Bernoulli 5(3), 1999, 483-493

A note on limit theorems for multivariate
martingales

UWE KUCHLER' and MICHAEL SQRENSEN?

Unstitut fiir Stochastik, Fachbereich Mathematik, Humboldt Universitit zu Berlin, Unter den
Linden 6, 10099 Berlin, Germany. e-mail: kuechler@mathematik.hu-Berlin.de

2Department of Theoretical Statistics, University of Copenhagen, Universitetsparken 5, DK-2100
Copenhagen @, Denmark. e-mail: michael@math.ku.dk

Multivariate versions of the law of large numbers and the central limit theorem for martingales are
given in a generality that is often necessary when studying statistical inference for stochastic process
models. To illustrate the usefulness of the results, we consider estimation for a multidimensional
Gaussian diffusion, where results on consistency and asymptotic normality of the maximum likelihood
estimator are obtained in cases that were not covered by previously published limit theorems. The
results are also applied to martingales of a different nature, which are typical of the problems
occurring in connection with statistical inference for stochastic delay equations.
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1. Introduction

The law of large numbers and the central limit theorem for martingales have proved very
useful tools for obtaining asymptotic results about estimators of parameters in stochastic
process models. However, the multivariate versions of these results published so far have
been stated either with conditions that are too strict for many statistical applications, or in a
generality that makes application to particular statistical models very difficult. In this paper
we give multivariate versions of the law of large numbers and the central limit theorem for
martingales in a generality that seems to us useful in many statistical applications.

When studying inference for stochastic process models where the data form a single
trajectory, a central limit theorem for martingales is often a useful tool for obtaining
asymptotic distributional results as the length of the observation period goes to infinity; see,
for example, Barndorff-Nielsen and Serensen (1991; 1994). What is needed is a central
limit theorem for a properly normalized martingale as the time goes to infinity. When the
statistical parameter is multidimensional or of infinite dimension, a multivariate central limit
theorem is needed. We briefly review some previously published multivariate central limit
theorems, which have proved useful in the type of statistical application indicated above
when the models may be non-ergodic. For a review of older work on mainly one-
dimensional martingales, see Helland (1982). A multidimensional martingale central limit
theorem applicable to some non-ergodic models was given by Hutton and Nelson (1984).
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However, their assumption that the quadratic variation matrix converges when normalized
by a scalar is rather restrictive. In order to be able to obtain results for multivariate
martingales whose coordinates increase at different rates, a situation which occurs quite
naturally when analysing many statistical stochastic process models, Serensen (1991)
published a result in which the quadratic variation matrix converges when normalized by a
diagonal matrix. This has also turned out to be too restrictive because, for instance, it does
not cover the case where all components of the martingale increase at the same rate, but
where there are directions different from the main axes in which the rate of increase is
smaller. This happens in some stochastic process models; see Dietz (1992), Stockmarr
(1996) and Gushchin and Kiichler (1997). In Section 2 we give a central limit theorem for
multivariate martingales, where the quadratic variation matrix is assumed to converge when
normalized by a suitable full matrix. This more general result also covers martingales of the
type just described. In Section 3 we demonstrate how it can be used to find the asymptotic
distribution of the maximum likelihood estimator in multivariate Gaussian diffusion models
in cases that could not be treated by the previous, less general, central limit theorems. In
Section 4 we apply the central limit theorem to a type of martingale that occurs in
connection with investigations of statistical inference for solutions of stochastic delay
equations.

Laws of large numbers for martingales are useful tools for proving consistency of
estimators in statistical models of the kind described in the previous paragraph. These
results state that, as time tends to infinity, a martingale normalized by its quadratic variation
converges to zero almost surely or in probability on the set where the quadratic variation
tends to infinity. A first result was published by Lépingle (1978), and the paper by Liptser
(1980) clarified the situation for one-dimensional martingales. The strong law of large
numbers for martingales is proved by means of a generalization of the Kronecker lemma.
Melnikov (1986) was able to prove a multivariate version of the strong law of large
numbers for martingales under the assumption that the limsup of the ratio of the largest to
the smallest eigenvalue of the quadratic variation matrix is finite. This assumption is rather
strong, and in several statistical applications Melnikov’s result cannot be applied. Melnikov’s
condition was considerably weakened in the laws of large numbers for martingales by Le
Breton and Musiela (1986; 1989) and Kaufmann (1987), but their conditions are still too
strong to cover cases where some eigenvalues of the quadratic variation increase linearly
while others increase exponentially, which can happen even in relatively simple statistical
models. Le Breton and Musiela (1987) and Dzhaparidze and Spreij (1993) proved a strong
law of large numbers for multivariate martingales which are Gaussian or which have
deterministic quadratic variation, respectively. In these two papers the only condition is,
essentially, that the inverse of the quadratic variation matrix tends to zero. The assumption
that the martingale is Gaussian or that the quadratic variation matrix is deterministic is also
too restrictive in many applications. In Section 2 a weak law of large numbers for
multivariate martingales is derived as a corollary to the general central limit theorem. The
result holds without any further conditions, so by proving only convergence in probability,
we avoid the restrictive conditions in the strong laws of large numbers for multivariate
martingales published so far and obtain a more broadly applicable result. Apart from the
applications mentioned above, the weak law of large numbers for multivariate martingales
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can be used to prove consistency of least-squares estimators in a very general class of
semimartingale models; see Melnikov and Novikov (1990).

2. Limit theorems

Let (Q,.7, {7}, P) be a complete filtered probability space. Let M = (M1, ..., My)" be a
k-dimensional square-integrable martingale with respect to {7}, that is, the coordinates of
M, are square-integrable for all # = 0. We can therefore, for all # = 0, define H, = E(M,M ?),
where T denotes transposition. We assume that the sample paths of M are right-continuous
with limits from the left. Let [M], be the quadratic variation matrix of M, that is, the (i, j)th
entry of [M], is [M;, M;],. By I; we denote the k X k identity matrix, and by det(A4) the
determinant of a square matrix 4, while 4'/2 denotes the unique positive semidefinite square
root of a positive semidefinite matrix 4. The concepts of stable and mixing convergence used
in the following theorem were introduced by Rényi (1958; 1963) and further developed by
Aldous and Eagleson (1978); see also the discussion in Hall and Heyde (1980).

Theorem 2.1. Suppose there exists a family of invertible non-random k X k matrices
{K;: t>0}, with t — K, continuous, such that, as t — oo,

(@ K, —0;

(b) KiE(sups=| AM|) =0, i=1,....k, where Ky=3 ) ||Kul and AM; =

Mis - Misf;

(c) K,[M1,KT — n? in probability, where n* is a random positive semidefinite matrix;
and

(d) KthK? — 2, where 2 is a positive definite matrix.
Then we have the following results on convergence in distribution as t — oo:

KM, — Z (stably), 2.1

where the distribution of Z equals that of n*U, U being a standard normal distributed k-
dimensional random vector independent of n?. This distribution is the normal variance
mixture with characteristic function ¢(u) = E(exp[—%uTnzu]), u=(ui, ..., u)". Moreover,

(KM, K[M1,KT) — 7 U, ). (22)

Provided that P(det(n*)>0)>0, we have the following results on convergence in
distribution conditional on {det(17*)>0}:

(K[M1,K])"' KM, [{det() > 0} — N(O, Iy) ~ (mixing) 23)
and

MM M |{det(p®) >0} — x*(k)  (mixing). (2.4)

Proof. To prove (2.1) it suffices to show that xT K;M, — xT Z (stably) for all x € R*\{0} (the
Cramér—Wold device). For every ¢ >0, the process
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X! = ("KHK ) PTK M, 0<s=<I,

is a one-dimensional square-integrable martingale with respect to the filtration {.% }. For ¢
large enough, xTK,H,K}x >0 because T is positive definite. Using (b) and (d), we see that

E( sup |AX!)) < (xTK,H,KTx)_l/Zm?x|x,»| > K iE(sup|AM j|) — 0,
: s<t

0=s=<1 F

as t — oo. From (c) and (d) it follows that
(XN = ("KHK ) TK MK x — (x"Sx) " xTp?x

in probability as ¢ — co. Thus the class of processes X', ¢ >0, satisfies the same conditions
as the martingales (3.6) in the proof of Theorem 2 in Feigin (1985). Therefore, it follows
from Feigin’s proof that X| converges stably in distribution to the zero-mean normal variance
mixture with the distribution of xT#%x as mixing distribution, that is, to the distribution of
x'Z.

The stability of (2.1) implies (2.2) and (2.3); see Aldous and Eagleson (1978). Remember
that on {det(n?)>0} the matrix K,[M],K| is positive definite for ¢ large enough. The
result (2.4) follows immediately from (2.3). O

In applications one of the main problems is to find the family of matrices {K, : #>0}.
Based on (c) and (d) in Theorem 2.1, one might try to get an idea of how to choose K; by
studying the rate of increase of the entries of H,, but this is not always enough, because
these entries may all increase at the same rate even when M grows at different rates in
directions that are not parallel to the coordinate axes. Often one must search for a family
{K;: t>0} of the form D,C, where D, is a diagonal matrix, while C changes the
coordinate axes appropriately. We shall give examples in Sections 3 and 4.

Since H; is positive semidefinite, there exists an orthogonal matrix O, and a diagonal
matrix D, with non-negative diagonal elements, such that H; = OTDIOI. If we can use
K, :Dfl/ 20; or K; = OTD;I/ 20;, then condition (d) in Theorem 2.1 is automatically
satisfied.

The following weak law of large numbers follows immediately from Theorem 2.1.

Corollary 2.2. Assume the conditions of Theorem 2.1. Then [M]; is invertible on
{det(7?) >0} for t sufficiently large, and

[M],'M,— 0 2.5)
in probability on {det(n*)>0} as t — oo.
Proof. The result follows from Theorem 2.1 because
(M7 M, = K (K IM],K) ™ KMy,

where KM, converges in distribution and hence is stochastically bounded,
(K[M],KT)' — (*)"! in probability on {det(*)>0}, and K, — 0. O
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3. Multidimensional Gaussian diffusions

In this section we consider the class of k-dimensional Gaussian diffusions given as solutions
to the stochastic differential equation

dX, = BX,dt+ dW,, Xo=0, 3.1
where X, = (X1, ..., Xu)", Bis a k X k matrix and W is a k-dimensional standard Wiener
process.

If 0 =(bi1, ..., big, ..., br1, ..., bx)T, then the likelihood function based on observa-
tion of X for s € [0, 7] is
L(6) = exp(N,0 — 10" 1,0), (3.2)

where N, is the k%-dimensional vector

t t t t T
<JX15dX15,...,JX;(SdXIS,...,JXlsd.st,...,Jstkas>
0 0 0 0

and I, is the k* X k? matrix

J, 0 - 0

I = 0o J; ’
: .0
0 -~ 0 J,

in which J; is the k£ X k matrlx fo XX Tds, which is almost surely 1nvert1ble The maximum
likelihood estimator is 9, =1, 'N,. Note that 0, =1, L0+ M) =6+ I 'M,, where M, is
the k>-dimensional square- mtegrable martingale

t t t t
M, = (J X1 dWis, ,J X dWis, ,J X15dWis, ,J stdeS).
0 0 0 0

Since [M]; = I, the consistency of 6 follows if we can apply Corollary 2.2 to M. Moreover,
by Theorem 2.1, the asymptotic normality of (KJ,KT)I/Z(K YO, — 0) = (KLKT) 2K .M,
(or, more simply, that (6, — 0)T1,(0, — 0) = MTI7"M, — x*(k*)) also follows. We need to
find K, such that (c) and (d) of Theorem 2.1 are satisﬁed.

The solution to (3.1) is

t
X, = J B dw,. (3.3)
0

Suppose B can be diagonalized, that is, that there exists an invertible matrix C and a diagonal
matrix D such that B = C~'DC. Since B" = C~'D"C, we find that

t
CX, :J P9 aw,, (3.4)
0

where W, = CW, is a k-dimensional Wiener process with coordinate processes that are
typically not independent. In fact, (W), = tCCT. Hence the (i, j)th entry of
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t
chT::J(n;XICTds (3.5)
0
is
t S S
aﬂnzzjjeﬂkwdﬂﬁjeﬁﬁmdﬂﬁd& (3.6)
0Jo 0
where d;, i=1, ..., k, are the diagonal elements of D, i.e. the eigenvalues of B. If d; >0

and d; >0, the Toeplitz lemma implies that
e—t(d;+dj)aij(t) N (di +dj)71J e*dru dWiuJ efdju dV”Vju
0 0
almost surely as 7 — oo. If d; <0 and d; <0, then ¢t 'a;(t) — —;/(d; + d;) almost surely
as t — oo, where j; is the (i, j)th entry of CCT. This is because the two processes under the
Lebesgue integral in (3.6) are in this case ergodic. Finally, suppose d; >0 and d; <0. Then
t712¢~%1q;(r) — 0 in probability as ¢ — oo by a generalization of the Toeplitz lemma
because fot e?=9 dW ;5 converges in distribution and hence is stochastically bounded.
Thus if all eigenvalues of B are real and different from zero, we can define K, by

4Cc 0 -+ 0
0 - 0 4C
where A4, is the diagonal matrix A4, = diag(¢(?), ..., @(1)), with
o eid't if di >0
%m{tm if d; <0.

We have shown that K,I,Kf — 17%(0) in probability as ¢ — oo, where 5?(6) is random if at
least one of the eigenvalues of B is positive. There is no loss of generality to assume that
di<Ofori=1,..., mandd;>0fori=m+1,..., k, where 0 < m < k. Then * has the

form
, (m o
n= s
o' n

where O is an m X (k — m) matrix with all entries equal to zero. To prove that #? is positive
definite it is enough to prove that each of the two matrices 1% and 73 is positive definite.
Obviously they are positive semidefinite, so it is enough to prove that they are invertible. To
impose necessary conditions for this to hold we need the concept of controllability. Let R and
V be d X d matrices, where V' is positive semidefinite; then (R, V') are called controllable if
the rank of the d X d?> matrix [V, RV, ..., R?"'V] is d. We need the following result, which
is well known in control theory. For a proof, see Davis (1977, Chapter 4) or Chaleyat-Maurel
and Elie (1981, Lemma 1.10).
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Lemma 3.1. The matrix j(; exp(sR)V exp(sRT) ds is invertible (that is, positive definite) for
t>0 if and only if (R, V) are controllable.

Now, 77% = fooo exp(sR;)V exp(sR;)ds, where R = diag(dy, ..., , d,;,) and V) is the upper
left m X m submatrix of CCT, so 77% is positive definite if (R, V) are controllable. This is,
for instance, the case if V) is invertible. The random matrix 73 is positive definite if the
matrix O with entries Oy =(d;+d;)"' is positive definite. Since o= f(fc
exp(sRy)V, exp(sRy)ds, where R, = diag(—d,41, ..., —dy) and V, is the (k— m) X
(k — m) matrix with all entries equal to one, we see that 73 is positive definite if
(Ry, V3) are controllable. This is the case if and only if the eigenvalues d,.i, ..., d; are
all different.

We have now given conditions ensuring that (c) of Theorem 2.1 is satisfied. Let us turn
to condition (d) in the same theorem. Since

E(ay(1) = Gj(d; + dp) {9 — 1 — o(d; + dp)},
we see that A4,CEq(J,)CT 4, — 2(0), where

Cy(di + dj) 2, if d;>0 and d;>0,
2i(0) = —Ci(d; + dp)7!, if d;<0 and d;<0,
0, if d;>0 and d;<0.

As H, = Egy(I,), we see that we just have to check that X is positive definite. Under the
assumption made earlier, that d; <0 for i=1,..., m and d;>0 for i=m+1,..., k,
where 0 =< m < k, the matrix X is of the form

2 O
= .
OT 222

We have already seen that =;; = n? is positive definite if (R, V) is controllable. Note that
2 = fgo exp(sRy) Vs exp(sR,) ds, where the (i, j)th entry of the (k — m) X (k — m) matrix
Vi is §j/(di +d;), m+ 1 <1, j < k. If V3 is invertible, (R,, V'3) are controllable, so that by
Lemma 3.1 the matrix X, is positive definite. That V3 is invertible follows in the same way
as the invertibility of 77%, if we assume that (R,, V) are controllable, where V4 is the lower
right (k — m) X (k — m) submatrix of CC". In particular, we can assume that ¥ is invertible.

We have thus proved consistency and, after normalization as described above, asymptotic
normality of the maximum likelihood estimator provided that all eigenvalues of B are real
and different from zero, that all positive eigenvalues are different, and that CCT is positive
definite.

This could not have been done for all these values of B by means of, for example, the
martingale limit theorem in Serensen (1991). Consider, for instance, the two-dimensional

diffusion with
1 0
B (1 1).

Then B? equals the identity matrix, so e = I cosh u 4 Bsinh u. Hence
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t
J e(t_s) dWlS
X, = 0

t— t t
J sinh(¢ — s)dW +J e =) AWy,
0 0

It is not difficult to see that all entries of E(J,) are of order e*’, and that

1
8
1 b
16

which is singular, so there is no way of normalizing J; and E(J;) with a diagonal matrix to
obtain a non-singular limit. However, B can be diagonalized:

G50 D6 ST

so the result proved above holds.

Maximum likelihood estimation for multivariate Gaussian diffusions has been studied by
several authors; see Le Breton (1977; 1984), Le Breton and Musiela (1982; 1985) and
Stockmarr (1996). None of these authors proved consistency or asymptotic normality in the
case where some eigenvalues of B are positive while others are negative.

e 2'E(J,) — (

= A=

—_

4. Martingales with time delay

In this section, we consider limit results for martingales of the kind that typically occur in the
study of statistical inference for stochastic delay equations.

Assume that M and M@ are continuous martingales with (M©, M), = a(¢), where
a(t) is independent of i, j € {1, 2} and differentiable with respect to ¢. We suppose further
that a'(#) has an almost surely finite limit, which we denote by a’(co). Define

t
Yi) = J x(t—$)dM?O,  1=0,i=1,2,
0

where

llu ﬂ.zu

xo(u) = e 4 ™", ucR,

with 0 <1, <A1, fixed. Then we have P-almost surely that
(D) U= | e anOe), =12,
0

as t — oQ.
For t = 0, define the two-dimensional martingale
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JtYl (s)dMD(s)
Mt == t 0 [l
J Yao(s — 1) dM@(s)
0

which has the quadratic variation matrix

J Y3(s) da(s) J Y1(s)Ya(s — 1) da(s)

[M], = 0 0

t t
J Yi(s)Ya(s — 1) da(s) J Y3(s — 1) das)
0 0
Elementary calculations show that, after normalization by exp(—24;¢), all entries of [M],
tend to (random) finite limits as ¢ — oo,
(@(0) (1 ek
exp(—241)[M]; — T \eh g2 )

and that the limit matrix is singular. This can be seen as the normalization K,[M],K, with
K, = e *'I,. No other normalization of [M], by deterministic diagonal matrices, possibly
with different rates of increase for the diagonal elements, leads to a regular limit matrix
either.

It is, however, possible to choose a non-diagonal matrix K, for which a non-singular limit
matrix is obtained. In fact, for K, = y(#)® with

1 0 e*ﬂlt 0

the expression K,[M]th tends to
U2 UiU,

I 1 — ehi—%2)
5 5 24 A+ A ( © )
P=@eor| y ,
T 1—’_;2 (1- e(/h*/lz)) 2_2(1 _ e(iﬁlz))2

which is non-singular with probability one. To see this, note that 7> has the structure UAU,
where U = diag(U;, U,) and where A is seen to be positive definite by arguments similar to
those given in the previous section.
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