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Abstract. Several characterizations of multivariate stable distributions to-
gether with a characterization of multivariate normal distributions and multi-
variate stable distributions with Cauchy marginals are given. These are related
to some standard characterizations of Marcinkiewicz.
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1. Introduction

Let X and Y be two independent random vectors and let f be a function
defined on an interval of R. The distribution of X and Y can be characterized
according to the form of f such that the distribution of the random vector AX +
f(A)Y does not depend on A, where X takes on values in the domain of f. These
results complement previously obtained characterizations where X and Y are
required to be identically distributed and for one value A\*, \*X + f(A*)Y has
the same distribution as X. Kagan et al. ((1973), Section 13.7) discuss such
characterizations. All these results are related, in spirit, to the Marcinkiewicz
theorem (see Kagan et al. (1973)), which simply says that under suitable conditions
if X and Y are independent and identically distributed, and A X + 1Y and
A2 X +72 Y have the same distribution, then X and Y have a normal distribution.
Note that, in fact, 7;, ¢ = 1,2, cannot be arbitrary constants, but must satisfy
7 = (1 = A)Y/2 i = 1,2. One interesting question is if one relaxes the condition
that X and Y be identically distributed, how much more is required about equi-
distribution of linear forms to characterize normality. One of our basic resuits
shows that under suitable conditions if X and Y are independent and AX +f(A\) Y
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has the same distribution for all A, then X and Y must be normal and f(}) has,
up to scaling, the form (1 — A?)!/2. For a discussion of and references concerning
the statistical motivation of the Marcinkiewicz result, see Kagan et al. ((1973),
Section 2.1).

An additional application of our simplest result, Theorem 3.1, occurs in the
context of the one-parameter fixed marginal problem (see Kimeldorf and Sampson
(1975)). Suppose that X = (X;,...,X,) and Y = (Y1,...,Y,)’ are independent
random vectors with support RP. Suppose we want to construct a one-parameter
fixed marginal family of p-dimensional distributions of the form A\ X + f(\)Y,
for some function f. Theorem 3.1 basically says that the only one-dimensional
marginals possible are normal marginals and f(A) must be of the form (1 - A?)/2,

Our remarks are also related to the problems of the distribution of the pro-
jection of a random vector and the stability of the distribution of that vector. It
is known that if X has a multivariate stable distribution, then for any direction
a # 0 of R*, o’ X has a univariate stable distribution, but the converse problem is
still not completely solved. Press (1972) studies this problem and his paper moti-
vates several other papers, e.g., Paulauskas (1976) and Marcus (1983). Paulauskas
gives a counterexample that if all projections of X are stable-distributed, X is not
necessarily multivariate stable-distributed in the case that the order is 1. Marcus
gives a counterexample for the order less than 1, and considers the projections
on subspaces of ™ such that the stable distributed projection conditions become
necessary and sufficient.

The characterizations provided in this note can be interpreted in the context
of characterizations of stable distributions by projections. Let X and Y be two
independent n-dimensional random vectors. If X and Y both have multivariate
stable distributions with the same order, then AX + f(A\)Y has a multivariate
stable distribution for all constants A and f(A). If, for all A and f()) and for any
direction a # 0 of R, o’(AX + f(A\) Y) has a stable distribution, by the preceding
discussion, X and Y are not necessarily multivariate stable-distributed. We would
like to consider some conditions on f()) such that the stable projection conditions
become necessary and sufficient. The stable distribution of X and Y can be
characterized according to the form of f such that the distribution of the random
vector AX + f()\) Y does not depend on A, where A takes values on the domain of f.
These results then complement previously obtained characterizations of stability.

2. Multivariate stable distributions

A distribution function F is said to be a univariate stable distribution if for
every by, b > 0, and —o0 < ¢1,ce < 00, there corresponds b > 0, and —00 < ¢ <
+o0 such that for every y, —o00 < y < +00,

! y—c2y y—c
P(t5) F(457)-F (7))

where * denotes the convolution operator. Lévy (1924) showed that a univariate
stable distribution has a characteristic function (ch.f.) ¢ given by

iw(t,a>] ,

/¢

(2.1) In¢(t) = iut — y|t|* [1 + 18
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where —00 < t < 00, with given —co < p <00, -1 <3<1,0<a<2,t/|t|=0
at t =0, and for all t, w(t,a) = tan(ra/2) if « # 1, and = (2/7)Int| if a = 1.

A random variable with a stable distribution can be characterized by the
identical distribution of that random variable and a linear combination of n in-
dependent copies of that random variable, depending on the interrelationships of
the coefficients of the linear form (for details, see Kagan et al. ((1973), Theorem
13.7.2)). Eaton (1966) characterizes a stable distribution by using the solution of
a functional equation.

Let = denote a n x 1 vector over real numbers. Analogous to the univariate
case, an n-dimensional multivariate distribution function G is said to be an n-
dimensional multivariate stable distribution function if for every pair of scalars
b > 0 and real vectors ¢y, cp of R™, there correspond a scalar b > 0 and real vector
c of R™ such that for every x € R",

o(5) o (552) = (5°)

Lévy (1937) and Feldheim (1937) have given the general form for the ch.f. of
a multivariate stable distribution under an integral form. The results of Press
(1972) and then Paulauskas (1976) indicate that closed expression for the ch.f. of a
multivariate stable distribution analogous to the univariate case are still unknown,

Gupta et al. (1989a) give conditions for stability of a multivariate distribution
with all projections stable and Gupta et al. (1986b) give a characterization of
multivariate stable distributions which can be viewed as a multivariate version
of a result of Eaton (1966). In this note, we study other characterizations of
multivariate stable distributions, and some related problems.

3. Main results

We first consider characterizations of the univariate normal distribution and
Cauchy distribution; afterwards, multivariate versions are considered.

THEOREM 3.1. Let X and Y be two independent nondegenerate random
variables with finite second moment, and let f be a given non-negative function
defined on some interval of R. If the distribution of AX + f(\)Y does not depend
on X for all X in the domain of f, then (i) f(A) = va — bA? where a,b > 0, and
(ii) X and Y have normal distributions with means zero, and with variances 0%
and 0%, respectively, where 0% = ba’.

PROOF. Let px and py be the means and 0% and 0% be the variances of
X and Y, respectively. Then,

(3.1) EAX + fA)Y]=dux + f(MNuy = h,
and
(3.2) VarAX + f2(\) Y] = A202 + f2(\)o? = 02,

where h and o2 are two constants not depending on ), since the distribution of
AX + f(A)Y does not depend on A. By (3.1), ux = 0, if and only if py = 0,
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and then h = 0. Suppose py # 0 (and then px # 0). By (3.1), f(A) = (h/py) —
(ex/py)A. Substitute in (3.2) to obtain that

h 2 h2
W+ (72 oh = (~og + Lo ) V-t og I
by p »y ry Py

depends on A. This contradiction yields that, ux = py = 0, and, therefore, f())
is defined by (3.2), giving

2 2

o, o
=+va—bi? where a:—zo, b=—2x.
Oy Oy

The domain of f(A) is the interval [—+/a/b, /a/b].
For A = 0 or A = /a/b, the two independent r.v.’s ,/aY and \/a/bX are
identically distributed according to

AX +Va-b22Y = (/\\/g) (@X)+(\/1————;) (Vay).

Hence, by Kagan et al. ((1973), Theorem 13.7.2(ia)), 1/a/bX and \/aY have
normal distributions, and then X and Y have normal distributions with means
zero and with variances 0% and 0%, respectively, where 0% = bo% .

A multivariate version of Theorem 3.1 is given by Theorem 3.2.

THEOREM 3.2. Let X and Y be two independent nondegenerate n-dimen-
sional random vectors with finite covariance matrices and let f be a non-negative
function with domain an interval of R. If the distribution of AX + f(A\)Y does
not depend on X for all X in the domain of f, then (i) f(A) = (a — bA?)Y/2 for
some a,b > 0, and (ii) X and Y have multivariate normal distributions with
mean vectors zero vector, and covariance matrices Ex and Ly, respectively, where
Yx =02y

PRrROOF. Let ¢ # 0 be an arbitrary vector of R®. The distribution of ¢/(AX +
FNY) = AdX + f(M)'Y then does not depend on A for all A in the domain
of f. By Theorem 3.1, f(A\) = va — bA2, where b = 0%y Joyy = dZxc/dTyec,
for all ¢ # 0 of R™. Hence, x = bXy. Also by Theorem 3.2, ¢' X and 'Y have
normal distributions with means c'ux = c’uy = 0 for every ¢ # 0 of R". Then X
and Y have multivariate normal distributions with mean vectors being the zero
vector and with covariance matrices ¥x and Xy, respectively, where X x = bXy.

A Cauchy (p,6) distribution, where —oo < p < 00, § > 0, is a distribution
with p.d.f. g(z) = (6/7)(1/(6% + (x — p)?)) and having ch.f. (t) — e8Il From
(2.1), it is seen that a Cauchy distribution is a stable distribution with o = 1 and
with 3 = 0.
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The following result provides a characterization for univariate Cauchy distri-
butions.

THEOREM 3.3. Let X and Y be independent nondegenerate random variables
with ch.f.’s ¢x, Py, respectively, satisfying (a) ¢, ¢’y exist and are continuous
on (0,00), but discontinuous at 0, and (b) the limits of ¢’y (t) and ¢y (t) exist and
are different from zero when t — 0+. Let f be a non-negative function defined
on an interval of [0,00), containing zero, with f'()\) existing for every A in the
domain of f. If the distribution of AX + f(A)Y does not depend on X for all A
in the domain of f, then (i) f(A) = a — b for 0 < XA < a/b for some a,b > 0,
and (ii) X and Y have Cauchy distributions with parameters (11,61) and (uz, 62),
repectively, where n1 = bug and 61 = bby.

PROOF. By hypothesis, the ch.f. ¢rxirr)y(t) = ox (At)dy (f(A)t) does not
depend on A. For every ¢t > 0 and for every A > 0 in the domain of f, take the
derivative of ¢, x4 7))y (t) with respect to A, to obtain that

(3.3) ¢x (A)py (FL) + f (Ngx () gy (F(N)t) = 0.

Let t — 0+ and set lim;_o4 ¢’y (t) = ip1 — 61, lime_,04 @'y (t) = tua — 82. Then the
limit of (3.3) is a differential equation in f()), namely, (i1 —61)+ f/ (M) (ipe —62) =
0, or equivalently, f'(A) = —(¢u; — 61)/ (i — 62) = —b, where b is a real number.
Hence, combining with the given conditions of f, f(A) =a — bA, for 0 < A < a/b,
a>0,b>0.

To find the distributions of X and Y, we observe that by setting A = 0 and
A = a/b, we obtain that the independent random variables a Y and (a/b)X have
the same distribution as (A(b/a))((a/b)X) + (1 — (b/a)A)(aY). Hence, by Kagan
et al. ((1973), Theorem 13.7.2(ib)), a Y and (a/b) X have Cauchy distributions, so
that X and Y have Cauchy distributions with parameters (u1,61) and (ug, 62),
respectively, where py/ps = 8,/62 = b.

Remark 3.1. 1In order to find the distributions of X and Y, we can directly
use (3.3) instead of nsing the result in Kagan et al. (1973). Substitute f(A) = a—bX
in (3.3), and let A — 0+, to get a differential equation in ¢y (t), (ip; — 61 )@y (at) —
bo'y (at) = 0. Hence, ¢y (t) = exp[(ip1t/b) — (61/b)t] for ¢ > 0. Substituting the
value of ¢y (t) again back into (3.3), we obtain a differential equation in ¢x ().
The result follows by solving for ¢ x (t), for t > 0. Similar techniques can be used
in the second part of the proof of Theorem 3.1 to find the ch.f. of the distribution
of X.

THEOREM 3.4. Let X and Y be independent n-dimensional random vec-
tors with ch.f.’s ¢x(t1,...,tn), dy(t1,...,ts), respectively, satisfying (a) (0/0t;)-
¢x(ti,....tn), (0/0t)Py(t1,...,ts) exist for all t; # 0 and are continuous, ez-
cept at t; = 0, for i = 1,...,n; and (b) limy,_01(8/0t;)x(0,...,1,0,...,0)
and limy, 04 (3/0t;)¢y(0,...,4;,0,...,0) exist and are different from zero. Let
f be a given non-negative function defined on an interval of [0,00), containing
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0, and suppose that f'()) exists for every A in the domain of f. If the distribu-
tion of AX + f(A)Y does not depend on A for all X in the domain of f, then
(i) f(A) = a—0bA, for 0 < A < a/b, for some a,b > 0, and (ii) X and Y have
multivariate stable distributions with Cauchy marginals.

PRrooF. For an arbitrary nonzero vector ¢ of R™, by hypothesis, the distri-
bution of ¢/(AX + f(A\)Y) = A(d X) + f(A\)(c'Y) does not depend on A, for all A
in the domain of f. Then by Theorem 3.3, f(A\) = a — b), 0 < X < a/b for some
a,b> 0, and ¢ X and ¢' Y have Cauchy distributions with ch.f.’s

Gex (t) = Blefer ol x (£) = e &/ eDlclit=81 /il el

and
ber v (t) = etha(e/lleDliclit=8a(c/llcl el

where p(c/[c[|) = bua(c/||cll), and b1(c/[lcll) = b82(c/||c||) for every c of R™, and
b does not depend on c. Hence, for every t = (t1,...,t,)" of R™.

Sx(t) = by g (1) = e E/IEDIL=6E/IEDIEl g
Sy (£) = dury (1) = et/ NeDitti-s2(¢/ el

where py, p2, 61, 62 are continuous functions on the unit ball B = {¢ : ||t|| = 1}
of R", 61, 62 > 0 and p1 = bug, 61 = bs, p1, pz are odd functions and 6;, §, are
even functions of ¢.

Since X and Y have a ch.f. under the form ¢(t) = et/ ItDItI-6t/ Nt
then for any pairs of scalars by, b2 > 0 and real vectors c;, c; of R™, and ¢ of R™,

i(cr+ea)'t t/by ) ( t/by )
¢ ¢(n i/ l) ¢ \Te/ea

_ gilertea)'t gin(t/IE)(1/51+1/62) 1] ,~6(¢/ [E1)(1 /b1 +1/b2)
11

—_ et — o= —
—e ¢(Ht/bll>’ where ¢=c; +c¢; and A b1+b2'

Thus, X and Y have multivariate stable distributions with Cauchy marginals.

Remark 3.2. In the case when the projection of X on any direction a # 0
has a stable distribution with @ < 1, Marcus (1983) points out that it is mot
necessary that the distribution of X be a multivariate stable distribution. Gupta
et al. (1989a) give necessary and sufficient conditions for the stability of X based
on projections of X ; they show that if all projections of X are Cauchy distributed,
then the distribution is multivariate stable.

The following two results provides characterizations, respectively, for univari-
ate and multivariate stable distributions.

THEOREM 3.5. Let X and Y be two independent random variables and let
f(A) be a non-negative function defined on an interval of R. Suppose that the
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distribution of AX + f(\)Y does not depend on A\. Then X and Y have stable
distributions with order a, 0 < a < 2 and with parameters (0,71, 3) and (0,72, 3),
respectively, for a # 1, or (u1,71,0) and (u2,72,0), respectively, for o = 1, if and
only if f(A) = (a — b|A|*)Y/® for some a,b > 0 and b = v/, for a # 1, and
b=p1/p2=n/v2, fora=1

ProoF. Suppose X and Y have stable distributions with degree o # 1,
with parameters 0,7;,8 and 0,9, 3, respectively. Then their respective ch.f.’s
are x(t) = enltl*(+iftan(ra/2) gnq ¢y (t) = enaltl™(I+iftan(ra/2) = Gince the
distribution of AX + f(A)Y does not depend on A, its ch.f.

Arx+rny (1) = $x (M)gy (F(A)E) = e X Hm 2D tan(ra/)

does not depend on A. Hence, 11 A\* + 2 f*()) = ¢, where ¢ is a constant not de-
pending on \. Then by the given conditions of f, f(A) = (c/72— (71 /72)|A|*)Y* =
(a — b|A|*)Y/®, where a = ¢/v2 > 0, b =v,/v2 > 0, for || < (a/b)'/°.

Conversely, let f(A) = (a—b|A|*)*/® where a,b > 0, for |A| < (a/b)1/*, and we
have that the distribution of AX +(a—5\*)/®Y does not depend on A. For A = 0
or A = (a/b)/*, the corresponding independent r.v.’s a'/*Y and (a/b)'/*X are
identically distributed with

1/ 1/a 1l/a
AX + (a—bx¥)Vey =\ (g) ((%) X) + <1 - g,\a) (a¥*Y).

Then by Kagan et al. ((1973), Theorem 13.7.2(c)) the distributions of X and Y
are stable distributions with parameters 0,41, and 0,72,5. In the case a = 2,
X and Y have normal distributions with means zero and variances 2v;, and 2+,
where 2v; = b(272).

For the case a = 1, the proof follows exactly similar as in the case a # 1,
with f(A) = a — b|A|, |A\| £ b/a and X and Y now having stable distributions
with parameters (u1,71,0) and (u2,72,0), that is, with Cauchy distributions with
parameters (u1,v1) and (u2,%2), where py = buz and vy = bys,.

THEOREM 3.6. Let X and Y be two independent random vectors and let
F(A) be a non-negative function defined on an interval of R. Suppose that the
distribution of AX + f(A\)Y does not depend on A\. Then X and Y have multi-
variate stable distributions of order a if and only if f(A) = (a—b|A|*)/® for some
a,b>0.

ProOOF. If X and Y have multivariate stable distributions of order a, for an
arbitrary nonzero vector ¢ of R™, ¢ X and ¢’ Y have stable distributions of order ¢,
and by hypothesis, the distribution of ¢/(AX + f(A)Y) = A’ X)+ f(M\) (' Y) does
not depend on A for all A in the domain of f. By Theorem 3.5, under the condition
that f is a non-negative function defined on an interval of R, f(\) = (a—b|A|*)Y/
for some a,b > 0.
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Conversely, if f(\) = (a—b|A|*)'/ for some a,b > 0, by Theorem 3.5, for any
nonzero ¢ of R™, the distribution of ¢ X and ¢’ Y are stable with ch.f.

¢CIX (t) = d)”c”(c’/”c“)x (t) —e™ N (e/lleB(Ulellt))*(1+i8(c/llcl) tan(‘/ra/2)),

bery (t) = Byje) e/l ¥ () = e~ 2/ lelellt)* (1+iB(e/ e} tan(ra/2))
f0<a<2 a#1;and

b x(t) = Dleiite /el x () = eiﬂl(C/HCH)HC”ltl'—'Yl(C/”C”)”Cl”tl’
by (t) = ¢|[c!|(c’/||c||)Y(t) = eiuz(c/“0||)||0”|t|"72(0/||C||)||0|||t|7

if o = 1, where v:(t) and ~2(t) are even functions of ¢, 3(t) is an odd function of
t, and p;(t), po(t) are odd functions of t. Hence, X and Y have respective ch.f.’s
given by

ox(w) = e—“/x(w/ﬂwil)llwl|“(1+iﬁ(w/liw\!)tan(Mﬂ)),
oy (w) = e“Vz(w/!IWN)IIWII“(1+iﬂ(W/lllUH)tan("a/2))’

and 7, (t)/v2(t) = b, and b does not depend on ¢, if 0 < & < 2, a # 1; and

bx (w) = et (w/leiwl= (w/ ful) o],
By (w) = it/ =20/l

and p(t)/p2(t) = 11(t)/72(t) = b, b independent of ¢, if & = 1.

By a similar proof as in Theorem 3.4, X and Y with such ch.f.’s will have
multivariate stable distributions with order « in the case 0 < o <2, a# 1, and a
multivariate stable distribution with Cauchy marginals, if « = 1.

The following result, which characterizes the multivariate normal distribu-
tions, is somewhat related to a result of Eaton (1966).

THEOREM 3.7. Suppose X and Y are independent n-dimensional random
vectors with finite covariance matrices. If the distributions of AX + (al —
bAA)/2Y does not depend on A, for some a,b > 0 and for all n x n matrics A
such that al — bA A’ is non-negative definite, then X and Y have, respectively,
N(0,0%I) and N(0,0% 1) distributions, where % = bo% .

PROOF. Let A = \I, where A < \/a/b, so that aI —bA - A’ = al —b)?] =
(a — bA?)I, which is then a non-negative definite matrix, and by assumption the
distribution of AX + va — bA?Y does not depend on ), for all [A| < y/a/b. It
follows from Theorem 3.2, that X and Y have multivariate normal distributions,
with mean vectors 0 and respective convariance matrices Xy and Xy, with ¥x =
bXy. Now observe that for every n x n orthogonal matrix P, al — b(AP)(AP)’
is non-negative definite for [A| < \/a/b. Take A = \/a/b, and A = AP, so that
AX +(al —bAA"Y = \/a/bPX +[al — b(1/a/bP)(\/a/bP")], Y = \/a/bPX.
By assumption PX has the same dlStI‘lbut]OIl for all orthogonal P and hence
Yx = 0% I. Similarly Sy = 021, and 0% = bo%.
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4. Comment

The consideration of the class of characterizations leads to the following type of
more general question. Let gx(u,v) = Au+ f(A)v be viewed as a parametric family
of functions from RP x RP to RP. Our results then concern the nondependence
of the distribution of g»(X, Y) upon A. The question then arises as to which
more general possible forms of the parametric family g (u,v) provide meaningful
characterizations of the distributions of X and Y, and of the form gy (u,v).

Acknowledgements

The authors wish to thank Professor A. M. Kagan for a helpful conversation
and the referees for their comments.

REFERENCES

Eaton, M. L. (1966). Characterization of distributions by the identical distributions of linear
forms, J. Appl. Probab., 3, 481-494.

Feldheim, M. E. (1937). Etude de la stabilité des lois de probabilities, These de la Faculté des
Sciences de Paris.

Gupta, A. K., Nguyen, T. T. and Zeng, W. B. (19894). Conditions for stability of laws with all
projections stable, Tech. Report, 89-08, Department of Mathematics and Statistics, Bowling
Green State University, Ohio.

Gupta, A. K., Nguyen, T. T. and Zeng, W. G. (19898). On a conditional Cauchy functional
equation of several variables and a characterization of multivariate stable distributions, Tech.
Report, 89-02, Department of Mathematics and Statistics, Bowling Green State University,
Ohio.

Kagan, A. M., Linnik, Y. V. and Rao, C. R. (1973). Charuacterization Problems in Mathematical
Statistics, Wiley, New York.

Kimeldorf, G. and Sampson, A. R. (1975). One-parameter families of bivariate distributions with
fixed marginals, Comm. Statist., 4, 293-301.

Lévy, P. (1924). Théorie des erreurs: La Loi de Gauss et les exceptionelles, Bull. Soc. Math.
France, 52, 49-85.

Lévy, P. (1937). Théorie de l’addition des variables Aléatoires, 2nd ed., Gauthier Villars, Paris.

Marcus, D. J. (1983). Non-stable laws with all projections stable, Z. Wahrsch. Verw. Gebiete,
64, 139-156.

Paulauskas, V. J. (1976). Some remarks on multivariate stable distributions, J. Multiveriate
Anal., 6, 356-368.

Press S. J. (1972). Multivariate stable distributions, J. Multivariate Anal., 2, 444-462.



