A NOTE ON CONTRACTIVE MAPPINGS
E. RAKOTCH!

A well-known theorem of Banach [1] states: if 4 is a mapping of
a complete metric space X into itself, and there exists a number
0 <a <1 such that for every two points x, y €X

(I) p(Ax, Ay) = O‘P(x) y)’
then there exists a unique fixed point of 4, i.e. a point x such that
Ax=x.

The problem of defining a family of functions F= {a(x, )} satisfy-
ing 0=a(x, y) <1, sup a(x, y)=1 and such that Banach’s theorem
holds when the constant « is replaced with any a(x, y) EF, was sug-
gested to the author by Professor H. Hanani, and two theorems to
that effect are proved in the present paper. In the first, additional
conditions requiring compactness of the mapping are imposed; the
second holds for any complete metric space, irrespective of the com-
pactness of the mapping.

DEeFINITION 1. A mapping 4 of a metric space X into itself is said
to be contractive if for every two distinct points x, y €X

P(Ax, Ay) < p(x, y)'

A contractive mapping is clearly continuous, and if such a mapping
has a fixed point, then this fixed point is obviously unique.

DEFINITION 2. Denote by F; the family of functions a(x, y) satisfy-
ing the following conditions:

(1) a(x, y) =a(p(x, 3)), i.e., « is dependent on the distance between
x and y only.

(2) 0=a(p) <1 for every p>0.

(3) a(p) is a monotonically decreasing function of p.

To prove the first theorem, use is made of the following theorem
of Edelstein [2]:

THEOREM (M. EDELSTEIN). Let X be a metric space and A a con-
tractive mapping of X into itself such that there exists a point x€X
whose sequence of iterates {Amx} comtains a comvergent subsequence
{Anix}; then E=lim;., A®xEX is a unique fixed point.

THEOREM 1. If A is a contractive mapping of a metric space X into
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itself, and there exist a subset MCX and a point xo& M such that

1) o(x, xo) — p(Ax, Axo) = 2p(x0, Axo) for every x € X\M
and A maps M into a compact subset of X, then there exists a unique fixed
point.

PRrOOF. Suppose Axo#xo and let
X, = A", n=12---,
ie.,
(2 Xnp1 = A2y, n=20,1,---..

A maps M into a compact set by assumption; thus, to obtain the
theorem as a direct consequence of Edelstein’s theorem, it is sufficient
to show that x,&E M for every n.

Since A is a contractive mapping, the sequence p(x,, *¥a.41) is, by
(2), nonincreasing, and by Ax,7x, it follows that

3) p(%ny ny1) < p(wo, #1), n=112,--
By the triangle inequality
p(%0, %) = p(wo, %1) + p(%1, Fat1) + p(%ny Xat1)-
Thus by (2) and (3)
o(x0, 2.) — p(Axo, Ax,) < 2p(x0, Axo),
and by (1) it follows that x,& M for every #n; hence the theorem fol-

lows.

COROLLARY. If A is a contractive mapping such that there exists a
point xoE X satisfying

(11 p(Ax, Axo) = a(x, x0)p(x, x0)
for every x€ X, where a(x, y) =alp(x, y)) EF1, and A maps? S(x,, )
with
.= 2p0(x0, Axo)
1 — a(2p(x0, 420))

into a compact subset of X, then there exists a unique fixed point of A.

Indeed, take in Theorem 1, M =S(x,,7); then by (II), the mono-
tonicity of a(p) and 7 =2p(xo, Axy), it follows that if p(x, x0) =7, then

* S(xo, 1) = {x|o(=, x0) <r}.
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P(x, xo) - P(Ax) Axo) P p(x, xo) - a(P(xa xO))P(xy xO)
[1 = a(o(x, %0))]o(x, x0) = [1 — a(r)]r
= [1 — a(2p(x0, A%0))]r = 2p(x0, Axo),

i.e., (1) holds.

REMARK 1. If 4 is a completely continuous (not necessarily con-
tractive) mapping, X is a Banach space and M CX is a bounded
subset, then the existence of a fixed point follows from (1) by Schau-
der’s fixed-point theorem [4], which states that every continuous
mapping of a closed convex subset of a Banach space into a compact
subset of itself has a fixed point.

Proor. 4 being completely continuous, it is sufficient to show that
A maps some closed sphere into itself.

Denote

“Axo — xo“ = a;

by the triangle inequality
[ Az = wfl = |42 — Az + [ 450 — =
=[le = wf| = (| — 2| = [ 42 = 4x]) + o
By (1) there exists a number 7, such that S(x, 7o) DM and Hx-xo“

>, implies ||x—xo|| —||4x—A4x|| Za; hence for every x such that
x—2x0|| > 7o we have

4z — x| < [|a — .

A being compact, there exists R such that from ||x—x|| <7, it
follows | Ax—on <R. Consequently A maps the closed sphere
S(xo, 7): Ix—on =<r, where r=max(rg, R), into itself, which proves
our proposition.

REMARK 2. The assumption

p(Az, Ay) < p(x, y)

and compactness of 4 are not sufficient for the existence of a fixed
point, as it can be seen from the following example:
Let X be the space of all real numbers, and define the function

f(®) = In(1 4+ ).

Differentiating we obtain

z

14 e

i.e., f is a contractive mapping, and it is easy to see that f has no fixed

f(®) =

<1,
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point although it is a compact mapping (even completely continuous).

THEOREM 2. Let A be a contractive mapping of a complete metric
space X into itself such that there exists a subset M CX and a point
x0 & M satisfying the following:

4) o(x, x0) — p(Ax, Axo) = 2p(x0, Axo) for every x € X\M,
(5) p(Ax, A)’) = a(x; y)p(x) y) f01' every x, y € M7
where

a(x, y) = alp(x, 3)) € F1.
Then there exists a unique fixed point.
Proor. Assume that Ax,#x, and define as before the sequence
X, = A™x, n=1,2,.---.
By the same method as in Theorem 1 we obtain, using (4), that
(6) p(%n, %nt1) < p(%o, 21), =12,

and x,€ M for every n.
Now we prove that the sequence {x,} is bounded.
By (5) and the definition of {x,.},

(7 p(%1, Xay1) = p(Axo, Ax,) = alp(xo, 24))p(%0, *n)
and by the triangle inequality,
p(xo, xa) = p (20, x1) + p(%1, Xnt1) + p(Fny Xny1).
Hence by (6) and (7)
[1 = a(p(xo, %)) ]p(x0, 2a) < 2p(%0, %1).

Now if p(x0, x,) = po for a given py>0, then by the monotonicity of
a(p) it follows that a(p(xg, x.)) La(po) and therefore

2p(xo, xl) < 2p(xo, xl) -
1 — a(p(xo, 2)) ~ 1 — a(po)

p(%o, %) < C.

Hence
(8) p(xo, x,,) hs R, n=1, 2’ cee,

where R=max(p,, C), i.e., the sequence {x,} is bounded.
Now let p>0 be an arbitrary integer; then by (5)

p(Xer1y Xrpr1) S a(@, Xeep)o(%r, Xrip).

Hence, taking the product from £=0 to k=#—1 and dividing both
sides by the same terms, we obtain
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n—1
p(%n, Tnyp) = p(20, %) H (%, itp)
k=0
(the division by the same terms is correct, since, as is easily seen, the
inequality holds also in the case where p(xx41, Xi4p41) =0 for some
k <n—1) and by (8) it follows that

n—1
9) p(%uy Tnip) S R H a(%k, Trisp).

To prove that {x,.} is a Cauchy sequence, it is sufficient to show
that for every ¢>0 there exists a number N, dependent on ¢ only (not
on p) such that for every p>0 there is p(xwn, %n+,) <€ (since the se-
quence p(X,, X44p) is nonincreasing).

If p(xx, Xr4p) =€ for k=0,1, - - -, n—1, then by (5) (the monotonic-
ity of a(p)) we have a(xi, *r+p) =a(p(xe, %r4+p)) Sa(e), and by (9) it
follows that

p(%z, xn+p) s R[“(Q]”-

But a(e) <1 and [a(e) ]*—0 as n— o, so there exists an integer N,
independent of p, such that p(xn, xny,) <e for every p>0, which
proves that {x,} is a Cauchy sequence.

By the completeness of X it follows that there exists x =lim,., %,
and by the continuity of 4, x is a fixed point.

Putting M =X, we obtain the

CoROLLARY. If p(Ax, Ay) Sa(x, y)p(x, ) for every x, y&X (X com-
plete), where a(x, y) E Fi, then there exists a unique fixed point,

REMARK 3. If in Theorem 1 and Theorem 2 x,& M, then the
existence of a fixed point follows at once by substituting x=x, in
(1) and (4).

REMARK 4. The above corollary and Theorem 2 are generalizations
of Banach'’s fixed-point theorem,

We now introduce the following definitions:

DEFINITION 3. An operator T defined on a domain D of a normed
space X is said to satisfy Lipschitz conditions on this domain if there
exists a constant C such that

(10) | 7% — Tof| < Cllx1 — o]

for all x;, x,€D.
The infimum of all the constants C satisfying (10), or

(|72 — T

z,,2,€D “xl - x2“ ’
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is called the Lipschitz norm of 7 on D and denoted by ||| T]||.
DEFINITION 4. An operator T is said to be strictly contractive on a
domain D if |||T]|| <1.
With these definitions, E. H. Zarantonello [5] proved the following
lemma in a Hilbert space:

LEMMA 1 (CONTRACTION PRINCIPLE). If T is strictly contractive on
a sphere S.(y): ||x— yll =a about the point y, and if

(11) 175l = ot = [[[TIID),
then the equation

(12) x=y+ Tx

has a unique solution in S,(y) and

_Imsl
e =l =

This lemma is essentially a localization of Banach’s fixed-point
theorem.

By methods similar to those of Zarantonello the following theorems
are arrived at:

IA

(13)

THEOREM 3 (LOCALIZATION OF THEOREM 1). Let T be contractive
on a sphere S(xq, 7): p(x, x0) =7 in a linear metric space X so that for
every x & S(x, r) there is

(14) p(Tx, Txo) S alx, x0)p(%, %o),
where a(x, y) € Fi.
If
(15) p(Tx0,0) < 7 Slép Pa(P)’
pST

and T maps S(xo, r) into a compact subset of X, then the equation
(16) X = X9 + Tx
has exactly one solution in S(xq, 7).

THEOREM 4 (LOCALIZATION OF THEOREM 2). Let T be contractive
on a sphere S(xo, r): p(x, x0) =1 in a complete metric linear space so
that for every x, y&.S(xo, 1) there is

(17 p(Tx, Ty) = a(x’ )’)P(x» 3’),

8 A weaker formulation of this lemma, obtained by replacing the < sign in (11)
by <, is a direct consequence of Theorem 1 of [3].
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where o(x, y) EF1.

If
(18) p(Txo,6) < 7 — sup pa(p),
pST
then the equation
(19) x=x+ Tx

has exactly one solution in S(x,, ).

The author wishes to thank Professor H. Hanani and Dr. M.
Reichbach for guidance and help in preparing this paper.
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