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Abstract. We study a nonlinear boundary value problem arising from electrochem-
istry. The essential difficulties are due to the strong nonlinear nature of part of the
boundary condition. This part of the boundary condition is of an exponential type and
is normally in the corrosion literature associated with the names of Butler and Volmer.
We examine the questions of existence and uniqueness of solutions to this boundary
value problem. In a numerical example we compare the behaviour of the solutions to
the nonlinear problem with the behaviour of the solutions to a corresponding linearized
problem. In contrast to earlier studies we put a major emphasis on studying parameter
values that may be relevant for the case in which part of the boundary is in a transition
to passivity—in practice most likely because it is nearly covered by an oxide layer.

0. Introduction. In this paper we shall study a nonlinear boundary value problem
arising from galvanic corrosion. Before proceeding to a mathematical analysis of this
problem we shall devote this first section to a brief explanation of some background
material. Consider the battery cell illustrated in Fig. 1 (see p. 480). It consists of two
strips of metal (one of silver and one of zinc) partially emerged in a saltwater solution. It
is well known that chemical reactions at each metal strip will result in a current passing
between the two. At the silver strip, hydrogen gas is produced,

9H,0 + 2~ — Hy T +20H".

Here the reactant gains electrons, i.e., one says that a reduction takes place, and the
strip is defined to be cathodic. Simultaneously, at the zinc strip, zinc is dissolved into
the solution,

Zn — Zn?*t 42,

The reactant loses electrons, an ozidation takes place, and the strip is defined to be
anodic.

In electrochemical cells, oxidation and reduction always occur simultaneously. As
a result of the chemical reactions, the metal strips change shape. In the voltaic cell
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Fic. 1. Volta’s cell

0, Rust + H,0 0,

Iron

Fic. 2. A cell formed by rust on iron

illustrated above, the driving force for the oxidation-reduction reactions is the chemical
potential difference between silver and zinc, and the chemical reactions produce a current.
One may conversely use current generated by an outside power source to cause chemical
reactions (involving electron transfer) at the metal surfaces. This alternate process is
called electrolysis. The quantitative relationship between the electric current and the
mass of substances consumed and produced by the chemical reactions has been studied
intensively going back to the early work of Faraday.

Today, the use of electrochemical reactions plays a significant role in industry. Aside
from electrochemical energy conversion, examples can be found in the production of chlo-
rine, aluminum, and other chemicals, and in electroplating and electromachining. On the
other hand, electrochemical phenomena also cause great damage, primarily in the form
of corrosion. Corrosion is defined as the deterioration of a metal by chemical or electro-
chemical reaction with its environment. Most corrosion processes are electrochemical. In
aqueous media, the action is similar to that taking place in the battery cell shown in Fig.
1, where the zinc electrode is corroded, i.e., metallic zinc is converted into hydrated zinc
ions Zn**. Figure 2 illustrates a local cell on a piece of iron when it becomes rusted [16)].
It is predominantly from the point of view of corrosion detection and corrosion control
that we are interested in the problems associated with electrochemistry. To justify the
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commercial interest in these subjects it may be relevant to mention that a study con-
ducted by the National Institute of Standards and Technology, under the request of the
U.S. Congress, showed that the effect of corrosion cost the U.S. over 200 billion dollars
in 1989, which was approximately 4.2% of the U.S. gross national product of that year
[2].

The idealized electrochemical system we consider consists of a domain €, containing
an ionic solution (electrolyte). A part of the boundary of §2 is electrochemically active,
the rest is electrochemically inactive (but may transmit an imposed current). For sim-
plicity we restrict our attention to two-dimensional domains. We emphasize that the
entire boundary is in contact with the same bulk solution, i.e., there are no membranes
involved. One may imagine that outer circuits carry flows of electrons to and from the
electrochemically active boundary parts, but exactly how this is done technically is of
no importance for the analysis that we present here. Our main focus is to study the
mathematical characteristics of a boundary value problem which incorporates a quite
realistic model for the currents on the electrochemically active boundary parts. Since
Faraday’s law states that the rate of change of the boundary at any point is proportional
to the normal current flux across the boundary at the point [5], a realistic modeling of
the boundary fluxes thus indirectly provides a good understanding of the shape changes
(corrosion) of the boundary.

We shall work entirely within the so-called potential model; we refer to [5], [12], [17]
and the references therein, for a detailed derivation and justification of this model. Briefly
stated the transport processes in the electrolytic solution are modeled by a dilute solution
theory, in which the concentrations of the various species of the electrolytic solution are
considered spatially constant away from the boundary. In this fashion one obtains a
single elliptic equation for the electric potential, ¢,

V- (—kV¢) =0 1in Q, (1)
where , the conductivity of the solution, is given by

k= F? Z zfu,-ci. (2)
i

In (2), z; is the charge number for the species 7, u; is its mobility, and ¢; its concentration.
Since the concentrations ¢; are assumed to be constant, so is the conductivity . Equation
(1) therefore simply expresses that ¢ is harmonic in €.

Let us now take a closer look at the interface between the electrochemically active
boundary part and the electrolyte, where the oxidation-reduction reactions occur. As an
aide to understanding the physical situation we consider for a moment a single strip of
metal (anodic, say) placed in an electrolytic solution. After some period of time a state
of equilibrium has been reached, at which point there is a discontinuity in the electrical
potential across the metal-electrolyte interface (free electrons have gathered on the metal
strip, metal ions have been released into the solution). The exact value of this potential
jump depends on the specific metal and the specific electrolyte. Note that no net current
is flowing between the metal and the electrolyte as a result of this potential jump.

Since the difference (¢metal — Psolution) is not directly amenable to measurements, one
introduces a reference device, such as a normal hydrogen electrode (NHE), to make a
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relative measurement. The relative potential of the metal strip with respect to an NHE
placed in the solution is called its Nernst potential, Ex. If another strip of metal (of
a different Nernst potential) is also placed in the solution, and if the two metal strips
are connected by an outer circuit, then a current will flow through this circuit. At the
metal-electrolyte interfaces, the potential differences will now be out of equilibrium. If
one measures the potential of any one of the metal strips with respect to an NHE placed
in the solution adjacent to the strip, then one obtains the galvanic potential of that
strip, £;. The difference n, = E; — Ey is called the surface overpotential. It is the
overpotential that is the driving force for the oxidation (or reduction) reaction at the
metal-electrolyte interface. At each metal strip 7, is functionally related to the current
density

J-n=F(), 3)

where J is the current density and n is the unit outward normal (relative to the elec-
trolyte, say). The exact form of F depends on the composition of the electrolyte near
the interface and on the composition of the metal strip. For simplicity we suppose that
there is only one reacting species in the electrolyte near each interface. In that case the
composition of the electrolyte is locally characterized by the concentration, ¢, of this
species.

In general, an analytical expression for F is not available, and approximations are
usually obtained by interpolation of experimental data. The plot of |F| verses |n,| is
called the polarization curve. Figure 3 illustrates a typical polarization curve (cf. [12]),
where the vertical axis is In|F| and the horizontal axis is |ns|. Quite often when 7, is
small, i.e., in the active region, the function F in (3) is well modeled by an exponential.
At an anodic surface, 7, is positive and F is negative; so

azf
J-n=—JyerT"s,

At a cathodic surface 7, is negative and F is positive; so

_(1—a)zF
J - n=Jye RT s,
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Here Jy > 0 is the exchange current density, which depends on the concentration c
(near the interface), on the composition of the metal surface, and on the temperature.
0 < a < 1 is a kinetic parameter, called the transfer coefficient, and z (a positive integer)
is the charge number of the dissolved or deposited species. F' is Faraday’s constant,
R is the universal gas constant, and T is absolute temperature. Combining the anodic
and cathodic behaviour in one single boundary condition we obtain the so-called Butler-
Volmer formula

3 n = gy (eFFr o) (4)

When 7, is small and positive, the first term is leading and the formula closely approxi-
mates the anodic boundary condition discussed earlier. When 7, is small and negative,
the second term is leading and the formula closely approximates the cathodic boundary
condition discussed earlier.

When 7, is in the transition region, the reactions on the surface are complicated and
unstable (see for instance [14] and the references therein). It may nonetheless in this
region be reasonable to approximate the function, F, by an expression very similar to
that in (4), namely

~J-n=-J; (e%Tﬁ(ns—M(ns» _e—%;%l(ns—M(ns»), (5)

with J; > 0,0 < & < 1, and M (t) := sign(t) K, for some positive constant K. We shall
see that the boundary value problem corresponding to (5) is more difficult to analyze
than that corresponding to (4); in particular, there may also exist multiple solutions.

Frequently when deriving realistic boundary conditions for the normal current one also
includes an overpotential due to a diffusion layer. Such a diffusion layer is a region close
to the boundary where the concentration, ¢, changes rapidly, and therefore the electric
potential ¢ is not harmonic. Provided the thickness of this diffusion layer is small it is
very reasonable to include the effects of this layer into the boundary condition for the
normal current instead of changing the “interior” equation for ¢. The corresponding
concentration overpotential is positive at the anodic part of the boundary, negative at
the cathodic part. The concentration overpotential is simply added to the surface over-
potential to form the total overpotential; we refer to ([5]) for a model of its relation to
the normal current. In this paper, we have decided not to include the modeling of such
a diffusion layer. It may be relevant here to note that under certain circumstances there
are very simple experimental techniques to dramatically reduce the effect of the diffusion
layer (cf. [9] and [10]).

As before let ¢peta denote the potential inside the metal that makes up the boundary
and let ¢ denote the potential in the electrolyte. According to the previous discussion
we then have

¢metal(x) - ¢($) = ns("r) + EN(:L') on BQ,
or equivalently,
Ns(Z) = Pmetal () — En(z) — ¢(z) on 9.

In this context h(z) = Pmetai(z) — En(z), x € JQ, is an a priori given driving force for
the internal voltage potential ¢{x). We assume that h(z) is a genuine driving force, that
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is, we assume that h(z) is not constant on 9. For 7, in the active region, the nonlinear
boundary value problem for the electrolytic voltage potential therefore becomes

~Ap=0 inQ,
o¢ F (k=) _ o 5T (ho)
0n—J0( i — e ) on 89

Let w denote the solution to
—Aw =0 in$,
w = h(z) on 0%,

and define g = %—gg—:bg. Since we have assumed that h is not constant it follows that

w is not constant, and therefore that g is not identically zero. At the same time we
have that [, gdl = £5 [, Awdz = 0. Let v denote the function v = £5(w — ¢). This
function satisfies the boundary value problem
—Av=0 in 9,
ov 2F
an ~ “°RT
If we consider 7, entirely in the transition region and if we as a simplification think of
M (ns) as a known function of z, m(x) = M(#;), then a calculation similar to that above,
but with h( ) = ¢metal( ) EN( ) repla'ced by h( ) = ¢meta]($) - EN(CL') - m(l‘)’ gives
that v = ZE (w — ¢) satisfies the boundary value problem

(e2? — e~ (179 L ¢ on AN,

RT
—Av=0 in €,
ov 2F
- _ J(l—a)v
s J1 RT( e )+g ondf.

Here we have used the notation « in place of &. Instead of implicitly letting the elec-
trochemically inactive part of the boundary correspond to that part where v is zero or
extremely close to zero we find it more convenient to explicitly prescribe the Neumann
condition g—z = g on some part of the boundary. Combining the above two boundary
value problems into one, and taking into account the change in boundary condition just
mentioned, we end up with the exact nonlinear boundary value problem, which we shall

consider in the rest of this paper, namely

—Au=0 inQ, (6)
Ou
B = Met¥ — e~ (1=9vy L g on Ty, (7)
Ou
=9 o0 Ts. (8)

Here @ C R? is a bounded, smooth domain and we suppose that I'; and I'y are two
mutually disjoint, nonempty, connected open subsets of 89, with 8Q = T'; UT,. The
parameter A is given by A = Jo <0Oor A= J1 7 > 0, corresponding to the active
region or the transition region, respectlvely The posmve constant « lies strictly between
0 and 1. The source term g satisfies |, aq 9dl = 0. We introduce the functions

1 1
F(z) = —e°® e"(1707 R (9)

o l1—a
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(not to be confused with Faraday’s constant) and

f(z)=F'(z) =e® —e (1792 R, (10)
Using f, we can write the boundary condition (7) as
g% =Af(u)+g onTi.

We shall consider the boundary value problem (6)-(8) in its natural weak formulation:
find u € H'(Q) such that

VuVvdzr =X [ f(uvdl+ / gudl (11)
Q Ty aQ
for any v € H(£)). We always suppose that g is in L(89Q).

As we shall see in the beginning of the next section, the function f(u) is in L?(T'y)
if u is in H'(Q). Standard elliptic regularity theory therefore implies that any weak
solution, u, is C* inside  and globally is in H3/2(Q). The global regularity of u gives
that u|r, lies in H}(T;) and since H!(T';) C L°(T';) (remember, the boundary is one
dimensional) it follows by differentiation that f(u) lies in H!(T'1). If we now additionally
required that g be in H!/2(59), then elliptic regularity theory would imply that given
any y in the interior of I'; or I'; there exists a neighborhood of y,w,, such that u is
in H2(2 Nwy). In addition to being a classical solution to Au = 0 inside {2 the weak
solution u would therefore satisfy the boundary conditions (7)-(8) in the sense of traces
on any of the boundary parts 9Q Nwy. If g were to be smooth then u would be smooth
up to the boundary at any point interior to I'; (or I's), and the boundary conditions
would be satisfied in a classical sense. There will in general be singularities of u at the
points that separate I'; and I's, even if g is smooth.

The main theoretical results in this paper are proven in Secs. 1 and 2, and they may
be summarized in the following.

THEOREM. Given g € L?(09) there exists Ay > 0 such that the boundary value problem
(11) has a solution for any —oco < A < Ag. For A < 0 this solution is unique (for A = 0, it
is unique up to a constant). This unique solution may also be characterized as an energy
minimizer. For A > 0 the problem (11) is likely to have multiple solutions; however, it is
possible to construct a specific branch of solutions consisting of energy minimizers. The
energy expressions differ for A < 0 and A > 0.

The Taylor expansion for the function f at z = 0 is given by

20 — 1
iy SR

flz)=z+

The boundary value problem (6)—(8) may thus be linearized near v = 0 (and g = 0) to
give

—Au=0 1in §,
ou
%z)\u—kg on I'y,
@

=g onls.

on
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The corresponding weak formulation becomes

/ VuVvdz = )\/ uv dl +/ gvdl. (12)
Q r, a9

This linear problem has a unique solution when X lies outside a countable set of values
0< A1 <Ay <+, with {1/A,}5°, representing the eigenvalues of an associated compact

operator (for A = 0 the solution is unique up to a constant). In Sec. 3 of this paper
we characterize the set {\,}32 ; and we examine the structure of the solutions to (12)
between these values. In particular, we characterize these intermediate solutions as
solutions to appropriate minimization problems. In Sec. 4 we compare some numerical
results obtained by the solution of the linear boundary value problem (12) with results
obtained by the solution of the nonlinear boundary value problem (11). These numerical
results also clearly indicate that the nonlinear boundary value problem has solutions for A
moderately large and positive. It should be interesting to see if among these solutions it is
still possible to select curves consisting of energy minimizers—but we have not succeeded
in doing so. Finally, a short appendix is devoted to a survey of some fundamental facts
concerning Orlicz spaces, which are needed in order to establish the existence of solutions
for the nonlinear boundary value problem (11).

1. Existence and uniqueness for A < 0. In this section we shall establish the
existence and uniqueness of a solution to the boundary value problem (11) for values of
A € 0. For A = 0 the existence of a solution to the boundary value problem (11) is well
known. It is equally well known that this solution is unique modulo a constant. It thus
remains to consider A < 0. Let I: H!()) — R be the functional defined by

](u)=%/9|vu|2d:c—)\/r F(u)dl—/émgudl.

We shall now prove that I is well defined and that it has a minimizer in H!(§2). This
minimizer is easily seen to satisfy the Euler-Lagrange equation

/VqudQ::)\ f(u)vdl—l—/ gvdl Yve HY(Q),
Q r, a0
which is exactly the weak formulation (11). It is very easy to see that this solution is

unique.
From the appendix at the end of this paper it follows that

ull ey < Cllullsaqes (13)
where || - ||, is the Luxemburg norm corresponding to the function
B(t) = e —1.
The definition of || - ||, (r,) implies that there is a positive real number £,
lull Lo(ry) <k < llullier,) +1, (14)

such that

/FICD(%)MSI.




NONLINEAR ELLIPTIC BOUNDARY VALUE PROBLEM 487

Insertion of the formula for ® into this last inequality leads to

/ e’ /¥ dl g/ ldl+1=|Ty|+1. (15)
ry r,
Combining (15) with the inequality
,32k‘2 u2
<2 L2
flul < 55+ 2

we find

/ e®lul gl < eB*F* /4Ty +1) for any B €R.
'y
Due to the bounds (13) and (14) this immediately yields
2 2
/ eBlul g < O Uelrzay ™| 4 1),
|8}

For any u € H*(Q),

lull g2y < lull mizoa) < Cllullas @),

and hence

/ e1el gi < CF el @D (1, | 1) for any 8 € R, (16)
Ty

from which it follows that the functional fIH F(u)dl, and thus the entire functional I(u),
is well defined on H(f2). It also follows directly from (16) that e’l“! is in LP(T';) for any
B € R and any 1 < p < co. The inequality (16) is by no means new; it is for instance
very similar to one found in [7], where one also finds an existence and uniqueness proof
corresponding to A < 0. That proof is directly based on the convexity properties of
the functional I(-), for A < 0. The existence and uniqueness proof we give here uses
the convexity properties more indirectly since it proceeds by the “direct method” of the
calculus of variations. We provide this simple argument, since a part of it is also used
in our existence proof for the mathematically more interesting case of positive \. We
proceed to show that

inf I(u) > —o0, 17
el (@) () © (17)

and to show that any minimizing sequence has a subsequence that converges weakly in
H(f2). For any d € R we find

/ QUdl' = ‘/ g(u+d) dll < lglizzayllu + dliL2(a0)-
80 89
At the same time,

min [[u + df|£2(a0) < Cmin fJu +dfj ) < ClIVul29)-

The two previous estimates in combination yield

'/ gudl
a0

C Ce
< CllgllL2aapll Vull L2y < %”9”%2(39) + 7||Vu||%2(n), (18)
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for any € > 0. From this estimate and the form of 7{u) it follows that there exist positive
constants ¢ and C, independent of u, such that

I(u) > chu“%ﬂ(Q) —A F(u)dl — C||9||2L2(BQ . (19)
r )

1

Since the two first terms on the right-hand side are positive it is clear that I{u) >
—C||g||2L2(3Q), and thus inf,ep1 (o) [(u) > —0o. Let u,, € H'(2) be a sequence such that

I(u,) — inf I(u).
(un) weli(@) (u)

Due to the estimate (19) there exists a constant C such that
||Vun||Lz(Q) < C, Vn,

and consequently there exists a subsequence u,,, and a sequence of real number c,,, such
that u,, + cn, converges to some 4* weakly in H!(2). For simplicity we henceforth
denote the index of this subsequence by n. We claim that the sequence ¢, is bounded.
Since

dlu| < F(u), (20)

for some d > 0, and since A < 0 it follows from the bounds (19) and (20) that

lunldl < C, Vn. (21)
Y

The weak convergence of the sequence u,, + ¢, implies that it is bounded in H!(£2), and
therefore

lun + cnllLz(o0) < C,  Vn.

In particular, this implies that

|un +en|dl <C, Vn.
r

Using (21) we now conclude
Tulleal < [ funldi+C v
M

This boundedness of ¢, implies the existence of a convergent subsequence, which we for
simplicity also index by n. The weak convergence of u, + ¢, combined with the fact that
the constants ¢, converge to ¢* yield that

Uy —u* =4 — ¢ in HY(Q). (22)

We now proceed to show that u* is a minimizer of I(-). The convexity of the functional

/ |Vul|? dx
Q

and the fact that the u, converge weakly to u* in H'(§2) give

/ |Vu*|?dz < liminf/ |V, |? dz. (23)
Q " Q
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Due to the weak convergence of the u,, in H!(Q) it follows that u, — u* in H/2(5Q),
and so

/ gu* dl = lim gu., dl. (24)
an n Jon
Finally, we also have that
/ Fu*)dl=lim | F(uy)dl. (25)
[ noJry
To prove this it clearly suffices to prove that
/ AV dl=lim [ €t dl, (26)
Fl n 1—‘1

for any 0 € R. Using the mean value theorem we find, for each n and a.e. z, a value
&, (x) with

min(un (z), v*(z)) < §n(x) < max(un(z), u*(z)),
such that
ePun — B = Beftn (up, — u*).
The value &,(z) satisfies
6 (@) < lun(z)| + |u* ()],
and therefore it follows that

|eﬂun _ eﬂu*| < |ﬁ|elﬁl(|un|+|f|)

Uy — u*|.
Repeated use of the Schwartz inequality now yields

1/4

* 1 4 *
Bun — P a1 <[] eIl 0 P S - — ey

1(Ty)

le
Iy
Since u, (and u*) are bounded in H'(Q), (16) shows that the first two norms on the
right-hand side are bounded. The statement (26) follows from the fact that u,, converges
strongly to u* in L2(I'1). A direct combination of the three statements (23), (24), and
(25) now yields
I(w*) < limI(up) = inf I{w),
(u*) < lim I (un) e o) ()
or in other words, u* is a minimizer of I(-). This concludes the proof of existence of
solutions to the boundary value problem (11) for A < 0.
To conclude the study for A < 0, we show that the solution to the problem (11) is
unique if A < 0. Let u* and u be two solutions to (11) for some A < 0. Then

/ Vw —u)Vudz =X | (f(u*)— f(w))vdl Yve HY(Q),
Q

r

which by insertion of v = u* — u yields

/ |Vu* — Vu2dz = )\/ (fu*) = f(u)(u* —u)dl. (27)
Q ry




490 MICHAEL VOGELIUS anp JIAN-MING XU

Since f'(z) = ae®® + (1 — a)e~(1=®)% > 0 for any z € R, we have

(f(u") = flu))(w" —u) 2 0. (28)
It follows form (27), (28), and the fact that A <0 that

/ |Vu* — Vul? dz < 0.
Q

Consequently, u = u* + d for some constant d. For A < 0 any solution to the boundary
value problem (11) obeys the condition fFl f(u)dl = 0 (simply insert v = 1 into (11)).
Therefore,

Ff(u)dl=0 and Ffu* +d)dl =0,
I I

which immediately leads to e®? = e~(1=%)4 je. d =0 and u = u*.

2. Existence for small A > 0. In this section we consider the mathematically most
interesting case, A > 0. We prove that the weakly formulated boundary value problem
(11) possesses a solution for A sufficiently small. This existence proof is based on a
different minimization than that used in the previous section. A change of variational
principle is clearly required, since the exponential character of the term frl F(u) dl makes
the functional I(-) unbounded from below, for A > 0. We introduce the functional

j(u)=%/Q|Vu|2da:—/\ln/r F(u)dl—/aggudl.

This functional is similar to that introduced in [11] for a related problem; we also refer

to the introduction of [6] for a brief survey. The functional J(-) is still unbounded from

below: it is easy to see that J(c,) — —oo for any sequence of constants, c,, that converge
to +00. We remove this latter unboundedness by defining

J(u) =supJ(u+r),
rER
and we now seek a solution to the boundary value problem (11) by minimizing J (-) in
H'(Q). In terms of the functional J we thus solve the saddle-point problem

inf Ji :
-
It is not very difficult to calculate an explicit expression for the functional J(-). Indeed

for any u € H*(2) and any 7 € R

j(u+r)=%/ |Vu|2da:—)\ln/ F(u+r)dl—/ gudl, (29)
Q r,

o0

and since A > 0 and In is a monotonically increasing function, the problem of maximizing

J(u + 7) in r thus reduces to the problem of finding the constant r that minimizes

/ F(u+r)dl. (30)
I
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The expression (30) is well defined, continuous and always positive; furthermore, its value
approaches 400 as r — +00; so it attains its minimum. By taking the derivative with
respect to r, we find that the minimizer 7*(u) must satisfy

flu+r)dl =0,
r

the solution of which is given by

() Jr, e~ (1-a)u gg

€ Jr e dl

(31)

It follows from the discussion in the previous section that the expression on the right-
hand side is well defined and positive for any u € H*(£2). Substitution of (31) back into
the expression of the right-hand side of (29), now leads to

J(u) =supJ(u+r) = J(u+r*(u)
reR
= %/ |Vu|2dz — A(l — CE) ln/ e dl — )\aln/ e—(l—a)u dl
Q r, T,

—/ gudl + Alna(l — a).
a0

We proceed to study the minimization of J(-) in H!(Q). Due to the definition of J
it follows immediately that J(u) = J(u + r) for any r € R. In order to prove that
infuep(n) J(u) > —oo we shall in particular use that

J(w) = J(u — ), (32)

where

Hzﬁ/ﬂudﬂ:.

Using the estimate (16) we find that
In /F e~ 4] < CB2(lu — %0 + 1) + In(|Ty | + 1),
for any 8 € R. It now follows from

lu =@l g1y < ClIVullL2qy (33)
that

ln/ " 1v " dl < CB*(|Vull320) + 1) + In(|Ty | + 1). (34)
r
Combining (34) (for 8 = @ and 8 = 1 — a) with the estimate (18) and rearranging terms,
we find that there exist positive constants \g, ¢, and C such that

J(u) 2 ¢| VulZai) ~ CllglZer,) + 1), (35)

for any 0 < A < Xg. This proves that J is bounded from below for any 0 < A < Ag. To
show the existence of a minimizer, let u, € H'(£2) be a sequence such that

I(un) = uegllf(ﬂ) I ().
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We may without loss of generality suppose that @, = 0. The estimate (35) yields that
|Vn||L2¢q) is bounded, and hence that |un||g1(q) is bounded. We may now extract
a subsequence of u, (for simplicity also indexed by n) that converges weakly to some
u* € H'(Q), ie.,

up — u* in HY(Q).
It follows, as in the previous section, that

Ju*) < lizn J(uy). (36)

Therefore, u* is a minimizer of J(-) in H!(£2). In contrast to the last section it requires a
little analysis to see that u* gives rise to solutions to (11) for an interval of small positive
A. As part of this analysis we shall prove that the minimizer u* is unique for A sufficiently
small.

We now prove that for any 0 < A < Ay there exists a 0 < X such that the function
@ = u* + r*(u*) is a solution of the boundary value problem (11) corresponding to
the parameter A. Here 7*(u*) is defined by (31). Simple manipulations give that the
minimizer u* satisfies the variational equation

/Vu*Vvdx—M/ e v dl
Q fl—‘l eau” dl r,

Aa(l —a) / —(—a)u’ /
_— A udl — dl=0 (37
+ frl ——ar dl Jp. e v o gv (87)

for any v € H'(Q2). In terms of @ = u* + r*(u*) and the parameter

a—1 -
A= el —a) (/ e dl) (/ e~ (1me’ dl) >0 (38)
T r

this may be written

/ VaVudr =X | f(@)vdl +/ gudl Yve HY(Q). (39)
Q Ty a0
Thus 4 is a solution of the problem (11), corresponding to the parameter value XTIt
still remains to verify that the values A[A] cover an entire interval [0, Xo], with A > 0,
when ) runs through an interval [0, Ag] with Ay > O sufficiently small. Since 5\[0] =0
and 0 < A[A] for 0 < A, this follows immediately if we verify that the function A[] is
continuous on [0, Ag] for Ag > 0 sufficiently small. In order to do so we first demonstrate
that the minimizer uv* is unique (modulo a constant) for A sufficiently small.

At this point it becomes natural to emphasize that the functional J(-) = Jx(-) and
any minimizer, v* = v}, depend on A\. We suppose that v} is normalized by

/ vy dr = 0. (40)
Q

From the explicit expression for Jx(-) and the lower bound (35) we now obtain

AMIna(l — o) —In|Ty]) = JA(0) > Ja(vy)
> ¢l[VoillTe ) — ClgllZzr,y + 1),

(41)
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for 0 < A < Ag. The constants ¢ and C are positive and independent of 0 < A < Ag, for
Ao > 0 sufficiently small. This estimate immediately shows that there exists a constant
C, independent of A, such that

“V'U;“L%Q) <C, 0<A< ).

Combining this with the estimate (16), we immediately get that there exists a constant
C, independent of A, such that

/ el <C, 0< A< . (42)
I

Schwartz’s inequality yields

. 1/2 . 1/2
|P1|:/ ldlg(/ e‘“’*dl) (/ e*avxdz) ,
Iy r; r

and upon insertion of the bound (42), we now find that there exists a positive constant,
¢, independent of A, such that

/ e*dl >¢, 0<A< o (43)
r
Similarly, we can show that

/ e" (179 gl > ¢, 0< A< A (44)
I

Based on the definition of X, (38), we conclude that there exists a constant, C, so that
0<A<Cfor0<\< )\ Since the function v} is a minimizer of Jy, the function
Uy = v} +7*(v}) satisfies the variational equation (39) where \is given by the expression
(38) with u* replaced by v}. The functions f(#,) and g are in L%*(T;) and L?(0)
respectively, and hence it follows from classical regularity estimates for linear elliptic
boundary value problems that @ is in H3/2(Q). Furthermore, since A is uniformly
bounded, it follows that

oAl gar2() £ C, 0 < A< o, (45)

with a constant C, which is independent of A. Let now v} and v} denote two minimizers

of Jy, normalized by
/u}das = / vydz = 0.
Q Q

Since v} and v} both satisfy the variational equation (37) we get
/ V(- v})Vodz /\/ (F ) = ffD)wd Vo e HYQ), (46)
Q r

where the function f*(u)(xz) is given by the formuia

eau(z) e—(l—a)u(z)
Jo,ecvdl [ e Oeudl |

fr)(z) =a(l -a) (
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Taking v = u} — v} in (46) we obtain

/ [V} — Vi |* do = A/ (F*(uX) = F*(wi)(u} —v3) dl. (47)
Q Iy

If we combine the identity

1
* * d *
fra- o= [ Greriu- o)
0

with the explicit formula

2 pr (o + tu—v))

dt
ea(v+t(u—v))(u _ ’U)
fl" ea(v+t(u—v)) 4]
ea(v+t(u~—v)) fl"l ea(v+t(u~v))(u _ U) dl

(fn ealvtt(u—v)) dl)2

0 e—(l—a)(v+t(u—v))(u _ 'U)
fF e—(1—a)(v+t(u—v)) (]
1

=a*(1-a)

—o?(1-a)

a(l — a)

e—(l—a)(v+t(u—v)) J‘ 6—(1—a)(v+t(u—v))(u _ ’U) dl

(fn (1-a)(v+t(u—v )dl>

insert the result into (47), and change the order of integration, then we immediately get
/ |V} — Vs> dz
0

)\/ |: 1 f ecx(v,\+t(u,\ “%”(u _v*)2dl
= —Cl

j‘ e (vx+t(uy—v3)) dl

—a(l—a)?

k)

2
(fn (WA =) (% — %) dl)
(f ea(v;+t(u;—vf\)) dl>2 (48)

2fF1 (1—a) (v +t{u} — U)\))(u; _ UK)2 dl

—a?(1-a)

+a(l - f e~ (1—a) (v +t(u3 ~v%)) g]
2
— ol —a)? .
( Jo, et =) dl)2
It follows from (45) that
[uxllLee(ryy < Cllulllgsreg < C, 0< A< Ao (49)

The same estimate holds for v3. Employing a technique similar to that which we used
earlier to prove the lower bounds (43) and (44), we find that all the terms that appear
in the denominators in (48) are bounded uniformly away from 0 for 0 < XA < X and
0 <t < 1. These lower bounds in combination with the estimate (49) justify the validity
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of the change of order of integration that led to (48); but more importantly, because of
the form of the identity (48) they lead to the existence of a constant C, independent of
A, such that
/ |Vul — Vui[2dz < AC [ (u} —v})?dl
Q sy
for all 0 < A < XAp. From the Poincaré estimate (33) and the fact that w5 = 75 = 0 we
now obtain

/ |Vu} — Voi|? de < )\C/ |Vuy — Voi|? dz, (50)
Q Q

with C' independent of 0 < A < Ag. For A < 1/C this implies that u} = v}. Therefore
there exists 0 < Ag such that Jx(-) has a unique minimizer (modulo a constant) for
0 < X £ Xy. We note that we have only proved the uniqueness of the minimizer of J
(which in turn leads to a particular solution to the boundary value problem (11) for
parameter value 5\) We have not proved uniqueness of solutions to the boundary value
problem (11), and indeed numerical evidence strongly suggests that such uniqueness is
not true.

We are now ready to prove that A depends continuously on A € [0, Ag]. The key here
is to show that for any A, A € [0, X¢], the fact that X, — ) implies that

uy —u) in H(Q), (51)

where u} denotes the unique minimizer of J with @} = 0 (and similarly for A,). The
fact that A[A,] — A[A] then follows directly from the formula (38). It is already known
that

IVul, llrz@) < C (52)
uniformly in n; it is also known that one has the bounds
0<c< / e dl, / e~=ui, dl < C (53)
r Iy
uniformly in n. As a consequence of (52) there exists a subsequence (also dentoed u} )
and some u € H'(Q) such that
ul —u in H'(Q).

To verify the convergence (51) for the entire sequence, it suffices to show that u = u¥.
Due to the (previously established) weak lower semicontinuity of the functional Jy(-) and
due to the bounds (53) it follows that

J)\(u) S lim J,\(u’,{n) = lim J)\n (u}‘\n) (54)
It is also clear that

@) = lim Jy, (). (55)

Since uX is the minimizer of Jy_, we have
An An)

Ina(U3,,) < I, (u). (56)
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If we now let n — oo and combine (54), (55), and (56), then
Ja(w) <lim Jy, (u} ) <limJy, (u}) = Ja(u).

By uniqueness of the minimizer with integral zero, we thus obtain u = u}. This concludes
the proof of existence of solutions to the boundary value problem (11) for 0 < A < Ag
with Ag > 0 sufficiently small.

REMARK. It might be relevant to note that there are other approaches one could use
to establish the existence of solutions to the problem (11) for sufficiently small positive
A. One could for instance use an approach based on an Implicit Function Theorem such
as that found in Chapter 1 of [4]. Such an approach would establish the existence of a
curve of solutions, but it would not lead to a global characterization of this particular
curve of solutions (as obtained from energy minimization).

3. Linear theory. In this section we study the behaviour of the solutions to the
linear boundary value problem (12), as A varies. For simplicity we shall from now on
always select the boundary flux ¢ € L?(8f) such that ¢ = 0 on I'; (and therefore
Jr, 9dl = 0). We thus consider the solutions to

/Vu,\Vvdx:)\/ u,\vdl+/ gvdl Yv e HY(Q). (57)
Q ry L2

In order to carry out our study it is convenient to define a linear operator, T, from the

L3(Ty) = L3T) N {/F ndl = o}

to itself. Given any n € L*(T'}) let S(n) € H'(R) denote the solution to the weakly
formulated Neumann problem

/VS(n)Vvdm=/ nvdl Yve HY(Q),
Q I

space

satisfying the integral condition

S(n)dl = 0.
ry

Define
Tn=Sm)Ir,.

The operator T is one-to-one, positive definite and selfadjoint. Since S(n)|r, is in
HY?(Ty), T: L*T);) — L)) is also compact. We remark that, for A # 0, any
solution of (57) automatically satisfies

/ uydl = 0.
5T

For A = 0 the solution to (57), o, is only defined up to a constant; we may select this
constant so that the above integral constraint holds. If we write wy = ux — ug, then wj
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is a solution to

/Vw,\Vvda::/\/ (wy +uo)vdl Vv € HY(Q),
Q Iy

/ w>\dl =0.
|1

Using the operator T this is equivalent to saying that wy|r, is a solution to

satisfying the integral constraint

AT (walr, + uolr,) = walr,-

For A = 0 there is a unique solution, wy = 0. For A # 0 we rearrange terms to obtain

1
<T— XI) w,\|1~1 = —T(UO|1'*1).

This problem has a unique solution exactly when 1/ is not an eigenvalue of T. If 1/X is
an eigenvalue of T, then the problem is solvable if and only if T'(up|r,) is orthogonal to
the eigenfunctions of T associated with 1/ (in the usual L?(T';) inner product) and the
solution is only determined up to a linear combination of eigenfunctions. We note that
since T is selfadjoint, and since 0 is not an eigenvalue of T, T'(ug|r,) is orthogonal to a
particular eigenfunction, ¢, if and only if ug|r, is orthogonal to that same eigenfunction.
In terms of ¢ it is not very difficult to see that ug|r, is orthogonal to an eigenfunction ¢
if and only if g is orthogonal to S(¢)|r, (in the usual L2(T'2) inner product). In terms of
the original boundary value problem for uy, this may be restated to say that (57) has a
unique solution exactly when 1/X is not an eigenvalue of T. If 1/) is an eigenvalue then
there is a solution if and only if the source term g is orthogonal to all the functions S(¢)
where ¢ is an eigenfunction associated with 1/X (or, equivalently, if ug|r, is orthogonal
to all such ¢). This in particular means that for any ¢ that is not identically zero on I'y
(but vanishes on I';) there exists at least one (positive) value A for which (57) has no
solution. If indeed (57) had a solution for all A > 0 then ug|r, would be orthogonal to all
eigenfunctions of T'. Since the eigenfunctions of T form an orthogonal basis for L2(I';)
it follows that ug|r, = 0, and hence

Ug = % =0 onlI}y.
on
Since Augy = 0 in 2, we conclude from the unique continuation property of the Laplacian
that ug = 0 in all of . Due to (57) this implies that g = 0, which clearly represents
a contradiction. In the previous argument we have used the fact that standard elliptic
regularity theory ensures that ug is smooth inside €, and is also smooth up to the
boundary near any interior point of I'y.

In order to better understand the structure of solutions to the linear boundary value
problem (57) we provide a characterization in terms of appropriate minimization prob-
lems. Let E; denote the eigenspace corresponding to the ith eigenvalue of T' (numbered
in decreasing order). We initially suppose that g is not orthogonal to either the space
S(E1)|r, or the space S(E2)|r, (in L%(T3)). Let (-,-) denote the inner product

<u,v>=/ uvdl
ry
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and let By denote the set
By = H' Q)N {{v,1) =0,(v,v) =1}.
For each 0 < u < 0o, the functional I, is defined by

1 1
I,(v) = 5/0|Vv|2da:—;/r gudl.

Consider now the minimization problem

min I,(v). (58)

This problem has a unique minimizer with minimal fQ |V -|?dz, and it is easy to see that
this minimizer, %,, also solves

1
/ Vi, Vodr = /\(,u)/ Uuvdl + —/ gudl Yve H'(Q),
Q T, B Jr,
with
1
M) = / Vi, |* dz — — / gi, dl.
Q K Jr,
It is not difficult to see that A(u) depends continuously on p and that
—oo < A(p) <A for0<pu<oo
with
Alp) = —coas p— 0 and A(u) — A as p— oo.

Here 1/ is the largest eigenvalue of the operator T. If we define v = put,,, then it is
clear that u is the solution to (57) with A = A(x). The formula (58) therefore provides
an alternate variational characterization of the solution to the linear boundary value
problem (57) for —oco < A < A;. For A = \; there is, as discussed above, no solution to
(57).

To characterize the solution of (57) for Ay < A < A2 (where 1/)2 is the second largest
eigenvalue of T') it is possible to derive an analogous minimization problem. At this point
we suppose that g is not orthogonal to any of the spaces S(E1)|r,, S(E2)|r,, or S(Es)|r,.
Define the set

Bl = Hl(Q) n {(’U,1> = 0> <’U,¢> =0 V¢ € E17 (’U,’U) = 1}
For any fixed 0 < u < oo consider now the minimization problem
min 1,(v), (59)

where I, is as defined previously. The minimizer, %,, with minimal fQ |V - |2 dz, satisfies
the equation

/ Vi, - Vudz = /\(u)/ ayvdl + l/ gvdl, (60)
Q ry H Jr,

for any v € H(Q) with (v,¢) =0 V¢ € E;. Here A(u) is given by

1
/\(/1)=/ |Vﬁ#|2dx—-/ gt dl.
Q K Jr,
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Suppose now for simplicity that the eigenvalue 1/A; has multiplicity 1, ie., E; =
span{¢; }, where ¢, is a single function, say with (¢;,¢1) = 1. Let v; € H(Q) de-
note the solution to
/ Vo Vudz = prvdl Vv e HY(Q), (61)
Q T
in other words v; = S(¢1). Due to the definition of the operator T we have v;|r, = T'¢; =
(1/A1)é1; as a consequence (v1,1) = 0 and (v1,v;) = 1/A2. Any vector v € H(Q) may
now be decomposed as
v=w+ (v, v)vy, (62)

where the function w satisfies (w,¢) = 0 V¢ € E;. To make the system governing the
minimizer, %,, more familiar we use (60), (61), and (62) to compute

/ Vi, Vvdr = / Vi, Vw dz + A {v,v;) / Vi, Vv, dz
Q Q Q

1
:)\(,u)/ ﬁuwdl+—/ gwdl
ry B Jr,
1 2
:)\(p)/ ﬂpvdl-l-—/ gvdl-M/ o
Ty BJr, H Ty

X2 [ gS(¢)dl
:)\(u)/ a#vdl+—1—/ gvdl—M/ vvdl.
r, KHJr, u r

If we now define v = pt, — yv1, then we obtain

/QVqudxz /\(,u)/r1 uvdl+/r2 gudl
+ 0w =23 [ as@nal [ wwa

for any v € HY(Q). If A() # A1 and we choose v = \? Jr, 95(¢1) dl/(A(1) — A1) then the
last term disappears, and u is indeed a solution to the linear boundary value problem
(57), for A = A(p). As before it is not very difficult to see that A(u) is a continuous
function of 0 < u < oo, but this time with

—00 < Alp) < A2 for 0< p< oo,

AMp) > —0aspup—0 and A(u) — Ay as u — oo.

It is now possible to find 0 < 3 such that Ay < A(u) < Ag for p; < g < oo and
with A(u) — A as ¢ — ;. The formula (59) thus indirectly provides a variational
characterization of the solution to the linear boundary value problem (57) for A; < A <
A2. For A = A; and A = X, there are, as discussed earlier, no solutions to (57). These
results can easily be generalized to give a variational characterization of the solution
to the boundary value problem (57) for any interval A\,_; < A < A,. It would be
interesting to see if there were also variational ways to characterize particular solutions
to the nonlinear boundary value problem (11) for positive A that are not necessarily
small.
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4. Numerical experiments. In this section, we report the results of some numerical
experiments for the nonlinear boundary value problem (11) and the associated linear
boundary value problem (12). In our computations, we take €2 to be the region in the
first quadrant enclosed by the circular arc z2 + y?> = 1 and the four lines z = 0, z = 2,
y =0, and y = 2. As indicated in Fig. 4, T'; is taken to be the circular piece of the
boundary and I'y consists of the four straight segments labeled Si, 53, S3, and Sy. The
Neumann data g is defined as follows: on S, S3, S4, and I';, g = 0; on Sy, g is the
piecewise constant function

0 if0§y<%—5
£ ifi-e<y<ji+e
9(2,9) =<0 if%+s<y<§—e (63)
—+ if2-e<y<i+e
0 iff4+e<y<?

This means that S7,S3, and Sy are insulating, and there is an imposed current pattern
on the side Sy. In the computations, ¢ is set to be 0.1, and the parameter « in the
function F' (or f) is set to be 0.5.

For the linear as well as for the nonlinear boundary value problem, we employed the
finite element package PLTMG to compute the numerical solutions and draw the solution
diagrams. PLTMG has been developed by R. E. Bank; it is based on piecewise linear
triangular elements, and it employs a multigrid strategy for mesh refinement and for the

§3

S4

S2

n

S

F16. 4. Domain
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F1G. 5. Solution diagram for the linear problem

solution of the associated finite-dimensional systems. In our computations we used of
the order of 1500 degrees of freedom.

The results of our numerical experiments are summarized in Figures 5, 6, and 7. In all
figures, the horizontal axis represents the parameter A. In Figures 5 and 6, the vertical
axis represents [|Ux||3. (> Where Uj is a solution to the discrete analog of (12) or (11)
respectively. In Fig. 7, the vertical axis represents |[VUP™ — VUL || 2(0)/IVUL| L2(0)»
where Uf\“i" is the discrete solution corresponding to the lower curves in Fig. 6 and U f\
is the solution of the discrete analog of the linear boundary value problem.

In Fig. 5 we observe that ||U,\||%2(Q) blows up when A approaches A\; = 1.9 and
A2 = 4. This indicates that the linear boundary value problem does not have solutions
corresponding to the parameter values A; and A, because T'(ug|r,) is not orthogonal to
the eigenvectors of T associated with 1/A; or those associated with 1/\2. Recall that ug
is the solution to (57) for A = 0.

For the nonlinear problem we find three branches of solutions that in a certain sense
look like perturbations of the three branches of solutions for the linear problem. We are
fairly confident of the accuracy of these branches in a region near the horizontal axis.
However, when it comes to the exact crossings of these branches near the vertical axis
we expect that they only very crudely approximate the behaviour of the solutions to
the continuous problem. We believe that more branches of solutions for the nonlinear
problem would show up if we had continued our computations for larger positive A’s.
For the linear problem we know that a unique solution exists for all positive A, outside
a countable set. It might even be that the nonlinear boundary value problem (11) has
at least one solution for each A. The branch of solutions that starts from A = 0 has a
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turning point around A = 1.59, which is close to A;, the first eigenvalue of the linear
problem. From Fig. 7 we see that |[VUP® — VUL 2()/IVUL| 2y is small when
0.5 < A < 5 is not close to A, or Ag.
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Appendix. In this appendix we provide a brief introduction to Orlicz spaces, in
particular focusing on the way in which the more classical Sobolev spaces are imbedded
into these. We refer the interested reader to the book of Adams [1] for an excellent and
much more detailed account.

Let @ be a real-valued continuous, convex, even function of the real variable t, satis-
fying
o(t)

py =0 lm e =
Some examples of such ¢ are
() =|tP, 1< p<oo, (64)
d(t)=e’ — 121, (65)
()= -1, 1<p<oo. (66)

Let € be a bounded domain in R™. The Orlicz class K4(2) is the set of all measurable
functions, u, on €2 such that

/ (u(z)) dz < oo. 67)
Q

It follows from the convexity of ® that Kg(2) is a convex set. However, it is not
necessarily a vector space. If one does not put additional restrictions on ® there are
examples where u € K¢(2) and A € R but Au is not in K(f2). This is for instance the
case with the examples (65) and (66) above. For the first of these examples, (64), K¢(£2)
is clearly a vector space (namely L?(Q)).

In general, the Orlicz space Ls(§2) is defined as the linear hull of the Orlicz class
K5(9), i.e., the smallest vector space containing Kg(€2). Equipped with the Luxemburg

norm
u
=1 : — <
el . ey 1nf{k /ch (%) @< 1}, (68)

L3(£2) becomes a Banach space.

An important theorem, describing the imbedding of the classical integer-order Sobolev
spaces, W,*(€2), into certain Orlicz spaces, is the following result due to Trudinger, [15],
and Adams, [1]. In a sense this theorem can be viewed as a limiting case of the more
well-known Sobolev Imbedding Theorem.
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THEOREM. Let 2 be a bounded domain in R™ having the cone property. Let m < n be
a positive integer and set p = n/m > 1. Define & to be the function

p/(p—1)
=l

®(t) -1 (69)

Then one has the continuous imbedding
Wi (§2) — L ().

REMARK. A similar result holds for fractional-order Sobolev spaces. Such a result
is for instance found in Theorem 9.1 of [13] with a minor difference being that it is

formulated with a base domain that is all of R®. We are specifically interested in the

case p=2,n=1and m = % (and r = 2), in which case this theorem asserts that one

has the continuous imbedding W21/2’2(]R) — Lz (R) with

By =S L _e g2
(t)_zj—!_e -2 - L
j22

The space ng /%2 is a so-called Besov space, but as established in Theorem 6.4.4 of [3]
this particular one coincides with the classical Sobolev space H'/2. Since the space H'/2

is also contained in L? it now follows immediately that one has the continuous imbedding
H'Y2(R) — Ly(R) with

o(t) = e’ — 1.

Composition with natural extension and restriction operators now leads to the validity of
the continuous imbedding H'/?(I) — Lg(I) for any bounded, open interval I C R. Since
the (one-dimensional) boundary part I'; is smoothly isomorphic to a bounded interval it
follows immediately that one has the imbedding H'/?(I'}) — Le(I'1). It is the validity
of this imbedding that we have used on several occasions in this paper.
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