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Abstract: In this paper, we consider the maximal operator related to the Laplace-Bessel differential operator

(B-maximal operator) on ( )(⋅) +�Lp γ k
n

, , variable exponent Lebesgue spaces. We will give a necessary condition

for the boundedness of the B-maximal operator on variable exponent Lebesgue spaces. Moreover, we will

obtain that the B-maximal operator is not bounded on ( )(⋅) +�Lp γ k
n

, , variable exponent Lebesgue spaces in

the case of =−p 1. We will also prove the boundedness of the fractional maximal function associated with

the Laplace-Bessel differential operator (fractional B-maximal function) on ( )(⋅) +�Lp γ k
n

, , variable exponent

Lebesgue spaces.
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1 Introduction

This paper is associated with the maximal function generated by the Laplace-Bessel differential operator
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which is known as an important differential operator in harmonic analysis. The maximal operator, frac-

tional maximal operator, and singular integrals generated by the Laplace-Bessel differential operator have

been studied by many mathematicians such as Stempak, Kipriyanov, Klyuchantsev, Lyakhov, Gadjiev,

Aliev, Guliyev, Ekincioglu, Serbetci, Kaya, and others [1–14].

In recent years, there have been important developments in the theory of variable exponent Lebesgue

spaces. On variable exponent Lebesgue spaces, the boundedness of some operators in harmonic analysis,

such as maximal operator, and singular integral operator, has an important role. On variable exponent

Lebesgue spaces, the boundedness of the classical maximal operator and singular integral operators has

been studied by Diening [15,16], Cruz-Uribe et al. [17], Cruz-Uribe et al. [18], and Adamowicz et al. [19].

The purpose of this study is to extend the theory of variable exponent Lebesgue spaces. The bounded-

ness of the B-maximal operator plays an important role in obtaining the boundedness of the convolution-

type singular integral operators related to the Laplace-Bessel differential operator. We will obtain that

a necessary condition for the boundedness of the B-maximal operator on ( )(⋅) +�Lp γ k
n

, , variable exponent

Lebesgue spaces, using +� translation according to n-variables. Moreover, we will obtain that the B-maximal
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operator is not bounded on ( )(⋅) +�Lp γ k
n

, , variable exponent Lebesgue spaces in the case of =−p 1. This article

is organized as follows. In Section 2, we give some results that are useful for us. In Section 3, we obtain

a necessary condition for the boundedness of the B-maximal operator on variable exponent Lebesgue spaces.

Moreover, we prove that the B-maximal operator is not bounded on variable exponent Lebesgue spaces

for =−p 1. In Section 4, we prove the boundedness of the fractional maximal function associated with

the Laplace-Bessel differential operator (fractional B-maximal function) on variable exponent Lebesgue

spaces.

2 Notations and preliminaries

Let = ( ′ ″)x x x, , ′ = ( … ) ∈ �x x x, , k
k

1 , and ″ = ( … ) ∈+ −�x x x, ,k n
n k

1 . Denote = { ∈ > … >+� �x x x: 0, , 0,k
n n

k, 1

≤ ≤ }k n1 , = ( … )γ γ γ, , k1 , > … >γ γ0, , 0k1 , ∣ ∣ = +⋯+γ γ γk1 . ( )+B x r, denote the open ball of radius r centered

at x, i.e., ( ) = { ∈ ∣ − ∣ < }+ +�B x r y x y r, :k
n

, . Given a measurable set ( ) ⊂+ +�B r0, k
n

, , then
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, and ∫( ) = − −γ e x xΓ d
π

x γ

0
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The generalized translation operator is defined by

∫ ∫( ) ≔ … [( ) … ( ) ″ − ″] ( )T f x C f x y x y x y γ α, , , , , d ,y
γ k

π π

α k k α,

0 0
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where ( ) ( )= − + −





C π Γ Γγ k
γ γ

,
1
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1k i i
2 , ( ) = ( − + )x y x x y α y, 2 cosi i α i i i i i

2 2
i

1
2 , ≤ ≤i k1 , ≤ ≤k n1 , and ( ) =γ αd

∏ = − α αsin di
k γ

i i1
1i [8,20]. It is well known that the generalized translation operator is closely connected with

ΔB-Laplace-Bessel differential operator.

The B-convolution operator associated with the generalized translation operator is defined by

∫( ⊗ )( ) = ( ) ( )( ′)
+�

f g x f y T g x y yd .y γ

k
n

,

We will denote by ( )+�Lp γ k
n

, , the set of all measurable functions f on +�k
n

, such that the norm
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is finite.

Now, we will introduce the space ( )(⋅) +�Lp γ k
n

, , and state some fundamental properties of this space.

For a measurable function (⋅) → [ ∞)+�p : 1,k
n

, , let

≔ ( ) ≔ ( )−
∈

+
∈+ +� �

p p x p p xessinf , esssup .
x xk

n
k
n

, ,

Then, we denote the set of variable exponent functions by �( )+�k
n

, .

Definition 1. Given a function (⋅) → [ ∞)+�p : 1,k
n

, , we say that (⋅)p is locally log-Hölder continuous, and

denote this by �(⋅) ∈ ( )+�p k
nlog

, , if there exists a constant >C 00 such that

∣ ( ) − ( )∣ ≤
− ∣ − ∣

∣ − ∣ ≤ ∈ +�p x p y
C
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x y x y
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We say that (⋅)p is log-Hölder continuous at infinity and denote this by �(⋅) ∈ ( )∞ +�p k
nlog

, , if there exists

a constant ∞C such that

∣ ( ) − ∣ ≤
( + ∣ ∣)

∈∞
∞

+�p x p
C

e x
x

log
, ,k

n
,

where = ( ) >∞
→∞

p p xlim 1
x

.

We define ( )(⋅) +�Lp γ k
n

, , to consist of measurable functions f such that the modular f on +�k
n

, satisfies

∫≔ ∣ ( )∣ ( ′) < ∞(⋅)
( )

+�

f x x xϱ d ,p γ
p x γ

,

k
n

,

for ameasurable function (⋅) → [ ∞]+�p : 1,k
n

, . For < ≤ ( ) ≤ < ∞− +p p x p1 , the space ( )(⋅) +�Lp γ k
n

, , is a Banach

space with respect to the norm

∥ ∥ = > ≤( ) (⋅)(⋅) +
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By ′( ) = ( )
( ) −p x
p x

p x 1
, ∈ +�x k

n
, , we denote the conjugate exponent.

Proposition 1. Let (⋅) → [ ∞]+�p : 1,k
n

, be Lebesgue measurable and � denote the set of simple functions on

+�k
n

, . If < ∞+p , then � is a dense subset of ( )(⋅) +�Lp γ k
n

, , .

The space ( )(⋅) +�Lp γ k
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∫( ) ( ) ( )( ′) <∞ ∈ ( )′(⋅) +

+

















�

�

f x f y g y y y g L: d for allγ
p γ k

n
, ,

k
n

,

up to the equivalence of the norms
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see [21, Proposition 2.2] and see also [22, Theorem 2.3] or [23, Theorem 3.5].

3 The B-maximal operator on ( )(⋅) +Lp γ k
n

, ,�

In this section, we obtain the boundedness of B-maximal operators, which play an important role in

harmonic analysis, on variable exponent Lebesgue spaces. We also establish a necessary condition for

the B-maximal operator to be bounded on ( )(⋅) +�Lp γ k
n

, , variable exponent Lebesgue spaces.

Given a function ∈ ( )�f L n
1
loc , then the Hardy-Littlewood maximal operator is defined by

∫( ) = ∣ ( )∣ ∣ ( )∣
>

−

( )

Mf x B x r f y ysup , d ,
r

B x r
0

1

,

for all ∈ �x n, where the supremum is taken over all balls (or cubes) ∈ �B n which contain x. In this paper,

we consider the Hardy-Littlewood maximal operator related to the Laplace-Bessel differential operator

(B-maximal operator) (see [7]):

∫( ) = ∣ ( )∣ ∣ ( )∣( ′)
>
+

−

( )+

M f x B r T f x y ysup 0, d .γ
r

γ

B r

y γ

0

1

0,
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Theorem 1. [7] Let f be a function defined on +�
n.

(a) If ∈ ( )+�f L γ
n

1, , then for every >t 0

∣{ ∈ ( ) > }∣ ≤ ∥ ∥+ ( )+� �x M f x t
C

t
f: ,n

γ γ L γ
n

1,

where C is independent of x, r, t, and f .

(b) If ∈ ( )+�f Lp γ
n

, , < ≤ ∞p1 , then ∈ ( )+�M f Lγ p γ
n

, and

∥ ∥ ≤ ∥ ∥( ) ( )+ +� �M f C f ,γ L Lp γ
n

p γ
n

, ,

where C is independent of f .

The above theorem gives that the B-maximal operator is bounded on ( )+�Lp γ
n

, Lebesgue spaces. We will

now show that the B-maximal operator is bounded on variable exponent Lebesgue spaces. In order for

the boundedness of the B-maximal operator on variable Lebesgue spaces, ( )p x must provide the log-Hölder

continuous condition.

Definition 2. [3] Let� be a set of all Lebesgue measurable functions (⋅) → ( ∞)+�p : 1,k
n

, . Then, the B-max-

imal operator Mγ is bounded on ( )(⋅) +�Lp γ k
n

, , .

Let �′(⋅) ∈p , then we can write �(⋅) ∈ ′p . From [15, Theorem 8.1], we get the characterization of � .

Theorem 2. [24] Let (⋅) → ( ∞)+�p : 1,k
n

, be Lebesgue measurable with < ≤ < ∞− +p p1 . Then, the following

conditions are equivalent:

(i) �(⋅) ∈p ;

(ii) �′(⋅) ∈p ;

(iii) �(⋅)/ ∈p q for some < < −q p1 ;

(iv) �( (⋅)/ )′ ∈p q for some < < −q p1 .

Proposition 2. [24] Let �(⋅) ∈p . We have a constant >C 0 so that for any ∈+ �B ,

∣ ∣ ≤ ∥ ∥ ∥ ∥ ≤ ∣ ∣+ ++ (⋅) + ′(⋅)B χ χ C B .γ B L B L γp γ p γ, ,

Theorem 3. Let �∈ ( )∞ +�p k
nlog

, . Then,

∥ ∥ ≤ ∥ ∥( ) ( )(⋅) + (⋅) +� �M f C f ,γ L Lp γ k
n

p γ k
n

, , , ,

where C is independent of f .

Proof. To prove the boundedness of the B-maximal operator on ( )(⋅) +�Lp γ k
n

, , , we will use the maximal

function on a space of homogeneous type. Therefore, we will first introduce the fractional maximal function

on a space of homogeneous type. Given a pseudo-metric space ( )X ρ, and a positive measure μ. Then, we say

that ( )X ρ μ, , is a homogeneous-type space, if the measure μ satisfies the doubling condition

( ( )) ≤ ( ( ))μ B x r Cμ B x r, 2 , , (1)

where C is independent of x and >r 0, and ( ) = { ∈ ( ) < }B x r y X ρ x y r, : , .

Let ( )X ρ μ, , be a homogeneous-type space and the maximal function defined as follows

∫( ) =
( ( ))

∣ ( )∣ ( )
>

( )

M f x
μ B x r

f y μ ysup
1

,
d .μ

r
B x r

0
,
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It is well known that the maximal operatorMμ is bounded on ( )(⋅)L X μ,p [19, Corollary 1.6]. We shall use

this result in the case = +�X k
n

, , ( ) = ∣ − ∣ρ x y x y, , ( ) = ( ′)μ x x xd dγ . It is clear that this measure satisfies the

doubling condition (1) (see [14]). Also in [3,7,24], it was proved that

( ) ≲ ( )M f x M f x .γ μ (2)

From (5) and the boundedness of the maximal operator Mμ on ( )(⋅)L X μ,p , we obtain the boundedness of

the B-maximal operator on ( )(⋅) +�Lp γ k
n

, , , i.e.,

∥ ∥ ≲ ∥ ∥ ≲ ∥ ∥ ≤ ∥ ∥( ) ( ) ( ) ( )(⋅) + (⋅) (⋅) (⋅) +� �M f M f f f .γ L μ L X μ L X μ L, ,p γ k
n

p p p γ k
n

, , , ,

Thus, the proof of theorem is completed. □

It is well known that the B-maximal operator is not bounded on ( )+�L γ k
n

1, , spaces. Therefore, the B-maximal

operator is not bounded on ( )(⋅) +�Lp γ k
n

, , the variable exponent Lebesgue spaces in the case of =−p 1, too.

Theorem 4. Let �(⋅) ∈ ( )+�p k
n

, . If =−p 1, then B-maximal operator is not bounded on ( )(⋅) +�Lp γ k
n

, , variable

exponent Lebesgue spaces.

Proof. For ∈ �m , take sm such that

< < ( + + ∣ ∣) + + ∣ ∣ −
+
−








s n k γ n k γ
m

1
1

1
.m

1

For all m, since =−p 1, the set

= { ∈ ( ) < }+�E x p x s:m k
n

m,

has positive measure. From Lebesgue differentiation theorem, for each χEm,

∣ ( ) ∩ ∣
∣ ( )∣

=
→

+

++

B r E

B r
lim

0,

0,
1.

r

m γ

γ0

Particularly, if < ≤r R0 m, then there exists < <R0 1m such that

∣ ( ) ∩ ∣
∣ ( )∣

> −+

+
−( + +∣ ∣)( + )B r E

B r

0,

0,
1 2 .

m γ

γ

n k γ m 1 (3)

Let = ( )+B B R0,m m and define

( ) = ∣ ∣ ( )− − −∣ ∣+
( )∩+
+

f x x χ x .m
n k γ

B R E0,
m

m m

1
1

Now, we will prove ∈ ( )(⋅) +�f Lm p γ k
n

, , and

∥ ∥ ≥ ( + )∥ ∥(⋅) (⋅)M f C m f1 .γ m p γ m p γ, ,

First, note that since <R 1m and − − − ∣ ∣ + <+n k γ 0
m

1

1
,

∫ ∫( ) ( )( ) = ∣ ∣ ( ′) ≤ ∣ ∣ ( ′) < ∞
∩

− − −∣ ∣+ ( )

∩

− − −∣ ∣++ +f x x x x x xϱ d d .γ m

B E

n k γ p x γ

B E

n k γ s γ

m m

m

m m

m m
1

1
1

1

Then,wewill use the equivalent definition of the B-maximal operator and averages over balls. Let ∈ ∩x B Em m

and take = ∣ ∣ ≤r x Rm. Then, we get

∫( ) ≥
∣ ( )∣

∣ ∣ ( ′)
+

( )∩

− − −∣ ∣+

+

+M f x
B r

T x y y
1

0,
d .γ m

γ
B r E

y n k γ γ

0, m

m
1

1

Let = −( + )δ 2m
m 1 . Then, we have

∣{ < ∣ ∣ < }∣ = ( − )∣ ( )∣−( + +∣ ∣)( + ) +y δ r y r B r: 1 2 0, .m
n k γ m

γ
1
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Therefore, since ∣ ∣− − −∣ ∣+ +x n k γ
m

1
1 is radially decreasing and from (3), since ∣ ( ) ∩ ∣ ≥ ( − )+ −( + +∣ ∣)( + )B r E0, 1 2m γ

n k γ m 1

∣ ( )∣+B r0, γ, we get

∫

∫

( ) ≥
∣ ( )∣

∣ ∣ ( ′)

≥ ∣ ∣ ( ′)

≥ ( + ) − ∣ ∣ ≥ ( + ) ( )

+
( )∩

− − −∣ ∣+

− − −∣ ∣

{ <∣ ∣< }

− − −∣ ∣+

+ − − −∣ ∣+

+

+

+

+










M f x
B r

T x y y

Cr T x y y

C m δ x C m f x

1

0,
d

d

1 1 1 .

γ m
γ
B r E

y n k γ γ

n k γ

δ r y r

y n k γ γ

m
m n k γ

m

0,

1
1

m

m

m

m

m

1
1

1
1

1
1

If ∉ ∩x B Em m, then this inequality is trivial. Therefore, ∥ ∥ ≥ ( + )∥ ∥(⋅) (⋅)M f C m f1γ m p γ m p γ, , . Thus, when =−p 1,

we obtain that B-maximal operator is not bounded on ( )(⋅) +�Lp γ k
n

, , variable exponent Lebesgue spaces. □

Now, let us give an example which B-maximal operator is not bounded on ( )(⋅) +�Lp γ k
n

, , variable exponent

Lebesgue spaces.

Example 1. Let

( ) = < ≤
>





p x
x

x

2, 0 1;

4, 1,

and ( ) = ∣ ∣ ( )− /
( )f x x χ x2 5
0,1 . Then, since ∣ ∣ ( ) ∈ ( )− /

( ) +�x χ x L γ
4 5

0,1 1, , ∈ ( )(⋅) +�f Lp γ, . Moreover, ∉ ( )(⋅) +�M f Lγ p γ, . If

>x 1, then we have

∫ ∫

∫

∫

∫

∣ ( )∣
∣ ( )∣ =

( )
∣ ∣

=
( )

∣ − ∣

≥
( )

∣ ∣

=
( )

=
( )

∉ (( ))

> +
( )

+
( )

− /

+
( )

− /

+
( )

− / +

+
( )

− / +

− /

+ +

+

+

+

B r
T f x y y

ω γ r
T x y y

ω γ r
x y y y

ω γ r
y y

ω γ r
r r

ω γ
r L

sup
1

0,
d

1

1,
d

1

1,
d

1

1,
d

1

1,
d

1

1,
0, 1 .

r γ
B r

y γ
γ

B r

y γ

γ

B r

γ

γ

B r

γ

γ

B r

γ

γ

0
0,

1

0,

2 5

1

0,

2 5

1

0,

2 5

1

0,

2 5

2 5
4,

Therefore, ( ) = ∞M fϱγ γ , and thus, ∉ ( )(⋅) +�M f Lγ p γ, .

4 The fractional B-maximal function on variable exponent

Lebesgue spaces

The fractional maximal function associated with the Laplace-Bessel differential operator (fractional B-max-

imal function) is defined as follows

∫( ) = ∣ ( )∣ ∣ ( )∣( ′) ≤ < + ∣ ∣
>
+

+∣ ∣ −

( )+

M f x B r T f x y y α n γsup 0, d , 0 .γ
α

r
γ

α
n γ

B r

y γ

0

1

0,

Note that we get the B-maximal function =M f M fγ γ
0 for =α 0 (see [6]).
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Theorem 5. Let ≤ < + ∣ ∣α n γ0 , ∈ ( )(⋅) +�f Lp γ k
n

, , , and (⋅) → [ ∞)+�p : 1,k
n

, be such that < ≤ <− +
+ ∣ ∣

p p1
n γ

α

and (⋅) ∈ ( )+�p LH k
n

, . Define (⋅) → [ ∞)+�q : 1,k
n

, by − =( ) ( ) + ∣ ∣p x q x

α

n γ

1 1
. Then,

∥ ∥ ≤ ∥ ∥( ) ( )(⋅) + (⋅) +� �M f C f ,γ
α

L Lq γ k
n

p γ k
n

, , , ,

where C is a constant independent of f .

Proof. We use the fractional maximal function on a space of homogeneous type. Therefore, we will firstly

introduce the fractional maximal function on a space of homogeneous type. Let ( )X ρ, be a pseudo-metric

space, ( )X ρ μ, , be a homogeneous type space, and ( )B x r, be as above. Then, the fractional maximal function

is defined as:

∫( ) = ( ( )) ∣ ( )∣ ( ) ≤ <
>

−

( )

M f x μ B x r f y μ y βsup , d , 0 1.μ
β

r

β

B x r
0

1

,

The fractional maximal operator M fμ
β satisfies the strong type inequality for < <−p1

β

1
, − =( ) ( ) β
p x q x

1 1

(see [25,26]), i.e.,

∫ ∫∣ ( )∣ ( ) ≤ ∣ ( )∣ ( )( ) ( )
( ) ( )



























M f x μ x C f x μ xd d .

X

μ
β q x

X

p x

q x p x
1 1

(4)

To complete the proof of Theorem 5, we will use the following statements. In the case = +�X k
n

, , ( ) =ρ x y,

∣ − ∣x y , = + ∣ ∣β
α

n γ
, ≤ < + ∣ ∣α n γ0 , and ( ) = ( ′)μ x x xd dγ . It is clear that this measure satisfies the doubling

condition (1).

It is well known that

{ }∏( ( )) = ∣ ( )∣ ≤ ( / )+ + +∣ ∣

=
μ B x r B x r Cr x r, , max 1,γ

n γ

i

k

i
γ

1

i

and

∏( ) ≤( )
=

+


















T χ x C
r

x
min 1, ,y

B r
i

k

i

γ

0,
1

i

for ≤ ≤k n1 and ≤ ≤i k1 (see [7]).

Now we will show that

( ) ≲ ( )M f x M f x .γ
α

μ
β (5)

Consider the definition of the B-fractional maximal function

∫( ) = ∣ ( )∣ ∣ ( )∣( ′)+
+∣ ∣ −

( )+

M f x B r T f x y y0, d .γ
α

γ

α
n γ

B r

y γ
1

0,

Then, we can write

∫ ∫( ) = ∣ ( )∣ ∣ ( )∣ ( )( ′) = ∣ ( )∣ ∣ ( )∣ ( )( ′)+
+∣ ∣ −

( ) +
+∣ ∣ −

( )

+

+

+

+

� �

M f x B r T f x χ y y y B r f y T χ x y y0, d 0, d ,γ
α

γ

α
n γ y

B r
γ

γ

α
n γ y

B r
γ

1

0,

1

0,

k
n

k
n

, ,

where

∫ ∫( ) = … [( ) ″ − ″] ( )( ) ( )+ +
T χ x C χ x y x y γ α, , d ,y

B r γ

π π

B r i i α0,

0 0

0, i
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and ( )+
χB r0, is the characteristic function of ⊂( ) ++

�χB r k
n

0, , . Note that ( ) =( )+
T χ x 0y

B r0, for every ∈ ⧹+�y k
n

,

( )+B x r, , i.e., ( )( )+
T χ xy

B r0, is supported in the ball ( )+B x r, . Then, we have

∫( ) = ∣ ( )∣ ∣ ( )∣ ( )( ′)+
+∣ ∣ −

( )
( )

+

+
M f x B r f y T χ x y y0, d .γ r

α
γ

α
n γ

B x r

y
B r

γ
,

1

,

0,

Write

( ) ≤ ( ) + ( )M f x M f x M f x ,γ
α

γ
α

γ n
α

,0 ,

where

∫

∫

( ) = ∣ ( )∣ ∣ ( )∣ ( )( ′)

( ) = ∣ ( )∣ ∣ ( )∣ ( )( ′)

≤
≤ ≤

+
+∣ ∣ −

( )
( )

>
≤ ≤

+
+∣ ∣ −

( )
( )

+

+

+

+

M f x B r f y T χ x y y

M f x B r f y T χ x y y

sup 0, d ,

sup 0, d .

γ
α

r x

i k

γ

α
n γ

B x r

y
B r

γ

γ n
α

r x

i k

γ

α
n γ

B x r

y
B r

γ

,0

1

1

,

0,

,

1

1

,

0,

i

i

In the case <x ri , by taking into account that ( ( )) ≤ ( )+ +∣ ∣μ B x r r, 2 n γ , ∣ ( )∣ = ( )+ +∣ ∣B r ω n k γ r0, , ,γ
n γ , and

( ) ≤( )+
T χ x 1y

B r0, , we get

∫

∫

( ) = ∣ ( )∣ ∣ ( )∣ ( )( ′)

≤ ( ) ( ( )) ∣ ( )∣ ( )

≤ ( ) ( )

≤
≤ ≤

+
+∣ ∣ −

( )
( )

− +∣ ∣−
>

−

( )
− +∣ ∣−

+

+

+∣ ∣

+∣ ∣

M f x B r f y T χ x y y

ω n k γ μ B x r f y μ y

ω n k γ M f x

sup 0, d

, , 2 sup , d

, , 2 .

γ
α

r x

i k

γ

α
n γ

B x r

y
B r

γ

n γ α

r

β

B x r

n γ α
μ
β

,0

1

1

,

0,

1

0

1

,

1

i

α
n γ

α
n γ

In the case ≥x ri , since { }( )( ( )) ≤ ( )+ +∣ ∣μ B x r r, 2 maxn γ x

r

γ
i i

, ( )( ) ≤( )+
T χ x Cy

B r
r

x

γ

0,
i

i
, and ∣ ( )∣ =+B r0, γ

( ) +∣ ∣ω n k γ r, , n γ , we get

∫( ) = ∣ ( )∣ ∣ ( )∣ ( )( ′)

= ( ) ( )

≤
+

+∣ ∣ −

( )
( )

− +∣ ∣−
+

+

+∣ ∣

M f x B r f y T χ x y y

Cω n k γ M f x

sup 0, d

, , 2 .

γ n
α

r x
γ

α
n γ

B x r

y
B r

γ

n γ α
μ
β

,

1

,

0,

1α
n γ

1

Therefore,

( ) ≤ ( ) + ( ) ≤ ( )M f x M f x M f x CM f x .γ
α

γ
α

γ n
α

μ
β

,0 ,

Since the fractional maximal function M fμ
β is bounded from ( )(⋅)L X ρ μ, ,p to ( )(⋅)L X ρ μ, ,q (see [25,26]) and

by (5), the B-fractional maximal function M fγ
α is bounded from ( )(⋅) +�Lp γ k

n
, , to ( )(⋅) +�Lq γ k

n
, , , i.e.,

∥ ∥ ≲ ∥ ∥ ≲ ∥ ∥(⋅) (⋅) (⋅)M f M f f .γ
α

q γ μ
β

q γ p γ, , ,

For =−p 1 and − =(⋅) β1
q

1
, we have

{ } ∫∣{ ∈ ( ) > }∣ ≤ ∈ ( ) > ≤ ∣ ( )∣ ( )+ +

(⋅)

+

















� �

�

x M f x τ μ x M f x
τ

C

C

τ
f x μ x: : d ,k

n
γ
α

γ k
n

μ
β

q

, ,

k
n

,

where >C 0 is a positive constant. Thus, the proof is completed. □
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