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A note on Arhangelskii’s inequality

By Shu-Hao SUN

(Received July 29, 1985)

As we know, the famous Arhangelskii’s inequality, “Xe ,, | X|<2LX>-1X»
has been generalized to “|X| <2 -¢uO» (M) and the latter has not been
improved so far. In this paper, we will do this, see below.

Let X be a topological space and %, A infinite cardinal, w, the smallest in-
finite ordinal and the smallest infinite cardinal. [X]** will denote the collection
of subsets A of X with |A|<k. Let us write ([3]) ¢L(X)=w,  min{k | there
exists an A<[X]?*, such that (%) for each open cover U of X, there exists a
cye[v]s*, and Be[A]** satisfying UV UB=X}.

Clearly, d(X)>qL(X), L(X)>qL(X), s(X)>qL(X), and all the inequalities
are strict.

It is only slightly less trivial to show that s(X)>¢L(X), where s(X)=
sup{|A|: A is a discrete subspace of X}. To do this, we have to apply the
following lemmas.

LEMMA 1 (Sapirovskii [4]). Let X, if s(X)=Fk, then thereis a set S of
X with |S|<2% such that X=U{A: ACS, |A|<k}.

LEMMA 2 (Sapirovskii). Let U be an open cover of a topological space X,
let s(X)=Fk, then there is a subset A of X with |A|<k and a subcollection <V of
U with |V|<k such that X=AU(JV).

By virtue of Lemma 1, we only show that the set S in satisfies
(%) in the definition of ¢L(X). In fact, for each open cover U of X, let subset
B satisfy the condition in for each b= B, there is an A,CS with
| As] <k such that beA,. Let A=\pcpAs, then |A| <k -k=k, ACS, BCA and
X=BuU(Uwv)c AU(UB). This completes the proof of the inequality s(X )=>qL(X).

Again let us write S¢(X)=w, -min{k | for each x< X, there exists a family
of open neighborhoods {U,(x)} <k, such that {x}=a<sU(x)}.

LEMMA. Let X be a space with (X)-S¢p(X)<Fk, then for each Ac[X]*%*,
we have |A|<a*, where a>2.

ProOF. For each xe A4, by S¢P(X)< k, there exists a family of open neigh-
borhoods {Un(x)}a<s, such that {x}=\a<rUs(x). Thus {x}=Na<:U(x)NA. By
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HX)<k, Ya<k, there exists A,CU,(x)NACA satisfying |A,|<k and x4,
hence, {x}=Na<sAs and {A.} o<z €[[AJ**]=F. Therefore, |A| < |[[A]**]**|=a*.

THEOREM. If X&T,, then | X|L29LX)-4(X)-8¢(X

ProoOF. Let ¢L(X)-#(X)-S¢p(X)=Fk, then there exists a subset ACX with
| A| <2*% satisfying (x). For each xe X, let B, denote a family of open neighbor-
hoods {U,(x)}.<e such that {x}=/\.<:U.(x). Construct an increasing sequence
{H,:0<a<k*} of closed sets of X and a sequence {%B,:0<a<k*} of open
collections in X such that

(1) |Ha| <2k, 0<a<kt,

(2) B={V:VeB,, pe\UscaHp}, 0<a<k?,

(3) if W is the union of <k elements of B,,, B€[A]* and X\(WUB)# @,
then H\NWUB)# Q.

The construction is by transfinite induction. Let 0<a<k* and assume that
{Hg: B<a} have been constructed. Note that B, is defined by (2), so |B,|
<2*. For each set W which is the union of <% elements of ®B,, and for each
Be[A]5* which X\(W\UB)#@. Choose one point Py, 5 of X\(W\UB), let A,
be the set of points chosen in this way. Since |B,|=<2%, |A|<2% thus |A.|
<2*. Let H,=A,0UUp<aHp, by lemma, |H,|<2* and H, is closed, H,DHj,
for B<a. This completes the construction of {H,:0<a<k*}.

Now let H=\,<z+H,, it is closed (since #{X)<Fk and Ya<k*, H, is closed).
We will show that HUA=X, i.e., XNHCA. Let ge X\H, for each p=H,
take V,&%B, such that ¢ V,. So \J{V,: pcH}DH, by qL(X)<k, there exist
wwel{V,: peH}1%%, Be[A]** such that HC\Uaw\UB. If gqe BCA, then the
proof is complete. If g& B, then ¢&\UWUB, i.e., \UVUB#X. Thus, we
have Pu,ze XN\JWV\UB)CX\H. On the other hand, there exists B<k* with
Ve [Bsl**, so Pyw,ss Hp+1CH, a contradiction with the fact Py, ps X\H.

COROLLARY 1. If XET,, then | X|<2LX01Xdf(X)

PROOF. Since S¢PX)<L(X)-¢(X) (it is easy). Thus L(X)-¢(X)=
L(X)Sgb(X) We have IX]quL(X)-t(X%Sgb(X)SzL(X)-t(X)-S¢(X)._.2L(X)-t(X>-¢r(X).

ExAMPLE. Let X be Niemytzki plane [2, Example 1.2.4], then d(x)=q¢L(X)
=XUX)=t(X)=SP(X)=w,. But L(X)-#(X):-$(X)=>L(X)>w,.

COROLLARY 2 ([3]). If X&q,, then |X|<205X08X09(X)
PROOF. Since Xe T, we have S¢(X)=¢(X).
COROLLARY 3 ([3]). If X&d,, then | X| <20 XX,

REMARK 1. In the theorem, S¢(X) cannot be replaced by ¢(X), since there



Arhangelskii’s inequality 365

exists a Hausdorff space X of cardinality 2° that contains a countable dense
subset A consisting of isolated points of X such that the subspace X\A is dis-
crete. ([2, Ex. 3.1. F.(d) Hint]). It is easy to check ¢L(X)=d(X)=w,=¢(X)=t(X).
But IX] >c:2qL(X)-t(X)-¢(X).

For example, “Assume (2¢0<2¢1), let X be a normal space with gL(X)=w,,

then e(X)=w, where e(X), called the extent of X, is the smallest cardinal
number m>%, such that every closed subset of X consisting exclusively of iso-
lated points has cardinality<m.” which generalized Jones’ theorem that if
290291 then every separable normal Moore space is metrizable.
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