n,

FIGURE 1

Then

divw=0¢& / divwdx =0
T
(2.2)

3
o w.nd_g:O@Z(w(mi)-ni)leil=0,
oT i=1

where n; denotes the outer normal to edge e, .

Let e be an edge in J . Denote by ¢, the piecewise linear function on P
that takes the value 1 at the midpoint of the edge ¢ and 0 at all other midpoints.

The first kind of basis functions are associated with internal edges. Let w, :=
®,t,, where e is an internal edge and t, is a unit vector tangential to e. Then
it follows from (2.2) that w, € W' .

The second kind of basis functions are associated with internal vertices. Let
p be an internal vertex and let e, e2 , ..., e bethe edges in J that have p

as an endpoint. Let w_:= Z, led qS n, where n, is a unit vector normal

to e; pointing in the counterclockw1se direction (cf. Flgure 2). It again follows
from (2.2) that w,eEW.

FIGURE 2
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A NONCONFORMING MULTIGRID METHOD 415

The proof of the following lemma can be found in Appendix 3 of [17].

Lemma 1. The set of vector functions {w,: e is an internal edge of I} U
{wp: p is an internal vertex of 7} is a basis of W . In particular,

(2.3) dimW =¢' +v',

where e’ denotes the number of internal edges and v' denotes the number of
internal vertices.

We can apply (2.3) to derive an exact formula for the dimension #n, of the

finite element space ¥, in (1.6). Let e,i be the number of internal edges in

I* . Denote by f, the number of triangles in .7~ %, Then e,: and f, satisfy
the difference equations

(2.4) ep =2 +3fi s fo=4fi_,
Equation (2.3) and Euler’s formula imply that

(2.5) n, =2e, - fi +1.

If we solve (2.4) and substitute the solution into (2.5), we obtain
(2.6) ne =2l - 3f)+2/4" 1.
Therefore, asymptotically,

2.7) n ~ 247"

Henceforth, we will use the following set of vector functions as the standard
basis for V, :

(2.8) {vf: e is an internal edge of 7"} U {vl;: p is an internal vertex of <7k}.

Let Z := {z e (L}(Q))*: z| is linear for all T € .9, z is continuous at the
midpoints of interelement boundaries, and z = 0 at the midpoints of 0P} .

The interpolation operator II: (H2 (P))2 N (HOI(P))2 — Z 1is defined by (cf.
[101)

(2.9) I[lge Z and /Hg ds = /gds for all edges e € 7.
e e
More explicitly, we have
(2.10) Ilg(m,) = L/gds,
le] Je

where m, is the midpoint of the edge e.
The following lemma is proved in [10].

Lemma 2. Let g € (H*(P))’ N (H,(P))’. Then

(2.11) /div(Hng)dx=/divgdx VT €7,
T T
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416 S. C. BRENNER

and there exists a positive constant C which depends only on the angles of the
triangles in F such that

1/2
2 2
(2.12)  llg-Tglzppe+h | Y lg— gl gy < Chlgl 12 py -
TeT*
As a corollary to Lemma 2, II: {g: g € (HZ(P))2 N (H(;(P)):Z and divg =
0} — W . If we apply this result to Q, V', and V|, there exists a sequence of
interpolation operators I, : V' — V, such that

2
(2.13) llg - nkg||(LZ(Q))1’- + hkllg - Hkg“k < Chk‘gI(Hz(Q))z.

3. THE INTERGRID TRANSFER OPERATOR I,’:_l

In [6, 8], we described the construction of an intergrid transfer operator for
the scalar P1 nonconforming finite element. The construction here is similar,
except that special care must be taken to preserve the divergence-free condition.

Let v € V,_, . To define the piecewise linear vector function I,’(‘_lv , it suffices
to specify its values at the midpoints of ¥ If meaQ, then (I,l:_lv)(m) =0.
If m lies in the interior of , then there are two cases to consider. For a
midpoint m of I * that lies on the common edge of two triangles 7, and T,
of 75! (e.., my, ..., m, in Figure 3), we define

(I v)(m) =S¥l (m) + vl (m)].

If a midpoint m lies in the interior of a triangle 7 in 9 k=t (e.g., m,, mg,
and m, in Figure 3), then the tangential component of (I,’:_lv)(m) is the same
as the tangential component of v(), and the normal component will be deter-
mined by the condition that div(I,I:_lv) = 0 on the three outer triangles in the
subdivision of 7. In other words, if we denote by e, the edge in Figure 3 that
has m; as its midpoint, then (I,':_lv)(mi) n,, i=17,8,9, are determined by
the following equations:

ST U v(m)-ne) =0,

i=6,1,7
k
(3.1 > (L_Wm) el =0,
i=2,3,8
k
S (L v(m) e =0.
i=4,5,9

Proposition 1. The intergrid transfer operator I,/:_l maps V,_, into V,, ie,

(3.2) I_veV, weV,_,
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A NONCONFORMING MULTIGRID METHOD 417

‘./ny ng ‘g

my -,

n, n,

I)

FIGURE 3

Proof. 1t suffices to check the divergence-free condition on ADEF in Figure
3. (By construction, div(I,]:_lv) =0 on AADF, ADBE,and AFEC.)

Let w= I,’:_lv. We want to show that

9
(3.3) Zw(ml.) nle| =0.
7

.3) follows from

W

In view of (3.1), equation

(3.4) w(m,)-njle|=0.

-

i=1
Let ¥V =v[, ,pc- Since divV =0, we have

Y ¥(m,)-mle|=0, > #(m;)-nle|=0,

>l

(3.5) i=1,6,7 i=2,3,8
> #(m,)-nle|=0, Y #(m,)-nle|=0.
i=4,5,9 i=7,8,9
By subtracting the last equation in (3.5) from the sum of the first three equations,
we have
6
(3.6) Y #(m,)-mle,| = 0.
i=1

Therefore, it suffices to show that

6 6
(3.7) Y owim,)-mle]=>"¥(m,) njle,.
i=1 i=1
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418 S. C. BRENNER

Let ¥ =v|, ,pp . By the definition of the intergrid transfer operator,

w(m;) = 3[¥(m;) + ¥(m,)]

(3.8) [ A |
=V(m ) [ (m,) - v(mi)], i=1,2

The function g = (v—¥)-n, where n =n, =n,, is a linear function along AB
which vanishes at the midpoint D . Therefore,

(3.9) g(m,)+ g(m,) =0.
Combining (3.8) and (3.9), we have

Similarly,
and

It is obvious that I Vi._; — V, is alinear operator. The following propo-
sition will be useful in the work estlmate of the full multigrid algorithm.

Proposition 2. The matrix representing I ,f_l with respect to the standard bases
of Vi_, and 'V, (cf (2.8)) is sparse, with the number of nonzero entries per
row bounded by 9.

Proof. First we look at the effect of I,f_l on basis functions in V, _, that are
associated with internal edges. Let é = AC be an internal edge of 7%~ (cf.
Figure 4) and v:.f_l be the basis function in ¥, _, associated with é. Denote
by P the simply connected polygonal domain AFBGCHDE . By definition,

I,’: lv’;—l is supported on P and vanishes at the midpoints of T* along OP.

k=1 1s a lin-

It follows from Lemma 1 and the definition of Ik , that Ik A
ear combination of v¢ . » where e ranges over all edges of " in the domain
ABCD, and v'; , 1 <i< 5. In the case that one or more of the edges AB,

BC, CD, or DA are along 8%, the results are similar.
We now examine the effect of I,’:_, on basis functions in V,_, that are

associated with internal vertices. Let p be a vertex in .7 k=1 and v’;"' be the
basis function on ¥, _, associated with p. We assume that there are, say, five

edges in *=1 that have p as a vertex (cf. Figure 5). Denote by P the simply
connected polygonal domain AGBHCIDJEF . From the definition of I,’:_l ,

the function [/ ,f_lvp is supported in P and vanishes at the midpoints of I~ k
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A NONCONFORMING MULTIGRID METHOD 419

1

FIGURE 4

along 8P . Therefore, Lemma 1 and the definition of I,’:_l imply that I,’:_lvllj_l
is a linear combination of v’; , vz ,i=1,...,10, and vf, where e ranges

over all edges of .7~ * in the domain ABCDE . Again, the results are similar if
one or more of the edges AB, BC, CD, DE, or EA are along 8Q.
The proposition now follows from the two observations above. 0O

The rest of this section is devoted to the proofs of (1.12)-(1.14).

We first give more explicit descriptions of || -||,2 and |-, for piecewise
linear vector functions on a triangle. Let T be a triangle and v be a piecewise
linear vector function on 7. We have the quadrature formula

3
2 T 2
(3.10) ||V||(L2(T))z = % Z lv(m,)|",
i=1

where the m; are the midpoints of the sides of T for i =1,2,3 (cf. [9, p.
183]). Also, by a standard homogeneity argument, there exist constants C,, C,
which depend only on the angles in T, such that
(3.11) C,0(%) < Wiy < 6,00,
where

2 2 2
(3.12)  8(v) = [v(m,) —v(my)]" + [v(m,) — v(m,)]" + [v(my) —v(m)]".

The following two lemmas prepare the way for the proofs of (1.12) and (1.13).
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420 S. C. BRENNER

FIGURE 5

FIGURE 6

Lemma 3. Let G be the union of two neighboring triangles T, and T,. Let p,
be the midpoint of p,p, and m be the midpoint of p\p, (cf. Figure 6). Let
Z = {w:wl|, islinear for i = 1,2 and w is continuous at p,}. Then there
exists a positz"ve constant C depending only on the angles of T, and T, such
that

(3.13) wlTl(m) - wsz(m) < C(|w|(H|(Tl))z + |wl(H'(T2))2)

forall we Z .
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A NONCONFORMING MULTIGRID METHOD 421

p2

P3

m

FIGURE 7

Proof. Given we Z ,let w, = w|, and w, = w|T2 . Let t be a unit vector in
0 . — I
the direction p;p, . Then we have

lw,(m) — wy(m)| = |w,(m )— 1(P3) + Wy (D) — wy(m)]
< |w1 ( )+ |W2 p3 wz(m)l
- 5% [| 7+ ||

< C[IW|(H (1) + |w|(Hl(Tz))2]' O
The next lemma is proved similarly.

Lemma 4. Let T be a triangle. Let p, be the midpoint of p\p, and m be the
midpoint of p,P; (cf. Figure 7). Let Z = {w: w is linear and w =0 at p,}.
Then there exists a positive constant C depending only on the angles in T such
that

(3.14) |w(m)| < C|w|(H1(T))z
Theorem 1. There exists a positive constant C such that for all ve 'V,

1L vl < Clvll,
and
v = ¥l 2z < ChlVI_y
i.e, (1.12) and (1.13) hold.
Proof. Given ve V,_,, we can write

3
k
Y Sy - v m ) = S, +8,+ 55,

TeF* i=1
where S, S,, and §; are defined as follows:

2

S Z[I k— lV—VlT | +| k ]V—Vl |]a
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422 S. C. BRENNER

where m ranges over all the midpoints in 7~ * that belong to an internal edge
in %! and T,, ,eT k=1 are the two triangles that contain m ;

Sy = S v =iz m),

where m ranges over all midpoints of J~ k along 9Q and T € .9 “=! is the
triangle that contains m ; and

S, =23 U v = viz)(m) -m, |,

where m ranges over all the midpoints in .9~ % that are inside some triangle
Teg*" and n,_ is a unit vector normal to the edge containing m .

Lemmas 3 and 4 and the definition of I,]:_l imply that S, + S, < Cl|v||i_] .
On the other hand, S, can be estimated in terms of §; and S, . Referring back

to Figure 3, let m, be a typical midpointin S; and T =AABC € 9% ", Since
v and I,f_,v are both divergence-free on AADF , (2.2) implies that
k —= k —
(T V= VIz)(my) -m)IDF| = — ((I,_,V = v|3)(my) - ng)[AF|

— ((I{_,v=Vlz)(m,) -n))[4D.

Hence,

k 2 k 2 k 2
l(lk_lv_vlf)(m7) * n7| < C{IIk_lV—V|?(m6)| + 'Ik_lv_vl?(ml)l }

Therefore, S; < C(S, +§,), and we have

(3.15) 3 Zl eV = Vi) m)* < CIV_,-

Teg* i=1

From (3.11) and (3.15),

ko2 k2 k
¥l = Z e Vg <€ Z e((I,_v)ly)

Teg* TeT*
<C Z o(v|,;) + Z 9((1,’:_,V)|T—VIT)}
Te&”‘ TeT*

<C ||v||k Y Zwk V=vlm)P | < v,

Teyk i=1

This completes the proof of the first inequality.
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From (3.10) and (3.15), we have

k 2 k 2
Miery =iy = 22 Her? =Vizmy
TeT*
2 3 k 2
SChk Z Zl(lk_lv_vlr)(mi)l
Te* i!

2002
< Ch|vll,_;- D

Corollary 1. There exists a positive constant C such that

k
(3.16) ||Ik_|v||(Lz(Q))z < CHV”(Lz(Q))z wev,_,

Proof. From Theorem 1 and a standard inverse estimate (cf. [9, p. 140]), we
have

k k
“Ik—lv”(Lz(Q))z < “Ik—lv — V||(Lz(Q))2 + ||v“(L2(Q))2

< ChylWlemy + ¥l 2y < ClV g2y ©

Inequality (1.14) will be proved by a homogeneity argument. We will there-
fore first prove some estimates on reference domains.

Lemma S. Let G be the union of two neighboring triangles T, and T, such that
diamG = 1. Let m; (1 <i<5) be the midpoints of the edges e, (1 <i<5)
of T, and T, and let m be the midpoint of e = pm, (cf. Figure 8). Then

D2
ma
ms
T
o m
1 T,
mgy @
my
14!
FIGURE §
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there exists a positive constant C depending only on the angles in T, and T.

such that
hds + - /hd /hd
1| 1|/ 41 Tes] afe,]
hds /hd /hds
4|€4|/ 4| e le]

for all he (H(G))*.

< C|h|(H2

Proof. Tt suffices to prove (3.17) for scalar functions in H 2(G) . Define a linear
functional / on H*(G) by

1 11 1 1
3.18 ) =—/ ds+——/ ds———/ ds
319 = Tl S, 1 2Ty S " T e )
I 1 / 11 / 1/
+-— [ nds—~— [ nds——= [ nds.
e o "0 T ATe ] L,TE TRl )T

Observe that if g € &,(G) (i.e., g is linear), then /(g) =
%”(mz) + %'7("14) - "4"7(’"5) - n(ﬁ") =0.
By the trace theorem (cf. [1, p. 114]), for any g € #(G),

[{m)l = [(n+ )| < Clln + &ll 26
Therefore, by the Bramble-Hilbert lemma (cf. [4]),
|1(’1)| < Cgeiglf(vg) ”’7 + g”HZ((;) < C|'I|H2(G)- a
The proof of the next lemma is similar.

Lemma 6. Let G be a triangle such that diamG = 1. Let m; (1 <i < 3) be
the midpoints of edges e, (1 <i<3) of G and e =m,m;. Then there exists
a positive constant C depending only on the angles in G such that

hds + /hds /hds
2|2|/ 2|3| |

< Clhj g,

(3.19)
G))? vh € ( (G)
Finally, we are ready to prove inequality (1.14).

Theorem 2. There exists a positive constant C such that

k
“Ik__l(nk 1g kg”k < Ch 1gl (HY(Q

and

k
I (T _18) — Tl 202 < Chilgl ey VB E (H ()’ N (Hy(Q))".
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A NONCONFORMING MULTIGRID METHOD 425

Proof. From (3.11),

k
”1 (nk |g kg”k_ Z |Ik 1 k 1g kgl
TeT*
k
<C Y eI, IM,._g) -1,g)l;)
Teg*
3
k 2
<C Y Y, (i) - T,g[(m),
Te7* i=l

where the m; are the midpoints of 7.
We can write

Z Zuk (I, _,8) - kg| =8,+8,+5,,
Teg* i=1

where S, S,, and S, are defined as follows:

k
Sl = Za(m)llk_l(nk 1g kgl

m

where m ranges over all the midpoints in .~ * that belong to an edge in 7~ k=1 ,
a(m)=1 1if me aQ, otherwise a(m) =2;

S, =2 [ _,(T,_,8) - T, g)(m)-t,,T’,

where m ranges over all the midpoints in .9 % that are inside some triangle

in 7% and t,, is a unit vector tangential to the edge that contains m as its
midpoint; and

S, = 22[(1,’:_1(Hk_1g) ~M,g)(m) n, I,

where m ranges over all the midpoints in F* that are inside some triangle in
T and n, is a unit vector normal to the edge containing m .

The deﬁnmon of Ik ,» Lemma 5, and a homogeneity argument imply that
§ <C hklg|( Hiq)? - Similarly, S, < C hilgl(sz(Q))z follows from the definition
of I,’:_l , Lemma 6, and a homogeneity argument. On the other hand, Sy <
CS, by the divergence-free condition. Therefore, we have established the first
inequality.

The second inequality follows from the observation that (3.10) implies

k 2
W (IL,_,8) — kg” vy < Ch Z lek (IL.g) — 11, 8" (m,)
TeT* i=1

< CH(S,+S,+5;). O
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4. THE MULTIGRID ALGORITHM
. . k k
Given v €V, , we can write v= ) av, + b iV, where the e; ranges over

all internal edges of .9~ * and p; ranges over all internal vertices of F~ (cf.
(2.8)). The inner product (-, -), on ¥V, is defined by

4 2
(4.1) (¥, V) = hkzal,iaz,i“”hkzbl,jblj’
where v, = ) q, ivf +2.b, jv]; and v, = ) a, ivf +3b, jv’; belong to V, .
L )P, AT Py
Using the quadrature formula (3.10), it is easy to see that

(4.2) (v, Vg < Ch (v, v, WeV,.

The fine-to-coarse intergrid transfer operator I,’:“l : Vi, = V,_, is defined by

(4.3) v, W, =, LW, WeV_, ,wel,.
The symmetric positive definite operator A, : V, — V, is defined by
(4.4) (Av, W), =a(v,w) Y, wel,,

where a, (-, -) is defined in (1.7).

Remark 1. With respect to the standard basis, A4, is represented by a sparse
matrix. The number of nonzero entries per row is bounded by max(6, N),
where N represents the maximum number of edges in 7~ ! that have a common
vertex inside Q.

By a standard inverse estimate (cf. [9, p. 140]),

(4.5) a.(v,v) < Chk_z(v, Veayp WEV
Then (4.2) and (4.5) imply that the largest eigenvalue of 4, is bounded by
(4.6) A, = Ch ",

The W-cycle multigrid algorithm can now be described. We first describe
the kth-level iteration scheme. The full multigrid algorithm consists of a nested
iteration of these schemes.

The kth-level iteration. The kth-level iteration with initial guess z; yields
MG(k, z,, g) as an approximate solution to the equation

Az=g.
For k =1, MG(1, z;, g) is the solution obtained from a direct method. In

other words,

—1
MG(l,2,,8)=4, &

For k > 1, there are two steps:

Smoothing step. Let z; € V. (1 <[ < m) be defined recursively by the equa-
tions

1
(4.7) Z/=Z[_|+'A_k(g_AkZ/_1), 1<l<m,

where m 1is a positive integer independent of & .
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Correction step. Let g:= I,f_'(g—Akzm). Letq,eV,_, (0<i<p,p=2o0r
3) be defined recursively by
9 =0
and
q,=MGk-1,q,_,,8, 1<

[FAY

p.
Then MG(k, z,, g) is defined to be z, + I,’:_lqp .

The full multigrid algorithm. In the case k = 1, the approximate solution @&
of (1.9) is obtained by a direct method. The approximate solutions @, (k > 2)
of (1.9) are obtained recursively from

“I(; =11]:—1ﬁk—1’
u = MGk, u_ 1), 1<I<r,
(£, V), :=/Q,fvdx\1veV,
and
ﬁkzuf,

where r is a positive integer independent of & .

Remark 2. By Proposition 2 and Remark 1, relative to the standard basis of
V, , the operators I,I:_l , I,’:_l ,and A, are represented by matrices with &@(n,)
nonzero entries. Along with the asymptotic formula (2.7) and the fact that the
number of corrections p is less than four in the kth-level iteration, the total
work of the full multigrid algorithm is therefore &(n,). The proof is the same

as the one in [2].

5. MESH-DEPENDENT NORMS

The mesh-dependent norm ||| |||, , on ¥, is defined by
2 2
(5.1) VIS 4 o= (4v, ),
Therefore,

il 4 = /O v and 1Ml 4 = \/(A,¥, ¥), = \Ja (v, v) = [l
From definition (5.1), it is easy to deduce the following inequality:

(3.2) la, (v, W)L < Vlllyp sl k-

The rest of this section will be devoted to the proof of the following propo-
sition, which is needed for the proof of the approximation property in §6.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




428 S. C. BRENNER

Proposition 3. We have Vil & < C||v||(Lz(Q))z.

The proof of this proposition is based on the relationship between the diver-
gence-free P1 nonconforming space and the Morley finite element space (cf.
[15]). Let M, be the Morley finite element space associated with 7~ % . Then
¢ € M, if and only if it has the following three properties:

(1) ¢l is quadratic for all T € Tk,
(ii) ¢ is continuous at the vertices and vanishes at the vertices along 92,
and
(iii) 8¢/dn is continuous at the midpoints of interelement boundaries and
vanishes at the midpoints along 9Q.

The Morley finite element space can be used to construct a nonconforming
multigrid method for the biharmonic equation (cf. [7, 16]), which is closely
related to the stationary Stokes equations (cf. [9, p. 280]). We can define two
mesh-dependent inner products on M, .

For ¢ and v in M, ,

(5.3) b(g,w)= Y /D2¢:D2u/dx,
res<’T
where
2 2
D2¢: Dzn//' "¢ oy

= — 8xi8xj ‘ ax,.axj ’

and

(5.4) (b, Wy = h; lz¢(p)w(p)+h,§z%(m)3_”’(m) :
p m

where p ranges over all internal vertices and m ranges over all internal mid-
points of I* .
Let B,: M, — M, be a symmetric positive definite operator defined by

(5.5) (Bkd), W)k = bk(¢, ).

We can define the mesh-dependent norms |[||-|[||; , on M, by
2 2

(5.6) B 4 2= (B8, 8.

Given ¢ € M, , we denote by d)’ the continuous piecewise linear function

that has the same value as ¢ at the vertices of I ¥ The following lemma is
proved in Proposition 8.1 of [16].

Lemma 7. For any ¢ € M, , we have

(5.7) BN & < CUD Ly + I NI, -
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There is an isomorphism between M, and V, given by the operator curl,
where

d
(5.8) (curl )|, = ( ;jclzT , —%) VT e T*.

More explicitly, if curl ¢ is represented in terms of the standard basis of V, ,
say curl ¢ = Zaivf + ijvllj , then
i J

9¢

(5.9) a,=%5(m)
and
(5.10) b, =¢(p;),

where m; is the midpoint of edge e; and the sign in (5.9) depends on the choice
of t, and n, .

It follows from (4.1), (5.4), (5.9), and (5.10) that

(5.11) (¢, w), = (curlgp, curl y), .
An easy computation also shows that
(5.12) a,(curlp, curly) = b, (¢, ).

It therefore follows from (5.11), (5.12), and the definition of the mesh-depen-
dent norms that

(5.13) lllcurt [l , = llllllll; -

Let curlg =v =} ay, +3 by, . The quadrature formula (3.10), (5.10),
! J
the definition of v, and a straightforward computation show that there exist
7
positive constants C,, C,, C;, and C, such that

(5.14) C, Y 16(p) = @) <18 I3y < Cy Y_[6(p) — 60T
and

(515) G Y [6(p) ¢ < [ byy, |

2

2 /
gy S Ca2[00) = 90T,

where p and p’ range over any two vertices of any triangle in .J .

Proof of Proposition 3. Given v= ) ayv, + b ¥, » there exists a unique ¢ €
i J

M, such that v = curl¢. In view of (5.13), (5.14), and (5.15), the inequality
(5.7) is translated into

(5.16) 0 % € (520, e = el )
From the inverse estimate (4.5),
(5.17) Relivilly e < C”VH(Lz(Q))z wev,.
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From the definitions of v, , v, and the polarized form of the quadrature

formula (3.10), we have (3 aive:, 3 ijpj)(Lz(Q))z = 0. Therefore,

(5.18) ”ijvp,”(Lz(Q))z < Wl O

6. CONVERGENCE ANALYSIS

We will first discuss the convergence of the kth-level iteration and then the
convergence of the full multigrid algorithm. Following [2], we will use a pertur-
bation argument for the convergence proof of the kth-level iteration. In other
words, we begin with a two-grid analysis.

Define the operator P,f -l Vi —=V,_, by

k—1

(6.1) a, (v, I_wy=a_ (P 'v,w) WweV,,weV_,.

In other words, P,f ~! s the adjoint operator of I ,’:_l relative to the inner prod-
ucts that define the energy norms on V, and V, _,. Therefore, the following
lemma is a direct consequence of (1.12).

Lemma 8. There exists a positive constant C such that
k—1
(6.2) 12, VYl SClivll, YveV,.

In the two-grid algorithm, we assume that the residual equation is solved ex-
actly on the coarser grid. The final output of the kth-level iteration is therefore
z, + I,’:_lq, where

-1 _ —1 k-1 -1 k-1
a=4_8=4_ (I (8-4z2,)) =4 A4(z-z,)).
We denote the final error z - (z,, + I,’:_lq) of the two-grid algorithm by e and
the intermediate errors z—z, by e,, for /=0, 1, ..., m.
Lemma 9. We have q = P,f'lem .
Proof. Givenany we V, _|,
k-1 k
G (@, W) = (A @, W), = (I, Ae, W), =(4e, L W),
k k-1
=ayle,,l,_w)=qa _ (P e, w). O

From the smoothing step (4.7), we obtain
(6.3) e =Re_,, I=1,2,...,m,
where the relaxation operator R, is defined by

1
(6.4) R, =1- Xk—Ak.
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Since A, dominates the largest eigenvalues of A4, , it is obvious that |||R,v||| sk
< Hvllly , forall ve V, . Lemma 9 and (6.3) imply that

k ko k=1
e=e —I,_q=e —I _|P ‘e

pr-t
= - Ikl

m

(6.5) o
Je,, = -1 _ P I)R/'cneo'

The two-grid analysis will be complete once we estimate [ — I k . (the
approximation property) and R,'(" (the smoothing property).

Lemma 10 (Smoothing property). There exists a positive constant C such that

(6.6) |||R;("v|||ﬂ,k<Ch_'(4m+ )" llvilly_, « WeV, and BER.

Proof. Let A) <4, <--- <4, n, be the eigenvalues of 4, and ¥,,V,,...,V,
be the corresponding eigenvectors such that (v,, }) = 5 Recall that ,1 <

A, < Ch* (cf. (4.6)). Let v=Y" a7, Then

e

A \"
Riv=> o, (1 ~ A-;) V..

i=1

From the definition of the mesh-dependent norms (5.1), we have
2 LR AN g
m ,
INRE I = 3o (1-5) 4
2m 1/2
1/2 B-vie |, A A
AP [( -#) <Ak> |

SChk—z sup [(1 2m 1/212 ,A,ﬁ 1)/

0<x<1
-2 —-1/2
< Ch,“(4m +1) IIIVHIﬂ_l,k- 0

Lemma 11 (Approximation property I). There exists a positive constant C such
that

(6.7) (I — Ik lP v1||l k SChIVIL . YYEV,.

Proof. By Proposition 3, it suffices to show that

(6.8) I = I B Wl gy < ChlIM, o W E ;.

The proof of (6.8) is based on a duality argument. Given ve V,_, let v =
(I-If_ PE "W and let (r, §) € (Hy ()" n(HA(Q))?) x (H'(Q)/R) solve the
continuous problem

—Ar+gradj=7v inQ,
(6.9) divr=0 inQ,
r=0 ondQ.
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Elliptic regularity (cf. (1.2)) implies that
(6.10) ”l'“(Hz(Q))z + lﬁ]HI(Q) < C||€’||(LZ(Q))2.
Letr, €V, and r,_, €V, _, solve

ak(rk,w)=/\7-wdx vwev,,
(6.11) 2

ak_l(rk_l,w)z/i'-wdx vwwelV, _,,
Q

respectively. The discretization error estimate (1.10), elliptic regularity estimate

(6.10), and the fact that A, _, = 24, imply that
(6 12) Hl‘ - rk”k < Chk||€,”(L2(Q))2 H
lr—r_ Il < Chk||€'||(Lz(Q))z.

Denote P,f"v by z. (Therefore, v =v — I,'(‘_lz.) We have

¥ = { O Dzaye = 2 /T Vr-V(v—z)dx
(6.13) TeT*
+ Z / Vr-V(v-z)dx.
res+ T
Since z € V,_,, by using the definitionsof r,, r,_,, @, (-,), and q,_,(-, ),
we can rewrite the first term on the right-hand side of (6.13) as follows:

(¥, ¥) L2y — > /TVr-V(v—z)dx

TeT*
~ k
:(v,v—Ik_lz)(Lz(Q))z— Z /Vr-Vvdx
res T
(6.14) + 0y /Vr-Vzdx
rest17T

.k
=a.(r,v)— (¥, Ik_ll)(Lz(Q))z —a.(r,v)+a,_,(r,2)

. . k
=a,(r, —r,v)— (¥, z)(Lz(Q))z +(V,z- Ik_lZ)(Lz(Q))z +a,_,(r,z)

. k
=aq(r,-r,v)+a,_(r-r_ ,2)+(V,z~— Ik_lZ)(Lz(Q))z.

Using the Cauchy-Schwarz inequality, (6.12), the definition of z, Lemma 8,
and (1.13), we have

Vo Doz — O /TVr-V(v—z)dx
re7*
k—1
(6.15) < e = wll IVl + e =y e NP Ly

. k
+ Vil 2qellz = L2l 20y
< Chyli¥ll 2y IVl
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By using the definitions of a,(-, -}, a,_,(-,), z, and P,f_l , the remaining
term on the right-hand side of (6.13) can be rewritten as follows:

Z /Vr-V(v—z)a’x=ak(r,v)—ak_1(r,z)
res* T
—a,(c-Tr,v)+a,(r—I_ T, _r,v)
(6.16) k
+a.(I,_ I, _r,v)~a,_(r,2)
= a(r=Tr,v) +a,(Ir—I;_I,_r,v)
k—1
V).

+a,_,I_xr—r, P,
The interpolation error estimate (2.13), (1.14), (6.2), and (6.10) imply that

Z /Vr-V(v—z)dx
T

TeT*

(6.17) S el IVl

< Chk||€'||(1,2(g))2||v||k-
Inequality (6.8) now follows from (6.13), (6.15), and (6.17). O

Corollary 2 (Approximation property II). There exists a positive constant C
such that

ko pk—1
(6.18) I = I PE "Wl 4 < ChelIvIlly , W E W
Proof. From (6.1), (5.2), and Lemma 11, we have

la (I = I PE v, w)

k k—1
|||(I_Ik_1Pk )v|||2,k= sup

weV,\{0} [Iwlll,
k k—1
= sup |ak(v’(1_1k_1Pk W)l
weV\{0} [wlll,
k k—1
< ¥l kNI = T P )wll]y
< Tl -

SChlivllls - ©
Corollary 3. There exists a positive constant C such that

k—1
(6.19) NP ¥l < ClIMVIL VY E V-

Proof. By Proposition 3, (6.7), (1.13), and (6.2), we have

k—1 k-1 k k-1
| Py "|”1‘k§”|Pk v-I, P, V|||1,k

ko pk—1
I B v =l + VI

k-1
<P

k k-1
v—I,_ P, "“(LZ(Q))2 + Chy IVl + 11V, k
k-1
SChBe Yoy + Chilivlle + IV

< Cthka + H|V|Hlk
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On the other hand, from the definition of ||| |||, , and the fact that the
spectral radius of 4, is bounded by Chk_4 (cf. (4.6)), we have A, JJv[, <
Cllivlll,  forall veV,. O

Theorem 3 (Convergence of the two-grid algorithm). There exists a positive con-
stant C such that

—1/4
(6.20) lefl, < Cm™ e,
and
-1/4
(6.21) lell g2 < €™ llegll 20

Therefore, the two-grid algorithm is a contraction if m is large enough.
Proof. By (6.5), (6.18), and (6.6) with f =3, we have

k k—1
llell, = I = I P~ )R, el
—1/4
< ChyllIReglll; , < Cm™"

By (6.5), (6.8), and (6.6) with f = 2, we have
k k—1
(6.22) lell 2y = I = L_ P )R;"eon(Lz(Q))z
—~1/4
< ChllIRelll, < Cm / Ieollly -

Inequality (6.21) now follows from (6.22) by Proposition 3. O

llegll-

Theorem 4 (Convergence of the kth-level iteration). There exists a positive con-
stant C such that when the kth-level iteration is applied to A,z =g, we have

(6.23) lz - MGk , 2y, g)ll, < Cm™ |z~ 2,
and
(624) 2= MG(k. 2, ®)ll 2y < Cm Pl =24l 12

provided that m is large enough.

Proof. Let C* be a positive constant which dominates all of the constants in
(1.12), (3.16), (6.2), (6.19), (6.20), and (6.22). Assume that m satisfies

(6.25) QC*/m'*yY ' < ac™H,

and let y = 2C* /m'/ *. (Recall that p = 2 or 3 in the algorithm.) We shall
prove the following inequalities by induction:

(6.26) lz— MGk, 2y, g)ll, <7lz—zyll,
and
(6.27) “z -MG(k, Z,, g)”(LZ(Q))Z <7lllz - zo”|1 ke
Note that (6.24) follows from (6.27) by Proposition 3.
For k = 1, (6.26) and (6.27) hold because MG(1,z,,g) = Al"lg = z.
Assume that (6.26) and (6.27) hold for Kk <n-—1.
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Let e;=2-2;, 0<i<m. Then e, = R'e,. We have
(6.28) 2-MG(n,zy,8) =2 (z,,+1,_q,)
=z-(z,+I,_ @)+ 1, ,(a—q,),
n—1

where ¢ = P e, (cf. Lemma 9) satisfies 4, ,q =g and q, is the approx-

imation of q obtained by applying the (n — 1)-level iteration p times. From
(1.12), the induction hypothesis, Lemma 8, and (6.24), it follows that

* * -1
(6.29) 1, (a-a,)l, < CVlldll,_, = C¥"IP, e,
. .2
<(C)Y IR el < Bliegll,

Since z - (z,, + I;'_lq) is the final error of the two-grid algorithm, it follows

from (6.20) and the choice of y that
* —1/4
(6.30) Iz = (2, + I,_ @ll, < C'm™ " legll, = 5lell,-

Combining (6.28), (6.29), and (6.30), we see that (6.26) holds for k =n.
On the othér hand, by (3.16), (6.19), and the induction hypothesis, we have

* * -1
”I:_l(q_qp)“(LZ(Q))Z <C Vp|||QI||1,k_1 =C ypl”P: em”'l,k—l
*,2
(CH Y NIR €l 4
*.2 p N
(CY 7 legllly & < 5lllegllly 4

It also follows from (6.22) and the choice of y that

(6.31) <
<

(6.32) Iz = @, + Iy_ @l 2y < Cm™ Pllegllly i < Slleollly -
Therefore, (6.27) holds for k = n by combining (6.28), (6.31), and (6.32). O

Theorem 5 (Full multigrid convergence). If m is chosen so that the kth-level
iteration is a contraction for k = 1,2,... and the parameter r in the full
multigrid algorithm is chosen large enough, then

o, = ll 2y + P llwy — B,
2
< Chk(|“|(yl(g))2 + IpIHI(Q)) fork>1,

where (u, p) is the solution of (1.1), w, is the exact solution of the discretized
problem (1.9), and W&, is the approximate solution of (1.9) obtained from the
Sull multigrid algorithm.

(6.33)

Proof. It suffices to prove that
k k
e = Ly llp2qye + Bl — Ly Il
2
< Chk(|“|(1-12(g))2 + |p|H'(Q))-

Theorem 4 and a standard argument (cf. [14, Theorem 7.1, p. 162]) will then
prove {6.33).

(6.34)
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The discretization error estimate (1.10), the interpolation error estimate
(2.13), properties (1.12), (1.14), and (3.16) imply that

k k
flu, — Ik—l“k—l”(Lz(Q))z + hy g — L ywe
< flug = Thuj] 2002 + hllu, —TI1u|,)

k

k
+ (I = L (0 w2y + AT = L (T, w]l,)

k k
+ (M= (e yu = w2y + Al (T o= )l

2
< Chk(|“|(H2(g))2 + |p|H1(Q))
+ C(IL_yu —wy_ ll 2 + AllTh o —wy )

2
< Chk(|ll|(H2(Q))2 + lpIH.(Q)). 0
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