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(Received 24 June 2012; accepted 15 August 2012; published online 27 August 2012)

This letter proposes a magnetic coupled piezoelectric energy harvester (PEH), in which the magnetic

interaction is introduced by a magnetic oscillator. For comparison purpose, lumped parameter models

are established for the conventional linear PEH, the nonlinear PEH with a fixed magnet, and the

proposed PEH with a magnetic oscillator. Both experiment and simulation show the benefits from the

dynamics of the magnetic oscillator. In the experiment, nearly 100% increase in the operating

bandwidth and 41% increase in the magnitude of the power output are achieved at an excitation level

of 2m/s2.VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4748794]

Vibration energy harvesting provides a promising solu-

tion to implement self-sustained lower-power electronic

devices and hence has attracted numerous research inter-

ests.1–5 The efforts to improve the efficiency of a vibration

energy harvester (VEH) involve both enlarging the magni-

tude of output and widening the operating bandwidth. Multi-

modal energy harvesting is one strategy widely pursued for

broadband purpose.6–11 The conventional cantilever configu-

ration of VEHs can provide multiple resonances, however,

high-order vibration modes are usually useless, since they

are far away from the fundamental mode and have much

smaller magnitudes.6,7 Though some specific two degree-of-

freedom (DOF) VEH configurations can be tuned to have

two close modes,9–11 they fail to outperform the conven-

tional single DOF harvester in terms of the maximum

achievable output. Magnetic interaction has also been fre-

quently adopted for broadband energy harvesting.12–22 The

magnets can be used to tune the resonant frequency of a

VEH to adaptively match the excitation frequency.12,13 How-

ever, the energy used for detecting frequency change and

automatic tuning will consume a great amount of harvested

energy.13 The magnet interaction also introduces the nonli-

nearity to the system other than the linear stiffness change.

Mann and Sims15 presented a design for electromagnetic

energy harvesting from the hardening nonlinear oscillations

of magnetic levitation, which covered an useful range of

8–13Hz when excited at 4m/s2. Stanton et al.16 proposed a

monostable piezoelectric energy harvester (PEH) in which

both the hardening and softening responses could occur by

tuning the magnetic interactions. A broad operational band-

width of 14–24Hz was obtained at a high acceleration of

0.5 g. Erturk et al.17 reported a bistable piezomagnetoelastic

energy harvester under sinusoidal excitation. Other research-

ers14,18–22 studied the performance of bistable structures

employing magnets under random vibrations. At sufficiently

large excitation (e.g., 0.35 g in Ref. 17), these bistable

configurations could have remarkable improvement in per-

formances with high-energy attractors at off-resonance fre-

quencies and thus achieve broad bandwidths. For the above

nonlinear designs, however, no obvious superiority to

conventional linear VEH was observed at low-level excita-

tions. One common feature of these reported energy harvest-

ers is that they interact with the magnets fixed at the

enclosure of the device.

This Letter reports a magnetic coupled PEH to achieve

both wide bandwidth and enhanced output power at rela-

tively low excitation by introducing a magnetic oscillator. A

typical PEH is usually designed as a cantilever beam with

piezoelectric element bonded at the root and a proof mass at

the free end (Figure 1(a)). By replacing the proof mass with

a magnet and fixing another magnet at the enclosure of the

device (Figure 1(b)), the resonant frequency of the PEH can

be altered by tuning the distance between the magnets. For

such configuration, nonlinear behavior appears when the har-

vester is subjected to high-level excitations. We propose to

replace the fixed magnet at the enclosure with a movable

magnetic oscillator, i.e., an additional magnetic mass-spring-

damper subsystem, as depicted in Figure 1(c). The dynamics

of the magnetic oscillator affects the behavior of the PEH in

a more complex way other than introducing the hardening or

softening nonlinear stiffness to the PEH.

For a conventional linear cantilever PEH subjected to

base motion u0(t), we only concern the response near the fun-

damental mode and the vibratory motion of the beam relative

to the base can be expressed as w(x,t)¼/(x)g(t). The single-

mode governing equations are expressed as

FIG. 1. Various PEH configurations: (a) Linear PEH; (b) Nonlinear PEH

interacting with fixed magnet at enclosure; (c) Proposed nonlinear PEH

interacting with magnetic oscillator.

a)Author to whom correspondence should be addressed. Electronic mail:

cywyang@ntu.edu.sg.
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8

<

:

(1)

where /(x), g(t), xn, f, and f are the mode shape function,

modal coordinate, natural frequency, damping ratio, and

forcing coefficient, respectively; v is the modal electrome-

chanical coupling coefficient; L, m(x), and Mt are the length,

mass per length, and proof mass of the cantilever beam,

respectively; V(t) and I(t) are the voltage and current outputs

from the PEH, respectively; and CS is the clamped capaci-

tance of the piezoelectric transducer. The displacement at

the tip is u(t)¼w(L, t)¼/(L)g(t). Letting Meq¼ 1//2(L),

Ceq¼ 2fxn//
2(L), Keq ¼ x2

n=/
2ðLÞ, and H¼ v//(L), and

considering a resistive load R, Eq. (1) is rearranged as

Meq€uðtÞ þ Ceq _uðtÞ þ KequðtÞ þHVðtÞ ¼ �lMeq€u0ðtÞ

VðtÞ=Rþ CS _VðtÞ �H _uðtÞ ¼ 0
:

(

(2)

This is the lumped parameter model of the linear PEH,

where Meq, Ceq, and Keq are the equivalent mass, damping,

and stiffness of the PEH, respectively; and l¼ f/(L) is the

correction factor of forcing function.2

In the case that the PEH interacts with a magnet fixed at

the enclosure of the device, we assume a magnetic dipole-

dipole interaction16 between the magnetic proof mass and

the fixed magnet. In addition, we assume that the directions

of the magnetic dipoles are always vertically aligned during

the vibrations of the PEH. Based on these assumptions, the

magnetic force is expressed as

Fmag ¼ �
3sm1m2

2p
�

uðtÞ þ D0

�4
; (3)

where m1 and m2 are the moments of the magnetic dipoles; s

is the vacuum permeability; and D0 is the initial distance

between the magnetic dipoles. For attractive magnets,

m1¼�m2, while for repulsive magnets, m1¼m2. Adding

Fmag into the left hand side of Eq. (2) forms the electrome-

chanically coupled governing equations of the nonlinear

PEH with a fixed magnet.

Subsequently, we replace the fixed magnet at the enclosure

with a magnetic oscillator, which has the parameters of Meq2,

Ceq2, Keq2, and l2. The notations for the parameters of the PEH

are modified by adding the subscript 1. Again, we assume that

the magnetic dipoles are vertically aligned with a dipole-dipole

interaction. The magnetic force is then modified as

Fmag ¼ �
3sm1m2

2p
�

u1ðtÞ � u2ðtÞ þ D0

�4
: (4)

The electromechanically coupled lumped parameter model

of the system is described as

Meq1€u1ðtÞ þ Ceq1 _u1ðtÞ þ Keq1u1ðtÞ þHVðtÞ �
3sm1m2

2p
�

u1ðtÞ � u2ðtÞ þ D0

�4
¼ �l1Meq1€u0ðtÞ

Meq2€u2ðtÞ þ Ceq2 _u2ðtÞ þ Keq2u2ðtÞ þ
3sm1m2

2p
�

u1ðtÞ � u2ðtÞ þ D0

�4
¼ �l2Meq2€u0ðtÞ

VðtÞ=Rþ CS _VðtÞ �H _u1ðtÞ ¼ 0

:
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(5)

Equation (5) can be further written in the state space

form and the system dynamics can be simulated by numeri-

cal integration.

A prototype of the proposed nonlinear PEH with mag-

netic oscillator is devised (Figure 2(a)). The entire experi-

ment setup is shown in Figure 2(b). The device comprises

two aluminum cantilever beams with magnetic proof masses.

The top one with a strain gauge serves as a magnetic oscilla-

tor. The bottom one is bonded with a piezoelectric macro

fiber composite (MFC) (Smart Materials Corp., model:

M2807-P2) at its root, serving as a PEH. The MFC weighs

0.38 g and has a clamped capacitance CS of 11.45 nF. The

aluminum beams have the same dimension of 70*10*0.6 mm3

and weight of 1.134 g. The proof masses (including the

magnet and plastic holder) attached on the top and bottom

cantilevers weigh 5.9 g and 4.52 g, respectively, and their cen-

ters are exactly located at the free end of the cantilevers. Two

NdFeB cylinder magnets embedded in the proof masses are

spanned around 10mm and have the same diameter of 4mm,

thickness of 3mm, and surface flux of 3200 gauss. They are

regarded as two magnetic dipoles with the effective magnetic

moment m of 0.0192 Am2. If the top cantilever is replaced

with a much stiffer one (e.g., 2mm in thickness), it can be

regarded as a fixed magnet at the enclosure. If the top cantile-

ver is removed, the system degrades to a conventional linear

PEH.

Prior to the simulation and model validation, the system

parameters should be determined from experiment. The

094102-2 L. Tang and Y. Yang Appl. Phys. Lett. 101, 094102 (2012)
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magnetic oscillator and PEH are tested separately at this

stage. Meq can be approximated by Meq¼ (33/140)MbþMt,

where Mb is the distributed mass of a cantilever. The reso-

nant frequencies of the magnetic oscillator and PEH can be

determined by measuring the strain and the short circuit cur-

rent Isc, respectively, and thus Keq can be calculated. In addi-

tion, f and Ceq are determined by the log decrement method

from the attenuation curves of the strain of the magnetic os-

cillator and the Isc of the PEH. l can be calculated by refer-

ring to Ref. 2. The last undetermined parameter is the

coupling coefficient H of the PEH. v has the relation with Isc
at unity root mean square acceleration (aRMS) at resonance as

f¼ 2fxnIsc(xn)/v.
23 Considering lMeq¼ f//(L), Ceq¼ 2fxn/

/2(L), and H¼ v//(L), we can determine H¼CeqIsc(xn)/

(lMeq). All the system parameters are identified as shown in

Table I.

Optimal power is the major concern when we evaluate

the performance of a PEH. In the experiment, we note that

although the optimal resistive load varies with frequency, the

system performance has very minor difference near the opti-

mal load at a specific frequency. It is found that the optimal

power or near optimal power is achieved with a resistor of

400 kX in the widest concerned range near resonance. Here-

after, the results and discussion of experiment and simulation

are based on the power with the resistive load of 400 kX.

We conduct frequency sweep under two excitation lev-

els (aRMS¼ 1m/s2 and 2m/s2) for different harvester config-

urations. For the linear PEH, the power at resonance from

simulation (360 lW, Figure 3(d)) is close to the experimental

result (322 lW, Figure 3(a)) under low excitation (aRMS

¼ 1m/s2). However, simulation predicts larger response

(1440 lW) than that obtained in experiment (1015 lW) with

the increased excitation (aRMS¼ 2m/s2). The discrepancy

may result from the fact that the damping changes with the

vibration level and frequency in the experiment but a con-

stant damping ratio is used in the simulation. In the nonlinear

PEH with fixed magnet, the two embedded magnets are

arranged in the attractive way. Under low excitation level

(aRMS¼ 1m/s2), the PEH still behaves like a linear one but

the resonance is slightly shifted to the left. With the increase

of excitation (aRMS¼ 2m/s2), weak nonlinear response is

observed in both experiment and simulation by upward

sweep and downward sweep (Figures 3(b) and 3(e)). It is

believed that stronger nonlinear response can be expected if

the excitation level is further increased.15 However, com-

pared to the linear PEH, the fixed magnet brings no benefit

and even reduces the magnitude of the achieved power.

Figures 3(c) and 3(f) depict the response of the nonlinear

PEH with an attractive magnetic oscillator from experiment

TABLE I. Identified system parameters.

Parameters Magnetic oscillator PEH

Meq (g) 6.167 4.877

Keq (Nm
�1) 144.9 148.8

Ceq (Nsm
�1) 0.0178 0.01534

H (NV�1) — 1.71� 10�4

Isc(xn) (lA) — 56.5

l 1.026 1.04

CS (nF) — 11.45

FIG. 3. Power from various configurations. (a) and (d) Linear PEH; (b) and

(e) Nonlinear PEH with fixed magnet; (c) and (f) Nonlinear PEH with mag-

netic oscillator. (a)�(c) Experiment; and (d)�(f) Simulation.

FIG. 2. (a) Prototype of nonlinear PEH with magnetic oscillator and (b)

Entire experiment setup.
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and simulation. At the power level of 100lW (required by a

wireless sensor5), the proposed PEH with magnetic oscillator

at aRMS¼ 2m/s2 provides a bandwidth of 6Hz (Figure 3(c)),

which is more than 100% wider than those provided by the

linear PEH and the PEH with a fixed magnet (less than 3Hz

in Figures 3(a) and 3(b)). In addition, the maximum power

achieved by the proposed PEH at aRMS¼ 2m/s2 is 1430 lW

(Figure 3(c)), corresponding to 41% and 49% increase as

compared to those achieved by its counterparts (1015 lW,

Figure 3(a) and 960 lW, Figure 3(b)). The reason for the

improved performance of the system can be attributed to the

involved dynamics of the magnetic oscillator. When we

sweep the frequency near the resonances of the magnetic os-

cillator (24.4Hz) or the PEH (27.8Hz), the vibration energy

of the magnetic oscillator is partially transferred to the PEH

via magnetic interaction to enhance its output. Furthermore,

it is worth mentioning that with the increase of excitation

(aRMS¼ 2m/s2), the discrepancy between the experiment

and simulation lies in two aspects. First, more remarkable

difference in the magnitude of power near resonance is

observed. Besides the difference of damping in the experi-

ment and simulation, this discrepancy also results from the

assumption that the magnetic dipoles are always vertically

aligned. This assumption becomes inappropriate when the

PEH and magnetic oscillator undergo large oscillations

where the rotations at the free ends of the two cantilevers are

no longer negligible and may be of different values. Due to

the fact that the magnetic oscillator further improves the

vibration of the PEH, it is understandable that the discrep-

ancy is more pronounced. Second, it is observed in Figures

3(c) and 3(f) that the effective response from the simulation

can be extended further by downward sweep and the multi-

valued response range is much broader than those obtained

in the experiment. Again, the alignment assumption of mag-

netic dipoles overestimates such nonlinear behavior of the

proposed PEH. These discrepancies become small at low ex-

citation level (aRMS¼ 1m/s2). In general, the simulation pre-

dicts the same trends of nonlinear behaviors of the proposed

PEH as the experiment, that is, the proposed PEH can pro-

vide a much wider bandwidth as well as a significantly

enhance the achievable power.

To have a complete picture of the influence of the mag-

netic oscillator, both attractive and repulsive magnetic oscil-

lators are considered in simulation. A parameter study on

r¼xn2/xn1 is conducted, where xn1 and xn2 are, respec-

tively, the resonant frequencies of the PEH and the magnetic

oscillator when they work separately. Downward sweep for

attractive oscillators and upward sweep for repulsive oscilla-

tors are conducted at aRMS¼ 1m/s2 (Figure 4). By compar-

ing Figures 4 and 3(d), we note the significant improvement

in power magnitude with r< 1 (but close to 1) for attractive

oscillators and with r> 1 (but close to 1) for repulsive oscil-

lators. It is also noted in Figure 4 that certain tradeoff is

required between the magnitude of power output and the

broad bandwidth.

In summary, this Letter reports a nonlinear PEH with a

magnetic oscillator. The lumped parameter model of such

system is presented. Both experiment and simulation show

that the introduction of the magnetic oscillator can broaden

the operating bandwidth and at the same time substantially

enhance the achievable power.
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