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Abstract. Motivated by the well-posedness results in [Nonlinear Anal. Ser. B: RWA. 4(3)

(2003), 483–501; Nonlinear Anal. Ser. B: RWA. 11(5) (2010), 3453–3462] for the models

describing the propagation of high frequency electromagnetic waves in nonlinear dielectric

media, because of their mathematical context, we study a similar model and prove results

about existence, uniqueness, the asymptotic behavior and an asymptotic expansion of the

solution up to order N in a small parameter λ with error λN+ 1
2 .

1. Introduction

In this paper, we consider the following problem:
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Find a pair (u, P ) of functions satisfying
utt − uxx + α(x)ut + β(x)Ptt(x, t) = f(x, t), 0 < x < 1, 0 < t < T,

ux(0, t) = hu(0, t) + λut(0, t), u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(1.1)

where h ≥ 0, λ > 0 are given constants and ũ0, ũ1, f, α, β are given functions
satisfying conditions specified later, and the unknown functions u(x, t) and
P (x, t) satisfy the following integral equation

P (x, t) = P̃0(x) +
∫ t
0 g(x, t− s)G(u(x, s), P (x, s))ds, (1.2)

for 0 < x < 1, 0 < t < T, where g, G, P̃0 are given functions. Problem (1.1),
(1.2) may be considered as the generalizations of mathematical models of high
frequency electromagnetic waves in nonlinear dielectric media given in [1], [4].
In [4], by using the Galerkin method, Y. Zaidan proved existence, uniqueness
and continuous dependence of the following problem

Ett − Ezz + α(z)Et + β(z)Ptt(z, t) = f(z, t), 0 < z < 1, 0 < t < T,

Pt(z, t) = −G(P (z, t)) + γE(z, t), 0 < z < 1, 0 < t < T,

Ez(0, t) = λEt(0, t), E(1, t) = 0,

E(z, 0) = Ẽ0(z), Et(z, 0) = Ẽ1(z), P (z, 0) = 0,

(1.3)

where λ > 0, γ are given constants and Ẽ0, Ẽ1, f, G, α, β are given functions.
Problem (1.3) is a mathematical model describing the propagation of high
frequency electromagnetic pulses in dielectric materials. It is realistic model
that includes a nonlinear function of the polarization P given by the nonlinear
Debye equation, the electric field E is polarized with oscillations in the xz-
plane only, an absorbing boundary condition is placed at z = 0 to prevent the
reflection of waves. In [1], Banks and Pinter also established well-posedness
results for the following model describing the propagation of high-intensity
electromagnetic waves in a nonlinear medium

Ett − Ezz + α(z)Et + β(z)Ptt(z, t) = f(z, t), 0 < z < 1, 0 < t < T,

Ez(0, t) = λEt(0, t), E(1, t) = 0,

E(z, 0) = Ẽ0(z), Et(z, 0) = Ẽ1(z),

(1.4)

and

P (z, t) =
∫ t
0 g(z, t− s) [E(x, s) +G(E(x, s))] ds, (1.5)

where λ > 0 is given constant and Ẽ0, Ẽ1, g, G, k, α, β are given functions.
Eq (1.5) is a representation of the polarization P by a nonlinear convolution.

This formulation can be interpreted as a generalization of the Debye or Lorentz
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polarization models in the sense that the polarization dynamics is driven by a
nonlinear function of the electric field E.

The original ideas in [1], [4] lead to the study of problem (1.1), (1.2) because
of their mathematical context.

Applying the methods and techniques used in [5]–[8], we prove existence,
uniqueness, asymptotic behavior and asymptotic expansion of the solution of
problem (1.1), (1.2).

The structure of the paper is as follows. Section 2 presents some required
preliminaries. The existence and uniqueness of a weak solution to problem
(1.1), (1.2) are given in Section 3. At first, by techniques used in [6] and [8],
we associate with problem (1.1), (1.2) a linear recurrent sequence {(um, Pm)}
which is bounded in a suitable space of functions. Next, the proof is done by
using the Galerkin method associated to a priori estimates, weak convergence
and compactness techniques. Furthermore, based on the methods as in [5]
and [7], the asymptotic behavior of solutions as λ → 0+ and an asymptotic

expansion of solutions up to order N in a small parameter λ with error λN+ 1
2

are also discussed in Sections 4 and 5, respectively. The results obtained here
may be considered as the generalizations of those in [1], [4].

2. Preliminaries

Put QT = (0, 1)× (0, T ), T > 0. We denote the usual function spaces used
in this paper by the notations Cm[0, 1], Wm,p = Wm,p (0, 1) , Lp = W 0,p (0, 1) ,
Hm = Wm,2 (0, 1) , 1 ≤ p ≤ ∞, m = 0, 1, · · · . Let 〈·, ·〉 be either the scalar
product in L2 or the dual pairing of a continuous linear functional and an
element of a function space. We denote by ‖·‖Lp the norm in Lp, with 1 ≤
p ≤ ∞, p 6= 2. The notation ‖·‖ stands for the norm in L2 and we denote
by || · ||X the norm in the Banach space X. We call X ′ the dual space of X.
We denote by Lp(0, T ;X), 1 ≤ p ≤ ∞ for the Banach space of real functions
u : (0, T )→ X measurable, such that ||u||Lp(0,T ;X) < +∞, with

||u||Lp(0,T ;X) =


(∫ T

0 ||u(t)||pXdt
)1/p

, if 1 ≤ p <∞,

ess sup
0<t<T

||u(t)||X , if p =∞.

Let u(t), u′(t) = ut(t) = u̇(t), u′′(t) = utt(t) = ü(t), ux(t) = 5u(t), uxx(t) =

∆u(t), denote u(x, t), ∂u∂t (x, t), ∂
2u
∂t2

(x, t), ∂u∂x(x, t), ∂
2u
∂x2

(x, t), respectively. With

G ∈ Ck(R2), G = G(y, z), we put Dα1
1 G = ∂α1G

∂yα1 , D
α2
2 G = ∂α2G

∂zα2 , and DαG =

Dα1
1 Dα2

2 G = ∂α1+α2G
∂yα1∂zα2 , α = (α1, α2) ∈ Z2

+, |α| = α1 + α2 ≤ k; D(0,0)G =

D0G = G.
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On H1, we shall use the following norm

‖v‖H1 =
(
‖v‖2 + ‖vx‖2

)1/2
. (2.1)

We put

V = {v ∈ H1 : v(1) = 0}, (2.2)

a(u, v) =
∫ 1
0 ux(x)vx(x)dx+ hu(0)v(0), for all u, v ∈ V, h ≥ 0. (2.3)

We remark that V is a closed subspace of H1 and three norms ‖v‖H1 ,

‖vx‖ and ‖v‖V =
√
a(v, v) are equivalent norms on V. So are the norms

v 7−→ ‖v‖H1 , v 7−→ ‖v‖V and v 7−→ ‖vx‖ on H1
0 . Then the following lemmas

are known.

Lemma 2.1. The imbedding H1 ↪→ C0[0, 1] is compact and

‖v‖C0[0,1] ≤
√

2 ‖v‖H1 for all v ∈ H1, (2.4)

where ‖v‖C0[0,1] = sup
x∈[0,1]

|v(x)| .

Lemma 2.2. The imbedding V ↪→ C0[0, 1] is compact and{
(i) ‖v‖C0[0,1] ≤ ‖vx‖ ≤ ‖v‖V ,

(ii) 1√
2
‖v‖H1 ≤ ‖vx‖ ≤ ‖v‖V ≤

√
1 + h ‖vx‖ ≤

√
1 + h ‖v‖H1 ,

(2.5)

for all v ∈ V. On the other hand,

||v||C0[0,1] ≤ ||vx|| for all v ∈ H1
0 . (2.6)

Lemma 2.3. Let h ≥ 0. Then the symmetric bilinear form a(·, ·) defined by
(2.3) is continuous on V × V and coercive on V.

According to the definition of a(·, ·) and by

∂2P
∂t2

(x, t) = g(x, 0) ∂∂tG(u(x, t), P (x, t)) + g′(x, 0)G(u(x, t), P (x, t))

+
∫ t
0 g
′′(x, t− s)G(u(x, s), P (x, s)) ds,

(2.7)

we can define the weak solution of (1.1), (1.2) as follows.

Definition 2.4. We say that (u, P ) is a weak solution of (1.1), (1.2) if

u, P ∈ L∞
(
0, T ;V ∩H2

)
, ut, Pt ∈ L∞(0, T ;V ),

utt, Ptt ∈ L∞(0, T ;L2), utt(0, ·) ∈ L2(0, T ),

and a pair (u, P ) satisfies the following variational equation
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〈utt(t), v〉+ a(u(t), v) + λut(0, t)v(0) + 〈αut(t), v〉

+〈βg(0) ∂∂tG(u, P ), v〉+ 〈βg′(0)G(u, P ), v〉

+〈β
∫ t
0 g
′′(t− s)G(u(s), P (s))ds, v〉 = 〈f(t), v〉 ,

P (x, t) = P̃0(x) +
∫ t
0 g(x, t− s)G(u(x, s), P (x, s))ds,

(2.8)

for all v ∈ V, a.e., t ∈ (0, T ) together with the initial conditions

u(0) = ũ0, ut(0) = ũ1. (2.9)

3. Existence and uniqueness of a weak solution

Let T ∗ > 0. We make the following assumptions:

(H0) h ≥ 0, λ > 0;
(H1) α, β ∈ L∞;

(H2) (ũ0, ũ1, P̃0) ∈
(
V ∩H2

)
× V ×

(
V ∩H2

)
;

(H3) f, f
′ ∈ L2(0, T ∗;L2);

(H4) g ∈ H3(QT ∗) ∩ L1(0, T ∗;H2) ∩ L2(0, T ∗;L∞), g′, g′′ ∈ L1(0, T ∗;L2);
(H5) G ∈ C2(R) satisfies G(0, 0) = 0.

Let M > 0, we put

KM (G) = ‖G‖C2([−M,M ]2) = sup
(y,z)∈[−M,M ]2

∑
|α|≤2 |DαG(y, z)| . (3.1)

For each T ∈ (0, T ∗], we get

XT = {u ∈ L∞(0, T ;V ) : u′ ∈ L∞(0, T ;V ), u′′ ∈ L∞(0, T ;L2)}. (3.2)

We note that XT is a Banach space with respect to the norm

‖v‖XT = max{ ‖v‖L∞(0,T ;V ) , ‖v′‖L∞(0,T ;V ) , ‖v′′‖L∞(0,T ;L2)}. (3.3)

For each T ∈ (0, T ∗] and M > 0, we set

BT (M) = {v ∈ XT : ‖v‖XT ≤M}. (3.4)

We shall choose the first initial term (u0, P0) ≡ (ũ0, P̃0). Suppose that{
um−1, Pm−1 ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ||u′′m−1(0, ·)||L2(0,T ) ≤M,
(3.5)

and associate with problem (2.8), (2.9) the following problem:
Find um, Pm ∈ BT (M) ∩ L∞(0, T ;V ∩H2) satisfying the following problem

(i) Pm(t) = P̃0 +
∫ t
0 g(t− s)G(um−1(s), Pm−1(s))ds,

(ii) 〈u′′m(t),v〉+a(um(t),v)+λu′m(0, t)v(0)+〈αu′m(t),v〉=〈Fm(t),v〉 ,
for all v ∈ V, a.e., t ∈ (0, T ),

(3.6)
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together with the initial conditions

um(0) = ũ0, u′m(0) = ũ1, (3.7)

where

Fm(t) = f(t)− βg(0) ∂∂tG(um−1, Pm−1)− βg′(0)G(um−1, Pm−1)

−β
∫ t
0 g
′′(t− s)G(um−1(s), Pm−1(s))ds.

(3.8)

Then, we have the following theorem.

Theorem 3.1. Suppose that (H0)− (H5) hold and the initial data (ũ0, ũ1) ∈
(V ∩H2)× V satisfy the compatibility condition

ũ0x(0) = hũ0(0) + λũ1(0). (3.9)

Then there exist positive constants M, T > 0 such that, for (u0, P0) ≡ (ũ0, P̃0),
there exists a recurrent sequence {(um, Pm)} defined by (3.6)-(3.8) and satis-
fying

um, Pm ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ||u′′m(0, ·)||L2(0,T ) ≤M. (3.10)

Proof. The proof consists of two parts.
Part 1. We show that there exist positive constants M,T > 0 such that

Pm ∈ BT (M) ∩ L∞(0, T ;V ∩H2). (3.11)

So, we need the following lemma, its proof will be presented in the appendix.

Lemma 3.2. Suppose that (3.5) holds. Then

(i) ‖G(um−1(t), Pm−1(t))‖L∞ ≤ KM (G),

(ii) ‖G(um−1(t), Pm−1(t))‖L∞ ≤
∥∥∥G(ũ0, P̃0)

∥∥∥
L∞

+ 2TMKM (G),

(iii)

∥∥∥∥ ∂∂tG(um−1(t), Pm−1(t))

∥∥∥∥
L∞
≤ 2MKM (G),

(iv)

∥∥∥∥ ∂∂tG(um−1(t), Pm−1(t))

∥∥∥∥
≤
∥∥∥D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)

∥∥∥
+ 2TM (1 + 2M)KM (G),
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(v)

∥∥∥∥ ∂∂xG(um−1(t), Pm−1(t))

∥∥∥∥ ≤ 2MKM (G),

(vi)

∥∥∥∥ ∂∂xG(um−1(t), Pm−1(t))

∥∥∥∥
≤
∥∥∥∥ ∂∂xG(ũ0, P̃0)

∥∥∥∥+ 2TM(1 + 2M)KM (G),

(vii)

∥∥∥∥ ∂2∂t2G(um−1(t), Pm−1(t))

∥∥∥∥ ≤ 2M (1 + 2M)KM (G),

(viii)

∥∥∥∥ ∂2∂x2G(um−1(t), Pm−1(t))

∥∥∥∥
≤ KM (G)

[
4
√

2M2+
(
1+2
√

2M
)

(‖∆um−1(t)‖+‖∆Pm−1(t)‖)
]
.

(3.12)

Next, we computing partial derivatives of Pm(x, t) : Pmx(t), P ′m(t), P ′′m(t),
P ′mx(t), Pmxx(t) and note

um−1(1, s) = Pm−1(1, s) = G(0, 0) = 0,

Pm(1, t) = P̃0(1) +
∫ t
0 g(1, t− s)G(um−1(1, s), Pm−1(1, s))ds = 0,

P ′m(1, t) = g(1, 0)G(um−1(1, t), Pm−1(1, t))

+
∫ t
0 g
′(1, t− s)G(um−1(1, s), Pm−1(1, s))ds = 0.

Therefore, it is clear that (H4) , (H5) and (3.5) lead to

Pm ∈ XT ∩ L∞(0, T ;V ∩H2). (3.13)

Furthermore, the following estimates are valid

(ix) ‖Pmx‖L∞(0,T ;L2)

≤
∥∥∥P̃0x

∥∥∥+KM (G)
[
‖gx‖L1(0,T ;L2) + 2M ‖g‖L1(0,T ;L∞)

]
,

(x)
∥∥P ′mx∥∥L∞(0,T ;L2)

≤ ‖gx(0)‖
∥∥∥G(ũ0, P̃0)

∥∥∥
L∞

+ ‖g(0)‖L∞
∥∥∥∥ ∂∂xG(ũ0, P̃0)

∥∥∥∥
+ 2TMKM (G) (‖gx(0)‖+ (1 + 2M) ‖g(0)‖L∞) ,

(xi)
∥∥P ′′m∥∥L∞(0,T ;L2)

≤ ‖g(0)‖L∞
∥∥∥D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)

∥∥∥
+
∥∥g′(0)

∥∥∥∥∥G(ũ0, P̃0)
∥∥∥
L∞

+KM (G)
[
2TM

(
(1+2M) ‖g(0)‖L∞+

∥∥g′(0)
∥∥)+∥∥g′′∥∥

L1(0,T ;L2)

]
,

(3.14)
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hence we can choose T > 0 small enough and M > 0 sufficiently large such
that ‖Pm‖XT ≤M. Thus Pm ∈ BT (M) ∩ L∞(0, T ;V ∩H2).

Part 2. We prove that there exists um ∈ BT (M)∩L∞(0, T ;V ∩H2) satisfying√
2λ||u′′m(0, ·)||L2(0,T ) ≤M. It consists of three steps.

Step 1: The Faedo-Galerkin approximation (introduced by Lions [3]).
Let {wj} be a denumerable base of V ∩H2. We find an approximate solution

of problem (2.8), (2.9) in the form

u(k)m (t) =

k∑
j=1

c
(k)
mj(t)wj , (3.15)

where the coefficients c
(k)
mj satisfy the following system of linear differential

equations
〈ü(k)m (t), wj〉+ a(u

(k)
m (t), wj) + λu̇

(k)
m (0, t)wj(0) + 〈αu̇(k)m (t), wj〉

= 〈Fm(t), wj〉 , 1 ≤ j ≤ k,

u
(k)
m (0) = ũ0, u̇

(k)
m (0) = ũ1.

(3.16)

By (3.5), system (3.16) has a unique solution c
(k)
mj(t), 1 ≤ j ≤ k on [0, T ], let

us omit the details (see [2]).

Step 2. A priori estimates.

For all j = 1, 2, ...k, multiplying (3.16)1 by ċ
(k)
mj(t), summing on j, and

integrating with respect to the time variable from 0 to t, we have

X
(k)
m (t) = −2

∫ t
0 〈αu̇

(k)
m (s), u̇

(k)
m (s)〉ds+ 2

∫ t
0

〈
Fm(s), u̇

(k)
m (s)

〉
ds, (3.17)

where

X
(k)
m (t) =

∥∥∥u̇(k)m (t)
∥∥∥2 + a(u

(k)
m (t), u

(k)
m (t)) + 2λ

∫ t
0

∣∣∣u̇(k)m (0, s)
∣∣∣2 ds. (3.18)

Next, by differentiating (3.16)1 with respect to t and substituting wj =

ü
(k)
m (t), after integrating with respect to the time variable from 0 to t, we have

Y
(k)
m (t) = −2

∫ t
0 〈αü

(k)
m (s), ü

(k)
m (s)〉ds+ 2

∫ t
0

〈
F ′m(s), ü

(k)
m (s)

〉
ds, (3.19)

where

Y
(k)
m (t) =

∥∥∥ü(k)m (t)
∥∥∥2 + a

(
u̇
(k)
m (t), u̇

(k)
m (t)

)
+ 2λ

∫ t
0

∣∣∣ü(k)m (0, s)
∣∣∣2 ds. (3.20)

We define

S
(k)
m (t) = X

(k)
m (t) + Y

(k)
m (t), (3.21)
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then, it follows from (3.17)-(3.21), that

S
(k)
m (t) = S

(k)
m (0)− 2

∫ t
0

[
〈αu̇(k)m (s), u̇

(k)
m (s)〉+ 〈αü(k)m (s), ü

(k)
m (s)〉

]
ds

+2
∫ t
0

[〈
Fm(s), u̇

(k)
m (s)

〉
ds+ 〈F ′m(s), ü

(k)
m (s)〉

]
ds

= S
(k)
m (0) + I1 + I2.

(3.22)

We shall estimate the integrals on the right hands of (3.22) as follows. Using
(H1), (3.18), (3.20) and (3.21) lead to

I1 = −2
∫ t
0

[
〈αu̇(k)m (s), u̇

(k)
m (s)〉+ 〈αü(k)m (s), ü

(k)
m (s)〉

]
ds

≤ 2 ‖α‖L∞
∫ t
0

(∥∥∥u̇(k)m (s)
∥∥∥2 +

∥∥∥ü(k)m (s)
∥∥∥2) ds

≤ 2 ‖α‖L∞
∫ t
0 S

(k)
m (s)ds.

(3.23)

We have

I2 = 2
∫ t
0

[〈
Fm(s), u̇

(k)
m (s)

〉
ds+ 〈F ′m(s), ü

(k)
m (s)〉

]
ds

≤
∫ t
0 ‖Fm(s)‖2 ds+

∫ t
0 ‖F

′
m(s)‖ ds+

∫ t
0 (1 + ‖F ′m(s)‖)S(k)

m (s)ds.
(3.24)

We need estimate
∫ t
0 ‖Fm(s)‖2 ds. By (3.8) and (3.12), we obtain

‖Fm(t)‖
≤ ‖f(t)‖+KM (G) ‖β‖L∞

[
2M ‖g(0)‖L∞+‖g′(0)‖+‖g′′‖L1(0.T ;L2)

]
. (3.25)

Thus ∫ t
0 ‖Fm(s)‖2 ds ≤ Φ

(1)
M (T ), (3.26)

where

Φ
(1)
M (T ) = 2 ‖f‖2L2(QT )

+ 2T ‖β‖2L∞ K2
M (G)

×
[
2M ‖g(0)‖L∞ + ‖g′(0)‖L∞ + ‖g′′‖L1(0.T ∗;L2)

]2
.

(3.27)

We estimate
∫ t
0 ‖F

′
m(s)‖ ds. By (3.8), we have

F ′m(t)

=f ′(t)−βg(0) ∂
2

∂t2
G(um−1(t),Pm−1(t))−βg′(0) ∂∂tG(um−1(t),Pm−1(t))

−βg′′(0)G(um−1(t),Pm−1(t))−β
∫ t
0 g
′′′(t−s)G(um−1(s),Pm−1(s))ds.

(3.28)

So

‖F ′m(t)‖ ≤ ‖f ′(t)‖+ ‖β‖L∞ KM (G)

[
2M (1 + 2M) ‖g(0)‖L∞

+2M ‖g′(0)‖+ ‖g′′(0)‖+ ‖g′′′‖L1(0.T ∗;L2)

]
.

(3.29)
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Thus ∫ t
0 ‖F

′
m(s)‖ ds ≤ Φ

(2)
M (T ), (3.30)

where

Φ
(2)
M (T ) = ‖f ′‖L1(0,T ;L2) + T ‖β‖L∞ KM (G)

[
2M (1 + 2M) ‖g(0)‖L∞

+2M ‖g′(0)‖+ ‖g′′(0)‖+ ‖g′′′‖L1(0.T ∗;L2)

]
.

Consequently

I2 ≤ Φ
(1)
M (T ) + Φ

(2)
M (T ) +

∫ t
0 (1 + ‖F ′m(s)‖)S(k)

m (s)ds. (3.31)

It remains to estimate S
(k)
m (0). We have

S
(k)
m (0) = ‖ũ1‖2 + a(ũ0, ũ0) + a (ũ1, ũ1) +

∥∥∥ü(k)m (0)
∥∥∥2 . (3.32)

On the other hand, letting t → 0+ in (3.16)1, multiplying the result by

c̈
(k)
mj(0) and using the compatibility (3.9), we get∥∥∥ü(k)m (0)

∥∥∥2 +
〈
−ũ0xx + αũ1, ü

(k)
m (0)

〉
=
〈
Fm(0), ü

(k)
m (0)

〉
, (3.33)

so ∥∥∥ü(k)m (0)
∥∥∥ ≤ ‖−ũ0xx + αũ1‖+ ‖Fm(0)‖ . (3.34)

We also have

‖Fm(0)‖

≤ ‖f(0)‖+ ‖β‖L∞ ‖g(0)‖L∞
∥∥∥∥D1G(ũ0, P̃0)ũ1

+D2G(ũ0,P̃0)g(0)G(ũ0,P̃0)

∥∥∥∥+‖β‖L∞‖g′(0)‖
∥∥∥G(ũ0,P̃0)

∥∥∥
L∞

.

(3.35)

Therefore∥∥∥ü(k)m (0)
∥∥∥ ≤ ‖−ũ0xx + αũ1‖+ ‖Fm(0)‖ ≤ C01 for all m, (3.36)

where C01 is a constant depending only on ũ0, ũ1, P̃0, α, β, g, f, G.
By (3.32) and (3.36) then there exists a positive constant C02 depending

only on ũ0, ũ1, P̃0, α, β, f, g, h and G, such that

S
(k)
m (0) ≤ C02, for all m. (3.37)

It follows from (3.22), (3.23), (3.31) and (3.37), that

S
(k)
m (t) ≤ C02 + Φ

(1)
M (T ) + Φ

(2)
M (T )

+
∫ t
0 (1 + 2 ‖α‖L∞ + ‖F ′m(s)‖)S(k)

m (s)ds.
(3.38)
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Assumptions (H1) , (H3)− (H5) and (3.27), (3.30) yield

lim
T→0+

Φ
(1)
M (T ) = lim

T→0+
Φ
(2)
M (T ) = 0. (3.39)

Thus, with M, T > 0 chosen in Part 1, it can be seen that M2 ≥ 2C02 and
T ∈ (0, T ∗] such that(

1
2M

2+Φ
(1)
M (T )+Φ

(2)
M (T )

)
≤M2 exp

[
−T (1+2 ‖α‖L∞)−Φ

(2)
M (T )

]
(3.40)

and

kT = 5d(M,T ) exp
[
1
2T (1 + 2 ‖α‖L∞)

]
< 1, (3.41)

where

d(M,T ) =
√
Td21(M,T ) + d22(M,T ) + d23(M,T ),

d1(M,T ) = ‖β‖L∞ KM (G)
[
(1+2M) ‖g(0)‖L∞+‖g′(0)‖+‖g′′‖L1(0,T ;L2)

]
,

d2(M,T ) = KM (G)
[
T ‖g(0)‖L∞ + ‖g′‖L1(0,T ;L2)

]
,

d3(M,T ) = KM (G)
[
‖gx‖L1(0,T ;L2) + (1 + 2M) ‖gx‖L1(0,T ;L∞)

]
.

According to (3.38) and (3.40), we get

S
(k)
m (t) ≤M2 exp

[
−T (1 + 2 ‖α‖L∞)− Φ

(2)
M (T )

]
+
∫ t
0 (1 + 2 ‖α‖L∞ + ‖F ′m(s)‖)S(k)

m (s)ds.
(3.42)

By using Gronwall’s lemma, the result is

S
(k)
m (t) ≤M2, for all t ∈ [0, T ], for all m and k. (3.43)

Therefore, for all m and k,

u
(k)
m ∈ BT (M) ∩ L∞(0, T ;V ∩H2),

√
2λ
∥∥∥ü(k)m (0, ·)

∥∥∥
L2(0,T )

≤M, (3.44)

Step 3. Limiting process.
We deduce from (3.44) that

∥∥∥u(k)m ∥∥∥
L∞(0,T ;V )

≤M,
∥∥∥u̇(k)m ∥∥∥

L∞(0,T ;V )
≤M,∥∥∥ü(k)m ∥∥∥

L∞(0,T ;L2)
≤M,∥∥∥ü(k)m (0, ·)

∥∥∥
L2(0,T )

≤ M√
2λ
, for all m and k.

(3.45)

From (3.46), there exists a subsequence of {u(k)m }k, it is still so denoted, such
that
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u
(k)
m → um in L∞(0, T ;V ) weak*,

u̇
(k)
m → w

(1)
m in L∞(0, T ;V ) weak*,

ü
(k)
m → w

(2)
m in L∞(0, T ;L2) weak*,

ü
(k)
m (0, ·)→ w̄m(·) in L2(0, T ) weak,

(3.46)

and 
‖um‖L∞(0,T ;V ) ≤M,

∥∥∥w(1)
m

∥∥∥
L∞(0,T ;V )

≤M,∥∥∥w(2)
m

∥∥∥
L∞(0,T ;L2)

≤M,

‖w̄m(·)‖L2(0,T ) ≤
M√
2λ
, for all m and k.

(3.47)

First we show that w
(1)
m = u′m, w

(2)
m = u′′m, in V and w̄m(·) = u′′m(0, ·) in

L2(0, T ).
For each m, k we have that

u
(k)
m (t) = u

(k)
m (0) +

∫ t
0 u̇

(k)
m (s)ds,

u̇
(k)
m (t) = u̇

(k)
m (0) +

∫ t
0 ü

(k)
m (s)ds,

u̇
(k)
m (0, t) = u̇

(k)
m (0, 0) +

∫ t
0 ü

(k)
m (0, s)ds.

(3.48)

By (3.46), passing to the limit in (3.48)1,2 with sense of ”weak*” and in (3.48)3
with sense of ”weak”, we obtain

um(t) = ũ0 +
∫ t
0 w

(1)
m (s)ds,

u′m(t) = ũ1 +
∫ t
0 w

(2)
m (s)ds,

u′m(0, t) = ũ1(0) +
∫ t
0 w̄m(s)ds.

(3.49)

where (3.49)1,2 hold in V for each t ∈ [0, T ]. Thus (3.49)1,2 imply that w
(1)
m =

u′m, w
(2)
m = u′′m, while from (3.49)3 we can conclude that u′m(0, t) exists and

it is continuous in t. Therefore u′m(0, t) is absolutely continuous in [0, T ], so
w̄m(t) = u′′m(0, t) for a.e. t ∈ [0, T ].

Consequently, (3.46) and (3.47) lead to

um ∈ BT (M),
√

2λ ‖u′′m(0, ·)‖L2(0,T ) ≤M, (3.50)

and 

u
(k)
m → um in L∞(0, T ;V ) weak*,

u̇
(k)
m → u′m in L∞(0, T ;V ) weak*,

ü
(k)
m → u′′m in L∞(0, T ;L2) weak*,

ü
(k)
m (0, ·)→ u′′m(0, ·) in L2(0, T ) weak.

(3.51)
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Passing to limit in (3.16), we have um satisfying (3.6)(ii), (3.7) in L2(0, T ).
On the other hand, it follows from (3.6)(ii), (3.8) and (3.51)3 that

umxx = u′′m + α(x)u′m − Fm(t) ∈ L∞(0, T ;L2),

hence um ∈ L∞(0, T ;V ∩H2), Theorem 3.1 follows. �

Theorem 3.3. Let assumptions (H0)− (H5) and (3.9) hold. Then

(i) There exist positive constants M and T such that problem (2.8), (2.9)
has a unique solution (u, P ) satisfying

u, P ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ||u′′(0, ·)||L2(0,T ) ≤M. (3.52)

(ii) On the other hand, the linear recurrent sequence {(um, Pm)} defined
by (3.6)-(3.8) converges to the solution (u, P ) of problem (2.8), (2.9)
strongly in the space

W1(T ) = {(u, P ) ∈ L∞(0, T ;V × V ) : (u′, P ′) ∈ L∞(0, T ;L2 × L2)}. (3.53)

Furthermore, we have the estimate

‖um − u‖L∞(0,T ;V ) + ‖Pm − P‖L∞(0,T ;V ) + ‖u′m − u′‖L∞(0,T ;L2)

+ ‖P ′m − P ′‖L∞(0,T ;L2) +
√

2λ ‖u′m(0, ·)− u′(0, ·)‖L2(0,T ) ≤ CkmT ,
(3.54)

for all m ∈ N, where the constant kT ∈ (0, 1) is defined as in (3.41) and C is

a constant depending only on T, ũ0, ũ1, P̃0, α, β, f, g, G and kT .

Proof. (i) Existence of the solution.
First, we note that W1(T ) is a Banach space with respect to the norm (see

Lions [3]) below

‖(u, P )‖W1(T )
= ‖u‖L∞(0,T ;V ) + ‖P‖L∞(0,T ;V )

+ ‖u′‖L∞(0,T ;L2) + ‖P ′‖L∞(0,T ;L2) .
(3.55)

We shall prove that {(um, Pm)} is a Cauchy sequence in W1(T ). Let vm =
um+1 − um, Qm = Pm+1 − Pm. Then (vm, Qm) satisfies the problem

Qm(t) = Pm+1(t)− Pm(t)

=
∫ t
0 g(t− s) [G(um(s), Pm(s))−G(um−1(s), Pm−1(s))] ds,

〈v′′m(t), v〉+ a(vm(t), v) + λv′m(0, t)v(0) + 〈αv′m(t), v〉
= 〈Fm+1(t)− Fm(t), v〉 , ∀v ∈ V,
vm(0) = v′m(0) = 0,

(3.56)
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where

Fm+1(t)− Fm(t)

= −βg(0) ∂∂t [G(um, Pm)−G(um−1, Pm−1)]

−βg′(0) [G(um, Pm)−G(um−1, Pm−1)]

−β
∫ t
0 g
′′(t− s) [G(um(s), Pm(s))−G(um−1(s), Pm−1(s))] ds.

(3.57)

Taking v = v′m in (3.56)2, after integrating in t, we get

Zm(t) ≤ (1 + 2 ‖α‖L∞)
∫ t
0 ‖v

′
m(s)‖2 ds+

∫ t
0 ‖Fm+1(s)− Fm(s)‖2 ds, (3.58)

where

Zm(t) = ‖v′m(t)‖2 + a(vm(t), vm(t)) + 2λ
∫ t
0 |v
′
m(0, s)|2 ds. (3.59)

Put 
ηm(t) = Zm(t) + ‖Q′m(t)‖2 + ‖Qmx(t)‖2 ,

η̄m(t) = ‖v′m(t)‖2 + ‖vmx(t)‖2 + ‖Q′m(t)‖2 + ‖Qmx(t)‖2

+2λ
∫ t
0 |v
′
m(0, s)|2 ds,

γm = ‖(vm, Qm)‖W1(T )
+
√

2λ ‖v′m(0, ·)‖L2(0,T ) ,

(3.60)

we have

ηm(t) = η̄m(t) + hv2m(0, t) ≥ η̄m(t). (3.61)

We need estimate
∫ t
0 ‖Fm+1(s)− Fm(s)‖2 ds. We have

‖Fm+1(t)− Fm(t)‖
≤ ‖β‖L∞ ‖g(0)‖L∞

∥∥ ∂
∂t [G(um, Pm)−G(um−1, Pm−1)]

∥∥
+ ‖β‖L∞ ‖g′(0)‖ ‖G(um, Pm)−G(um−1, Pm−1)‖L∞
+ ‖β‖L∞

∫ t
0 ‖g

′′(t− s)‖

×
∥∥∥∥G(um(s), Pm(s))−G(um−1(s), Pm−1(s))

∥∥∥∥
L∞
ds.

(3.62)

We shall estimate the terms on the right hands of (3.62) as follows. From the
equation

∂
∂t [G(um, Pm)−G(um−1, Pm−1)]

= D1G(um, Pm)v′m−1 + [D1G(um, Pm)−D1G(um−1, Pm−1)]u
′
m−1

+D2G(um, Pm)Q′m−1+[D2G(um, Pm)−D2G(um−1, Pm−1)]P
′
m−1,

(3.63)



A nonlinear wave equation associated with a nonlinear integral equation 559

it follows that∥∥ ∂
∂t [G(um, Pm)−G(um−1, Pm−1)]

∥∥
≤ KM (G)

∥∥v′m−1∥∥+‖D1G(um, Pm)−D1G(um−1, Pm−1)‖
∥∥u′m−1∥∥L∞

+KM (G)
∥∥Q′m−1∥∥+‖D2G(um, Pm)−D2G(um−1, Pm−1)‖

∥∥P ′m−1∥∥L∞
≤ KM (G)

∥∥v′m−1∥∥+MKM (G) [‖vm−1‖+ ‖Qm−1‖]
+KM (G)

∥∥Q′m−1∥∥+MKM (G) [‖vm−1‖+ ‖Qm−1‖]
= KM (G)

[∥∥v′m−1∥∥+
∥∥Q′m−1∥∥]+ 2MKM (G) [‖vm−1‖+ ‖Qm−1‖]

≤ (1 + 2M)KM (G) ‖(vm−1, Qm−1)‖W1(T )
.

(3.64)

On the other hand, we have

‖G(um, Pm)−G(um−1, Pm−1)‖L∞
≤ KM (G) [‖vm−1‖L∞ + ‖Qm−1‖L∞ ]

≤ KM (G) ‖(vm−1, Qm−1)‖W1(T )
.

(3.65)

Hence∫ t
0 ‖g

′′(t− s)‖ ‖G(um(s), Pm(s))−G(um−1(s), Pm−1(s))‖L∞ ds

≤ KM (G) ‖(vm−1, Qm−1)‖W1(T )

∫ t
0 ‖g

′′(t− s)‖ ds

= KM (G) ‖(vm−1, Qm−1)‖W1(T )

∫ t
0 ‖g

′′(s)‖ ds

≤ KM (G) ‖(vm−1, Qm−1)‖W1(T )
‖g′′‖L1(0,T ;L2) .

(3.66)

Thus, we deduce from (3.62)-(3.66) that

‖Fm+1(t)− Fm(t)‖
≤ ‖β‖L∞ ‖g(0)‖L∞

∥∥ ∂
∂t [G(um, Pm)−G(um−1, Pm−1)]

∥∥
+ ‖β‖L∞ ‖g′(0)‖ ‖G(um, Pm)−G(um−1, Pm−1)‖L∞
+ ‖β‖L∞

∫ t
0 ‖g

′′(t−s)‖ ‖G(um(s),Pm(s))−G(um−1(s),Pm−1(s))‖L∞ ds
≤ ‖β‖L∞ ‖g(0)‖L∞ (1 + 2M)KM (G) ‖(vm−1, Qm−1)‖W1(T )

+ ‖β‖L∞ ‖g′(0)‖KM (G) ‖(vm−1, Qm−1)‖W1(T )

+ ‖β‖L∞ KM (G) ‖(vm−1, Qm−1)‖W1(T )
‖g′′‖L1(0,T ;L2)

= ‖β‖L∞ KM (G)
[
‖g(0)‖L∞ (1 + 2M) + ‖g′(0)‖+ ‖g′′‖L1(0,T ;L2)

]
×‖(vm−1, Qm−1)‖W1(T )

≡ d1(M,T ) ‖(vm−1, Qm−1)‖W1(T )
,

(3.67)

where

d1(M,T )=‖β‖L∞ KM (G)
[
(1+2M) ‖g(0)‖L∞+

∥∥g′(0)
∥∥+
∥∥g′′∥∥

L1(0,T ;L2)

]
.
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Thus, we deduce from (3.58) and (3.67) that

Zm(t) ≤ (1 + 2 ‖α‖L∞)
∫ t
0 ‖v

′
m(s)‖2 ds

+Td21(M,T ) ‖(vm−1, Qm−1)‖2W1(T )
.

(3.68)

Now, we shall estimate ‖Q′m(t)‖2 + ‖Qmx(t)‖2 .
From the following equation

Q′m(t) = g(0) [G(um(t), Pm(t))−G(um−1(t), Pm−1(t))]

+
∫ t
0 g
′(t−s) [G(um(s), Pm(s))−G(um−1(s), Pm−1(s))] ds,

(3.69)

it follows that

‖Q′m(t)‖ ≤ d2(M,T ) ‖(vm−1, Qm−1)‖W1(T )
, (3.70)

where d2(M,T ) = KM (G)
[
T ‖g(0)‖L∞ + ‖g′‖L1(0,T ;L2)

]
.

Similarly, by

Qmx(t) =
∫ t
0 gx(t−s) [G(um(s), Pm(s))−G(um−1(s), Pm−1(s))] ds

+
∫ t
0 g(t−s) ∂

∂x [G(um(s),Pm(s))−G(um−1(s),Pm−1(s))] ds,
(3.71)

it follows that

‖Qmx(t)‖ ≤ d3(M,T ) ‖(vm−1, Qm−1)‖W1(T )
, (3.72)

where d3(M,T ) = KM (G)
[
‖gx‖L1(0,T ;L2) + (1 + 2M) ‖gx‖L1(0,T ;L∞)

]
.

Combining (3.60), (3.61), (3.68), (3.70) and (3.72) we obtain

η̄m(t) ≤ ηm(t) = Zm(t) + ‖Q′m(t)‖2 + ‖Qmx(t)‖2

≤ d2(M,T ) ‖(vm−1, Qm−1)‖2W1(T )
+(1+2 ‖α‖L∞)

∫ t
0 η̄m(s)ds,

(3.73)

where d(M,T ) =
√
Td21(M,T ) + d22(M,T ) + d23(M,T ).

Using Gronwall’s lemma, we deduce from (3.73) that

η̄m(t) ≤ d2(M,T ) ‖(vm−1, Qm−1)‖2W1(T )
exp[T (1 + 2 ‖α‖L∞)]

≤ d2(M,T ) exp[T (1 + 2 ‖α‖L∞)]γ2m−1, ∀m ∈ N, ∀t ∈ [0, T ].
(3.74)

On the other hand

‖v′m(t)‖ ≤
√
η̄m(t) ≤ d(M,T ) exp[12T (1 + 2 ‖α‖L∞)]γm−1,

‖vmx(t)‖ ≤
√
η̄m(t) ≤ d(M,T ) exp[12T (1 + 2 ‖α‖L∞)]γm−1,

‖Q′m(t)‖ ≤
√
η̄m(t) ≤ d(M,T ) exp[12T (1 + 2 ‖α‖L∞)]γm−1,

‖Qmx(t)‖ ≤
√
η̄m(t) ≤ d(M,T ) exp[12T (1 + 2 ‖α‖L∞)]γm−1,

√
2λ ‖v′m(0, ·)‖L2(0,T ) ≤

√
η̄m(t) ≤ d(M,T ) exp[12T (1 + 2 ‖α‖L∞)]γm−1,



A nonlinear wave equation associated with a nonlinear integral equation 561

and
γm = ‖(vm, Qm)‖W1(T )

+
√

2λ ‖v′m(0, ·)‖L2(0,T )

= ‖v′m‖L∞(0,T ;L2) + ‖vm‖L∞(0,T ;V ) + ‖Q′m‖L∞(0,T ;L2)

+ ‖Qm‖L∞(0,T ;V ) +
√

2λ ‖v′m(0, ·)‖L2(0,T ) ,

we deduce that

γm ≤ kTγm−1, ∀m ∈ N, (3.75)

with kT = 5d(M,T ) exp
[
1
2T (1 + 2 ‖α‖L∞)

]
< 1 defined in (3.41), which

implies that for all m, p ∈ N,

‖(um, Pm)−(um+p, Pm+p)‖W1(T )
+
√

2λ
∥∥u′m(0, ·)−u′m+p(0, ·)

∥∥
L2(0,T )

≤ γ0(1− kT )−1kmT .
(3.76)

It follows that {(um, Pm, u′m(0, ·))} is a Cauchy sequence in W1(T )×L2(0, T ).
Then there exists (u, P, ξ) ∈W1(T )× L2(0, T ) such that{

(um, Pm)→ (u, P ) strongly in W1(T ),

u′m(0, ·)→ ξ strongly in L2(0, T ).
(3.77)

On the other hand, from (3.50), there exists a subsequence {(umj , Pmj )} of
{(um, Pm)} such that

umj → u in L∞(0, T ;V ) weak*,

u′mj → u′ in L∞(0, T ;V ) weak*,

u′′mj → u′′ in L∞(0, T ;L2) weak*,

u′′mj (0, ·)→ u′′(0, ·) in L2(0, T ) weak,

(3.78)

and

u, P ∈ BT (M),
√

2λ||u′′(0, ·)||L2(0,T ) ≤M. (3.79)

It follows from (3.77)2 and (3.78)4, that ξ = u′(0, ·).
On the other hand, by the compactness lemma of Lions ([3], p.57) and the

imbedding H2(0, T ) ↪→ C1 ([0, T ]) , (3.78) leads to the existence of a subse-
quence still denoted by {(umj , Pmj )}, such that

umj → u strongly in L2(QT ),

u′mj → u′ strongly in L2(QT ),

umj (0, ·)→ u(0, ·) strongly in C1 ([0, T ]) .

(3.80)

�

In order to obtain the result (3.80)1,2, we use the following.
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Theorem 3.4. (The compactness Lemma of Lions, [3], p.57) Let B0, B, B1

be three Banach spaces, with

(i) B0 ↪→ B ↪→ B1, with B0, B1 are reflection;
(ii) The imbedding B0 ↪→ B is compact.

Let 1 < p0, p1, T < +∞, then

W (0, T ) = {v ∈ Lp0(0, T ;B0) : v′ ∈ Lp1(0, T ;B1)}
is the Banach space with respect the norm

‖v‖ = ‖v‖Lp0 (0,T ;B0)
+ ‖v′‖Lp1 (0,T ;B1)

.

Therefore, the imbedding W (0, T ) ↪→ Lp0(0, T ;B) is compact.

Consider p0 = p1 = 2, B0 = V, B = B1 = L2. In this case, L2(0, T ;L2) =
L2(QT ) and the imbedding

W (0, T ) = {v ∈ L2(0, T ;V ) : v′ ∈ L2(QT )} ↪→ L2(QT )

is compact. Hence, it follows that XT ↪→ L2(QT ) with the imbedding is
compact.

Putting

F (t) = f(t)− βg(0) ∂∂tG(u, P )− βg′(0)G(u, P )

−β
∫ t
0 g
′′(t− s)G(u(s), P (s))ds.

(3.81)

By{
‖G(um, Pm)−G(u, P )‖ ≤ KM (G) ‖(um, Pm)− (u, P )‖W1(T )

,∥∥ ∂
∂t [G(um,Pm)−G(u,P )]

∥∥≤(1+2M)KM (G)‖(um,Pm)−(u,P )‖W1(T )
,

(3.82)

(3.8) and (3.81) imply∥∥Fmj (t)− F (t)
∥∥

≤ ‖β‖L∞ KM (G)

[
(1+2M) ‖g(0)‖L∞+‖g′(0)‖L∞+‖g′′‖L1(0,T ;L∞)

]
×
∥∥(umj−1, Pmj−1)− (u, P )

∥∥
W1(T )

.

(3.83)

Hence, combining (3.77)1 and (3.83) yield

Fmj (t)→ F (t) strongly in L∞(0, T ;L2). (3.84)

On the other hand, by (3.77)1, we deduce that∥∥∥P (t)− P̃0 −
∫ t
0 g(t− s)G(u(s), P (s))ds

∥∥∥
≤ ‖P−Pm‖L∞(0,T ;V )

+KM (G) ‖g‖L1(0,T ;L∞) ‖(um−1, Pm−1)−(u, P )‖W1(T )

→ 0.

(3.85)
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Thus

P (t)− P̃0 −
∫ t
0 g(t− s)G(u(s), P (s))ds = 0. (3.86)

Finally, passing to limit in (3.6)-(3.8) as m = mj → ∞, it implies from
(3.77), (3.78), (3.84) and (3.86) that there exists (u, P ) satisfying

u, P ∈ BT (M),
√

2λ||u′′(0, ·)||L2(0,T ) ≤M,

P (t) = P̃0 +
∫ t
0 g(t− s)G(u(s), P (s))ds,

〈u′′(t), v〉+ a(u(t), v) + λu′(0, t)v(0) + 〈αu′(t), v〉 = 〈F (t), v〉 ,
(3.87)

for all v ∈ V and the initial conditions

u(0) = ũ0, u
′(0) = ũ1. (3.88)

Furthermore, by (H1), we obtain from (3.78)2,3, (3.84) and (3.87)2 that

uxx = u′′ + α(x)u′ − F (t) ∈ L∞(0, T ;L2), (3.89)

hence u ∈ L∞(0, T ;V ∩H2). Thus u ∈ BT (M) ∩ L∞(0, T ;V ∩H2). We also
have P ∈ L∞(0, T ;V ∩H2). Indeed,

‖Pxx(t)‖
≤
∥∥∥P̃0xx

∥∥∥+KM (G)
∫ t
0 ‖gxx(s)‖ ds+ 4MKM (G)

∫ t
0 ‖gx(s)‖L∞ ds

+ ‖g‖L∞(QT )
KM (G)

∫ t
0 [‖uxx(s)‖+ ‖Pxx(s)‖] ds

+ ‖g‖L∞(QT )
KM (G)

∫ t
0

[∥∥u2x(s)
∥∥+ 2 ‖ux(s)Px(s)‖+

∥∥P 2
x (s)

∥∥] ds
≤ D(1)

T (M) +D
(2)
T (M)

∫ t
0 ‖Pxx(s)‖ ds,

(3.90)

where

D
(1)
T (M)

=
∥∥∥P̃0xx

∥∥∥+KM (G)
[
‖gxx‖L1(0,T ;L2) + 4M ‖gx‖L1(0,T ;L∞)

]
+KM (G)T ‖g‖L∞(QT )

[(
1+3
√

2M
)
‖uxx‖L∞(0,T ;L2)+4

√
2M2

]
,

D
(2)
T (M) = KM (G)

(
‖g‖L∞(QT )

+
√

2M ‖g‖L∞(QT )

)
.

(3.91)

By Gronwall’s inequality we obtain that

‖Pxx(t)‖ ≤ D(1)
T (M) exp(TD

(2)
T (M)). (3.92)

Thus Pxx ∈ L∞(0, T ;L2), hence P ∈ L∞(0, T ;V ∩ H2). It follows that P ∈
BT (M) ∩ L∞(0, T ;V ∩H2). The existence proof is completed.

(ii) Uniqueness of the solution.
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Let (ui, Pi), i = 1, 2 be two solutions of problem (2.8), (2.9). Then (u, P ),
with u = u1 − u2, P = P1 − P2 satisfies the problem

ui, Pi ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ||u′′i (0, ·)||L2(0,T ) ≤M, i = 1, 2,

P (t) =
∫ t
0 g(t− s)Ḡ(s)ds,

〈u′′(t), v〉+ a(u(t), v) + λu′(0, t)v(0) + 〈αu′(t), v〉 = 〈F (t), v〉,

(3.93)

for all v ∈ V, a.e., t ∈ (0, T ), together with the initial conditions

u(0) = u′(0) = 0, (3.94)

where{
F (t) = −βg(0)Ḡ′(t)− βg′(0)Ḡ(t)− β

∫ t
0 g
′′(t− s)Ḡ(s)ds,

Ḡ(t) = G(u1(t), P1(t))−G(u2(t), P2(t)), Ḡ(0) = 0.
(3.95)

We take v = u′ in (3.93)2 and integrate in t to get

Z(t) ≤ (1 + 2 ‖α‖L∞)
∫ t
0 ‖u

′(s)‖2 ds+
∫ t
0 ‖F (s)‖2 ds, (3.96)

where
Z(t) = ‖u′(t)‖2 + a(u(t), u(t)) + 2λ

∫ t
0 |u
′(0, s)|2 ds

≥ ‖u′(t)‖2 + ‖ux(t)‖2 ≡ Z̄(t).
(3.97)

We set
ρ(t) = Z̄(t) + ‖P ′(t)‖2 + ‖Px(t)‖2

= ‖u′(t)‖2 + ‖ux(t)‖2 + ‖P ′(t)‖2 + ‖Px(t)‖2
(3.98)

and M = max
i=1,2

‖(ui, Pi)‖W1(T )
, we estimate all terms of (3.95) as follows

(i)
∥∥Ḡ(t)

∥∥ ≤ KM (G) [‖u(t)‖+ ‖P (t)‖] ≤ 2KM (G)
∫ t
0

√
ρ(s)ds,

(ii)
∥∥Ḡ(t)

∥∥
L∞
≤ KM (G) [‖ux(t)‖+ ‖Px(t)‖] ≤ 2KM (G)

√
ρ(t),

(iii)
∥∥Ḡ′(t)∥∥ ≤ (1 + 2M)KM (G) [‖u′‖+ ‖P ′‖+ ‖u‖+ ‖P‖]

≤ 2 (1 + 2M)KM (G)
√
ρ(t),

(iv)
∥∥Ḡx(t)

∥∥ ≤ (1 + 2M)KM (G) (‖ux(t)‖+ ‖Px(t)‖)
≤ 2 (1 + 2M)KM (G)

√
ρ(t),

(v) ‖P ′(t)‖2 ≤ 8K2
M (G)

[
‖g(0)‖2L∞ T + ‖g′‖2L2(0,T ;L2)

] ∫ t
0 ρ(s)ds

≡ η1(M,T )
∫ t
0 ρ(s)ds,

(vi) ‖Px(t)‖2 ≤ 8K2
M (G)

[
1 + (1 + 2M)2

]
‖gx‖2L2(0,T ;L∞)

∫ t
0 ρ(s)ds

≡ η2(M,T )
∫ t
0 ρ(s)ds.

(3.99)
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It follows from (3.95)1, that

‖F (t)‖ ≤ ‖βg(0)‖L∞
∥∥Ḡ′(t)∥∥+ ‖βg′(0)‖

∥∥Ḡ(t)
∥∥
L∞

+ ‖β‖L∞
∫ t
0 ‖g

′′(t− s)‖
∥∥Ḡ(s)

∥∥
L∞

ds

≤ η3(M)
√
ρ(t) + η4(M)

∫ t
0 ‖g

′′(t− s)‖
√
ρ(s)ds,

(3.100)

where

η3(M) = 2KM (G) ‖β‖L∞ [(1 + 2M) ‖g(0)‖L∞ + ‖g′(0)‖] ,
η4(M) = 2KM (G) ‖β‖L∞ .

(3.101)

Hence∫ t
0 ‖F (s)‖2 ds ≤ 2

(
η23(M) + η24(M)T ‖g′′‖2L2(0,T ;L2)

) ∫ t
0 ρ(s)ds

≡ η5(M,T )
∫ t
0 ρ(s)ds.

(3.102)

It follows from (3.96), (3.97) and (3.102), that

Z̄(t) ≤ Z(t) ≤ 2 (1 + ‖α‖L∞ + η5(M,T ))
∫ t
0 ρ(s)ds. (3.103)

From (3.98), (3.99)v,vi and (3.103), we get

ρ(t) ≤ [2 (1+‖α‖L∞+η5(M,T ) )+η1(M,T )+η2(M,T )]
∫ t
0 ρ(s)ds. (3.104)

By Gronwall’s inequality we obtain that ρ(t) = 0 on (0, T ) , i.e., u = u1−u2 ≡
0, P = P1 − P2 ≡ 0, and hence the solution is unique. Passing to the limit as
p → +∞ for m fixed, we obtain estimate (3.54) from (3.76). This completes
the proof of Theorem 3.3. �

Remark 3.5. Under assumptions of Theorem 3.1, the existence and unique-
ness of a local weak solution are established. If we strengthen assumption

(H5) by (Ĥ5) as below, it means that G(·, ·) is global Lipschitz which allows
for applicability of the methods used as above, with less complicated tech-
niques in order to get existence and uniqueness of a global weak solution.
This is also an extension of the result obtained in [4].

(Ĥ5) G ∈ C1(R2) satisfies the following conditions:

(i) |G(y, z)| ≤ m1 (1 + |y|+ |z|) , ∀y, z ∈ R, m1 > 0;

(ii) |D1G(y, z)|+ |D2G(y, z)| ≤ L, ∀y, z ∈ R, L > 0.

4. Asymptotic behavior of a weak solution as λ→ 0+

In this section, we let h ≥ 0 and α, β, f, g and G satisfy assumptions (H1) ,
(H3)− (H5) . We also assume that

(H ′2) (ũ0, ũ1, P̃0) ∈
(
V ∩H2

)
×H1

0 ×
(
V ∩H2

)
satisfy the compatibility

condition ũ0x(0) = hũ0(0).



566 L.T.P. Ngoc, N.H. Nhan, T.M. Thuyet and N.T. Long

We consider the following perturbed problem, where λ > 0 is a small pa-
rameter:

(Lλ)



〈utt(t), v〉+ a(u(t), v) + λut(0, t)v(0) + 〈αut(t), v〉
+〈βg(0) ∂∂tG(u, P ), v〉+ 〈βg′(0)G(u, P ), v〉

+〈β
∫ t
0 g
′′(t− s)G(u(s), P (s))ds, v〉 = 〈f(t), v〉 , ∀v ∈ V,

u(0) = ũ0, ut(0) = ũ1,

P (t) = P̃0 +
∫ t
0 g(t− s)G(u(s), P (s))ds.

Then, for every λ > 0, by Theorem 3.1, problem (Lλ) has a unique solution

uλ, Pλ ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ||u′′λ(0, ·)||L2(0,T ) ≤M. (4.1)

depending on λ. We shall consider asymptotic behavior of this solution as
λ→ 0+.

Theorem 4.1. Let h ≥ 0 and (H1) , (H ′2), (H3)− (H5) hold. Then

(i) Problem (L0) corresponding to λ = 0 has a unique solution (u0, P0)
satisfying

u0, P0 ∈ BT (M) ∩ L∞
(
0, T ;V ∩H2

)
. (4.2)

(ii) The solution (uλ, Pλ) converges strongly in W1(T ) to (u0, P0), as λ→
0+. Furthermore, we have the estimate

‖(uλ − u0, Pλ − P0)‖W1(T )
+
√
λ ‖u′λ(0, ·)− u′0(0, ·)‖L2(0,T )

≤ C
√
λ,

(4.3)

where C is a positive constant independent of λ.

Proof. Let λ ∈ (0, 1]. First, we note that a priori estimates of the linear recur-
rent sequence {(um, Pm)} for problem (Lλ) satisfy

um, Pm ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ||u′′m(0, ·)||L2(0,T ) ≤M, (4.4)

where M is a constant independent of λ as in the proof of Theorem 3.1. Hence,
the limit (uλ, Pλ) of the sequence {(um, Pm)} as m→ +∞, in suitable function
spaces is a unique solution of problem (Lλ) satisfying

uλ, Pλ ∈ BT (M) ∩ L∞(0, T ;V ∩H2),
√

2λ ‖u′′λ(0, ·)‖L2(0,T ) ≤M. (4.5)
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It follows from (4.5) that

‖uλ(0, ·)‖H1(0,T ) =
√
‖uλ(0, ·)‖2 +

∥∥u′λ(0, ·)
∥∥2

≤
√
‖uλx‖2L∞(0,T ;L2) +

∥∥u′λx∥∥2L∞(0,T ;L2)
≤M1,

√
λ ‖uλ(0, ·)‖H2(0,T ) =

√
λ
√
‖uλ(0, ·)‖2 +

∥∥u′λ(0, ·)
∥∥2 +

∥∥u′′λ(0, ·)
∥∥2

≤M1,

‖G (uλ, Pλ)‖H1(QT )
≤M1; ‖D1G (uλ, Pλ)‖H1(QT )

≤M1;

‖D2G (uλ, Pλ)‖H1(QT )
≤M1,

(4.6)

where M1 always indicates a constant independent of λ.
Let λm be a sequence such that λm → 0+ as m → ∞. From (4.5), (4.6),

there exists a subsequence of {(uλm , Pλm)}, it is still so denoted, such that

(uλm , Pλm)→ (u0, P0) in L∞(0, T ;V × V ) weakly*,(
u′λm , P

′
λm

)
→ (u′0, P

′
0) in L∞(0, T ;V × V ) weakly*,(

u′′λm , P
′′
λm

)
→ (u′′0, P

′′
0 ) in L∞(0, T ;L2 × L2) weakly*,

uλm(0, ·)→ u0(0, ·) in H1(0, T ) weakly,√
λmuλm(0, ·)→ η0 in H2(0, T ) weakly,

G (uλm , Pλm)→ χ0 in H1 (QT ) weakly,
D1G (uλm , Pλm)→ χ1 in H1 (QT ) weakly,
D2G (uλm , Pλm)→ χ2 in H1 (QT ) weakly.

(4.7)

By the compactness lemma of Lions ([3], p.57) and the imbeddings H1(QT ) ↪→
L2(QT ), H1(0, T ) ↪→ C0 ([0, T ]) , H2(0, T ) ↪→ C1 ([0, T ]) , we can deduce from
(4.7) the existence of a subsequence still denoted by {(uλm , Pλm)}, such that

(uλm , Pλm)→ (u0, P0) strongly in L2 (QT )× L2 (QT ) ,(
u′λm , P

′
λm

)
→ (u′0, P

′
0) strongly in L2 (QT )× L2 (QT ) ,

uλm(0, ·)→ u0(0, ·) strongly in C0 ([0, T ]) ,
√
λmuλm(0, ·)→ η0 strongly in C1 ([0, T ]) ,

G (uλm , Pλm)→ χ0 strongly in L2 (QT ) ,

D1G (uλm , Pλm)→ χ1 strongly in L2 (QT ) ,

D2G (uλm , Pλm)→ χ2 strongly in L2 (QT ) .

(4.8)

By
√
λmuλm(0, ·)→ η0 strongly in C1 ([0, T ]) , we deduce from (4.8)3 that

η0 = 0. (4.9)

Then, (4.8)4 and (4.9) imply
√
λmu

′
λm

(0, ·)→ 0 strongly in C0 ([0, T ]) . (4.10)
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Similarly, by (4.8)1, 2, 5−7, we can to prove that

χ0 = G (u0, P0) , χ1 = D1G (u0, P0) , χ2 = D2G (u0, P0) . (4.11)

By passing to the limit, as in the proof of Theorem 3.1, we conclude that
(u0, P0) is a unique solution of problem (L0) corresponding to λ = 0 satisfying
the a priori estimates (4.2). Put

u = uλ − u0, P = Pλ − P0,

then (u, P ) satisfy the variational problem
P (t) =

∫ t
0 g(t− s)Hλ(s)ds,

〈u′′(t), v〉+ a(u(t), v) + λu′λ(0, t)v(0) + 〈αu′(t), v〉
= 〈Fλ(t), v〉, ∀v ∈ V,
u(0) = u′(0) = 0,

(4.12)

where{
Fλ(t) = −βg(0)H ′λ(t)− βg′(0)Hλ(t)− β

∫ t
0 g
′′(t− s)Hλ(s)ds,

Hλ(t) = G(uλ(t), Pλ(t))−G(u0(t), P0(t)).
(4.13)

We take w = u′ in (4.12)2 and integrate over t to get

S(t) ≤ (1 + 2 ‖α‖L∞)
∫ t
0 ‖u

′(s)‖2 ds− 2λ
∫ t
0 u
′
0(0, s)u

′(0, s)ds

+
∫ t
0 ‖Fλ(s)‖2 ds,

(4.14)

where

S(t) = ‖u′(t)‖2 + a(u(t), u(t)) + 2λ
∫ t
0 |u
′(0, s)|2 ds. (4.15)

Note that

S(t) ≥
∥∥u′(t)∥∥2 + ‖ux(t)‖2 + 2λ

∫ t

0

∣∣u′(0, s)∣∣2 ds ≡ S̄(t). (4.16)

Set

X(t) = S̄(t) + ‖P ′(t)‖2 + ‖Px(t)‖2 . (4.17)

By similar argument as in proof of Theorem 3.1, we can estimate X(t) and
the results are

S̄(t) ≤ 2λ ‖u′0(0, ·)‖
2
L2(0,T )

+2
(
1 + 2 ‖α‖L∞ + 2ξ21(M) + 2Tξ22(M,T )

) ∫ t
0 X(s)ds,

(4.18)

where {
ξ1(M) = KM (G)

[
2(1 + 2M) ‖βg(0)‖L∞ +

√
2 ‖βg′(0)‖

]
,

ξ2(M,T ) =
√

2KM (G) ‖β‖L∞ ‖g′′‖L2(0,T ;L2) ,
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‖P ′(t)‖2

≤ 2K2
M (G)

[
4T (1 + 2M)2 ‖g(0)‖2L∞ + ‖g′‖2L2(0,T ;L2)

] ∫ t
0 X(s)ds

≤ 2K2
M (G)

[
4T (1 + 2M)2 ‖g(0)‖2L∞ + ‖g′‖2L2(0,T ;L2)

] ∫ t
0 X(s)ds,

(4.19)

‖Px(t)‖2

≤
(∫ t

0 ‖gx(t− s)‖ ‖Hλ(s)‖L∞ ds+
∫ t
0 ‖g(t− s)‖L∞

∥∥ ∂
∂xHλ(s)

∥∥ ds)2
≤ 2K2

M (G)
[
‖gx‖2L2(0,T ;L2) + (1 + 2M)2 ‖g‖2L2(0,T ;L∞)

] ∫ t
0 X(s)ds.

(4.20)

Combining (4.17)-(4.20) yield

X(t) ≤ 2λ ‖u′0(0, ·)‖
2
L2(0,T ) + ξ(M,T )

∫ t
0 X(s)ds, (4.21)

where ξ(M,T ) is a positive constant that depends only on M, T. Using Gron-
wall’s lemma, we obtain X(t) ≤ Cλ and the estimate (4.3) follows. Theorem
4.1 is proved. �

5. An asymptotic expansion of a weak solution

In this section, we assume that h ≥ 0 and α, β, f, g and G satisfy assump-
tions (H1) , (H ′2), (H3)− (H5) . The next result gives an asymptotic expansion

of the solution (uλ, Pλ) up to order N in λ with error λN+ 1
2 , for λ sufficiently

small. We make the following assumptions:

(H
(N)
5 ) G ∈ CN+2(R2) satisfies G(0, 0) = 0.

We use the following notation. For a multi-index α = (α1, ..., αN ) ∈ ZN+ ,
and x = (x1, ..., xN ) ∈ RN , we put

|α| = α1 + ...+ αN , α! = α1!...αN !, xα = xα1
1 ...xαNN . (5.1)

First, we need the following lemma.

Lemma 5.1. Suppose m, N ∈ N, x = (x1, ..., xN ) ∈ RN , and λ ∈ R. Then(∑N
i=1 xiλ

i
)m

=
∑mN

i=m Ψ
[m]
i [x]λi, (5.2)

where the coefficients Ψ
[m]
i [x], m ≤ i ≤ mN depending on x = (x1, ..., xN ) are

defined by the formula
Ψ

[m]
i [x] =

∑
α∈A(m)

i

m!
α! x

α, m ≤ i ≤ mN,

A
(m)
i = {α ∈ ZN+ : |α| = m,

∑N
j=1 jαj = i}.

(5.3)

Proof. The proof of this lemma is not difficult, hence we omit the details. �
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Let (u0, P0) be a solution of problem (L0) as in Theorem 4.1.

(L0)



P0(t) = P̃0 +
∫ t
0 g(t− s)G(u0(s), P0(s))ds,

〈u′′0(t), w〉+ a(u0(t), w) + 〈αu′0(t), w〉 = 〈Φ0(t), w〉 , ∀w ∈ V,
u0(0) = ũ0, u

′
0(0) = ũ1,

〈Φ0(t), w〉 = 〈f(t), w〉
−〈β ∂2

∂t2

∫ t
0 g(t− s)G(u0(s), P0(s))ds, w〉, ∀w ∈ V,

u0, P0 ∈ BT (M) ∩ L∞(0, T ;V ∩H2).

(5.4)

Let us consider solutions (ui, Pi) , i = 1, 2, ..., N, defined by the following
problems:

(Li)


Pi(t) =

∫ t
0 g(t− s)Ci(s)ds,

〈u′′i (t), w〉+a(ui(t), w)+〈αu′i(t), w〉=〈Φi(t), w〉 , ∀w ∈ V,
ui(0) = u′i(0) = 0,

ui, Pi ∈ BT (M) ∩ L∞(0, T ;V ∩H2), i = 2, ..., N,

(5.5)

where
〈Φ1(t), w〉 = −

〈
β ∂2

∂t2

(∫ t
0 g(t− s)C1(s)ds

)
, w
〉
,

〈Φi(t), w〉 = −u′i−1(0, t)w(0)

−
〈
β ∂2

∂t2

(∫ t
0 g(t− s)Ci(s)ds

)
, w
〉
, i = 2, ..., N,

(5.6)

 Ci(t) =
∑i
|γ|=1

1
γ!D

γG(u0, P0)
∑

j∈Ai(γ)
Ψ

[γ1]
j [u]Ψ

[γ2]
i−j [P ], i = 1, ..., N,

Ai(γ) ≡ Ai(γ1, γ2) = {j ∈ Z+ : γ1 ≤ j ≤ Nγ1, γ2 ≤ i− j ≤ Nγ2},
(5.7)

with u = (u1, ..., uN ) , P = (P1, ..., PN ) . Then, we have the following theorem.

Theorem 5.2. Let (H1) , (H ′2), (H3) , (H4) , (H
(N)
5 ) hold. Then, there exist

positive constants M and T such that, for every λ with 0 < λ ≤ 1, problem
(Lλ) has a unique solution (uλ, Pλ) satisfying the asymptotic estimation up to
order N as follows∥∥∥(uλ −∑N

i=0 uiλ
i, Pλ −

∑N
i=0 Piλ

i
)∥∥∥

W1(T )

+
√
λ
∥∥∥u′λ(0, ·)−

∑N
i=0 u

′
i(0, ·)λi

∥∥∥
L2(0,T )

≤ CλN+ 1
2 ,

(5.8)

where C is a positive constant independent of λ and (ui, Pi) , i = 0, 1, ..., N,
are the solutions of problems (L0), (Li), i = 1, ..., N, respectively.
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Proof. Let (u, P ) ≡ (uλ, Pλ) be a unique solution of (Lλ). Then (v,Q) , with{
v = u−

∑N
i=0 uiλ

i ≡ u− U ≡ u− u0 − U1,

Q = P −
∑N

i=0 Piλ
i ≡ P − η ≡ P − P0 − η1,

(5.9)

satisfies the problem

Q(t) =
∫ t
0 g(t− s) [G(v + U,Q+ η)−G(U, η)] ds+ Ēλ(t),

〈v′′(t), w〉+ a(v(t), w) + 〈αv′(t), w〉
= −λv′(0, t)w(0)

−
〈
β ∂2

∂t2

(∫ t
0 g(t− s) [G(v + U,Q+ η)−G(U, η)] ds

)
, w
〉

+〈Eλ(t), w〉, ∀w ∈ V,
v(0) = v′(0) = 0,

(5.10)

where

〈Eλ(t), w〉
= −λU ′1(0, t)w(0)−

∑N
i=1 λ

i〈Φi(t), w〉
−
〈
β ∂2

∂t2

(∫ t
0 g(t−s) [G(u0+U1, P0+η1)−G(u0, P0)] ds

)
, w
〉
,

Ēλ(t) =
∫ t
0 g(t− s) [G(u0 + U1, P0 + η1)−G(u0, P0)] ds

−
∑N

i=1 Pi(t)λ
i.

(5.11)

Then, we have the following lemma.

Lemma 5.3. Let (H1) , (H ′2), (H3) , (H4) , (H
(N)
5 ) hold. Then

(i) 2
∫ t
0 〈Eλ(s), v′(s)〉ds ≤ DTλ

2N+1 + λ
∫ t
0 |v
′(0, s)|2 ds

+3
∫ t
0 ‖v

′(s)‖2 ds,
(ii)

∥∥Ēλx∥∥L∞(0,T ;L2)
≤ C1Nλ

N+1,

(iii)
∥∥Ē′λ∥∥L∞(0,T ;L2)

≤ C2Nλ
N+1,

(5.12)

for all λ ∈ (0, 1], where DT , C1N , C2N , C3N are constants depending only on
N, T, G and ‖ui‖L∞(0,T ;H2) , ‖u′i‖L∞(0,T ;H1) , ‖Pi‖L∞(0,T ;H2) , ‖P ′i‖L∞(0,T ;H1) ,

(i = 0, 1, ..., N).

Proof of Lemma 5.3. (i) In the case of N = 1, the proof of Lemma 5.3 is easy,
hence we omit the details.

Now, we consider N ≥ 2. Putting{
U = u0 + U1, U1 =

∑N
i=1 uiλ

i,

η ≡ P0 + η1, η1 =
∑N

i=1 Piλ
i.

(5.13)
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By using Taylor’s expansion of the function G(U, η) = G(u0 + U1, P0 + η1)
around the point (u0, P0) up to order N, we obtain

G(u0 + U1, P0 + η1) = G(u0, P0) +
∑

1≤|γ|≤N

1
γ!D

γG(u0, P0)U
γ1
1 ηγ21

+λN+1R
(1)
N [G, u0, P0, U1, η1],

(5.14)

where

λN+1R
(1)
N [G, u0, P0, U1, η1]

=
∑

|γ|=N+1

N+1
γ! U

γ1
1 ηγ21

∫ 1
0 (1− θ)NDγG(u0 + θU1, P0 + θη1)dθ. (5.15)

By Lemma 5.1, we obtain from (5.14), after some rearrangements in the order
of λ, that

G(u0 + U1, P0 + η1)−G(u0, P0) =
∑N

i=1Ci(t)λ
i + λN+1R

(2)
N (t), (5.16)

where Ci(t), i = 1, 2, ..., N, defined by (5.7) and

λN+1R
(2)
N (t) ≡ λN+1R

(2)
N [G, u0, P0, U1, η1]

= λN+1R
(1)
N [G, u0, P0, U1, η1]

+
∑

1≤|γ|≤N

1
γ!D

γG(u0, P0)
∑N |γ|

i=N+1

∑
j∈Ai(γ)

Ψ
[γ1]
j [u]Ψ

[γ2]
i−j [P ]λi.

(5.17)

Combining (L0), (Li), (5.6), (5.7), (5.11) and (5.16) yield

〈Eλ(t), w〉

= −λN+1u′N (0, t)w(0)− λN+1
〈
β ∂2

∂t2

(∫ t
0 g(t− s)R(2)

N (s)ds
)
, w
〉
,

(5.18)

Ēλ(t) = λN+1
∫ t
0 g(t− s)R(2)

N (s)ds. (5.19)

By the boundedness of the functions (ui, Pi), (u′i, P
′
i ), i = 0, 1, ..., N, in the

function space W1(T ), we obtain after some lengthy calculation from (5.15)
and (5.17), that∥∥∥R(2)

N

∥∥∥
L∞(0,T ;L∞)

+
∥∥∥ ∂∂tR(2)

N

∥∥∥
L∞(0,T ;L∞)

+
∥∥∥ ∂
∂xR

(2)
N

∥∥∥
L∞(0,T ;L∞)

≤ C0N ,
(5.20)

where C0N is a constant depending only on N, T, G and ‖ui‖L∞(0,T ;H1) ,

‖Pi‖L∞(0,T ;H1) , (i = 0, 1, ..., N), sup
|y|, |z|≤M

|DγG(y, z)| , |γ| ≤ N + 2. By (5.18)
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and (5.20), we deduce that

2
∫ t
0 〈Eλ(s), v′(s)〉ds

≤ λ2N+1 ‖u′N (0, ·)‖2L2(0,T ) + λ
∫ t
0 |v
′(0, s)|2 ds

+λ2N+2 ‖β‖2L∞ C
2
0N

[
‖g(0)‖2L∞ + ‖g′(0)‖2L∞ + ‖g′′‖2L1(0,T ;L2)

]
+3
∫ t
0 ‖v

′(s)‖2 ds

≤ DTλ
2N+1 + λ

∫ t
0 |v
′(0, s)|2 ds+ 3

∫ t
0 ‖v

′(s)‖2 ds,

(5.21)

where

DT = ‖u′N (0, ·)‖2L2(0,T )

+ ‖β‖2L∞ C
2
0N

[
‖g(0)‖2L∞ + ‖g′(0)‖2L∞ + ‖g′′‖2L1(0,T ;L2)

]
.

(5.22)

(ii) By (5.19), we deduce that

Ēλx(t) = λN+1
∫ t
0 gx(t− s)R(2)

N (s)ds+ λN+1
∫ t
0 g(t− s) ∂

∂xR
(2)
N (s)ds. (5.23)

Thus∥∥Ēλx(t)
∥∥ ≤ λN+1

∫ t
0 ‖gx(t− s)‖

∥∥∥R(2)
N

∥∥∥
L∞(0,T ;L∞)

ds

+λN+1
∫ t
0 ‖g(t− s)‖

∥∥∥ ∂
∂xR

(2)
N

∥∥∥
L∞(0,T ;L∞)

ds

≤ C0N

[
‖g‖L1(0,T ;L2) + ‖gx‖L1(0,T ;L2)

]
λN+1 ≡ C1Nλ

N+1.

(5.24)

(iii) Similary, by (5.19) we have

Ē′λ(t) = λN+1
[
g(0)R

(2)
N (t) +

∫ t
0 g
′(t− s)R(2)

N (s)ds
]
. (5.25)

Thus∥∥Ē′λ(t)
∥∥ ≤ λN+1

∥∥∥R(2)
N

∥∥∥
L∞(0,T ;L∞)

[
‖g(0)‖+

∫ t
0 ‖g

′(t− s)‖ ds
]

≤ C0Nλ
N+1

[
‖g(0)‖+ ‖g′‖L1(0,T ;L2)

]
≡ C2Nλ

N+1.
(5.26)

This implies (5.12), Lemma 5.3 follows. �

Lemma 5.3 is the key to obtain the asymptotic expansion of a weak solution
(uλ, Pλ) of orderN+1 in a small parameter λ. Indeed, we take w = v′ in (5.10)1
and after integration over t, we find without difficulty from Lemma 5.3, that

S̄(t) ≤ DTλ
2N+1 + (3 + 2 ‖α‖L∞)

∫ t
0 ‖v

′(s)‖2 ds+ J, (5.27)

where

S̄(t) = ‖v′(t)‖2 + ‖vx(t)‖2 + λ
∫ t
0 |v
′(0, s)|2 ds,

J=−2
∫ t
0

〈
β ∂2

∂s2

(∫ s
0 g(s−r) [G(v+U,Q+η)−G(U, η)] dr

)
,v′(s)

〉
ds.

(5.28)
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Put

σ(t) = S̄(t) + ‖Q′(t)‖2 + ‖Qx(t)‖2 . (5.29)

Apply similar methods as in above sections, we can estimate all the terms of
σ(t) and obtain

σ(t) ≤ η1(M,T )λ2N+1 + η2(M,T )
∫ t
0 σ(s)ds, (5.30)

where η1(M,T ), η2(M,T ) are positive constant depending only on M, T. Using
Gronwall’s lemma, we get (5.8). Theorem 5.2 is proved. �

Appendix. Proof of Lemma 3.2.
(i) Prove that ‖G(um−1(t), Pm−1(t))‖L∞ ≤ KM (G). By

‖um−1(t)‖L∞ ≤ ‖um−1(t)‖V ≤ ‖um−1‖L∞(0,T ;V ) ≤M

and ‖Pm−1(t)‖L∞ ≤ ‖Pm−1(t)‖V ≤ ‖Pm−1‖L∞(0,T ;V ) ≤M,
(a1)

we deduce that

|G(um−1(t), Pm−1(t))| ≤ ‖G‖C0([−M,M ]2) ≤ KM (G), a.e. x ∈ Ω. (a2)

Thus (i) holds.

(ii) Prove that ‖G(um−1(t), Pm−1(t))‖L∞ ≤
∥∥∥G(ũ0, P̃0)

∥∥∥
L∞

+ 2TMKM (G).

Let (iii) holds. Then

G(um−1(t), Pm−1(t)) = G(ũ0, P̃0) +
∫ t
0
∂
∂sG(um−1(s), Pm−1(s))ds. (a3)

Hence, by (iii) and (a3), we obtain

‖G(um−1(t), Pm−1(t))‖L∞

≤
∥∥∥G(ũ0, P̃0)

∥∥∥
L∞

+
∫ t
0

∥∥ ∂
∂sG(um−1(s), Pm−1(s))

∥∥
L∞

ds

≤
∥∥∥G(ũ0, P̃0)

∥∥∥
L∞

+
∫ t
0 2MKM (G)ds

≤
∥∥∥G(ũ0, P̃0)

∥∥∥
L∞

+ 2TMKM (G).

(a4)

Thus (ii) holds.
(iii) Prove that

∥∥ ∂
∂tG(um−1(t), Pm−1(t))

∥∥
L∞
≤ 2MKM (G).

We have

∂
∂tG(um−1(t), Pm−1(t))

= D1G(um−1(t), Pm−1(t))u
′
m−1(t) +D2G(um−1(t), Pm−1(t))P

′
m−1(t).

(a5)

By
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≤M,∥∥P ′m−1(t)∥∥L∞ ≤ ∥∥P ′m−1(t)∥∥V ≤ ∥∥P ′m−1∥∥L∞(0,T ;V )
≤M,

|D1G(um−1(t), Pm−1(t))| ≤ KM (G),

|D2G(um−1(t), Pm−1(t))| ≤ KM (G),

(a6)

we deduce that∣∣ ∂
∂tG(um−1(t), Pm−1(t))

∣∣ ≤ KM (G)
[∣∣u′m−1(t)∣∣+

∣∣P ′m−1(t)∣∣]
≤ 2MKM (G).

(a7)

Thus (iii) holds.
(iv) Prove that∥∥∥∥ ∂∂tG(um−1(t), Pm−1(t))

∥∥∥∥ ≤ ∥∥∥D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)
∥∥∥

+ 2TM (1 + 2M)KM (G).

Let (vii) holds. We have

∂
∂tG(um−1(t), Pm−1(t))

= ∂
∂tG(um−1(t), Pm−1(t))

∣∣
t=0

+
∫ t
0
∂2

∂s2
G(um−1(s), Pm−1(s))ds

= D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)

+
∫ t
0
∂2

∂s2
G(um−1(s), Pm−1(s))ds.

(a8)

Hence, by (vii) and (a8), we obtain∥∥ ∂
∂tG(um−1(t), Pm−1(t))

∥∥
≤
∥∥∥D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)

∥∥∥
+
∫ t
0

∥∥∥ ∂2

∂s2
G(um−1(s), Pm−1(s))

∥∥∥ ds
≤
∥∥∥D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)

∥∥∥
+
∫ t
0 2M (1 + 2M)KM (G)ds

≤
∥∥∥D1G(ũ0, P̃0)ũ1 +D2G(ũ0, P̃0)g(0)G(ũ0, P̃0)

∥∥∥
+2TM (1 + 2M)KM (G)ds.

(a9)

Thus (iv) holds.
(v) Prove that

∥∥ ∂
∂xG(um−1(t), Pm−1(t))

∥∥ ≤ 2MKM (G). We have

∂
∂xG(um−1, Pm−1)

= D1G(um−1, Pm−1)
∂um−1

∂x +D2G(um−1, Pm−1)
∂Pm−1

∂x .
(a10)
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By ∥∥∥∂um−1

∂x (t)
∥∥∥ = ‖um−1(t)‖V ≤ ‖um−1‖L∞(0,T ;V ) ≤M,∥∥∥∂Pm−1

∂x (t)
∥∥∥ = ‖Pm−1(t)‖V ≤ ‖Pm−1‖L∞(0,T ;V ) ≤M,

(a11)

we deduce that∥∥ ∂
∂xG(um−1(t), Pm−1(t))

∥∥ ≤ KM (G)
[∥∥∥∂um−1

∂x (t)
∥∥∥+

∥∥∥∂Pm−1

∂x (t)
∥∥∥]

≤ 2MKM (G).
(a12)

Thus (v) holds.
(vi) Prove that∥∥∥∥ ∂∂xG(um−1(t), Pm−1(t))

∥∥∥∥ ≤ ∥∥∥∥ ∂∂xG(ũ0, P̃0)

∥∥∥∥+ 2TM(1 + 2M)KM (G).

We have

∂
∂xG(um−1(t), Pm−1(t))

= ∂
∂xG(ũ0, P̃0) +

∫ t
0
∂
∂s

[
∂
∂xG(um−1(s), Pm−1(s))

]
ds;

∥∥ ∂
∂xG(um−1(t), Pm−1(t))

∥∥
≤
∥∥∥ ∂
∂xG(ũ0, P̃0)

∥∥∥+
∫ t
0

∥∥ ∂
∂s

[
∂
∂xG(um−1(s), Pm−1(s))

]∥∥ ds;
∂
∂t

[
∂
∂xG(um−1, Pm−1)

]
= ∂

∂t

[
D1G(um−1, Pm−1)

∂um−1

∂x

]
+ ∂

∂t

[
D2G(um−1, Pm−1)

∂Pm−1

∂x

]
= D1G(um−1, Pm−1)

∂u′m−1

∂x +D11G(um−1, Pm−1)u
′
m−1

∂um−1

∂x

+D12G(um−1, Pm−1)P
′
m−1

∂um−1

∂x

+D2G(um−1, Pm−1)
∂P ′m−1

∂x +D21G(um−1, Pm−1)u
′
m−1

∂Pm−1

∂x

+D22G(um−1, Pm−1)P
′
m−1

∂Pm−1

∂x .

(a13)

∥∥ ∂
∂t

[
∂
∂xG(um−1, Pm−1)

]∥∥
≤ KM (G)

[∥∥∥∂u′m−1

∂x

∥∥∥+
∥∥∥u′m−1 ∂um−1

∂x

∥∥∥+
∥∥∥P ′m−1 ∂um−1

∂x

∥∥∥ ]
+KM (G)

[∥∥∥∂P ′m−1

∂x

∥∥∥+
∥∥∥u′m−1 ∂Pm−1

∂x

∥∥∥+
∥∥∥P ′m−1 ∂Pm−1

∂x

∥∥∥]
≤ 2M(1 + 2M)KM (G).

(a14)

Hence, by (a13) and (a14), we obtain
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∂xG(um−1(t), Pm−1(t))

∥∥
≤
∥∥∥ ∂
∂xG(ũ0, P̃0)

∥∥∥+
∫ t
0

∥∥ ∂
∂s

[
∂
∂xG(um−1(s), Pm−1(s))

]∥∥ ds
≤
∥∥∥ ∂
∂xG(ũ0, P̃0)

∥∥∥+ 2TM(1 + 2M)KM (G).

(a15)

Thus (vi) holds.

(vii) Prove that
∥∥∥ ∂2∂t2G(um−1(t), Pm−1(t))

∥∥∥ ≤ 2M (1 + 2M)KM (G). We have

∂2

∂t2
G(um−1, Pm−1)

= D1G(um−1, Pm−1)u
′′
m−1 +D11G(um−1, Pm−1)

∣∣u′m−1∣∣2
+D12G(um−1, Pm−1)P

′
m−1u

′
m−1

+D2G(um−1, Pm−1)P
′′
m−1 +D21G(um−1, Pm−1)u

′
m−1P

′
m−1

+D22G(um−1, Pm−1)
∣∣P ′m−1∣∣2 ,

(a16)

we deduce that∥∥∥ ∂2∂t2G(um−1, Pm−1)
∥∥∥

≤ KM (G)
[∥∥u′′m−1∥∥+

∥∥∥∣∣u′m−1∣∣2∥∥∥+
∥∥P ′m−1u′m−1∥∥]

+KM (G)
[∥∥P ′′m−1∥∥+

∥∥u′m−1P ′m−1∥∥+
∥∥∥∣∣P ′m−1∣∣2∥∥∥]

≤ 2M(1 + 2M)KM (G).

(a17)

Thus (vii) holds.
(viii) Prove that∥∥∥∥ ∂2∂x2G(um−1(t), Pm−1(t))

∥∥∥∥
≤ KM (G)

[
4
√

2M2 +
(

1 + 2
√

2M
)

(‖∆um−1(t)‖+ ‖∆Pm−1(t)‖)
]
.

We have

∂2

∂x2
G(um−1, Pm−1)

= D1G(um−1, Pm−1)∆um−1 +D11G(um−1, Pm−1)
∣∣∣∂um−1

∂x

∣∣∣2
+D12G(um−1, Pm−1)

∂Pm−1

∂x
∂um−1

∂x

+D2G(um−1, Pm−1)∆Pm−1 +D21G(um−1, Pm−1)
∂um−1

∂x
∂Pm−1

∂x

+D22G(um−1, Pm−1)
∣∣∣∂Pm−1

∂x

∣∣∣2 ,
(a18)
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we deduce that∥∥∥ ∂2

∂x2
G(um−1, Pm−1)

∥∥∥
≤ KM (G)

[
‖∆um−1‖+

∥∥∥∥∣∣∣∂um−1

∂x

∣∣∣2∥∥∥∥+
∥∥∥∂Pm−1

∂x
∂um−1

∂x

∥∥∥]
+KM (G)

[
‖∆Pm−1‖+

∥∥∥∂um−1

∂x
∂Pm−1

∂x

∥∥∥+

∥∥∥∥∣∣∣∂Pm−1

∂x

∣∣∣2∥∥∥∥]
≤ 2M(1 + 2M)KM (G).

(a19)

Thus (viii) holds. The Lemma 3.2 is proved completely. �
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