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A NOTE ON BERNOULLI NUMBERS AND SHINTANI
GENERALIZED BERNOULLI POLYNOMIALS

MINKING EIE

ABSTRACT. Generalized Bernoulli polynomials were introduced by Shintani in
1976 in order to express the special values at non-positive integers of Dedekind
zeta functions for totally real numbers. The coefficients of such polynomials
are finite combinations of products of Bernoulli numbers which are difficult to
get hold of. On the other hand, Zagier was able to get the explicit formula for
the special values in cases of real quadratic number fields.

In this paper, we shall improve Shintani’s formula by proving that the spe-
cial values can be determined by a finite set of polynomials. This provides
a convenient way to evaluate the special values of various types of Dedekind
functions. Indeed, a much broader class of zeta functions considered by the
author [4] admits a similar formula for its special values. As a consequence, we
are able to find infinitely many identities among Bernoulli numbers through
identities among zeta functions. All these identities are difficult to prove oth-
erwise.

1. IDENTITIES AMONG BERNOULLI NUMBERS

The Bernoulli numbers B, (n =0,1,2,---) are defined by

t = B,t"
et—lzz% T [t] < 2.
From the definition, one has By = 1, By = —1/2. Also Bag41 = 0 for k > 1 since

the function
t n t
et—1 2

is an even function of ¢ by direct verification. Bernoulli numbers are used to express
the special values of Riemann zeta function

oo

((s) = n7*,

namely, , .
_ @m)*(=1)"" Bam

m > 1.
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1118 MINKING EIE

Given the functional equation of ((s), this is equivalent to

BZm
2m

¢(1—2m) = —

n [10], Zagier considered the zeta function associated with a quadratic form
Q = ap® +bpq+cq?® with a, b, ¢ > 0, D = b?> — 4ac > 0. The zeta function is defined
as

o0 o0 1
9= 30D (ap ¢ bpg +c?) "+ L@+ e C(2)
p=1qg=1
He proved that the special value of Zg(s) at integer —n, n > 0, is given by

BQn+2 —b/2a b/2c
Zg(—n) = (fm)[/ (az? + bx + ¢)"dx + /0 (a + by + cy?)"dy]

+Z Br41Bon—r41 -1/2 ifn=0,
(r+12n—7r+1) """ 0 ifn>1.

T

where d,,, is the coefficient of "y ~" in (ax? + bxy + cy?)".

Remark. Zagier’s formula was reproduced in van der Geer’s book [5] with a slight
mistake. The formula here is a corrected version.

In [4], the author considered the zeta function Z(P, §; s) associated with a prod-
uct of linear forms

n

P(z) = H(aljacl + -+ ariae +65), Re ai; >0, Re §; >0,

j=1
defined as
ZPGD=3 3wl PP ) Ress AT
ni=1 n,=1 n
Here 8 = (B1,---,0) is a r-tuple of non-negative integers. The special value of

Z(P,(3;s) at integer —m, m > 0, can be determined by n - 2" polynomials which
are related to % P™(z). Indeed, one has

(

1 . .

Z(P,f;—m) = —~ > J q[/ 2P P (x)daj, - day,)
1<j1 <+ <jq<r Aj(zgy 5 T5q)

When a;; and ¢; are real numbers, the domain Aj(zj,,--- ,z;, ) is a simplex in RY
defined by
{ Ly SO? y Ljq SO,

a1 + -+ apjz, + 65 > 0.
Also for any polynomial f(z) =Y aqz{" - xp" of p variables,

- Zaaceal) (=)

al (a1 +1) - (ap+1)

With the formula we shall derive below for special values of Z(P, 3;s), we are
able to transform identities among zeta functions into identities among Bernoulli
numbers. The procedure is demonstrated in the following proposition:
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A NOTE ON BERNOULLI NUMBERS 1119

Proposition 1. Forn > 4, one has

< (2p— 2 2n—2p72)! 2 2n—2p ° 2n’6(2n—2)(2n—3) "

Proof. Consider the zeta function

— i i nlng(nl +n2)75, Re s > 4.

n1:1 n2:1

Let 7 = n1 + no be a new variable in place of no. Then for Re s > 4,

r—1
E r—°. E (r—nq)ny

n11

[C(s =3) = <C(s = 1)].

One can now make an analytic continuation. In particular, one has for n > 4

24— 2n) = £[C(1 —2n) ~ (3~ 2n)]
_ 1. By | B
- 6[ 2n ' 2n— 2]'

On the other hand, we also have

—X

Z(4=2m) = Play(e +y)*" ] + J| / wy(w+y)™"dy + /Oiy(:v + ) da]

0
_2§:4 (2n—4 Bpio Bop_p o (- B2n) 2
p!l(2n —p— 4) p+22n—p—2 2n " (2n — 2)(2n — 3)
_ 3 (2n —4)! Bap Ban—zp | 1 Bano
= 2p—2)!2n—2p—2)! 2p 2n—2p 62n—2
By, 2
" 2

(= 2n )(2n72)(2n—3)'

Comparing the two expressions for Z(4 — 2n), we get our assertion. (I

Remark. The identity of Proposition 1 appears in [7] as a consequence of an identity
among Eisenstein series of different weights:

n—2

%(Qn +1)(2n —1)(2n — 6)Gan(z) = Z(Qp —1)(2n — 2p — 1)Gap(2)Gan—2p(2),

p=2
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1120 MINKING EIE

where Gay(z) is the Eisenstein series defined by

Gox(2) = Z (m+ nz)_%.

(m,n)€Z?>—(0,0)

The above procedure can be applied to other zeta functions to get a lot of
identities of a similar kind. Here we mention some of them.
(1) Consider the identity of zeta functions:

Zi(s) = Z Z (n1+mn2)"" =((s—1) = ((s) .
n1:1 n2:1
With s =2 — 2n, n > 2, one gets the classical identity due to Euler [1],

n—1 (271)'
———— — BorBoy_or = —(2n + 1) Bay.

; k)20 —2k) P2 Bon—2e = —(n+ 1) Bs

(2) Consider the identity of zeta functions:
(o] o0 o0 . 1
Za(s) = Zl 21 Zlml 2 +15) " = S[C(s —2) = 3¢(s — 1) +2((s)].
ni=1lnz2=1nsz=

By letting s = 3 — 2n with n > 3 and using the identity in (1), we get

(2n)! _ (2n+1)(2n+2) n(2n —1)
2 GGy Bl = Ty Bt T B
p,q;r>1

(3) Consider the identity of zeta functions:

oo 0 o0

D00 > > (mtmatnstng)

’Il1:1 n2:1 n3:1 ’Il4:1

1

gl¢(s = 3) = 6¢(s = 2) +11¢(s — 1) — 6¢(s)]-

Z3(s)

By letting s = 4 — 2n with n > 4 and using the identities in (1) and (2), we get

(2n)!
Bayp Bay B Bas
,,+q§+52n (2p)!(2q)!(2r)1(2s)1 2772
p,q,7,52>1
2n+1)2n+2)(2n+ 3 4n?(2n —1
:7[( )( - )( )B, + (3 )BQH].

(4) Consider the identity of zeta functions:

Zu(s)= 30 3 mindlm +m2) " = 5[(s —5) — ((s— 1)

n1:1 n2:1
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A NOTE ON BERNOULLI NUMBERS 1121
By setting s =6 — 2n, n > 4, we get

ni?; (27’L — 6)' ng Bgn_gp
= (2p—3)

[(2n—2p—3)! 2p 2n—2p

(2n + 1)(4n? — 26n + 60)

B B2n 1
T302n—-3)2n—4)(2n—5)" 2n

2n

(

(5) Consider the identity of zeta functions:

Zs(s)= D D Y mnang(ni+no +ns)

n1:1 n2:1 n3:1

1 1 1
= 19008 =5) = 57605 = 3) + 55 — 1)

By setting s = 6 — 2n with n > 6, we get

(27’L — 6)' ngngBQT
Z (2p — 2)1(2q — 2)!1(2r — 2)! 8pqr

ptg+r=n
P,q,r>2

Bo, ., 1 2n? — bn 1  Bon—
- (_%)[Eo T 2n—2)2n—3)2n —4)(2n — 5)] + %(mjf Z)'

2. SHINTANI'S GENERALIZED BERNOULLI POLYNOMIALS

The classical Bernoulli polynomials B, (x) (n =0,1,2,---) are defined by

Bn(z) = En: (:) Bn_xa".

k=0

Here (Z) is the binomial coefficient (n——k)'k'

Equivalently, one has

te®t 2. B, (x)t"

et —

Bernoulli polynomials can be used to express the special values at negative in-
tegers of Hurwitz’s zeta function ((s;z), defined by

oo

C(s;x):Z(n—f—x)*S, x> 0,Re s> 1.
n=0
In fact, one has for m > 1,
B,
(1 —mia) = —2nl2)
m
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1122 MINKING EIE

For any r x n matrix A = [a;x] with positive entries and any r-tuple of complex
numbers © = (x1,--- ,2,), Shintani considered in [6] the zeta function

C(s, A x) = Z Z H[alk(nl +x1)+ -+ ark(ne +x0)] 70

n1=0 n,=0 k=1

Set .
{Lj(t)—aj1t1+~~-+ajntn, 1§]§T,

Lz(u):alkul—’—"'""arkuru 1§I€STL

Shintani’s generalized Bernoulli polynomial B,,(A, z) is defined as the special
value of (s, A,x) at s =1 — m up to a constant factor; namely,

C(l —m, A7 CC) = (71)Tm7an(Aa :E)
In the same paper, Shintani was able to express B,,(A,z) in terms of a combi-
nation of products of Bernoulli polynomials as follows:
B (A, z) By, (z1) -+ By, (1)
—— = = C(A,

Ip|=n(m—1)+r
P1,,pr2>1
n

1 By, (z;
S D | s el CYWAL)
S |ql=n(m—1)4r jES 4 k=1
g;>1

Here C(A,p) is the coefficient of (t1 ---#,)™ ! in the polynomial H Lyt 8
j=1

ranges over all non-empty subsets of I = {1,2,---,7}, and C(S,q, A)*) is the

coefficient of (t1 -+ tr_1tgs+1---t,)™ ' in the Taylor expansion of the function

|} RZIOKA | BZI0]
JeS JES

Such a formula is useful in calculating the special values at non-positive integers
of Dedekind zeta functions of totally real number fields. However, it is typically
quite painful and laborious to compute C(A, p) as well as C(S, g, A)*).

Here we shall prove that {(1 —m, A, z) can be determined by n - 2" polynomi-
als which can be obtained from [P(u)]™ ' = [[;_, L;(u)™ ! by integrating over
certain simplexes. We need a correspondence from polynomials to products of
Bernoulli polynomials.

Given any subset S of I = {1,2,---,r} and polynomial g(u) with variables in

P

g(w) = > ba- [ u,

|| =0 €S

we let

sl =3 ba.H*Bai—Mzi),

a; +1
|a|=0 i€s it

When S = @, we let Jy[c] = ¢ for any constant c.
Then Shintani’s formula for {(1 —m, A, z) can be reformulated as follows:

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A NOTE ON BERNOULLI NUMBERS 1123

Theorem. In the above notation, for any positive integer m,

C(1—m,Ax)= ZJS Z Pml )Hd“j

Ak,s( ¢S

Here S ranges over all non-empty subsets of I = {1,2,---,r} and Ay s(u) is the
simplex defined by

Ags(u): (uj)jgs, uj <0, Li(u) = argur + - + arptr > 0.

To prove the theorem, we need to evaluate C(A,p) and C(S,q, A)*) explicitly.
Here we transform them into integrals so that we can apply the results obtained in

[4].
Let E™ be the standard simplex in R™ defined by

E": (u1, - ,up) € R u; >0, Zuizl.

i=1
Let dU = du; - - - duy,,_1 be the Euclidean measure on E™.
Lemma 1. For any homogeneous polynomial P(u) of degree n(m — 1), the integral

F(s) = ﬁ / (uy - up)*  P(u)dU, Re s > 0,

ETL
as a function of s, has an analytic continuation to the whole s-plane. Furthermore,

F(1—m) = (=)= DDy l(m — )" x [coefficient of (uy - un)™ Lin P(u)].

Proof. Let
P(u) = Z Cauy* - - - ubr.
[Bl=n(m-1)
Then, for Re s > 0, a term by term integration yields

_ (S+ﬁ1) (5"'571)
FO= 2 O s 1A

For fixed 8 = (61, -+, B,) with || = n(m — 1), let

D(s+p1)---T(s+ Bn)
[(s)"='T(ns +16])

Note that any possible poles of T'(s + (1) ---T'(s + (8,) are cancelled by the poles
arising from T'(s)"~'T'(ns + |B]). Thus Ag(s) is a regular function of s. Also
Ag(l —m) =0 unless f; = 2 = --- = B, = m — 1. For such an exceptional case,
we have

Ap(s) =

Ag(1 = m) = (=)D Dp[(n — 1y,
This proves our assertion. O

With Lemma 1, we are able to express the coefficient C(A, p) in Shintani’s for-
mula as follows.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1124 MINKING EIE

Corollary. For any r-tuple of positive integers p = (p1,...,pr) with |p| =
n(m —1) +r, one has

nC(A,p) = (=)D D](m — )" P - m),
where for Res > 0,

Fle) = # /n<ul T H Lj(u)P~'du.0

We now proceed to consider the same type of integral as F(s) but with p; =0
for some j. First we need a lemma to evaluate the integral around a particular
vertex of E™. For any positive number h < 1, we let E}(h) be the subset of E™
defined by

EMR) ={(uy,... ,un) €E" |0 < uy + ...+ uj_1 +ujpr + ...+ up < b}
:{(uluaun)EEn|1—h§’u,7§1}

Lemma 2. For Res > 0 and nonegative integers o, ... ,Qy, one has

/ [t —tdu
7 (h) =1
1

h
= [(s+ i) - / t("*1)5+|a\rl(1 —t)stei—lgy
1;! I((n =1)s +lal;) Jo

where |a|; = |a| — a;.

Proof. Set
t=up+...+uj—1 +ujp1 +...+ up,
ui=—  (i#))
Then v’ = (uf, ... ,uwj_y, Uy, . up) € E" ! and
ot,uy,...,ul) _ p2n
5(”1;”27 e ,Un—l)
So if we take t and v’ as new variables in place of ui,us, ... ,u,, the integral is

transformed into

h
/ H(U;)S+ai_1dU// t(n—l)s+|a\j—l(1_t)s-i-aj—ldt.
En-1
i#]

0

The first integral in the above is the standard g-function of several variables; it is

equal to
1

11T+ o) s any

i#]

Our assertion thus follows. O
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A NOTE ON BERNOULLI NUMBERS 1125

We are now ready to evaluate the integral F'(s) at s = 1 — m when p; = 0 for
some j. With a permutation in the indices, we can suppose that

p=...=pg=0, pgpq1=21....pr 21, I<g<r.

For Re s > 0, set

G(s):#/n(ul...un)“l 1 2] Law)tdv
=1

Jj=q+1

with pgy1+...+pr = n(m—1)+r. Note that HT L;j(u)?"~! is a homogeneous

J=q+1

polynomial in uq, ... ,u, of degree n(m — 1) + q. Put
H Lj(u)pj*1 = Z boult .. upm.
j=q+1 la|=n(m—1)+q
Then
G(s) = > baGals)
|a]=n(m—1)+q

with

_# & sta;—1 ! . —1
Gule) = rgyer [, TLw T st

For Re s > 0, G,(s) is an analytic function of s, and it has analytic continuation
in the whole complex plane as we shall see. We are interested in the special value
Go(1 —m).

Lemma 3. Suppose a = (aq,...,q,) is an n-tuple of nonnegative integers with
ol =n(m—1)+q, ¢ >1. If aj,ap > m for j #k, then Go(1 —m) =0.

Proof. Since the singularities of the integral G, (s) arise from integration around
vertices of E™, to show G, (1—m) = 0, it suffices to prove that the partial integration

n

1 o1 T ~
Gi(s) = W/( Huﬁ ) 1HL1’(U) tau
P =1

h) =1

vanishes at s = 1 — m. But this follows from the fact that the difference

n

Ga(s) = > _ Go(s)

iS]
—_

can be eliminated via I'(s)'~™ when s = 1 — m. In particular, one has

n

Go(l—m)=>_ Gh(1—m).

3
—_

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1126 MINKING EIE

Around the vertex u, = 1, suppose that

q [o%¢)
H Li(u)™' = Z Caui" .. .uﬁﬁ?uﬁfﬁl b
i=1 |B8]=0

By Lemma 2 and a term by term integration, we get
Gh(s)= > Co[[T(s+ i+ B) T(s)' ™ Iapp(s)
|B]=0  i#p
where

1
n—1)s+ |al, + (0]

h
I, , (S) = / t(nfl)s+\a|p+|ﬁ\71(1 B t)erap—ldt.
B.p 1—\( ) .

I 3,p(s) is an analytic function of s for Re s > 0 and it has analytic continuation in
the whole complex plane. Note that I'(s)!~" has a zero of order n—1 at s =1—m

while the order of the pole at s =1 —m of H# I'(s + a; + (3;) is no greater than
i#p

n — 2 since a; > m for at least one i. So GE(1 —m) =0 for all p. This proves our
assertion. |

By the above lemma, we know that G, (1 —m) = 0 unless a;; > m for exactly
one j. Now we proceed to consider these exceptional cases.

Lemma 4. Suppose that « = (aq,... ,qy) is an n-tuple of non-negative integers
such that |o| =n(m—1)+q¢,¢> 1, a1,... ,an—1 <m—1 and a,, > m. Then
Ga(l—m) = (=1 D =D](m — 1yt
n—1

x the coefficient of H u" 1% in the Taylor expansion
i=1

q
of the function (1 —uy — ... —Up_1)*" ™ H Li(u)~
i=1

q
Proof. Suppose that around u; = 1, the Taylor expansion of H Li(u)~! is given
i=1
by
o0
Z Cgul* ... ufj_’llu?fll ub
|8]=0

As in the previous lemma, we have for Re s > 0,

_ 1 n d
Gl = —— / ST Li(u)~tdU
F(S)nfl n (h) H H

=1 i=1

= > Cs][T(s+ai+B)-T(s)' " Lap;(s),
B0 i
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A NOTE ON BERNOULLI NUMBERS 1127

where
1 " jn=1)s+lal;+16]-1 1
Inp,(s) = / tin=Dstlali+ipl=1 _ystai—lgy,
! I((n=1)s +lal; +161) Jo
If j # n, then the product of gamma functions (s HF s+a;+6) -T(s)!™

i#]
will vanish at s = 1 —m. So only G”(s) has a nontrivial contribution to G4 /(s) at

s =1—m. In the case j = n, the factor (1 —¢)***»~1in I, g ,(s) has no further
pole at t = 1, since ay, > m. So we can replace I, g.,(s) by

1
I((n=1)s + |af, + (6|
_ T(s+an)
L(ns +lal +16])

1
) / t(nfl)s+\a|n+|ﬁ\fl(1 _ f)s+a"71dt

In fact, the difference between the two integrals can be eliminated by the zero at
s=1—m of ['(s)!~". Consequently, we have

Gr(l—m)= > CpAss(l—m)
181=0
where )
Ao s(s) = I(s+an) [T T(s+ ;i + 6)
’ [(s)" =10 (ns + |af +[6])
Note that A, s(s) is an analytic function of s for Re s > 0 and it has analytic

continuation in the whole complex s-plane. Also A, g(1 —m) = 0 unless a; + 5; <
m — 1 for 1 <i¢<n—1. For such exceptional cases, one has

_ — (_1\|alntI8] ani )'
Aa,ﬁ(l m)—( 1) * ﬁ+q_1 H —1_az ﬁl)'

It follows that

Go(l—=m)=G2(1—m)
n—1 )

— laln+18] —
= 2 (G ﬂ+q*1'£[1 *1*% Bi)!

0<Bi<m—1-a;

n—1

= (=)= V=D — 1)]" 1 x the coefficient of H w1 in the
i=1

Taylor expansion of the function (1 —uy — ... —up_1)*™ ™ H Lj(u)™!

With Lemma 3 and 4, we are able to find the special value G(1 —m) in terms of
coefficients of functions

w;™ [ L=/ ][ Liw)  G=1,....n).
i=1

i=q+1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1128 MINKING EIE

This is equivalent to compute Shintani’s coefficients C(s,q, ) (k = 1,...,n),
which are defined in terms of coefficients of the function

11 Lz‘(u)pﬁl/HLi(U) luj=1 -

1=q+1
Precisely, we have the following.

Lemma 5. Let . .
fow) = T Lo/ T] Litw)
i=q+1 i=1

with |p| = n(m — 1) +r. Then the coefficient of (u1...un—1)™ "1 in the Taylor

expansion of fp(ui, ..., un—1,1) at ug = ... = up—1 = 0 is equal to the coefficient
of (ui,... ,un_1)™"1 in the Taylor expansion of

gur, .. ytup—1) =1 —ug — - —tUp1) " f(u1, .o yUp—1, 1 — U1 — ... — Up—1)
atur =...=up_1=0.

Proof. For Re s > 0, consider the integral

1

)= e

/n (U1 un )~y (w)dU.

For 1 < j < n, we let F}; be the subset of E" defined by

Fi ={u=(u1,... ,u,) € E" | u; <u; for all i # j}.

Then Fi, ..., F, are pairwise non-overlapping and E"™ = U?Zl F;. Let
Gy() = oy [ (o)™ fy(w)dU
(s _F(s)”*l . UL .. Uy p(u)dlU.
J
Now we focus our attention on the case j = n. F, contains the vertex V,, =

(0,...,0,1) of E,, so by Lemma 4, we have

Gin(1 = m) = (~1)" DD — 1))

x the coefficient of (u ...u,_1)™ "' in the Taylor expansion of

glut, ... yup—1)at ug =...=up_1 =0.
We want to prove Gy, (1—m) can also be given by the coefficient of fp(u1, ... ,un—1,1).
With the change of variables: (uq,...,un) = u(vi,...,vn-1,1), we then have
1 ' (m—1)—2 1
Gn(s) = —/ grstnim=1)= du/ (V1.0 V1)’ fp(vr, .ot s Up—1)dV
L)t Jim C(u) P

where C(u) is the simplex in R"~! defined by

Clu)={(v1,...,00-1) |0<v; < Lo+ ...+ vp_1 = (1 —uw)/u}.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



A NOTE ON BERNOULLI NUMBERS 1129

Observe that the singularities of G,,(s) arise from the integration around v = 1. In
order to get G,,(1 — m), we consider

1 1
G, _ ns+n(m71)72d
aQ(S) F(S)"_l /176’“ U

X / (’Ul ...’l}n_l)silfp(vl,... ,vn_l,l)dV
C(u)

instead for sufficiently small § > 0. For vy + ... +v,-1 < %, suppose that

oo
a QAn—1
folvr, ... op-1,1) = E bovit . ov, "t
|a|=0

1—
With the change of variable v; = uvg (i=1,...,n—1) and a term by term

u
integration, it yields for Re s > 0 that

& T(s+ar)-T(s+an)
Gns(s) = o%—:oba L((n— i)s + |<34|)F(5)"711

1
></ (1 = )(n=Detlal=1ystnim=1)=lal-1g,
1-5

If || > (n—1)(m —1), the integrals appear in Gy, 5(s) are convergent for s =1—m
while the product of gamma functions vanishes at s = 1 —m. On the other hand, if
la| < (n—1)(m — 1), then y*tn(m=D=lel=1 g 5 regular function of u at s =1 —m
and u = 0, so one can replace the integral in G,, s(s) by

1
/ (1 - u)(n71)5+|a\71us+n(m71)7\a|71du
0

_I((n=1Ds+a))T(s +n(m —1) — |o])
T'(ns+n(m —1)) '

Hence the contribution to G s(1 —m) from those terms with |a| < (n —1)(m —1)

is given by
Z baaa(l —m),
laj<(n—1)(m—1)
where
ta(s) = I(s+a1)..T(s+an-1)T'(s+nim—-1) —|a)

e I'(s)»1T(ns +n(m — 1)) '
However ao(1 —m) = 0. It remains to consider the cases |a| = (n — 1)(m — 1).

N(s+a1)...T(s+an-1)

vanishes at s = 1 — m unless a; = --- =

In these case

T(s)" 1
an—1 = m — 1. Also the special value at s = 1 — m of the integral
1 ! (n—1)( -1 2
1— n—1)(s+m—-1)—1, s+m— d
ey ey A e
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is 1 by the residue theorem. Consequently we have
Grs(1—m) = (=1 DD — D" by g e

This proves our assertion. O

Integrals of types F'(s) and G(s) are considered in [4] with the notation Hg(s):

Hp(s) = ﬁ/ )*" 1]—[ w))%~1dU,

where 8 = ((1,. .., B;) is an r-tuple of non-negative integers with |3 = n(m—1)+r.
Also the special value Hg(1 —m) is given explicitly there. Now we are ready to
prove the theorem.

Proof of the theorem. For Re s > 0, one has

n
T(s)" [Jlaak(na + 1) + ... + ark(ne + 2,)]” / / -
k=1

NE

x exp[— Y [aig(ni +21) + ... + ark(ny + )] yk]dys - . . dyn.

=
Il

1

Therefore for Re s > r/n, one has

n __ < < s—1 - eXp[(l B zJ)LJ(y)]
C(s, A, z)[(s)" = /0 /0 (y1-.-yn) jl;[l exp[Li(y)] — 1 dyy .. .dyn.

With the change of variables
Y1y yn) =t(ur, ..., un), t>0,(u,...,uy,) € E",

the integral becomes

Rewrite the above formula as
C(s, A, 2)T(s) = / t"s L (s, t, x)dt,
0

where

1 texp[t(l — x;)L;(u)]
I,(s,t,x) = =——— TV I qU.
n(8:62) = Frsa / Jw JHl expltL; (u)] — 1
I,,(s,t, x) is an analytic function of s for Re s > 0 and has an analytic continuation
since it is an integration of a continuous function over F, with respect to the
measure

W(Ul e un)s_ldU.
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On the other hand, I,,(s, ¢, x) is a rapidly decreasing function in ¢, and for sufficiently
small ¢, it has the power series expansion

= Bs,(1—x1)...Bg (1 —x,
WZ 1181 8 ( :;11)'/6;?( £ )Hg(s)
=0

Now the special value of {(s, A,z) at s = 1 — m can be determined by comparing
the residues at s = 1 — m in both sides of equation

C(s, A, x)T'(s) = /000 t" T (st x)d.

The result is

~1)™ 1 (m - 1)! -1)’B -+ Bg, (2
C(l—m,A,x): ( ) (m ) Z ( ) ﬁl(‘rl) BT(‘T )Hg(l—m)
n Bl Bl
|Bl=n(m—1)+r
For g1 > 1,--- .6, > 1, H;Zl[Lj(u)]Bﬂ'*l is a homogeneous polynomial in
Uy, -+, uy, of degree n(m — 1). By Proposition 4 of [4], we have

1)y (m — 1)! “1)8Ba (1) --- x
(-1) n( 1)! 3 (-1) 3%1(!.1.).6”3@( D Ho(1— m) = S P )],

|Bl=n(m—=1)+r
B121,,Br2>1
where I ={1,2,--- ,r} and P(u) = [[/_, (a1ju1 + - - - + arju,).
Iflgl = = Bq = 07 /8(1+1 > 1; 767“ > 17 we let S = {Q+17 ,7’}. BY
Propositions 5 and 6 of [4], we get

_1m—1 — 1) 713B ... B -
()" m 1) > () Bisgr) Balen)
n ... 53]
|8|=n(m—1)+r o+l
B1=--=p4=0,Bg+1>1,--,8->1
1 n
= —Js[ / P Y u)duy - - - dug),
DDA
where A g(u) is the simplex in R? defined by
(ulv"' y U ) GR(I,
Aj)s(u) : { a _
up <0, ,ug <0, Lj(u) =ajur + -+ apju, > 0.

We now compare our formula with the formula obtained by Shintani in [6]. First
we consider the coefficient C'(A,p) that appears in the first part of Shintani’s for-
mula for (1 —m, A, x). According to his result, it is the coefficient of (¢ ...¢,)™

T

in the polynomial function H L;(t)?~'. As we obtained in Lemma 1, it is the

j=1
special value of the integral

F(s) = #/n (w1 ...yt H Li(u)P~dU
j=1
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up to a constant factor. Indeed, we have
nC(A,p) = (1) V=D — )" 1E(1 —m).
However we have the further result that C'(4, p) is nothing but the coefficient of
(—1)(n(m=1)
(p1 =Dt (pr = 1)!

in the polynomial function

p1—1 -1

P
upt o .ulr

[Tzi@rm=" = [laww + ... + apu, ™1
k=1

k=1
In fact, if
H [Li(u)™ ! = Z Couft ... udr,
k=1 la]=n(m—1)
then

By, (z1)...Bp,(zr)
p!...p!

C(A,p)

[pl=n(m—1)+r

. Ca(_l)n(m—anH(iUl) . -Bar+1($r)_

.. (a+1
almt—1) (+1)...(ar +1)

Secondly, consider the coefficient C(S, q, A)*)(k =1,... ,n). It is the coefficient
of (t1...tk_1tks1...tn)™ ! in the Taylor expansion of the function

| I RZIOKZaA | RZIO ) =y
JeS JgS
Again we rewrite such a coefficient as the special value of the integral
1 o S
m/n(ul...un) T 2@ @@=t T L (wydv.

jeS Jjgs

G(s) =

The special value of G(s) at 1 —m can be obtained by computing the coefficient
of certain functions expanded at vertices of E™. The difficulty in such an algorithm
is the discovery that these coeflicients are also coefficients of polynomials which can

n
be obtained from H [L;(w)]™ ! in an elementary way. For example, for the case

k=1
S={q+1,...,r}, the polynomial function is given by

- [Li(w)]™  duy .. . dug,

where Aj(u) is the simplex in R? defined by

Aj(u) rup <0,... ,uy <0, Li(u) > 0.
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3. IDENTITIES AMONG BERNOULLI POLYNOMIALS
Here we discuss two kinds of identities among Bernoulli polynomials.

Proposition 2. For a positive integer n > 2, one has

Z o (@) Ban 4 ()

7[(271 - 1)B2n(oz +06)+2n(1 —a — B)Bap—1(a+ ) + Ban(a) + B2, (8)].

Proof. For the time being, we assume that o and § are positive numbers. For
Re s > 1, consider the identity of zeta functions

mzzomzzouma) (2 + B)] Zk+a+g
—C(s—Tia+8)+(1—a-B)(sa+P).

From the special value at s = 2 — 2n, we get

2n—1
1

Z k'2n By(a) Ban—1(8) + man(Q) + mB%(ﬁ)

l—a—-p

o — 1 Bon—1(a+ ).

= _%3271(@ + ﬁ) -

Multiplying both sides by 2n(2n — 1), we get our assertion for & > 0 and 5 > 0.
Both sides of the identity are polynomial functions in a and 3; they are equal for
a > 0 and 8 > 0. It follows that they are equal for all a and g. (I

Proposition 3. For a positive integer n > 1, one has

42k: 2n—2kB B .
k)] n—2k) 6 2k Bon—2k

M |

k=1
1
—[(2n — 1)2*" 4 6®" + 4°"]| By, + (16n)62"*232n(§).
Proof. Consider the zeta function
= Z Z (4n1 +6n2)° + (477 +67°)((s)
ni =1 n2:1
which is equal to the Dirichlet series
> a(k)k™
k=1

where a(k) is the number of non-negative integral solutions of the equation 4x+6y =
k. Obviously, a(k) = 0 if k is odd. For even k, we have

k+5 1 1
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with

1 if k= 0(mod 6),
b2(k) = ¢ =1 if k=2(mod 6),
0 if k= 4(mod 6).

51(k) = { 1 if k=0(mod 4),
N if kK = 2(mod 4),

Consequently, from two expressions of Z(2 — 2n), we get

n—1

2%k 2n—2k
25! 2n—2k) P R e AV e L Boy Ban—2k

HM

1 1
= —[(2n —1)2*" 462" + 42"]Bgn+(3n)42"*132n,1(§)+(16n)62"*232n(§).

Note that Ba,_ 1( ) = 0. So we have the desired identity. O

Remark. a(k) is just the dimension of the space of modular forms of weight k of
one variable in the upper half plane.

4. GENERALIZED BERNOULLI NUMBERS

Let x be a Dirichlet character with conductor N. The L-series defined by

= Zx(n)n_s, Re s > 1,
n=1

is a holomorphic function of s for Re s > 1. Also it has an analytic continuation
which is holomorphic in the whole complex plane except for a possible simple pole
at s = 1 when y is the trivial character xo defined by

Xo(n) =1 if (n,N)=
Especially, the special value of L(s;x) at a non-positive integer —m is given by

Bm 1,
where the generalized Bernoulli number By,  is defined by

al ; =t 2T
x@ee — 1) =3 DB <o

Jj=1 m=0

See also [9] for the definition. From the definition, we see immediately that

By =N" ZX B ( ’)

In the following, we compute the special values of an L-series by the result of
the author in [3].
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A NOTE ON BERNOULLI NUMBERS 1135

Proposition 4. Suppose that x is not a trivial character and
k
:E):H(CLJ‘CC+6J'), a;j >0, Re 6j/aj > —1,
=1
is a polynomial with real coefficients. Define
o0
SPXZZ n)~?, Re s > 1/k.

Then for any integer m > 0,

1
—m; P, x) ZaT TTI 1X

where a, is the coefficient of " in P™(x).

Proof. Replace P(x) by P™(x) if necessary; we therefore need only consider the
cases m = 0 and m = 1. Rewrite the zeta function as

N 00
L(s; P,x) = »_x()) Y_ PG +nN)~*
Jj=1 n=0
Set
k .
P(z)=> bz’ and Zp;(s Z P(j +nN)~
1=0

Then by the main theorem of [3], we have

Zp;(—1)=P(j)+ J[P(j + Nz)]

k u”
Z/ (j + Nz)dz,

where p;; = —(ja; + 6;)/a;N (i =1,--- k) are zeros of P(j + Nz). By a change
of variable in the integral of Zp ;(—1), we get

wl>—~

1 k —6i/a;
Zp;(=1) =P(j) + J[P(j + Nx)] + N - / P(z)dx

5 /ai j
= P(j) + J[P(j + Nz)] Z/ z)dx — %/P(:c)dx.

A direct verification shows that

PO+ PG+ N = [Plade == 3 b T Bl
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It

follows that
N
L(-1;P,x) =) _x()Zp;(-1)
Jlk b, N o ; L Ry
= *Z:OZ 1 ;X(J)N Biti(5) + W;((]); ; P(z)dx

- i=0 1+1 s

In the same way, we can compute the special value L(0; P, x). This proves our

assertion. |
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