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ABSTRACT

The object of this paper is to obtain some necessary and sufficient conditions for an invariant
submanifold of a trans-Sasakian manifold to be totally geodesic. In addition, we construct an
example to verify our main results.
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1. Introduction

The theory of invariant submanifolds of an almost contact manifold has been an interesting area of research
in differential geometry for a long time. See, for example, Kon in [11] proved that invariant submanifolds of a
Sasakian manifold are totally geodesic if their second fundamental forms are covariantly constant. Kobayashi
in [10] proved that a submanifoldM of a Kenmotsu manifold with ξ tangent toM is totally geodesic if and only
if the fundamental form of M is covariantly constant. In 2009, Sular and Özgür [19] obtained some equivalent
conditions regarding some submanifolds of a Kenmotsu manifold being totally geodesic.

In 1985, Oubina [16] introduced a new class of almost contact manifolds, namely, trans-Sasakian manifold of
type (α, β), which can be considered as a generalization of Sasakian, Kenmotsu and cosymplectic manifolds.
Later, several studies (see [4, 20]) have been done on invariant submanifolds of trans-Sasakian manifolds. In
2013, De in [5] obtained that an invariant submanifold of a trans-Sasakian submanifold is totally geodesic if and
only if its second fundamental form is 2-pseudo-parallel. Mangione [14] also studied invariant submanifolds
of Kenmotsu manifolds. Recently, De and Majhi [6] proved that an invariant submanifold M of a Kenmotsu
manifold is totally geodesic if and only if Q(h,R) = 0 or Q(S, h) = 0, where h,R and S denote the second
fundamental form, curvature tensor and Ricci tensor of M , respectively.

Motivated by these results mentioned above, in this paper, we investigate invariant submanifolds of a trans-
Sasakian manifold satisfying Q(S,∇h) = 0, Q(S,R · h) = 0, Q(g,R · h) = 0, Q(g, C · h) = 0 or Q(S,C · h) = 0,
respectively, where C and R denote the concircular curvature tensor and curvature tensor of M , respectively.

The present paper is organized as follows. Some preliminaries used to prove our main results are given in
Section 2. In Section 3, we obtain some new equivalent conditions for an invariant submanifold of a trans-
Sasakian manifold to be totally geodesic. After giving some conclusions of this paper, finally, we construct an
example to verify our results in Section 4.

2. Preliminaries

Let M be a (2n+ 1)-dimensional smooth differentiable manifold endowed with an almost contact metric
structure (φ, ξ, η, g), where φ is a (1, 1)-tensor field, ξ a vector field, η a one-form and g a compatible Riemannian
metric on M . That is,

φ2X = −X + η(X)ξ, η(ξ) = 1, η(X) = g(X, ξ), (2.1)

g(φX, φY ) = g(X,Y )− η(X)η(Y ), (2.2)
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φξ = 0, η ◦ φ = 0, g(X,φY ) = −g(φX, Y ) (2.3)

for any X,Y ∈ Γ(TM), where Γ(TM) denotes the Lie algebra of all vector fields on M .
A connected manifold M endowed with an almost contact metric structure (φ, ξ, η, g) is called a trans-

Sasakian manifold (see [16]) if
(
M ×R, J,G

)
belongs to the class W4 (see [9]), where J is an almost complex

structure on M ×R which is defined by

J

(
X, f

d

dt

)
=

(
φX − fξ, η(X)

d

dt

)
for any vector field X on M and a smooth function f on M ×R, and G is the usual product metric on M ×R.
According to [3], an almost contact metric manifold is a trans-Sasakian manifold if and only if(

∇Xφ
)
Y = α {g(X,Y )ξ − η(Y )X}+ β {g(φX, Y )ξ − η(Y )φX} (2.4)

for smooth functions α and β on M , where∇ denotes the covariant differentiation with respect to g. Generally,
M is said to be a trans-Sasakian manifold of type (α, β). Form equation (2.4), it follows that(

∇Xφ
)
ξ = −αφX + β(X − η(X)ξ), ∀X ∈ Γ(TM). (2.5)

Let M be a submanifold of a (2n+ 1)-dimensional contact metric manifold M . We denote by ∇ and ∇
the Levi-Civita connections of M and M , respectively. Then for any vector fields X,Y ∈ Γ(TM), the second
fundamental form h is given by

∇XY = ∇XY + h(X,Y ). (2.6)

Furthermore, for any section N of normal bundle T⊥M we have

∇XN = −ANX +∇⊥XN, (2.7)

where ∇⊥ denotes the normal bundle connection of M . The second fundamental form h and shape operator
AN are related by

g(ANX,Y ) = g(h(X,Y ), N). (2.8)

A submanifold M is said to be totally geodesic if h = 0, which means that the geodesics in M are also
geodesics in M . A submanifold M is said to be semi-parallel (see [7]) (resp. 2-semi-parallel, see [1]) if

R(X,Y ) · h = 0 (resp. R(X,Y ) · ∇h = 0), ∀X,Y ∈ Γ(TM).

On a Riemannian manifold M , for a (0, k)-type tensor field T (k ≥ 1) and a (0, 2)-type tensor field E, we
denote by Q(E, T ) a (0, k + 2)-type tensor field (see [21]), defined as follows

Q(E, T )(X1, X2, · · · , Xk;X,Y ) =− T ((X ∧E Y )X1, X2, · · · , Xk)

− T (X1, (X ∧E Y )X2, · · · , Xk)

− · · · − T (X1, X2, · · · , Xk−1, (X ∧E Y )Xk),

(2.9)

where (X ∧E Y )Z = E(Y,Z)X − E(X,Z)Y .
Moreover, a submanifold M is said to be pseudo-parallel (see [2]) if

R(X,Y ) · h = fQ(g, h)

holds for any vector fields X and Y tangent to M and a smooth function f . Similarly, a submanifold M is
said to be 2-pseudo-parallel if R(X,Y ) · ∇h = fQ(S,∇h) and Ricci generalized pseudo-parallel (see [15]) if
R(X,Y ) · h = fQ(S, h) for any X,Y ∈ Γ(TM), respectively.

3. Invariant submanifolds of trans-Sasakian manifolds

In this section, we shall study an m-dimensional submanifold Mm of a trans-Sasakian manifold M such that
the characteristic vector field ξ is tangential to M . Generally, M is said to be invariant if φ(TM) ⊂ TM . On an
invariant submanifoldM ofM , it follows that ξ ∈ Γ(TM). Note that an invariant submanifold of trans-Sasakian
manifolds is also trans-Sasakian (see [19]). From equation (2.5) we obtain directly the following lemma:
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Lemma 3.1 ([18]). Let Mm be an invariant submanifold of a trans-Sasakian manifold M. Then the following equations
hold

∇Xξ = −αφX + β(X − η(X)ξ), h(X, ξ) = 0 (3.1)

for any X ∈ Γ(TM).

Using the above lemma, we obtain the following

Lemma 3.2. Let Mm be an invariant submanifold of a trans-Sasakian manifold M , then we have

R(ξ,X)ξ =
(
α2 − β2 − ξ(β)

)
(η(X)ξ −X), (3.2)

S(ξ, ξ) = (m− 1)
(
α2 − β2 − ξ(β)

)
(3.3)

for any X ∈ Γ(TM).

Theorem 3.1. An invariant submanifold of trans-Sasakian manifolds is totally geodesic if and only if Q(S,∇h) = 0,
provided (α2 + β2)

(
α2 − β2 − ξ(β)

)
6= 0.

Proof. We assume that Q(S,∇h) = 0, this implies

0 = Q(S,∇Xh)(W,K;U, V )

for any vector fields X,W,K,U, V ∈ Γ(TM). By the above equation and (2.9), we obtain

0 =−
(
∇Xh

)
(S(V,W )U,K) +

(
∇Xh

)
(S(U,W )V,K)

−
(
∇Xh

)
(W,S(V,K)U) +

(
∇Xh

)
(W,S(U,K)V ).

Hence, a simple calculation gives that

0 =−∇⊥Xh(S(V,W )U,K) + h (∇XS(V,W )U,K) + h(S(V,W )U,∇XK)

+∇⊥Xh(S(U,W )V,K)− h(∇XS(U,W )V,K)− h(S(U,W )V,∇XK)

−∇⊥Xh(W,S(V,K)U) + h(∇XW,S(V,K)U) + h(W,∇XS(V,K)U)

+∇⊥Xh(W,S(U,K)V )− h(∇XW,S(U,K)V )− h(W,∇XS(U,K)V )

for any vector fields X,W,K,U, V ∈ Γ(TM). Putting K = W = ξ in the above equation and using Lemma 3.1,
we obtain

0 = S(V, ξ)h(U,∇Xξ)− S(U, ξ)h(V,∇Xξ). (3.4)

In particularly, substituting V = ξ in (3.4) we obtain

S(ξ, ξ)h(U,∇Xξ) = 0. (3.5)

On a trans-Sasakian manifold, we have (see [5])

h(X,φU) = φh(X,U). (3.6)

From Lemma 3.1, (3.5) and (3.6), we obtain

αS(ξ, ξ)φh(U,X) = βS(ξ, ξ)h(U,X). (3.7)

Applying φ on both sides of equation (3.7), we obtain

− αS(ξ, ξ)h(U,X) = βS(ξ, ξ)φh(U,X). (3.8)

By Lemma 3.2, (3.7) and (3.8), we obtain

(m− 1)
(
α2 + β2

) (
α2 − β2 − ξ(β)

)
h(U,X) = 0,

for any vector fields X and U ∈ Γ(TM). If m = 1, that is, TM = Span{ξ}, then M is anti-invariant (see [13]).
Therefore, it follows that an invariant submanifold of trans-Sasakian manifolds with Q(S,∇h) = 0 is totally
geodesic provided that

(
α2 + β2

) (
α2 − β2 − ξ(β)

)
6= 0. The converse follows trivially.
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Corollary 3.1. An invariant submanifold of Sasakian manifolds is totally geodesic if and only if Q(S,∇h) = 0.

Corollary 3.2. An invariant submanifold of Kenmotsu manifolds is totally geodesic if and only if Q(S,∇h) = 0.

Theorem 3.2. An invariant submanifold of trans-Sasakian manifolds is totally geodesic if and only if Q(S,R · h) = 0,
provided α2 − β2 − ξ(β) 6= 0.

Proof. Let us consider Q(S,R · h) = 0, then it follows that

0 = Q(S,R(X,Y ) · h)(W,K;U, V )

for any vector fields X,Y,W,K,U, V ∈ Γ(TM). We obtain directly from the above equation and (2.9) that

0 =−
(
R(X,Y ) · h

)
(S(V,W )U,K) +

(
R(X,Y ) · h

)
(S(U,W )V,K)

−
(
R(X,Y ) · h

)
(W,S(V,K)U) +

(
R(X,Y ) · h

)
(W,S(U,K)V ) .

By the definition of R · h, we obtain

0 =− S(V,W )
[
R⊥(X,Y )h(U,K)− h (R(X,Y )U,K)− h(R(X,Y )K,U)

]
+ S(U,W )

[
R⊥(X,Y )h(V,K)− h(R(X,Y )V,K)− h(R(X,Y )K,V )

]
− S(V,K)

[
R⊥(X,Y )h(W,U)− h(R(X,Y )W,U)− h(R(X,Y )U,W )

]
+ S(U,K)

[
R⊥(X,Y )h(W,V )− h(R(X,Y )W,V )− h(R(X,Y )V ),W )

]
.

Putting Y = W = K = V = ξ in the above equation, we obtain immediately

S(ξ, ξ)h(R(X, ξ)ξ, U) = 0. (3.9)

Form Lemma 3.2 and relation (3.9), we obtain (m− 1)
(
α2 − β2 − ξ(β)

)2
h(X,U) = 0 for any vector fields

X,U ∈ Γ(TM). Proceeding similarly as in proof of Theorem 3.1, we complete the proof.

Corollary 3.3. An invariant submanifold of Sasakian manifolds is totally geodesic if and only if Q(S,R · h) = 0.

Corollary 3.4. An invariant submanifold of Kenmotsu manifolds is totally geodesic if and only if Q(S,R · h) = 0.

Theorem 3.3. An invariant submanifold of trans-Sasakian manifolds is totally geodesic if and only if Q(g,R · h) = 0,
provided α2 − β2 − ξ(β) 6= 0.

Proof. Considering Q(g,R · h) = 0, this is equivalent to

0 = Q(g,R(X,Y ) · h)(W,K;U, V )

for any X,Y,W,K,U, V ∈ Γ(TM). The following equation follows directly from (2.9) and the above equation

0 =−
(
R(X,Y ) · h

)
(g(V,W )U,K) +

(
R(X,Y ) · h

)
(g(U,W )V,K)

−
(
R(X,Y ) · h

)
(W, g(V,K)U) +

(
R(X,Y ) · h

)
(W, g(U,K)V ).

By the definition of R · h, we obtain

0 =− g(V,W )
[
R⊥(X,Y )h(U,K)− h(R(X,Y )U,K)− h(U,R(X,Y )K

]
+ g(U,W )

[
R⊥(X,Y )h(V,K)− h(R(X,Y )V,K)− h(V,R(X,Y )K)

]
− g(V,K)

[
R⊥(X,Y )h(W,U)− h(R(X,Y )W,U)− h(W,R(X,Y )U)

]
+ g(U,K)

[
R⊥(X,Y )h(W,V )− h(R(X,Y )W,V )− h(W,R(X,Y )V )

]
.

In particularly, putting Y = W = K = V = ξ in the above equation and applying Lemma 3.1 we obtain

h(U,R(X, ξ)ξ) = 0. (3.10)

By Lemma 3.2 and (3.10), we have
(
α2 − β2 − ξ(β)

)
h(U,X) = 0 for any vector fields X,U ∈ Γ(TM). This

completes the proof.
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Corollary 3.5. An invariant submanifold of Sasakian manifolds is totally geodesic if and only if Q(g,R · h) = 0.

Corollary 3.6. An invariant submanifold of Kenmotsu manifolds is totally geodesic if and only if Q(g,R · h) = 0.

For a (2n+ 1)-dimensional Riemannian manifold M , the concircular curvature tensor C is defined by (see
[5])

C(X,Y )Z = R(X,Y )Z − τ

2n(2n+ 1)
[g(Y,Z)X − g(X,Z)Y ] (3.11)

for any vector fields X,Y, Z ∈ Γ(TM), where τ is the scalar curvature of M . We also have

(C(X,Y ) · h)(U, V ) = R⊥(X,Y )h(U, V )− h(C(X,Y )U, V )− h(U,C(X,Y )V ). (3.12)

Theorem 3.4. An invariant submanifold of trans-Sasakian manifolds is totally geodesic if and only if Q(g, C · h) = 0,
provided τ 6= 2n(2n+ 1)

(
α2 − β2 − ξ(β)

)
.

Proof. Assuming that Q(g, C · h) = 0, then we get

0 = Q(g, C(X,Y ) · h)(W,K;U, V )

for any vector fields X,Y,W,K,U, V ∈ Γ(TM). From (2.9), (3.12) and the above equation we obtain

0 =− g(V,W )(C(X,Y ) · h)(U,K) + g(U,W )(C(X,Y ) · h)(V,K)

− g(V,K)(C(X,Y ) · h)(W,U) + g(U,K)(C(X,Y ) · h)(W,V )

=− g(V,W )
[
R⊥(X,Y )h(U,K)− h(C(X,Y )U,K)− h(C(X,Y )K,U)

]
+ g(U,W )

[
R⊥(X,Y )h(V,K)− h(C(X,Y )V,K)− h(C(X,Y )K,V )

]
− g(V,K)

[
R⊥(X,Y )h(W,U)− h(C(X,Y )W,U)− h(C(X,Y )U,W )

]
+ g(U,K)

[
R⊥(X,Y )h(W,V )− h(C(X,Y )W,V )− h(C(X,Y )V,W )

]
.

In particularly, by Lemma 3.1, we put Y = K = W = U = ξ in the above equation and obtain

h(C(X, ξ)ξ, V ) = 0. (3.13)

By Lemma 3.2 and (3.11), we obtain immediately

C(X, ξ)ξ =

(
α2 − β2 − ξ(β)− τ

2n(2n+ 1)

)
(X − η(X)ξ) . (3.14)

Substituting (3.14) into (3.13) yields that(
α2 − β2 − ξ(β)− τ

2n(2n+ 1)

)
h(X,V ) = 0

for any X,V ∈ Γ(TM). This completes the proof.

Corollary 3.7. An invariant submanifold of Sasakian manifolds is totally geodesic if and only ifQ(g, C · h) = 0, provided
τ 6= 2n(2n+ 1).

Corollary 3.8. An invariant submanifold of Kenmotsu manifolds is totally geodesic if and only if Q(g, C · h) = 0,
provided τ 6= −2n(2n+ 1).

Theorem 3.5. An invariant submanifold of trans-Sasakian manifolds is totally geodesic if and only if Q(S,C · h) = 0,
provided

(
α2 − β2 − ξ(β)

) [
τ − 2n(2n+ 1)

(
α2 − β2 − ξ(β)

)]
6= 0.

Proof. For any X,Y, U, V,W,K ∈ Γ(TM), we see that

0 = Q(S,C(X,Y ) · h)(W,K;U, V ).
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We obtain the following equation by (2.9), (3.12) and the above equation

0 =− S(V,W )(C(X,Y ) · h)(U,K) + S(U,W )(C(X,Y ) · h)(V,K)

− S(V,K)(C(X,Y ) · h)(W,U) + S(U,K)(C(X,Y ) · h)(W,V )

=− S(V,W )
[
R⊥(X,Y )h(U,K)− h(C(X,Y )U,K)− h(C(X,Y )K,U)

]
+ S(U,W )

[
R⊥(X,Y )h(V,K)− h(C(X,Y )V,K)− h(C(X,Y )K,V )

]
− S(V,K)

[
R⊥(X,Y )h(W,U)− h(C(X,Y )W,U)− h(C(X,Y )U,W )

]
+ S(U,K)

[
R⊥(X,Y )h(W,V )− h(C(X,Y )W,V )− h(C(X,Y )V,W )

]
.

In particularly, using Lemma 3.1 and putting Y = K = W = U = ξ in the above equation we have

S(ξ, ξ)h(C(X, ξ)ξ, V ) = 0. (3.15)

By Lemma 3.2, (3.14) and (3.15), we obtain

(
α2 − β2 − ξ(β)

) [(
α2 − β2 − ξ(β)

)
− τ

2n(2n+ 1)

]
h(X,V ) = 0

for any X,V ∈ Γ(TM). This completes the proof.

Corollary 3.9. An invariant submanifold of Sasakian manifolds is totally geodesic if and only ifQ(S,C · h) = 0, provided
τ 6= 2n(2n+ 1).

Corollary 3.10. An invariant submanifold of Kenmotsu manifolds is totally geodesic if and only if Q(S,C · h) = 0,
provided τ 6= −2n(2n+ 1).

For an invariant submanifold M of a trans-Sasakian manifold with α and β being constants, from our main
results, [5] and [18] we see that the following conditions are equivalent:

• M is totally geodesic,
• the second fundamental form of M is parallel with α2 + β2 6= 0,
• the second fundamental form of M is semi-parallel with α2 + β2 6= 0,
• the second fundamental form of M is recurrent with α2 + β2 6= 0,
• the second fundamental form of M is 2-recurrent with α2 + β2 6= 0,
• the second fundamental form of M is 2-semi-parallel with α2 + β2 6= 0,
• the second fundamental form of M is pseudo-parallel with either α2 − β2 − f 6= 0 or αβ 6= 0,
• the second fundamental form of M is 2-pseudo-parallel with α2 + β2 6= 0,
• the second fundamental form of M is Ricci generalized pseudo-parallel with either

(
α2 − β2

)
(2nf − 1) 6=

0 or αβ 6= 0 ,
• the second fundamental form of M satisfies C · h = 0 with either α2 − β2 6= τ

2n(2n+1) or αβ 6= 0,
• the second fundamental form of M satisfies Q(S,∇h) = 0 and α2 6= β2,
• the second fundamental form of M satisfies Q(S,R · h) = 0 and α2 6= β2,
• the second fundamental form of M satisfies Q(g,R · h) = 0 and α2 6= β2,
• the second fundamental form of M satisfies Q(g, C · h) = 0 and τ 6= 2n(2n+ 1)(α2 − β2),
• the second fundamental form ofM satisfiesQ(S,C · h) = 0 and α2 6= β2 and τ 6= 2n(2n+ 1)

(
α2 − β2

)
6= 0.

4. Example

We consider a five-dimensional manifold M̃ =
{

(x1, x2, x3, x4, t) ∈ R5 : t 6= 0
}

, where (x1, x2, x3, x4, t) are
standard coordinates in R5. We choose the vector fields

e1 = e−t
∂

∂x1
, e2 = e−t

∂

∂x2
, e3 = e−t

∂

∂x3
, e4 = e−t

∂

∂x4
, e5 = e−t

∂

∂t
,

which are linearly independent at each point of M̃ . We define g by

g = e2tK,
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where K is the Euclidean metric on R5. Hence {e1, e2, e3, e4, e5} is an orthonormal basis of M̃ .
We consider an 1-form η defined by

η = etdt, η(X) = g(X, e5), ∀X ∈ TM̃.

We define the (1, 1) tensor field φ by

φ

{
2∑
i=1

(
xi

∂

∂xi
+ xi+2

∂

∂xi+2
+ t

∂

∂t

)}
=

2∑
i=1

(
xi

∂

∂xi+2
− xi+2

∂

∂xi

)
.

Thus, we have
φ(e1) = e3, φ(e2) = e4, φ(e3) = −e1, φ(e4) = −e2, φ(e5) = 0.

The linear property of g and φ yields that

η(e5) = 1, φ2(X) = −X + η(X)e5

g(φX, φY ) = g(X,Y )− η(X)η(Y ),

for any vector fields X,Y on M̃ . Thus, M̃(φ, ξ, η, g) defines an almost contact metric manifold with e5 = ξ.
Moreover, let ∇̃ be the Levi-Civita connection with respect to metric g. Then we have

[e1, e2] =e−t
∂

∂x1

(
e−t

∂

∂x2

)
− e−t ∂

∂x2

(
e−t

∂

∂x1

)
=e−2t

∂2

∂x1∂x2
− e−2t ∂2

∂x2∂x1
=0.

Similarly,
[e1, ξ] = e−te1, [e2, ξ] = e−te2, [e3, ξ] = e−te3,

[e4, ξ] = e−te4, [ei, ej ] = 0, 1 ≤ i 6= j ≤ 4.

The Riemannian connection ∇̃ of the metric g is given by

2g
(
∇̃XY,Z

)
=Xg(Y,Z) + Y g(Z,X)− Zg(X,Y )− g (X, [Y,Z])

− g(Y, [X,Z]) + g(Z, [X,Y ]),

By Koszul’s formula, we obtain the following equations

∇̃e1e1 = −e−tξ, ∇̃e2e2 = −e−tξ, ∇̃e3e3 = −e−tξ, ∇̃e4e4 = −e−tξ,

∇̃ξξ = 0, ∇̃ξei = 0, ∇̃eiξ = e−tei, 1 ≤ i ≤ 4

and ∇̃eiej = 0 for all 1 ≤ i, j ≤ 4. Thus, we see that M is a trans-Sasakian manifold of type (0, e−t) .

Let M be a subset of M̃ and consider the isometric immersion f : M 7→ M̃ defined by

f(x1, x3, t) = (x1, 0, x3, 0, t).

It can be easily proved that M =
{

(x1, x3, t) ∈ R3 : (x1, x3, t) 6= 0
}

is a 3-dimensional submanifold of M̃, where
(x1, x3, t) are standard coordinates in R3. We choose the vector fields

e1 = e−t
∂

∂x1
, e3 = e−t

∂

∂x3
, e5 = e−t

∂

∂t
,

which are linearly independent at each point of M . We define g1 by

g1 = e2tK1,
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where K1 is the Euclidean metric on R3. Hence {e1, e3, e5} is an orthonormal basis of M . We define 1-form η1
and (1, 1)-form tensor field φ1 respectively by

η1 = etdt, η1(X) = g1(X, e5), ∀X ∈ Γ(TM)

and

φ1

{(
x1

∂

∂x1
+ x3

∂

∂x3
+ t

∂

∂t

)}
=

(
x1

∂

∂x3
− x3

∂

∂x1

)
.

Thus, we have
φ1(e1) = e3, φ1(e3) = −e1, φ1(e5) = 0.

The linear property of g1 and φ1 yields that

η1(e5) = 1, φ21(X) = −X + η1(X)e5,

g1(φ1X,φ1Y ) = g1(X,Y )− η1(X)η1(Y )

for any vector fields X,Y on M . Thus, M is an invariant submanifold of M̃ with e5 = ξ. Let ∇ be the induced
connection. Using Koszul’s formula, we obtain

∇e1e1 = −e−tξ, ∇e3e3 = −e−tξ, ∇ξξ = 0, ∇e1ξ = e−te1,

∇e3ξ = e−te3, ∇ξe1 = 0, ∇ξe3 = 0, ∇e1e3 = 0, ∇e3e1 = 0.

Finally, from the values of ∇̃eiej and∇elek, where i, j ∈ {1, 2, 3, 4, 5} and l, k ∈ {1, 3, 5}, we obtain h = 0 and
hence M is totally geodesic. Thus, Theorems 3.1, 3.2, 3.3, 3.4 and 3.5 are verified.
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