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ABSTRACT. Let Tf denote any one of the usual classical or generalized Little-
wood-Paley functions. This paper derives a BLO norm estimate for (7f )2 and
a pointwise estimate for Tf .

1. INTRODUCTION

In this paper we will derive a BLO norm estimate and a pointwise inequality
for Tf being any one of the usual classical and generalized Littlewood—-Paley

functions.
Let f belong to L™ . We shall obtain (Theorem 1) that T f satisfies

(1.1) (T llpo < CIAL

This kind of result can be found in [1], and by duality in [3] and [4]. However
our result is motivated by the distribution inequalities of Murai and Uchiyama
[8], where T f is the Lusin area integral.

A function f is said to belong to BLO if

(1.2) / f(x) ~inf(Ndx < ClQl,

for any cube Q of R". The John-Niremberg lemma for BMO, where ian( 1
is replaced by aveQ( f), still holds for BLO with a usual proof, see [6], requiring
easy modifications. Thus (1.1) implies 7 f is exponentially square integrable
in the sense of

C,
(1.3) /Q exp{ T (T ) =~ igf(77) 1} dx < G,l0].
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186 MARK LECKBAND

Some understanding of the difference between BLO and BMO can be found
by looking at the class of Calderon-Zygmund singular integral operators. Con-
sider the simplest example, the Hilbert transform Hf. For f in L*, the
function H f belongs to BMO, but H f will not belong to BLO in general. Yet
the maximal Hilbert transform, though pointwise larger, maps L™ into BLO,
see Lemma 1. of [7]. Since the proof of this result requires only an inequality
known as a good-A inequality, we can state that this trait is characteristic of
the class of C-Z operators. We may infer that maximizing a singular integral
operator creates a less varying operator that is insignificantly larger. We should
also note that (1.1) involves the square of the L-P function and what we have
just said about a C-Z operator does not hold for the square of the operator, for
example, (Hf )2 does not belong to BMO.

Littlewood-Paley functions represent an example of what are called vector-
valued C-Z singular integral operators, this is discussed in [6]. We can see that
(1.1) really shows two distinctions between L-P functions and C-Z singular
integral operators. The former are significantly smaller, since the singularities
are no worse than (log(1/ t))l/ 2 verses log(1/t) for bounded functions, and the
former vary less. This is at odds with the usual assumption that vector-valued
singular integral operators are just as bad as singular integral operators.

Our second result is motivated by the pointwise inequalities of Calderon and
Torchinsky [2], Chanillo and Wheeden [4], and Stein [9]. Specifically we show

(1.4) Tf(x)<Cg(f)x), 1<u<(n+2)/n,

where g;( f) is the classical function defined in [9]. The generalized L-P func-
tions are usually, and will be defined here using Schwartz functions 6 in place
of the Poisson kernel P. Many variations of (1.4) are known, see [2, 4, 9],
even with the L-P functions on both sides defined by using kernels 6, and 6, .
However the generality of (1.4) with g; (f) on the dominant side seems to be
new.

2. PRELIMINARIES

We now set up our notation and definitions. For x in R", r >0 and a >0,
let

B(x,r):{yeR": lx =yl <r},

n+1

[(x,a)={(y,)€R, :|x-y|<at}.

The symbol 6 will always be a Schwartz function with [ 6 = 0. We will denote

the Poisson kernel Cnt/(t2 +x[H)!" by P (x) [9], where the constant C,
is chosen so that [ P = 1. The constant of the Fourier transform is chosen so

that P({) =e .
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EXPONENTIAL INTEGRABILITY AND ESTIMATES OF LITTLE-PALEY FUNCTIONS 187

Definition 1. Let g(f), S(f, a), and g; (f) be the same Littlewood-Paley
functions defined in Stein [9]. We define their generalizations as

g(f, 0)(x) = (/0 1f+6,(x )M)'/z,
S(f5 0, a)(x) = (// £ 56,0y >|2df+d.’> ,
g/, 0)(x) = (// Net=) oo lzd{,’:f’) ,

where u > 1.

In our general formulas 7 f will denote any one of the L-P functions men-
tioned in Definition 1. The functions T,/ and T,' f will be the same with the
integration of the ¢ variable restricted to (0, r) and [r, oo), respectively. For
constants that do not depend upon the function f we shall use the letter C that
may change from line to line. We shall complete our preliminaries by listing a
standard result whose proof may be found in [6].

Lemma 1. Let [ belong to BMO. Then
IV f*P(x)tdxdt and |f+6,(x)]’ dxdi/t

are Carleson measures. In particular, for f in L™, the constant is C||f ||§<>

3. BLO ESTIMATE

In this section we prove the first main result which we call Theorem 1. Our
argument will develop along lines similar to that of [7]. To control Tf we use
the decomposition (7f)* = (T.f)* + (T'f). Our first lemma states (7 f)’

Lipschitzian.

Lemma 2. Let [ belong to L™ . Then for x, ze€ R",
) |x

(3.2) (T, £ = (TL£(2)° < CIIAI,

Proof. The case when Tf is S(f, a) or S(f, 6, a) proceeds exactly as Lemma
3.1 of [7]. Easiest is the case when Tf is g(f) or g(f,0).

(8(f2 O)x)) — (£ 6)(2))]
< [T 0,00 - 10,1+ 0,000+ 10,
<airil, [ B ar= epn 22
r t

Clearly T f = g(f) has the same proof.
Now consider Tf = g;( f, 6) and note that g;( f) will have the same proof.

(85 (f, 0)(x))* — (g(f, O) z) )|

(32) < C”flr / / n;z_< t >n/1 dtdy
I+|x v t+[z -yl L
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188 MARK LECKBAND

Observe that,
(3.3)

1 n 1 n
(t+lx—y|> B <t+|z—yl>

We do our estimates according to different cases.
I. First consider ¢ > |[x—y|V|z—y|. Using (3.3) over this region of integration,
we obtain

Ix — z|(t + |x —p| v]z = p)"™"

(t+|x—y)"™ @+ |z - y)™

2 [ x -zl dydt _
s <cls
! ” ”°° r "N{y : >|x=y|V|z—y|} t2nu ln+| ” "

II. Now consider |x —y| > |y — z| > t. Again using (3.3) we get

) W=zl x — z||x — y|™ "¢ dtdy
Ay < Clflls o A i
R™\B(x,rUB(z,r) Jr lx = y[*ly = 2| t

For nu > n we have,

2
< Cllf s

2|x |

X—-z
k=2l g
R"\B(x, rUB(z nlx=ylly-z|

< CIf%x - 2] / Lap,

2|x I

< Cllf oo

It may be of interest to note that for 1 > n—nu >0 the same estimate can be
obtained.

III. Now we consider |x —y| > ¢ > |y — z| which will complete the proof.
Using (3.3) we have

ascip, [ o Heey T dyde
I = <) , y—zl<t |x _ yln,utny tn+l

2|x z|

®\x — z|t
<l [ 'th'dt < CIfIL

Lemma 3. Let [ belong to L™ . Then
/B (TG dx < CIAIIBG, .

Proof. We shall just do the case for T f = g; (f, 0). The other cases are simpler
and more direct.

fy 16 "x—//,,(: ,)/,,(,Hx y|) 17+ 0,0) P L,

—BI+BII+BIII'

The above quantities are integrals where the y-integration is over |x — y| <
t,t<|x—-y|<r and r <|x —y|, respectively.
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EXPONENTIAL INTEGRABILITY AND ESTIMATES OF LITTLE-PALEY FUNCTIONS 189

For |x —y| <t we have t/(t+|x —y|) < C. Thus with a change in the order
of the x and y integration, and then carrying out the x-integration, we have

r dydt
Blsc// 6,0 < ClfILIBGz, N,
0 JB(z.Cr)

where we have used Lemma 1 for the last inequality.
For t <|x-y| <r wehave t/(t+|x—y|) < Ct/|x—y|. Again after changing
the order of integration we have

sysc [ [ (=)o 0 S < Ui, .

The last inequality is by Lemma 1.

To do the last case, r < |x — y|, we begin by writing R"\B(z, r) = u4,,
where A, is the annulus centered at z with inside radius r2* and outside
radius r2¢*! ,k=0,1,2,3,.... Using this decomposition and

( t ) Ct
< b
t+lx—-y|) ~rvix-y|

zdydxdt
TR N = Gy o
nu—n dydxdt
cex [ [ ez
Z(rZ")”” 0 JB(z.r)JB(=.r2*") L/ x0,0 t

Using "*7" < r"™™" and Lemma 1 we derive

n nu—n 2k+l n
< G L i < CUAILIBE .

then

The proof is complete.
Now we come to the result of this section.

Theorem 1. Let f belong to L™ . Then

TN o < CIAIZ

Proof. Observe that (Tf)’ = (T.f)* + (T.f)* and let Q be any cube of R".
Let z, be the center of Q and let half the diagonal be r.

/ (Tf(x))* - inf(Tf) dx < / (T'£(x))* = inf(T' f)* dx
0 Q 0 Q
T Tdx,
+/B(:(,~r>( f(x))>dx
<ClIfIlal,

by Lemmas 2 and 3, respectively.
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190 MARK LECKBAND

4. POINTWISE ESTIMATE

In establishing the pointwise estimate (Theorem 2) we begin by proving two
fairly technical lemmas. The first lemma below is ultimately needed for decay
estimates on 7 * P(x), where t is a Schwartz function. Trouble arises since
P™ () = —e'*! misses being a Schwartz function because of nondifferentiability
at 0.

Lemma 4. Let |D| be the operator defined by (|D|t)”({) = [{|t” (), for
Schwartz functions t. Then for 0 < < 1,

C
|1Dl2(x)| € ——Fs.
(1+[x])™

Proof. We prove this lemma by modifying many of the ideas found on page
133 of Stein [9]. To begin
L @righ)'” 220172
{|=————5—-(14+4n"|C .
0= Ty e (41D
The second factor (1 + 4n2|C |2)'/ > maps Schwartz functions to Schwartz
functions and so we consider it no longer. We decompose the first factor using

(1-0"=1+3 4", 4,= (-1)’"(1/2) .

m
That is
(an’ (¢

- I+ a7

=1+ A, (1 +4n’)gH)™"

=1+ 4,6, (),

where G,,, is the kernel of the Bessel potential [9]. Note that for large m, 4,
is of constant sign and

I'm-1+1/2) -3/2
A T(m+ 1) "

using I'(m) ~ V2amm™e™™ . We must obtain a decay estimate that does not

overpower the coefficients 4, . Note that we may restrict ourselves to |x| > 1
by Lemma 2(i) of [9]. Also it is shown in [9] that G,, (x) ~ O(e™"?), but
the constant increases too quickly with m . We begin anew with the following
identity.

m+x @

(47t)'"1"(m)sz(x) — / (e—lezn/éa—a—n/Z)e—J/Mla 5
0

The factor within the parenthesis equals exp{—|x|2n/6 —(a+n/2)In(d)},
and has a maximum value of

e("+"/2> o |x|2 a+n/2
(2a+n)
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that occurs at

5 = 27z|x|2
07 Qa+n)’
With |x| > 1,
C & —d/4n m+ad5
4m)"T(m)G,, (x) < —"/ e . iy
( ) ( ) 2"1( ) (1+|x|)n+2(l 0 6
or c
F(m + a) «
G x < (X X m
2m( )— (l +|x|)n+2{! F(m) (1 +Ix|)n+2(!
Letting B = 2a < 1 and the above applied to (4.1) gives us
2024172 17 C
(4.2) [_(%l (x) < ____/iTﬂ
(1+4n°|C|%) (1 +x])

Thus |D|7(x) is a Schwartz function convolved with (4.2). The lemma now
follows.

The next lemma is motivated by Lemmas 1.4 and 1.8 of Chanillo and Whee-
den [4] which in turn is a modification of the methods of Stromberg and
Torchinsky [10].

Lemma 5. Let a > 0 and M(large) > 0. Then for a Schwartz function f and
l<u<((n+2)/n,

1f* 6,(») 2 /)M dzde
R

2 as
<c " [ el e

Proof. Our proof of this lemma begins as a repetition of the proof of Lemma
1.8 of [4]. To make what follows comprehensible we shall put in all the details
rather than just paraphrasing and jumping into the middle.

First, for 0 < &€ <J < a, there exists a n "~ ({) € C;° such that suppn” is
contained in {¢ < |{| <d},n” >0 and for { =0

/ “raon =1,
0

(4.3)

To see this, choose ®(¢) in Cg° , ® > 0, such that supp® is contained in the
interval (g, d). Set

w0 =)@ [ [T ewe™ .

Since 0 does not belong to the support of ® we have n~ with the desired
properties.
Given a > 0 define

(4.4) mo=1- [ P o™ ()%
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192 MARK LECKBAND
Then 4 is C®, h =1 near 0, and for { not 0,
*® - dt
o= [P aon w0
a

Moreover A has compact support since n~ does.
Now choose a C* function 7 with suppt contained in the interval (e, J)
so that [;°7(f)/tdt = 1. Then

(4.5) h) = / MO g P w0l
Combining (4.4) and (4.5) we have
HINON ~ h()t(2)] dt _
/OP (tC)[n w0+ s | T =1

Set 6~ (L, ) =n"({)+h(/)T()/P™(L)

Using the above identity, we have

6" (s¢) _ 0 S(SC)/() pA(tc)aA(tC,t/s)g,

N

=3 [ g 00 s i g

—Z/ [ ] OT” (1L, t/s)—

and so,

Loy [ [ me] (57 §) S

where T ((, 1) = 67 (L/0)(C,/0/15/t17 - [n” (£) + el (t)h(¢/1)].
We now establish, for 0 < ¢ < a, the estimate

tM

(1+ pe)™#
where the dependence of B arises from Lemma 4. Fix i and denote g~ ({/t) =
(C,/t/lC/tlz) -07(¢/t). Since 67 (0) = 0 and 6~ is a Schwartz function, we
have that g~ is a Schwartz function. Using e'*! = cosh(|¢|) + sinh(|{]) , then

T/ (C, 1) =g ({/Hn"(§) + g~ (¢/1) cosh(|CDT(1)h(L/1)

+1elle (C/z)s‘“f‘c‘l'“) Hh(L/)]

=A4"((,0+B ({,0+[LICT (L, 0).

|T,(x,t)|<Cl, 0O<p<l,

First we have,

Xyuppn™(©) ,
L+ 121/0%

DA™ (L, D)l < l,, 0O<t<a.
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Using |{| > &> 0 in suppn”, then
(] ~ K—|«a
D} (4™ (L, o) < T ().

Hence |A(x, t)| < CtM/(l + |x|)N , where M and N can be taken as large as
desired.

To estimate B(x, t) observe that B~ ({, t) is a Schwartz function with re-
spect to the { variable and supp(7) is contained in the interval (¢, §). Hence
1B(x, 0] < CeMj(1+ |x)™

Finally consider C~ ({, t). The above statements about B~ ({, t) also apply
to C7({, t). Thus by Lemma 4,

EIC™(€, 01 (Ol < ey +1x)™, o< p<1.

From these estimates we now have

f+6,00) . . sy dedt
5 < Cﬂ/o /R" |V:f P,(Z)|(1 n @)n-rﬁ ] :

Decomposing n+ f = nu/2+[n+ f —nu/2], we may choose a 8 close enough
to 1 so that the conclusion of Lemma 5 is derived by using Schwartz’s inequality.
The restriction of # < 1 gives us the restriction of x4 < (n+ 2)/n in order to
do this last step.

We now come to the second result of this paper.

Theorem 2. Let 1 < u< (n+2)/n. Then

Tf(x) < Cgl(NX),
where T is any one of the operators of Definition 1 with matching index u when
Tf=g,(f,0)(x).
Proof. The case when T f = g(f, 0) is very easy using Lemma 5. The cases
when Tf = g(f) and S(f, a) are done in Stein [9]. The case when Tf =
S(f, 8, a) proceeds exactly as the final argument of Lemma 1.4 of [4]. Thus
we shall restrict ourselves to the case T f = g;(f, 0), l<u<(n+2)/n.

Using Lemma 5 and reversing the order of integration of the s and ¢ vari-
ables, we have

g, (f» O)x)I’
(t/s)Ms' "2 dzdt
seffmarner || [ T o]

To complete the proof we must show [---] < [t/(t+ |x — z|)]"*. To do this first
let ¥ = x — z and the integral inside the brackets becomes less than or equal to

(I/S ‘I n;z n+|tn/1—
(4.6) C/ / 3 dsdy.
u 11 + Iyln/l)(t'l,u + Ill yln/l

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



194 MARK LECKBAND
Observe
1
(™ + ™)™ + u = y[™)
_ 1 [ 1 + 1
T T D =) LS T =
1 e
<C[|—— R B
< () e
Now we have the following integrals with estimates.
L gy <c/s™ and [ (t)s)Mst™ 2ds < C™
W y s /S an a (l/S) S RIS .
Also
1 d C nu—n d * M nu—n+1 n—Zd C nu
m‘- y< /t an a (t/S) S t s<Ct’.
Thus (4.6) is less than equal to [¢/(z + |u|)]"" and the proof is complete.

10.
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