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A NOTE ON MINIMAL SUBMANIFOLDS WITH M-INDEX 2

By TaxkenIrRO ITOH

In [1], Otsuki gave some examples of minimal submanifolds with M-index 2
and geodesic codimension 3 in Euclidean spaces, spheres and hyperbolic non-
Euclidean spaces, where the dimension of submanifolds is not less than 3 and
the submanifolds satisfy the following conditions:

(1) principal asymptotic vector field P=0,
(2) subprincipal asymptotic vector field @=0,
(3) ¢ is of rank 1,

(@) &0 and o=p/2 is constant on W?2,

(B) W?is of constant curvature.

In this paper, the author replace (1) with (1)’ P=0 and prove that there are
no minimal submanifolds with M-index 2 such that the dimension of submanifolds
is not less than 3 and they satisfy the above conditions: (1), (2), (3), («), (B)-
Moreover, in case of two dimension he will give an example of minimal surface
with M-index 2 and geodesic codimension 3 in a sphere. This example is nothing
but one that in the case the ambiant spaces are spheres in [1] we set p=0 and
n=2 formally and solve the differential equation. In this paper, we use the no-
tations and equations in [1].

§1. Minimal submanifolds with M-index 2, P=0, Q=0 and ¢, of rank 1.
Since P=0 and Q=0, on B, we have

(1. 1) war=0, where ¢=1,2 and 7»=3, .., 5.

From (1.1) we get 0=dwa,=—CwsAw,, hence we get

1.2 ¢=0.

Then the equations in Lemmas 6 and 11 in [1] are written as follows

1. 3) {d log 2—i(2w12—0@)} N\ (w1 +iws) =0,
1. 4) {do+i(1—6®)B} A\ (w1 +iws) =0,
(1 5) dw1z=(22+}12)(01 NAwsz,
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(1. 6) déo=— %u— QRpE—f2—g")w1 A ws,
{d log (f-lg)**d IOg Z“‘i(()m}/\((t)} +i(z)2)

(s S AR

From (a) and (1. 4) we get ¢%?=1, ie. 6=1 or —1. We may suppose ¢=1, then
from (B) and (1.5) we get

1.8) c=—22,

which is a negative constant. Since 1 is constant on W? from (1. 8), we have
&=2w;; from (1.3). Then, from (1. 6), we get

F24g?=222(2%—c)=62"
Hence we may put f+ig=+/6 2% on W2 Using the relations above and (1.7),
we have w,.=—(1/3)dp, and hence we get ¢=0, which contradicts to (1.8). Thus

there is no minimal submanifold with M-index 2, whose dimension is not less
than 3, satisfing the conditions (1)/, (2), --+, (8).

§2. Minimal surfaces with M-index 2 and ¢, of rank 1.

In this section, we discuss a minimal surface M? with M-index 2 and ¢, of
rank 1 in a Riemannian manifold M?*** with constant curvature ¢. Using the
notations in [1] for our case, we can choose a frame b€ B, such that

w13=2ws, W23 = —Aws, =0, i=1,2,
2.1) {
®14= pws, W= ™y, A0, 70, 3=a=2+v.

Since ¢, is of rank 1, we can choose a frame be B, such that F=fe; and G=ge;,
Sfi+¢*x0. Let B, be the set of such beB,; satisfing (2.1). Then, using (2.1) and
the structure equations, we get

w35 =1 w1+ 9w, 3, =0,
2.2)

pwss=gw1—fws, 04,=0, 5<7.

Analogously to Theorem 1 in [1], we can verify that the geodesic codimension
becomes 3. On B, we have the equations

2.3) {dlog 2—iCw1,— @)} A (w1 +iws)=0,
2.4 {do+i(1—0?)@B} N\ (w1 +iws)=0,

(2. 5) d(()12= —(5—22—}12)&)1/\(02,
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2.6) dég=— 31; @2 —r—g")o1 Aws,

{dlog (f—ig)—d log 2—iwis} A(w; +iws)

f-iz'g N {f<<2"_ %)“"J’ é‘”) 0 @“’”L i<2"— %>‘”2> } =0

where éd=w;, and o=y/A.
Now, we suppose that

(a) @&x0 and os=constant on M?,
® M? is of constant curvature c.

Then we have ¢*=1, @=2w:s, ¢=0 and 222=¢. Hence we may suppose that ¢=1
and w;=d0, then we get

(2. 8) #=2d0,

(2.9) dz=R((e¥ +ie¥)dz),

(2.10) D(e¥+ie¥)=Ae¥ +ie¥)dz,

(2.11) D(ef+ie¥)=—(ef +ie})adz+ /2 iesdz,
2.12) Des=— /2 1R((e¥ +ie¥)dz),

where ef+ief=e"(e,+ies), ef +ief=e¢*"(es+ie,) and z is an isothermal coordinate of
M* such that wi+iw,=e"dz. Since ¢ is positive constant, we may suppose ¢=1,
ie. M5=S® (unit sphere). Then we have that 22=1/2. When 1=1/+/2, considering
as S°cE*®, we get the Frenet formulas:

dx=R(ef+ie})dz,

d(ef+ie}) = —\%? (eF +ief)dz —eqdz,
(2.13) )

d(ef +ief) = — :/1~Z=(ei“+ie§‘)dZ+e5d§

des=—R((eF +ief)dz).

These formulas are nothing but ones when formally we put p=0 and »=2 in the
case Mm™+*=S"** in [1]. Analogously to the case M™**=E"** in [1], we can give a
solution of (2.13) as follows
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r=A,exp

W\/ﬂ +A1 expM +A2 eXp \/Eiux

VZ
(2.14) ) - . -
+ A5 exp (— V2 juy) + Ay expl(Ll—\/ig_—?i@ +4, exp—_i("—‘#ﬁ,

where z=u,+iu, and A,, A, and A, are fixed vectors in C? satisfing

1

- 3 — —
AA,=AA=0, S AA=L and AA-= 5 (G0k=123 ixk),
=1
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