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Let E be a real Banach space. The set of all continuous linear mappings
of E into E is a Banach algebra under the usual algebraic operations and
the operator bound as norm. We denote this Banach algebra by %, if E s
a separate Hilbert space.

It has been proved by Calkin [1] that the set of all compact lincar
mappings of E into E is the only closed (2-sided) ideal of Z.

The purpose of this paper is to make a study of some ideals of some
near-algebras and to obtain similar results as that of Calkin.

Near-algebras

A set of is said to be a near-algebra if it satisfies all axioms for algebras
except for the left distributive law: f(g-+h4) = fg+fh. Therefore, a near-
algebra is a near-ring which has first been defined in [5]. (cf. [2])

In this paper we consider near-algebras of mappings of a Banach
space E into itself. Let f and g be mappings of E into E. The linear com-
bination «f--fg for real numbers « and g is defined by

(af+Bg) () = af(x)+Pg(x) for all ze E,
and the product fg is defined by

(fe) (x) = f(g(x)) for all ze E.
Let us consider some examples.

1. The near-algebra I(E). A mapping f of E into E is said to be constant
if there exists an element a € E such that f(z) = a for all z € E. This
constant mapping is denoted by c,. It is easy to see that

acq+fe, = aa+hb and Calp = Cq-
Therefore, the set I(E) of all constant mappings of E into E is a near-
algebra. (cf. [3] and [4])

2. The near-algebra €. A mapping f is said to be compact if, for any
bounded set M of E, f(M) is contained in a compact set. The set of all
compact and continuous mappings of E into E is denoted by €. It is easy
to see that € is a near-algebra.
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3. The near-algebra 2. A mapping f is said to be differentiable if, for
any a € E, there exists / € L such that

fla+x)—f(a) = l(x)+7(a, z) for every z e E,

where
[l (a, 2)||
llzl-o ]|

=0.

This linear mapping ! depends on ¢ and is denoted by f'(a). It is well-
known that, if f and g are differentiable, «f+fg and fg are differentiable and

(af+Bg) (a) = af (a)+pg(a)
(fe) (@) = f'(g(a))g’ (a)

for every a € E. Therefore, the set & of all differentiable mappings of E
into E is a near-algebra.

Ideals

Let &7 be a near-algebra. A non-empty subset I of .o7 is said to be an
tdeal if it is a linear subset and fg, gf e I whenever feI and g e &. If I 3 (0),
the ideal I is said to be non-zero.

When & is a near-algebra whose elements are mappings of E into E,
the set I(E) is the smallest non-zero ideal of & whenever I (E) C «. (cf. [4])

When &/ is a near-algebra whose elements are bounded mappings of E
into E, then € n & is an ideal of 7.

Hereafter we assume that of is a near-algebra such that ¥ C of C 9,

d-sets

In order to introduce the notion of d-set we need the following defini-
tions. We define the sets d(f), 4(M) and d-1(N) as follows:

alf) = {f() |z € E} for fe,
aM) = 4d(f) for M C o,
feM
diN)y={fe |d(f) CN} for NCZ.
We enumerate some properties of these sets.

(1) If M, CM,, d(M,) CdM,).
If N,CN,, a(N,)Cd-(N,).

(2) 4(f) = (O) if and only if feI(E).
Since every linear mapping ! e % is differentiable and
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U'(x) =1 for every z € E,
the following proposition is evident:

(8) The following three conditions are mutually equivalent: (i) fe &Z;
(i) fed(f); (i) d(f) = (f). Therefore, d(N) =N for NC 2.

4 MnLCdM) for MC .
Proor. By (3) we have
Mn® =dMn &) Cd(M).
ReMARK. The equality does not always hold. Let us consider the fol-
lowing set M:
M = {fe 2 |sup|if()]] < + o).
Then, it is clear that M n ¥ = (0) and 4(M) # (0).
(6) d(d(M)) = d(M) for M C .
Proor. This follows from (3), because d(M) C Z.
(6) NCd(N) for NC 2.

Proor. If I e N, since (I) = 4() by (3), we have 4() C N, which means
that l e d-1(N).

(7) d(d-*(N)) =N for NC 2.

Proor. By (3) and (6), we have N =d(N) C d(d-*(N)). Now, assume
that fed(d-'(N)). Then, fed(g) for some ged-1(N), or equivalently,
f € d(g) for some g such that d(g) C N. Therefore, f € N.

(8) M Cd-(d(M)) for M C .
Proor. If f € M, then d(f) Cd(M), which is equivalent to f e d-1(d(M)).

REMARK. The converse inclusion of (8) is not always true. Let E be
a separable Hilbert space and (e,) be a complete orthonormal system. Let
us consider the following mapping:

Since
f’(x) (y) = 221(3;' en) (?/, en)em

it is clear that ¢ ¥ n 2 and fed~(d(¥ n £)). Therefore, in the near-
algebra 9, for M = € n 9, we have M = d-(d(M)).
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DEFINITION. A subset M of o is said to be a d-set if d-1(d(M)) = M.
The followings are important properties of d-sets.

9 IfMisad-set,dM)=Mn 2.
Proor. Since M n #Z Cd(M) by (4), we have only to prove that
d(M) C M. Now, since (M) C 2, it follows from (6) that
d(M) Ca(dM)) =M.
(10) The following three conditions are mutually equivalent: (i) M is a
d-set; (i) fe M if and only if d(f) C M; (iii) M = d-1(N) for some NC L.

ProoF. (i) — (ii): If feM, since d(M)CM by (9), we have
d(f) Cd(M) C M. Conversely, if d(f) CM, we have d(f) Cd(M) by (5),
hence it follows that f e d-1(d(M)) = M.

(ii) — (iii): For N = d(M), we have d-}(N) =d-(d(M)) D M by (8).
Conversely, if f e d-1(N), then, since d(g) C M whenever g € M, we have

df)CN=dM)=Ud(g)CM.
eM

Therefore, f e M. ’

(iii) — (i): It follows from (7) that

dYd(M)) = d-Y(d(d(N))) = d-}(N) = M.
(11) If M, and M, are d-sets and d(M,) = d(M,), then M, = M,.
ProoF. M, = d-Y(d(M,)) = d-Y(d(M,)) = M,.

d-ideals

If I is an ideal of the near-algebra &, then I n & is an ideal of the
Banach algebra #. Conversely, we have the following proposition.

(12) If J is an ideal of the Banach algebra L, then d=1(]) is an ideal
of the near-algebra .

Proor. To prove that d-1(J) is linear, we assume that fed=*(J) and
g e d71(J). Then, since J is linear, we have

d(af+Pg) C ad(f)+pd(g) C J+T = J,

which implies that af+fg ed-1(J). Next, assume that f ed~!(J) and g e .
Then, since J is an ideal, we have

d(fe) Cd(f)d(e) C Ja(e) CJ

dagf) Ca(gla(f) Ca(g)JCJ.
Therefore, fg and gf belong to 4-1(]).

and
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DEFINITION. An ideal of &/ is said to be a d-ideal if it is a d-set.
Therefore, for any ideal J of £, d-1(J) is a d-ideal of &.

ReMARK 1. Since I(E) = d-1((0), I(E) is a d-ideal of every & such
that I(E)C .

REMARK 2. As we have shown in the remark after (8) of the preceeding
section, the ideal € N 2 of 2 is not a d-ideal. However, it has been proved
in [38] that € n & is a d-ideal of some near-algebra & such that ¥ C o C 2.

(&L)-closed d-ideals

DEFINITION. A subset M of & is said to be (#)-closed if M n Z is
closed under the norm topology of Z.

The collection of all (#)-closed subsets of & defines a topology on
&, which is the strongest among the topologies under which the mapping
l > 1 of & into & becomes continuous.

(13) d-ideals I(E) and d-2(€ n £) are (L)-closed.

Proor. I(E) is (Z)-closed, because I(E) n £ = (0). Since d-1(¢ n Z)
is a d-set, we have by (9) that

IENL)NL =dd (L) =¢n L.

Since € n & is closed in &, d~1(€ n £) is (L)-closed.
As the converse, we prove the following theorem which is the main
result of this paper.

THEOREM 1. Let I be an arbitrary (£ )-closed d-ideal of &. Then, we have
either | =I(EyorIDd(€nL).

2. When E is a separable Hilbert space and I is an (ZL)-closed d-ideal,
we have either I = I(E) or I = d—'(¥ n &).

3. When E is a separable Hilbert space and f(O) = O for every f e o,
then d—1(€ n ZL) is the only (L)-closed d-ideal of .

Proor. 1. Since I is (&)-closed, I n Z is a closed subset of .#. Moreover,
I 1 & is evidently an ideal of Z. Therefore, since I n 2 is a closed ideal of
the Banach algebra %, we have either In £ =(0) of In D€ n 2.
From the definition of d-sets and (9) it follows that

I =d3(d(I)) = d*(I n Z) = d-((0)) = I(E)
or
I=dYn2)Dd€n 2.

2. When E is a separable Hilbert space, by the Calkin’s theorem [1],
% n Z is the only non-zero closed ideal of #. Therefore, we have either
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INnZ=0) or In¥ =%n %, hence it follows that we have either
I=IE)orl =d (¢ n2)

3. In this case, we have I(E) n &/ = (0). Therefore, the case when
I = I(E) does not occur.
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