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Abstract: 

A new piezoelectric actuated nonlinear mass sensor is proposed by using the snap-through 

phenomenon of compressed bistable beam to enhance the sensitivity and resolution, which can be used 

to weigh or detect threshold mass by tracking the bifurcation frequency shift. According to the 

nonlinear finite element modeling technique, the nonlinear dynamic response of the combined 

nonlinear structure is numerically calculated, which shows that the bifurcation point can be accurately 

identified by the sharp and great amplitude change regardless of the damping effect, thus providing an 

effective way for tracking the bifurcation frequency. Hence, the nonlinear sensitivity depicted by the 

bifurcation frequency shift per unit mass can reach 3.3 times the sensitivity of linear mass sensors 

having the same size. Also, as a mass switch, the response amplitude jumps sharply when the added 

mass is greater than or equal to the threshold value, which is depending on the excitation frequency. 

Meanwhile, the influences of the beam compression and excitation voltage on the sensitivity and 

minimum detectable mass were obtained for sensor optimization. For concept validation, a macro-sized 

nonlinear mass sensor was fabricated with the geometric size of 58.0 mm long and 4.0 mm wide, and 

the experimental results show that the sensitivity is around 575.0 Hz/g compared with the simulated 

sensitivity of 542.0 Hz/g. For mass switch, the minimum threshold mass is 0.2 mg. The fair agreement 

between the simulation and experiments adequately validated the proposed nonlinear bistable mass 

sensor. 

 

I. Introduction 
Resonant cantilever mass sensors can 

quantitatively detect the unknown analyte by 

measuring the induced frequency shift or 

amplitude change at resonance. These sensors 

have been successfully applied in various 

application fields1, such as biosensing2, gas 

density3, and chemical or fluidic detection4. 

Utilizing the micro-nano manufacturing 

technology, mass sensors have been attributed 

with the capability of detecting atom or even small 

nanoparticles in vacuum5. However, in fluid or air 

environments, such miro/nano-machined sensors 

are greatly limited by the energy loss in the 

dynamic regime6-8, especially the damping effect, 

which will directly reduce the resolution for 

tracking the resonant frequency distinguished by 

the peak response amplitude9-11. Therefore, 

exploring effective methods to avoid or reduce the 
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damping effects is of great importance for 

resonant mass sensors.  

In recent years, a series of new mass sensing 

methods have been proposed by introducing the 

bifurcation phenomenon in nonlinear structures12-

16. Piezoelectrically-actuated cantilevers are well 

suited for resonant mass sensing with capabilities 

of self-sensing and actuating. Kumar et al.12,13 

proposed a piezoelectric resonant chemical and 

biological sensor by using the dynamic transitions 

across saddle-node bifurcations, which is really an 

amplitude-based mass sensing method rather than 

that of tracking the frequency shift. Bouchaala et 

al.17,18 presented a nonlinear gas sensor by using 

the nonlinear response of micromachined 

clamped-clamped beams coated with metal-

organic framework (MOF), which can perform 

two functionalities of mass sensor and switch 

triggered by predefined threshold. Besides 

piezoelectric driving, electrostatic actuation has 

also been introduced in nonlinear sensors. Sansa et 

al.7, 19 have proposed a nonlinear mass detection 

technique in real time by using the bifurcation of 



 

2 
 

the electrostatic actuated beam, and presented a 

frequency modulation measurement method to 

avoid the re-setting procedure after each sensing 

event. Harne and Wang20 proposed a robust 

sensing methodology utilizing bistable circuitry to 

tailor dynamics, which greatly enhances the 

versatility of bifurcation-based sensing. Zhang et 

al.21 designed a nonlinear mass sensor based on 

parametric resonance amplification, which is 

experimentally validated by a non-interdigitated 

comb-finger driven micro-oscillator. Kacem et al. 
22 proposed a dynamic stabilization method for 

high order nonlinearity cancellation by 

simultaneous using primary and super harmonic 

resonances, which provides a new way for high 

frequency resonators to be used as mass sensing or 

time referencing devices. Prakash et al.23 used an 

electronic feedback circuit to make the micro 

cantilever working in both regimes of parametric 

resonance and noise squeezing which can improve 

the quality factor by two orders of magnitude 

under ambient conditions, thus opening the field 

to high sensitivity mass sensing in liquid 

environments. Furthermore, Li et al.24 proposed a 

method for detecting explosive gas (DNT) by 

using the noise squeezing effects that occurs 

before a bifurcation event. With these nonlinear 

methods, both the response amplitude and the 

bifurcation frequency shift can be used to measure 

external perturbations like additional mass or 

force, especially the sharp amplitude change is 

helpful for reducing the damping effects on the 

resolution. Known from the snap-through 

procedure of bistable structures 25, 26, a sharp 

amplitude change can be achieved when the stable 

state switching is triggered. So, they are regarded 

as ideal candidates for nonlinear spring elements 

in sensors. The main difficulty lies in the lack of 

method to use the mass change to trigger the 

bistable structure in dynamic mode.  

In this paper, a new piezoelectric nonlinear 

mass sensor is proposed by using the bistability 

induced bifurcation phenomenon, which processes 

both functions of mass weighing and threshold 

mass detection. The sensor mainly consists of 

linear piezoelectric-actuated cantilever and 

nonlinear compressed bistable beam. With the 

nonlinear finite element method, the dynamics of 

the combined structure is numerically calculated. 

One can accurately identify the bifurcation 

frequency by measuring the sharp change of the 

response amplitude, which can significantly 

reduce the damping effect on the frequency 

resolution. By tracking the bifurcation frequency 

shift induced by the added mass, the sensitivity 

can be determined. Compared to linear mass 

sensors, a significant enhancement of sensitivity is 

highlighted. Also, the influences of the excitation 

frequency and voltage on the bifurcation 

frequency, sensitivity and the minimum detectable 

threshold mass are analyzed. Finally, a macro-

sized nonlinear sensor is fabricated and the 

proposed concept of mass sensing is 

experimentally validated.  

 

II. Nonlinear mass sensor with 

compressed bistable beam 

2.1 Sensor structure  

A new nonlinear resonant mass sensor is 

proposed for both mass weighing and threshold 

mass detection, as shown in Fig.1, which mainly 

consists of one piezoelectric layer, one elastic 

cantilever, one compressed bistable beam, and one 

piezoelectric patch placed near the cantilever fixed 

end. The soft film marked in black is used to 

absorb the external analyte. Fully compliant 

bistable mechanisms25, 26 have been widely used as 

sensor spring elements due to their snapping 

through characteristic. In this paper, the proposed 

sensor is a complex composite structure involving 

several separate parts, especially, the bistable 

beam fixed on the surface of the cantilever. 

Therefore, the structure simplicity and easy 

fabrication are two decisive factors for selecting 

right bistable elements for practical applications. 

In this design, the selected uniform beam can be 

attributed with bistability by just compression 

without any extra manufacturing processes for 

configuration modification. And the piezoelectric 

layer is used to drive the mass sensor to in its 

nonlinear dynamic range.  

 
Fig.1  The bistability based mass sensor  

 

According to the vibration theory, the 

bifurcation frequency and dynamic response will 

be changed when an external mass is added to the 

beam surface. Especially, a sharp change in 

response amplitude will occur when the 

bifurcation frequency is tuned close to the 

excitation frequency by the added mass. Then, the 

corresponding bifurcation frequency shift can be 
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measured and recorded by the laser sensor and 

data acquisition circuits, enabling the 

determination of the added mass. Actually, this 

bifurcation frequency shift is obtained by 

sweeping the frequency of the harmonic excitation. 

Also, the sensor performance can be adjusted by 

simultaneously changing the excitation voltage, 

structure parameters, and compressions. With the 

obtained frequency variation, the mass detection 

sensitivity can be calculated as follows: 

S  f
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Where fb and fa are the bifurcation frequencies of 

the sensor before and after absorbing mass, and ∆f 

is the corresponding frequency shift induced by 

the mass change ∆m.  

In order to measure accurately the added mass, 

the induced bifurcation frequency shift should be 

precisely determined. In practice, the resonator 

will be embedded in a phase locked loop (PLL) or 

a self-excited loop in order to monitor time 

evolution of the bifurcation point frequency, 

enabling an accurate measure of the frequency 

shift.  

The minimum measurable frequency shift Δω 

can be obtained by integrating the weighted 

effective spectral density of the frequency 

fluctuations Sω(ω) by the normalized transfer 

function of the measurement loop H(ω) 27, 28 
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Following Robins29, the frequency fluctuations is 

given by 

            (3) 

where Sx(ω) is the displacement spectral density, 

Ec is the output displacement carrier power 

defined as the RMS drive amplitude of the sensor, 

Q the quality factor, and ωn the natural frequency. 

The quality factor is a measure of the sharpness of 

the frequency selectivity of the resonator which is 

given by the ratio between the resonance 

frequency and the half-power bandwidth. 

From equations (2) and (3), driving the sensor 

at large amplitudes can significantly reduce the 

frequency spectral density Sω(ω). Consequently, 

the minimum measurable frequency shift ω will 

be decreased, which will induce a smaller 

detectable mass ∆m. In this paper and unlike linear 

cantilevers, the snap-through phenomenon can 

significantly amplify the response amplitude of 

the sensor, and thus resulting in an enhanced mass 

resolution.  

 

Tab.1 Parameters of the stepped cantilever sensor 

Type 

Parameter 

Piezoelectric 

layer 

Elastic 

cantilever 

Bistable 

beam 

Length(mm) 12.0 58.0 22.0 

Thickness(mm) 0.2 0.2 0.02 

Width (mm) 4.0 4.0 1.0 

Density (Kg/m3) 7.5×103 8.3×103 8.3×103 

Poisson ratio 0.32 0.35 0.35 

Elastic 

modulus (GPa) 
76.5 128.0 128.0 

 

With the parameters listed in Table 1, the 

dynamic response of the proposed nonlinear 

bistable mass sensor is numerically obtained, as 

shown in Fig.2, and the detailed simulation 

process will be depicted in the next section. It can 

be seen that the response amplitude of the 

nonlinear bistable sensor changes sharply at the 

bifurcation point due to the snap-through 

phenomenon compared to the linear cantilever 

sensor having the same size, thus resulting in a 

higher frequency resolution. In fact, the response 

amplitude of linear mass sensor suffers from the 

damping effects with low quality factor in air, 

which implies a poor mass resolution. From 

equation (3), it is known that improving the 

response amplitude will significantly increase the 

output carrier power, and then, decrease the 

minimum detectable frequency shift. With the 

nonlinear bistable structure in this paper, the 

response amplitude can be significantly amplified 

compared to linear cantilever sensors under the 

same excitation as shown in Fig.2. Therefore, the 

bifurcation frequency can be accurately 

determined on the upper branch with a sharp 

change in amplitude where the transduction gain is 

high, which results in a high mass resolution.  

 

 
Fig.2 Frequency response comparison for linear and 

nonlinear sensor 
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2.2 Dynamic simulations 

Due to the strongly nonlinear characteristics of 

the snap-through procedure, it is difficult to 

analytically calculate the frequency response of 

the combined nonlinear structure. Here, the 

nonlinear Finite Element (FE) analysis has been 

used to predict the bistable mechanics as well as 

its nonlinear dynamics. So, the FE model of the 

nonlinear mass sensor is developed using 

ABAQUS (Multiphysics, Abaqus/Explicit), and 

the beam is modeled using B21 Timoshenko beam 

element. The piezoelectric structure is made up of 

PZT-5H (Lead Zirconate Titanate) and is modeled 

using the 20 node quadratic hexagon piezoelectric 

C3D20E solid elements with an additional degree 

of freedom for electric potential. Transversely 

isotropic material properties are assigned to the 

piezoelectric layer including dielectric and 

piezoelectric properties, and the relative dielectric 

constant is 3800 and the permittivity of free space 

is 8.85×10-12 F/m. The constitutive equations in 

the e-form of the piezoelectric material expressed 

in the stress format are 

E

ij ijkl kl mkl m

j ijk jk ij j

D e E

q e D E
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where σij is the stress matrix, qj is the vector of 

electric displacement, εkl is the strain vector, DE
ijkl 

is the matrix of elastic coefficients, eφmkl is the 

stress piezoelectric matrix, Dφ
ij is the electric 

matrix with the coefficients of electric permittivity  

on its diagonal.  

The dynamic analysis of the combined 

nonlinear structure includes two main steps that 

one is the pre-stressing stage to compress the 

straight beam to a curved configuration, and the 

other is the simulation of the frequency response 

of the combined nonlinear structure. In the first 

stage, the stress field induced by the axial 

compression can directly result in the required 

bistability in the transverse direction. In the 

second stage, the compressed beam is fixed on the 

free end of the linear cantilever, as shown in Fig.1. 

Then, the nonlinear dynamic response of the 

combined structure is obtained under different 

excitations from the piezoelectric layer through 

harmonic response analysis. When the bifurcation 

phenomenon occurs, the response amplitude 

increases sharply compared with that of the linear 

cantilever. Thereafter, the bifurcation frequencies 

before and after adding external mass can be 

determined by sweeping the excitation frequency 

in sinusoidal form.  

Through tracking its response amplitude for 

determining the bifurcation point, the related 

frequency shifts induced by different masses can 

be numerically obtained as shown in Fig.3. In this 

paper, the harmonic excitation with the voltage of 

27.0 V is used to drive the piezoelectric layer. In 

Fig.3(a), while the added mass is 500 μg, the 

bifurcation frequency shift of the combined 

structure is 0.271 Hz changing from 40.1 Hz to 

39.83 Hz compared with frequency shift  of 0.082 

Hz from the linear resonant cantilever mass sensor 

with the same geometric size. At the bifurcation 

point on the amplitude-frequency curve, the 

response amplitude changes sharply from nearly 

200.0 μm to the maximum of 1180.0 μm, which 

makes it easier to distinguish the frequency shift. 

For threshold mass detection, the mass sensor is 

used as a switch, which is actuated at a fixed 

excitation frequency near the bifurcation 

frequency. When the mass is loaded on the sensor 

surface, the dynamic response change in time 

domain is numerically calculated as shown in 

Fig.3(b). It can be seen that the amplitude is very 

small while no mass is added to the sensor. When 

the threshold mass is loaded, the structure’s 

effective mass increases and thus, its bifurcation 

frequency decreases to the value close to the 

excitation frequency. When the bifurcation occurs, 

the extreme large response amplitude is triggered 

like the state changing of a switch. So, the mass 

sensor can be used as a threshold mass switch for 

detecting threshold masses.  

 

 
(a) 

 
(b) 
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Fig. 3 Dynamic response of the nonlinear mass sensor, 

(a) Frequency response for mass measuring, (b) Mass 

induced dynamic response in time domain 

Actually, as a mass switch, the minimum 

detectable mass is highly dependent on the 

difference between the excitation frequency and 

the bifurcation frequency of the original nonlinear 

structure without loading mass. Figure 4 shows 

the relationship between the excitation frequency 

and the detectable threshold mass. It can be seen 

that the nonlinear sensor operates at a large 

amplitude vibration when the added mass is 

greater than or equal to the threshold value. When 

the excitation frequency is 39.89 Hz, the minimum 

threshold mass of the switch can reach 0.3 mg, 

which also means that all added masses greater 

than 0.3 mg will definitely trigger the mass switch. 

To further minimize the detection threshold value, 

the counterweight mass can be placed on the beam 

surface, and the difference between the original 

threshold value and the external counterweight 

mass can be the new minimum detectable 

threshold mass of the switch. Overall, it is 

applicable to use the proposed nonlinear sensor to 

weigh or detect the unknown mass and threshold 

analyte by using different measuring strategies. 

Furthermore, the influences of the beam 

compression and excitation voltage on both the 

sensitivity and mass threshold have been obtained, 

as shown in Fig.5 and Fig.6. For mass weighing as 

shown in Fig.5, it can be seen that the sensitivity 

can be enhanced by increasing the excitation 

voltage and/or increasing the compression, which 

results in strengthening the bistablity domain. As a 

mass switch, the threshold mass is also influenced 

by the compression and excitation voltage, as 

shown in Fig.6. Notably, Figures 5 and 6 show 

that tuning the excitation voltage around 30.0 V 

and the compression rate around 35.0 μm leads to 

an optimal configuration in terms of performances 

with a high sensitivity and a low mass threshold. 

 
Fig.4 The bifurcation frequency shift versus the added 

mass 

 

  
Fig.5 Influences of compression and excitation on 

sensitivity 

 
Fig.6 Influences of compression and excitation on mass 

threshold 

III. Experiments 
To validate the concept of the nonlinear mass 

sensing, a macro-sized nonlinear mass sensor with 

bistable structure is fabricated as shown in Fig.7, 

and the test setup is also established for measuring 

the sensor response in Figure 8. The main 

fabrication procedure includes three steps. Firstly, 

a straight beam is compressed to its buckled state 

to achieve bistability. Secondly, both ends of the 

buckled beam are stuck to the surface of the 

cantilever near the free end. Thirdly, the 

piezoelectric layer is stuck to the upper surface of 

the cantilever near the fixed end, as shown in 

Fig.7. The testing setup mainly consists of one 

oscilloscope, signal generator, voltage amplifier, 

laser displacement sensor, and the computer based 

data acquisition system. For actuating the 

piezoelectric layer, the harmonic signal is 

amplified up to the amplitude of 27.0 V through 

the voltage amplifier. Meanwhile, the response 

amplitude of the piezoelectric nonlinear sensor is 

measured by the laser displacement sensor, as 

shown in Fig.9.  

It can be seen that the simulated upward 

bifurcation frequency of 40.1 Hz is a bit lower 

than the experimental one located at 40.4 Hz, and 

also the downward bifurcation frequency of 44.2 

Hz is a bit higher than the experimental one 

located at 43.6 Hz. The slight differences between 
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the experiments and simulations are possibly due 

to the complex interactions among the 

compression deviation, damping effects, the 

existence of bonding layer between the 

piezoelectric layer and elastic cantilever, and 

temperature affecting the piezoelectric capacitance. 

For the case of the upward bifurcation, the 

structure stiffness plays a main role in increasing 

the bifurcation frequency. For the downward 

bifurcation, the response is already at a high 

amplitude and meanwhile, the damping effects 

increase. So the downward bifurcation decreases 

in experiments. Finally, while considering the 

manufacturing errors, the experimental and 

numerical results are in good agreement, which 

validates the proposed concept of nonlinear mass 

sensing.  

  
Fig.7 Piezoelectric nonlinear mass sensor 

  
Fig.8 Experiments setup 

 
Fig.9 Comparison of the simulated frequency response 

with experiments 

  
Fig.10 Sensitivity comparison between experiment 

and simulation 

  
Fig.11 Threshold mass affected by excitation frequency 

 

In experiments, the upward bifurcation 

frequency is selected to weigh added masses, and 

the experimental sensitivity is obtained in Fig.10. 

The experimental sensitivity can reach about 

575.0 Hz/g compared with the simulated 

sensitivity of 542.0 Hz/g, which is nearly 3.3 

times the sensitivity of a linear mass sensor with 

the same size. Also, the sensitivity simulations are 

in agreement with the experimental results with a 

maximum deviation of 6.0%. The relatively higher 

experimental sensitivity compared to that of the 

simulation is mainly due to the higher upward 

bifurcation sensitivity.   

For threshold mass detection, the influence of 

the excitation frequency on the threshold value has 

been experimental analyzed, as shown in Fig.11. It 

can be seen that the minimum detectable mass is 

highly dependent on the deviation of the excitation 

frequency from the non-mass loaded bifurcation 

frequency, and the threshold mass increases with 

the frequency deviation. For instance, when the 

deviation frequency is 0.1 Hz, the minimum 

detectable threshold mass is 0.2 mg. 

This nonlinear sensing device is a first step for 

utilizing compressed bistable beams in mass 

detection, which provides a way of using snap-

through procedure to enhance the frequency 

resolution at the bifurcation point compared to 
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linear mass sensors. Actually, the robustness to 

noise and damping of the proposed nonlinear 

bistable sensor is important for its further practical 

applications27, and several excellent works have 

been published addressing the noise sensitivity 

and noise induced bifurcations19, 29-35, which will 

be needed but beyond the goal of this paper.  

 

IV. Conclusion  
A new piezoelectric nonlinear mass sensor is 

proposed with both functions of mass weighing by 

frequency shift and threshold mass sensing 

through bistable state switching, which mainly 

consists of one compressed bistable beam and one 

piezoelectric-actuated cantilever.  

(1) By using the bistability induced bifurcation 

phenomenon, the influence of damping dissipation 

on the frequency resolution can be significantly 

reduced, and the nonlinear mass detection 

sensitivity has been significantly improved up to 

3.3 times more sensitive than linear mass sensors 

having the same size. Actually, the inclination of 

the frequency-amplitude curve at the bifurcation 

point is about 6.6 times greater than that of the 

linear sensor, which guarantees a high frequency 

resolution for mass sensing.  

(2) According to the nonlinear finite element 

modeling technique, the nonlinear dynamic 

response of the proposed sensor is numerically 

calculated, and also, the influences of the 

excitation frequency and excitation voltage on the 

bifurcation frequency, sensitivity and minimum 

detectable threshold mass were obtained. When 

the added mass is greater than or equal to the 

threshold value, the response amplitude at the 

bifurcation frequency jumps sharply.  

(3) The two functions of mass weighing and 

threshold mass detection can be switched by using 

different measuring strategies including the 

frequency sweeping method and excitation at 

fixed frequency near the bifurcation point.  

For concept validation, a macro-sized nonlinear 

sensor was fabricated with the size of 58.0 mm 

long and 4.0 mm wide. The experimental results 

show that the sensitivity for mass weighing is 

575.0 Hz/g compared with the simulated 

sensitivity of 542.0 Hz/g, and the minimum 

threshold mass is 0.2 mg which is also depending 

on the difference between the excitation frequency 

and the bifurcation frequency. The agreement 

between the simulations and the experiments 

adequately validated the proposed nonlinear 

bistable mass sensor.  

Supplementary Material 

See supplementary material for structure of the 

bistability based mass sensor, frequency response 

comparison for linear and nonlinear sensor, 

dynamic response of the nonlinear mass sensor 

including frequency response for mass measuring 

and mass induced dynamic response in time 

domain, the bifurcation frequency shift versus the 

added mass, influences of compression and 

excitation on sensitivity, influences of 

compression and excitation on mass threshold, 

piezoelectric nonlinear mass sensor, experiments 

setup, comparison of the simulated frequency 

response with experiments, sensitivity comparison 

between experiment and simulation, and threshold 

mass affected by excitation frequency.  
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