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1. Let 2 = j 7X1) 0 < ξ < oo} be a one-parameter semi-group of opera-

tors from an abstract (L)-space X into itself satisfying the following

conditions :

(a) For each ξ > 0, T(£) is a contraction (transition) operator^.

(b) T(ξ + v)= T(ξ)T(v) for each ξ, v > 0 and T(0) = /.

(c) lim T(ξ)x = x for each x € X.

Such a semi-group is called a contraction (transition) semi-group of opera-
tors. We say that 2' = | T(ξ) O S K ^ I dominates 2 = j T(ξ) O S K ^ l

if

T(ξ)x > T(ξ)x

for each x >̂ 0 and I > 0.

We shall deal with the problem on the generation of contraction semi-

groups dominating a given contraction semi-group. This problem has been

discussed by G. E. H. Reuter2).

2. We shall define a linear functional (e, ) by

(2. 1) (e,x) = lί x+1! - II x- \\ for each x € X.

An elementary argument shows that (e, •) is a positive linear functional and

\(e, x)\ ^ 11*11 for each x € X.
The following theorem is due to Reuter and is a variant of the Hille-

Yosida theorem which will be convenient for our purposes.

THEOREM 1. A linear operator A with an dense domain D(A) generates

a contraction (transition) semi-group if and only if

(i) (e, Ax)S0( = 0) for x > 0 in D(A\

(ii) for each λ > 0 and x € X, the equation

\y — Ay = x

has a unique solution y = i?(λ A) x € O(Λ) and R(\ A)x > 0 for x ^ 0.

We shall first prove the following

1) A positive linear operator T o n X is called a contraction (transition) operator if |]Tx | | sg
||Λ:[|(||73c|[==flΛ;ί|) for x ̂  0.

2) A note on contraction semi- groups, Math. Scand., vol. 3,1955.
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THEOREM 2. Let A generate a contraction semi-group Σ and let B be
a linear operator with domain D(B) Z) D(A). Then A ~ A -f B will generate
a contraction {transition) semi-group Σ' which dominates Σ if and only if

(0 Bx > 0 for x > 0 in D(A\

(ii') (e, Bx) S - (*, Ax) ( = - (e, Ax)) for x>0 in D(A),

(iii') <2?zy oτze 0/ the following

(a') (/ - BR(\ A)) [X] = X for each λ > 0,

GO Σ II [ β ^ ( λ Λ)T y\\ < °° for each \>0 and y>0.

PROOF. The necessity of (ii ) follows from Theorem 1, and that of ( 0
follows from

(A + B)x = lim T^\-lχ > lim iΦ-Ξllx =

for x ^ 0 in D(A). Since

(2. 1) (λ - A')R(\ A)x = (/ - BR(\ A))x for each x e X,

(I - BR(X A)XX] = (λ - A'^Cλ A) [X] = (λ -A') [D(A)] = (λ - A')

[D(A')] = X Thus we obtain the property (iii'-a').

Conversely, if (Γ), (ii') and (iii'-a') hold, then we have that the inverse
(/ - BR(X A))"1 exists for each λ > 0 and that (/ - BR(\ A))' 1 is a
positive linear operator with domain X.

In fact, if (/ - BR(\ A))x = 0, then (i') and (ii') together with the
equation AR(\ A) = \R(\ A) — I imply that

\\x\\^\\BR(\; A ) j x | | | < - (*, A i ? ( λ A)\x\)

= |U |- l lλ i?(λ; A)\x\\\.

Hence we get \R(\ A) [ x \ = 0, so that | x | = (λ - A)R(X A) | x \ = 0. Then
the inverse (/ — βi?(λ A))"1 exists for each λ > 0 and its domain is the
whole space X from (iii -a ). If y = (/ - Bi?(λ A))' 1 x (x > 0), then y -
(λ A)3; = x > 0. Hence y" < (JBi?(λ A)^)" < βi?(λ A)y", so that

I S - (e, AR(\ A)y~)

This shows that λ i?(λ A)y~ = 0. Therefore y" = (λ - A)R(\ A)y~ = 0
and this concludes that (/ — BR(\ A))"1 is a positive operator.

We define R(\ A) by

(2. 2) i?(λ A') = R(X A) (/ - £i?(λ A))"1,

then R(X; A') is a positive linear operator with domain X. It follows
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directly from (2.2) that

(2. 3) (λ - A')R(\ A)x = x for each λ > 0 and x € X.

The range of i?(λ A') is precisely D(A) since the range of (/ — BR(λ A))"1

is X. Thus for each x € D[A) there exists an element y such that x =

2?(λ A )y. By (2. 3),

(2. 4) i?(λ A) (λ - A > = R(\ A') (λ - A') R(\ A )y

= R(X; A')y = x

for each x € £>(A). This shows that A satisfiies the condition (ii) in

Theorem 1. Furthermore it is obvious from (ii') that

(*,A'*)ίS0( = 0)

for each x > 0 in D(A). Thus it follows from Theorem 1 that A generates

a contraction (transition) semi-group X = {T'(ξ) 0 S I < °°}. It is seen at

once dy (2. 2) that R(X A )x ^ 2?(λ A)Λ for x > 0 and λ > 0, so that

the formula

T(!)x = lim Sexp ( - λf) E (λ2^)Tiί(λ A)]n/n!\ x
*->~ n=0

shows that

for each | > 0 and x > 0.

Since (/ — BR(\ A))"1 is a positive linear operator, we have

x = (I- BR(X A))-^ ^ 0

for each y > 0. Hence

(2. 5) Λ: = y + Bi?(λ A)y + + [BR(\ A)]""1 y + [£i?(λ

and

(2. 6) x>BR(\; A)x>[BR(\; Ajfx^ ^ 0.

Then there exists the limit x0 = lim [BR(\ A)]72 x and Λ:0 = BR(\ A)^o,

so that x0 = 0. Therefore, by (2. 5), we get

and a fortiori

; A)]"y | |<oo.

Suppose that b(iii r) hold?. Then the series ]Γ) [Si?(λ A)]ny converges
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for each y € X and is equal to (/ — BR{X A))'1 y, so that (iii'-a') holds.
This concludes the proof of Theorem 2.

COROLLARY I. Let A generate a contraction semi-group 2, and let B
be a linear operator with domain D(B) 3 D(A). Further assume that there
exist real numbers λ0 > 0 and £0 > 0 such that || X0R(X0 A)x || ^ So \\χ || for
all x ^>0. Then A = A + B will generate a contraction {transition) semi-
group 2 which dominates 2 if and only if the conditions (i) and (ii) in
Theorem 2

PROOF. The necessity is obvious. We shall now prove the sufficiency.

From ( 0 and (ii')?

(2. 7) 1|BR(X A)x \\^\\x\\- \\ \R(\ A)x|| for x ^ 0.

Let us put

£ λ = inf ||λ/?(λ; Λ)ΛΓ|Ϊ (λ > 0).
ll ' | l β i » * > 0

If <Bλ = 0, then there exists a sequence \xn; \\xn\\= 1 and .r^ > 0} such that
λi?(λ A)xn -> 0. Then we have lim XQR(X0 A)xn = 0 by the resolvent

equation

(2. 8) ^(λo A) - R(X Λ) = - (λ0 - λ)i?(λ0 A)i?(λ A).

From this contradiction we conclude that £λ > 0 for each λ > 0. Therefore

we get, by (2. 7),

»AR(λ; A)x\\S(l~Sκ)\\x\\

for each .r ^ 0, so that (iii'-b') in Theorem 2 holds.

COROLLARY 2. Let 2 = j T(£) 0 S ^ < °o J έ^ uniformly continuous at
k — 0 (z/ α zJ ô zZy ί/ A z*5 a bounded linear operator), and let B be a linear
operator with domain D(B) = X. Then A' — A + B will generate a con-
traction (transition) semi-group 2' which dominates 2 if and only if the
conditions (i) and (ii) in Theorem 2 hold.

PROOF. Since

|| x II S (λ + IIA I) || 2?(λ A)* || for each ĉ € X,
this corollary follows from Corollary 1.

COROLLARY 3. Let A generate a contraction semi-group 2, and let B
be a linear operator with domain D(B) ID D(A) satisfying the conditions (i)
and (ii ) in Theorem 2. Further assume that BR(X0 A) is completely con-
tinuous for some Xo > 0. Then A = A + B generates a contraction {tran-
sition) semi-group 2 which dominates 2.

PROOF. From the resolvent equation (2. 8),
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BR(X A) = BR(X0 A) + (λ0 - λ)Si?(λ0 A)R(\ A).

Then BR(X A) is completely continuous for each λ > 0 since the product

of a bounded linear operator and a completely continuous linear operator

is completely continuous and since the sum of two completely continuous

linear operators is again completely continuous. Since 1 is not eigen-value

of BR(\ A\ we have by the theorem of F.Riesz that (/ - BR(X A)) [X]

= X9 so that (iii-a ) in Theorem 2 holds. Hence this corollary follows from

Theorem 2.

3. It is seen at once by using the identity

IU + y|| = ll*ll + l|y|| (*^o, y>0)
that if a contraction semi-group 2' dominates a transition semi-group 2,

then 2' = S. Thus if 2 is a transition semi-group, no distinct contraction

semi-group dominates 2.

We now suppose that 2 is a contraction but not transition semigroup.

The following theorem is due to Reuter.

THEOREM 3. Let 2 be a contraction semi-group, generated by A. Then

the operator Ac defined by

Acx = Ax — (e, Ax)c, x € D[A) {with c > 0 and \\c || S 1),

generates a contraction semi-group 2C dominating 2. Also 2C1 Φ 2C2 if cγ Φ c2,

and 2C is a transition semi-group if and only if || c || = 1.

PROOF. Let us put

Bx= - (e, Ax)c for x € D(A\

where c ^ 0 and 0 S |j c \ S 1. It is obvious that the assumptions in Corollary
3 hold. Hence Ac = A + B generates a contraction semi-group 2C which
dominates 2.

Since 2 was assumed to be not a transition semi-group, Theorem 1
shows that

(3. 1) 0, Ax0) < 0 for some x0 > 0 in D{A).

Now

(e, Acx0) = (e, Axo)(l -\\c\),

so (3. 1) implies that Σ c is a transition semi-group if and only if j| c \\ = 1.

If cγ 4= c2, then Acι =f= Acu, so that 2C1 =f= 2C2.

LEMMA. Let A generate a contraction {but not transition) semi-geoup

2, and let B be a linear operator with domain D{B) ID D(A) such that Bx

= 0 for each x € E, where E = [x € D(A) (e, Ax) = 0). If A = A + B

generates a contraction semi-group which dominates 2, then there exists a
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non-negative element cB with \ cB\^l such that

Bx = — (e, Ax)cB

for all x € D(A).

PROOF. Since 2 was assumed to be not a transition semi-group, Theo-
rem 1 shows that (e, Ax0) < 0 for some xQ > 0 in D(A). Let us put

(e,

for each x € D(A). ίt is obvious that x — a(x)xQ € E. Hence

Bx = B(x — a(x)x0) + a(x)Bx0 = a(x)Bx0 = — (e, Ax) cB,
where cB = — Bxo/(e, Ax0). By Theorem 2, β^: ^ 0 for α: > 0 in D(A) and
II Bx || S - (e, Ax) for ^ ^ 0 in D(A). Hence cB ^ 0 and || cΛ || ^ 1. Thus the
lemma is proved.

This lemma and Theorem 3 show that if E = E+ — E+, where E+ Ξ=
\x ^ 0 and x € £} , then contraction semi-groups dominating 2 are always
the type 2C in Theorem 3.

In fact, if A + B generates a contraction semi-group X which dominates
2, then it follows from Theorem 2 that \\ Bx | = 0 for each x € £+ . Hence
# £ = 0 for all x € E = £ + — £ + , so that we have by the lemma,

(A + B)x = Ax - (e, Λ.z>, * € D(A) (with c > 0 and ||c || S 1).

Therefore 2' is the type Σc in Theorem 3.

4. In this section we shall deal with the space (I) and we shall assume
that 2 is uniformly continuous at ξ = 0. (j| TXf) — /1| -> 0 as ξ \ 0). We
first prove the following

THEOREM 4. Let A generate a contraction (but not transition) se?ni-
group 2, and let E =p E+ — E+. Then there exist contraction semi-groups
which dominate 2 and which are different from the type Σc in Theorem 3.

PROOF. Since A is a bounded linear operator, there exists a non-negative
element (al9 a2, a3 ) € (Z°°) such that

— 0, Ax) = ]£ aiχi
1=1

for all x = (xl9 x2, x3, ) € (Z). The set N Ξ= }ί ^ > 0} =f=Φ since 2 is
not transition. In this case

E+ = U = (Λ:,, ^C2, ^ 3 ) > 0 xt = 0 for all i € JV}

and

E+ _ £+ = {Λ: = fe, Λ:2, XZ ) € (Z) xt = 0 for all i € JV}.
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Hence E+ — E+ is a closed set. By the assumption E^E+ — E+ there

exists an element x — (xΊ, x 2, x's, ) such that x € E and x €JΞiϊ+ — E+.

Thus 0 = 0 , Ax) = 0 , Ax+) - (e, Ax' ' ) and (e, Ax+) = (e. Ax ") < 0, so

that N, Π N + φ and iV2 Π N=j=φ, where ^ = | i ; x\ > 0} and iV2 = \i

Let us put

_ (a, for ί € Nr Π N,

(0 otherwise.

We now define a positive bounded linear functional f{x) by

The operator f(x)c with c > 0 and (| c |( S 1 satisfies that f(x)c ^ 0 for x > 0

and ||/(xVI| = (e, /(Λ V ) ^ — (e, Λα:) for r > 0, so that it follows from

Corollary 2 that Λ.r +/(.r)c generates a contraction semi-group 2 domi-

nating Σ. .

On the other hand

c* = Σ aiXi = ~~ (e» Ax +) > 0,

hence Ax + f(x)c is different from the type Ac in Theorem 3. This concludes

the proof.

It follows from Theorem 4 the following

COROLLARY 4. Let A generate a contraction {but not transition) semi-

group 2. Then each contraction semi-group dominating 2 is always of the type

2C in Theorem 3 if and only if E = E+ - E+.

Finally we shall show that there exists a contraction semi-group 2 such

that E = E+ - E+.

EXAMPLE. Let us put

~ax 0 0

a, 0 0

A = a" ° °

where \an\ is a sequence such that an ^ 0 for n S 2 and ^i < — Σ Λw

is obvious that A is a bounded linear operator (Z) into itself.
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We define

T(ξ) = exp ξA = Σ. ξmAm/m! (f £ 0).
m=ϋ

Σ = {7X1) 0 S I < °°} is a semi-group of operators which is generated
from the bounded linear operator A. For each x = (xl9 x2, x3, ) € (Z),

x2- ^ ( l -

\ i /
Since — an/aι ^ 0 for n 2̂  2 and 1 — eni > 0, T(ξ) is a positive bounded
linear operator. Furthermore, for each x = (χl9 x2, x3, )̂ 0,

lί T(ξ)x || =

and U T(ξ)x \\ < \\x\\ if xx > 0, so that Σ - {T(£) 0 ^ ξ < oo j is a contraction
but not transition semi-group.

Now

0 , Ax) = xλ Σ an,
W = l

hence

E = \x = (x1? Λ:2, ΛΓ3, ) ; ^ = 0}.

It is obvious that E = £ + - £ + .
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