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Abstract

In this paper the notion of fuzzy prime ideal in I'-semigroups has
been introduced and studied. Relationship between prime ideals of a
I'-semigroup and that of its operator semigroups have been obtained
which are used to revisit analogous results on ideals of I'-semigroups
and its operator semigroups.
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1 Introduction

[-semigroup was introduced by Sen and Saha[8] as a generalization of semi-
group and ternary semigroup. Many results of semigroups have been extended
to I'-semigroups directly and via operator semigroups[1, 2, 3] of a I'-semigroup.
Fuzzy semigroups have been introduced by Kuroki[4] as a generalization of clas-
sical semigroups, using the concept of fuzzy set introduced by Zadeh[9]. Since
then many authors have studied semigroups in terms of fuzzy sets. Motivated
by Kuroki[4], Mustafa et all[5] we have initiated the study of I'-semigroups in
terms of fuzzy sets[7]. This paper is a continuation of our study of I'-semigroups
in terms of fuzzy sets. We introduce here the notion of fuzzy prime ideals in
[-semigroups. They are found to satisfy characteristic function criterion and
level subset criterion. As we did for fuzzy ideals of a I'-semigroup in [7], in
order to make operator semigroups to work, we establish here various rela-
tionships between fuzzy prime ideals of a I'-semigroup and that of its operator
semigroups . Among other results we obtain an inclusion preserving bijection
between the set of all prime ideals of a I'-semigroup( not necessarily with uni-
ties) and that of its operator semigroups. As an immediate application of this
we obtain a new proof of an important result of I'-semigroup.

2 Preliminaries

We recall the following definitions and results which will be used in the sequel.

Definition 2.1 [9] A fuzzy subset of a non-empty set X is a function p : X —
[0, 1].

Definition 2.2 [3] Let S and I' be two non-empty sets. S is called a T'-
semigroup if there exist mappings from S xT'x S to S, written as (a,a,b) —
aad, and from T x ST to T, written as («, a, 3) — aaf satisfying the follow-
ing associative laws (aab)fc = a(abf)c = aa(bfc) and a(afb)y = (aaf)by =
aa(pby) for all a,b,c € S and for all a, 3,7 € T.

Definition 2.3 [7] A non-empty fuzzy subset p of a T'-semigroup S is called

a fuzzy left ideal(right ideal) of S if p(zyy) > wu(y)(resp. uw(xyy) > wp(z))
Ve,y e S, Vy el

Definition 2.4 [7] A non-empty fuzzy subset v of a I'-semigroup S is called
a fuzzy ideal of S if it is both fuzzy left ideal and fuzzy right ideal of S.

Definition 2.5 [7] Let u be a fuzzy subset of a set S. Then for t € [0,1] the
set uy = {x € S : pu(x) >t} is called t-level subset or simply level subset of p.
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Proposition 2.6 [7] Let I be a non-empty subset of a I'-semigroup S and pr
be the characteristic function of I, then I is a left ideal(resp. right ideal, ideal)
of S if and only if uy is a fuzzy left ideal(resp. fuzzy right ideal, fuzzy ideal) of
S.

Proposition 2.7 [7] A non-empty fuzzy subset p in a I'-semigroup S is a
fuzzy ideal iff for any t € [0,1], the t-level subset of p (if non-empty), is an
tdeal of S.

Definition 2.8 [2] Let S be a I'-semigroup. An ideal P of S is said to be
prime if, for any two ideals A and B of S, AUB C P implies that A C P or
B CP.

Theorem 2.9 Let I be an ideal of a I'-semigroup S. Then the following are
equivalent.

() I is prime.

(13) Forz,y € S, 2l'STyC I =ax €l oryel.

(ii1) Forz,ye S, alyCl=xz€l oryel.

Proof. By Theorem 3.4[2] (i) = (it).

(id) = (did)
Let us suppose that (i7) holds and 2I'y C I. Then aI'sI'y C I as 2I'sT'y C 2T’y
Hence by (i), z € [ or y € I.
(i41) = (4)
Let us suppose that (i2i) holds. Let for two ideals A, B of S, ATB C I. If
possible, suppose A L T or B Z I. Then z € A and y € B such that x ¢ I and
y & I. This implies that 'y C I with x ¢ I, y ¢ I. This is a contradiction to
(7ii). Hence either A C I or B C I. Consequently [ is a prime ideal of S. m

3 Fuzzy Prime Ideal

Definition 3.1 A fuzzy ideal i of a I'-semigroup S is called fuzzy prime ideal
if mf p(eyy) = max{p(z), p(y)} Vo.y € S.

Example: Let S be the set of all 1x2 matrices over GF;(the finite field
with two elements) and I" be the set of all 2x1 matrices over GF;,. Then S is
a I'-semigroup where aab and aaf(a,b € S and o, € T') denote the usual
matrix product. Let p: S —[0,1] be defined by

0.3 if a=(0,0)
n(x) :{ 0.2 otherwise
Then p is a fuzzy prime ideal of S.
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Theorem 3.2 Let S be a I'-semigroup and ) # I C S. Then the following
are equivalent.

(1)1 is a prime ideal of S.

(ii) The characteristic function pu; of Iis a fuzzy prime ideal of S.

Proof. (i) = (i7)

Let I be a prime ideal of S and p; be the characteristic function of I. Since
I # ¢, py is non-empty. Let 2,y € S. Suppose 2"y C I. Then p;(zvyy) = 1 for
~v € I'. Hence irelﬁu[(xyy) =1. Now I being prime, z € I or y € I (¢f. Theorem

2.9 ). Hence ps(z) =1 or pus(y) = 1 which gives max{u;(x), us(y)} = 1. Thus
we see that in£ pi(zyy) = max{p(z), pr(y)}. Now suppose that zI'y & 1.
YE

Then for v € I', zyy € I which means that u;(xzyy) = 0. Consequently, in£
yE

wr(zyy) = 0. Now since I is a prime ideal of S, z ¢ I and y ¢ I. Hence
pr(x) =0 and pr(y) = 0. Consequently, max{pu;(x), ur(y)} = 0. Thus we see
that in this case also 'lyrellﬁ w(xyy) = max{ur(x), nr(y)}-

(ii) = (4)

Let p; be a fuzzy prime ideal of S. Then p; is a fuzzy ideal of S. So by
Proposition 2.6, I is an ideal of S. Let x,y € S such that zI'y C I. Then
wr(xyy) = 1. Hence irelﬁuf(xyy) =1.Let c ¢ I and y & I. Then p;(x) =0 =

wr(y), which means max{p(z), u7(y)} = 0. This implies that in?ul(xyy) = 0.
Ve

Thus we get a contradiction. Hence z € I or y € I. Thus we see that [ is a
prime ideal of S(cf. Theorem 2.9). =

Theorem 3.3 Let S be a I'-semigroup and i be a non-empty fuzzy subset of
S. Then the following are equivalent.

(i) p is fuzzy prime ideal of S

(ii) For any t € [0, 1] the t-level subset of u(if it is non-empty) is a prime ideal
of S.

Proof. (i) = (i)

Let p be a fuzzy prime ideal of S. Let ¢ € [0, 1] such that p; is non-empty. Let

for z,y € S, 2T'y C py. Then u(xyy) >t Vy € T'. So in?,u(xvy) > t. Since
(S

w is a fuzzy prime ideal, it follows that max{u(x), u(y)} > t. So u(x) >t or

wu(y) > t. Hence x € py or y € piy. So puy is a prime ideal of S(cf. Theorem 2.9).
(i) = (1)

Let every non-empty level subset p; of 1 be a prime ideal of S. Let z,y € S.

Let i«?efr p(xzyy) = t (we note here that since pu(zyy) € [0,1] Vy € T, iwnefr,u(x”yy)

exists). Then p(zyy) >t Vy € I'. So zyy € puy ¥y € I'. So p; is non-empty
and 'y C p;. Since py is a prime ideal of S, x € p; or y € uy(cf. Theorem

2.9). So pu(x) > tor u(y) > t. So max{u(z), u(y)} > t, i.e., max{pu(z), u(y)} >
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infru(a:’yy) ....... (1). Again by Proposition 2.7, p is a fuzzy ideal of S. So
yE

Yy € T, pleyy) > p(z) and p(zyy) > p(y). So p(eyy) > max{u(z), u(y)}
VY~ € I'. Hence irelﬁu(myy) > max{p(z), u(y)}....... (2). Combining (1) and (2),

thus inlﬁu(xyy) = max{u(z), u(y)}. Hence p is a fuzzy prime ideal of S. m
YE

4 Corresponding Fuzzy Prime Ideals

Unless otherwise stated, throughout this section S denotes a ['-semigroup and
L, R its left and right operator semigroups respectively.

Definition 4.1 [2] Let S be a T'-semigroup. Let us define a relation p on S xT
as : (x,a)p(y, B) if and only if xas = yfs for all s € S and yra =~y for all
v € I'. Then p is an equivalence relation. Let [x,«] denote the equivalence class
containing (x,«). Let L = {[x,a] : x € S, € I'}. Then L is a semigroup with
respect to the multiplication defined by [z, olly, 8] = [zay, B]. This semigroup
L is called the left operator semigroup of the I'-semigroup S.

Dually the right operator semigroup R of I'-semigroup S is defined where
the multiplication is defined by [« a][3,b] = [aaf3, b].

Definition 4.2 For a fuzzy subset p of R we define a fuzzy subset pu* of S by
p(a) = inlﬁ w([y,al), where a € S. For any subset o of S we define a fuzzy
e

subset o of R by a*l([a, al) = 1r€1£ o(saa), where [a,a] € R. For a fuzzy subset
d of L, we define a fuzzy subset 67 of S by 6" (a) = in£ d([a,~]) where a € S.
Ve

For any fuzzy subset n of S we define a fuzzy subset 77+/ of L by 77+/ ([a,a]) = ing
se

n(aas), where |a,a € L.

Lemma 4.3 [7] If i is a fuzzy subset of R, then (u:)* = (u*): wheret € Im(u),
provided the sets are non-empty.

Lemma 4.4 [7] If 0 is a fuzzy subset of S, then (O’t)*, = (O'*,)t where t €
Im(o), provided the sets are non-empty.

Proposition 4.5 Suppose p is a fuzzy prime ideal of R. Then p* is a fuzzy
prime ideal of S.

Proof. Since p is a fuzzy prime ideal of R, u; is a prime ideal of R[6] Vit €
Im(p). Hence (p)* is a prime ideal of S[2]. Now (u;)* and (u*); are non-empty.

Hence (p)* = (1*)¢(cf. Lemma 4.3). This gives (u*); is a prime ideal of S for
all t € Im(u). Hence p* is a fuzzy prime ideal of S(cf. Theorem 3.3). =
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Proposition 4.6 Suppose o is a fuzzy prime ideal of S. Then o* is a fuzzy
prime ideal of R.

Proof. Since o is a fuzzy prime ideal of S, g, is a prime ideal of S Vt &
Im(o)(cf. Theorem 3.3). Hence (O’t)*/ is a prime ideal of R[2]. Also (ot)*l and
(0*); are non-empty . So (at)*l = (a*l)t(cf. Lemma 4.4), (o*/)t is a prime ideal
of R for all t € Im(u). Consequently o* isa fuzzy prime ideal of R[6]. m

Remark: The left operator analogous of the above two propositions are
also true.

Theorem 4.7 Let S be a I'-semigroup and R be its right operator semigroup.

Then there exist an inclusion preserving bijection p +— p* between the set of

all fuzzy prime ideals of R and set of all fuzzy prime ideals of S, where i is a

fuzzy prime ideal of R.

Proof. Let z € S. Then (,u*/)*(w):inﬁu*l [a,x}:ingingu(sax) > p(z)(since p
ae acl'se

is a fuzzy ideal). Again for z € S, (u* )*(x)= é@?iggﬁ‘(sm) = ;relgérgu(sozx) =

irelg(max{u(s), p(x)})(since p is a fuzzy prime ideal) < max{u(z), p(z)}=n(x).

Thus we see that (u*l)* = p1. Hence the mapping is one-one. Now for [o, z] € R,

’

()" lo, 2] = infu*(saz)= infinfu([6, saz])= infinfu((6, slle, 2]) > ulo, .
Hence pu C (u*)*/. Since p is a fuzzy prime ideal, p([a, x|, [3, s]) = max((p[«, 2],
[8,s]))Vs € S and V3 € I'. Hence for s = z and § = a, p(lo, 2], [5,s]) =
e, z]. This together with the relation (,u*)*/ o, z] = ;Ielgérgu([a, x], [8, s]) gives

!

(p)* o, x] < ,u[a,x] for all [o, 2] € R. This means (u*)

« C p. Thus we see
that g = (u*)* . This proves that the mapping is onto. Now let yuy, po € FI(S)

be such that py C po. Then for all [a,z] € R, /[{,([a,x]) = ing,ul(sax) <
s€

iném(sax) = ,u%l([oz, x]). Thus /[{/ - /1;/. Similarly we can show that if p; C po

s€

where p, ug € FI(R)(FLI(R)) then uj C ub. Hence pu — u*/ is an inclusion
preserving bijection. m

Remark: Similar result holds for the I'-semigroup S and the left operator
semigroup L of S.

Now we establish the following two lemmas to deduce the inclusion pre-
serving bijections between the set of all prime ideals of a I'-semigroup and that
of its operator semigroups with the fuzzy notions of I'-semigroups.

Lemma 4.8 Let I be an ideal, p a fuzzy ideal of a I'-semigroup S and R the

right operator semigroup of S. Then (ur)* = [, where py is the characteristic
function of I.
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Proof. Let [3,y] € R. Then (u;)* ([8,9]) = irelgu(sﬁy)- Suppose [3,y] € I*.

Then sfy € I for all s € S. Hence p;(spy) = 1 for all s € S. This

gives ingu(sﬁy) = 1 whence (u;)*([8,9]) = 1. Also p,.([3,y]) = 1. Hence
se

() (18,9]) = e ([8,9]). Suppose [3,y] & I*'. Then for some t € S, 3y ¢ I.
So ur(tfy) = 0. This gives infur(sfy) = 0 ie., (u)”([8,y]) = 0. Again

pr([3,y]) = 0. Thus in this case also (u;)*([3,9]) = o ([B,y]). Hence

(wr)* =pyo. m
Similar is the proof of the following lemma.

Lemma 4.9 Let I be a (left) ideal of the right operator semigroup R of a I'-
semigroup S. Then (A;)* = A+, where \; denotes the characteristic function
of I.

Remark 4.10 Dually we can deduce for left operator semigroup L of the T'-
semigroup S, (i)(Ar)" = A, (4)(Ar)" = A+, where \; denotes the charac-
teristic function of I.

Theorem 4.11 [2] Let S be a I'-semigroup(not necessarily with unities). Then
there exists an inclusion preserving bijection between the set of all prime ideals

of S and that of its right operator semigroup R via the mapping I — I

Proof. Let us denote the mapping I — I a by ¢. This is actually a mapping
follows from dual of Lemma 3.12[2]. Now let ¢(I;) = ¢(l2). Then I} =
I3 . This implies that A » = A . ( where A; is the characteristic function I.)

Hence by Lemma 4.8, ()\11)*/ = (AIQ)*I. This together with Theorem 4.7 gives
A, = A, whence I1 = I,. Consequently ¢ is one-one. Let [ be a prime ideal
of R. Then its characteristic function A; is a fuzzy prime ideal of R. Hence
by Theorem 4.7, (\))" = Ar. This implies that A ., = Ar(cf. Lemmas

/

4.8 and 4.9). Hence (I*)* =I i.e., ¢(I*) = I. Now since [* is a prime ideal
of S ([2]), it follows that ¢ is onto. Let I, Iy be two prime ideals of S with
I, C I,. Then A\;; € Aj,. Hence by Theorem 4.7, we see that ()\11)*/ C ()\12)*l
ie., )\11*, C )\151 (c¢f. Lemma 4.8)which gives If/ C Ig‘/. u

Remark: The result similar to the above for the left operator semigroup
L of the I'-semigroup S can be deduced by the Remark 4.10 and Theorem 4.7.
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