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1 Introduction

The classical rank-two symmetric energy-momentum tensor (EMT) describes the density
and flux of energy and momentum of a physical system. For a closed system, its four-vector
components are the conserved Noether currents associated with spacetime-translation
invariance up to separately conserved terms that yield the symmetric form. The density
and flux of energy and momentum are the sources of the gravitational field in Einstein’s
field equations of General Relativity. The EMT is thus indispensable in order to describe
the motion of gravitating systems.

The quantum EMT has attracted substantial attention after the discovery of the so-
called trace anomaly [1-3] in Quantum Field Theories. This anomaly is closely connected
to the broken scale invariance due to quantum corrections as reflected in Callan-Symanzik
equations [4-6]. Following the early classical works on the trace anomaly in gauge field
theories [7-13] and especially in Quantum Chromodynamics (QCD), there has been interest
in the connection of the anomaly with the origin and the decomposition of the nucleon mass,
see e.g. refs. [14-30] and references therein. Particular attention has been devoted to the
proton mass, as this is unarguably one of the most fundamental and intriguingly quantities
in particle physics. Interestingly, experiments proposed at the Jefferson Laboratory [31]
and future Electron-Ion Collider [32], such as the near-threshold photo-production of J/
in electron-hadron/nucleon scattering [19, 25, 33, 34|, as well as the currently envisaged
EicC project [35] via the Tp near-threshold scattering, could shed light on the origin of the
hadron/nucleon mass.

Since the first systematic decomposition of the EMT of QCD and the related decom-
position of hadron masses [14, 15], commonly referred to as Ji’s decomposition scheme, a
multitude of alternatives have appeared in the literature [18, 20-24, 26, 27]. One reason for
the different proposals is the fact that the partition of the trace of the EMT depends on
the regularisation and renormalisation scheme, see e.g. refs. [15, 20, 23, 36]. In the present
publication, we will also be mainly concerned with the operator renormalisation used to



define quark and gluon EMTs. Our starting point are refs. [20, 37], where QCD is regularised
dimensionally, while not all operators are renormalised by minimal subtraction. Our goal is
to obtain well-defined finite quark and gluon EMTs that have Renormalisation-Group (RG)
invariant traces. This last property is particularly useful in view of applications to the proton
mass, since perturbation theory can barely be used at the relevant renormalisation scale.
RG invariance removes the large scale dependence otherwise present in the expectation
values of the traces of the quark and gluon EMTs. Our work extends previous studies to
the most general case assuming only non-renormalisation of the total EMT. We also discuss
a minimal correction of the quark and gluon EMTs defined in the MS scheme to render
their traces RG invariant. Finally, we extend the previous three-loop MS results for the
quark and gluon contributions to the proton and pion mass [37] to the four-loop level and
compare them with their RG-invariant counterparts.

The article is organized as follows. In the next section, we discuss the renormalisation of
the physical operators occurring in the definition of the EMT. We follow the main argument
of refs. [20, 37], but adapt the notation and simplify several steps of the derivations.
Furthermore, we pay particular attention to the MS scheme in point 2.1. In section 3, we
define the individual renormalised quark and gluon EMTs and discuss the general form of
their RG-invariant traces. We also present a minimal modification of MS-scheme EMTs
to obtain RG-invariant traces in point 3.1. Our four-loop results for expectation values of
MS-scheme EMT traces in proton and pion states are presented in section 4 and compared
to their RG-invariant counterparts. We conclude in section 5.

2 Renormalisation of physical-basis operators

This section follows refs. [20, 37] to a large extent, although we modify the notation and
attempt to simplify the argumentation.

The physical symmetric EMT of QCD, obtained according to the Belinfante-Rosenfeld [38—
40] method, is given by:

1 i N
@“Vz;—ﬁ“ﬂpfﬂyp+»1¢Wﬁﬁ,ﬁ“ﬂ“+31§:q QVADV-%7”1>N)q, (2.1)
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with field-strength tensor:
Fl, = 0,A%L — 0,A% + gs f*°Ab AL (2.2)
and covariant derivative:
<= .
D,=D,—- gu , Dy = 0" —igs ALT® . (2.3)

Ay, is the gluon field, ¢ is a quark field of mass mg, gs is the strong coupling constant, 7
are hermitian SU(N,), N, = 3, generators, and f%¢ are real structure constants normalised
according to [Ta, Tb} = i f%°T¢. Depending on the quantisation, the actual symmetric EMT
derived from the quantised Lagrangian with gauge-fixing terms contains additional terms
that do not contribute in matrix elements of physical on-shell states. In linear gauges, for



instance, these additional terms amount to a BRS (Becchi-Rouet-Stora) variation of a local

operator [10, 11] (see also application at the three-loop order in ref. [41]). In the present

work, we will only be concerned with eq. (2.1) which is necessary for physical applications.
The EMT eq. (2.1) is conveniently expressed in a basis of local operators:

oW = _For Fove, O = g Fo FaP7 = g™ Op,  (2.4)
) <= <=
OéwziZQ(VHDV'FVVD”)(Ia O = g™ > meaq=g"'On,  (25)
q q
1
=0+ ZOQ + Og, (2.6)

where we have suppressed Lorentz indices in the last equation as we will also do below.
The fourth operator, Oy, has been introduced to accommodate the renormalisation of O,.
Indeed, there is [10, 11, 42, 43]:

[OF]g = Zrr[OFl g + Zrm[Only,  [Om]g = [Om]y (2.7)

where [-]g denotes a renormalised operator with finite matrix elements, while [-]g is
defined by replacing fields, masses and coupling constants by their bare counterparts. In
eq. (2.7) and in the remainder of this publication, we neglect operators vanishing by the
equations-of-motion and BRS-exact operators assuming Faddeev-Popov quantisation. The
renormalisation constants Zpp and Zp,, are related in the MS scheme with spacetime
dimension D = 4 — 2¢ to the fundamental anomalous dimensions of the theory [13]:

-1
dvm
Zpp = (1 — f) ; Zpm = _’YTZFFy (2.8)
where 8 and ~,, are defined through:

dlnag g g2 dlnm

= — s = — = —°— =Y - 2.
dln p? e+ b, “=4r T 16m2 dln p? K (2:9)

The four operators O, .. 4 mix under renormalisation:

Our main assumption that will influence the quark and gluon EMTs defined in the next
section can be stated as follows:
The renormalisation constants Z;; are defined in the MS scheme for all operators
but the mizing of Oa4 into O13. The Laurent expansion of Z;j, i = 1,3, j = 2,4
may contain terms proportional to €, k > 0.
We will discuss this assumption further in section 5. The renormalisation-constant matrix
has the structure:
Zn Zig Ziz Zia

0 Zrrp 0 Zppy,
Z = : (2.11)
Z31 43y 233 Z3y

0 0 0 1

where we have taken into account:



1. Z;; =0 for i = 2,4 and j = 1,3 because O34 are proportional to scalar operators,
while Oy 3 are (reducible) rank-two tensor operators;

2. Z4; = 0 for j = 1,2,3 because the canonical dimension of Oy is 3, less than those
of O123;

3. Z22 = ZFF, 224 = ZF?TH Z44 = 1 because ngj} = g“”@p7m.

The renormalisation constants are subject to a constraint following from the non-renormali-
sation [7, 9-11, 44] of the EMT. Since we have allowed for non-MS renormalisation constants,
the equality of the renormalised and bare EMTs is not guaranteed anymore. However, we
further assume that this equality holds:

[Olr = (6], (2.12)
As a consequence, we obtain the constraints:
Z13=1— Zs3, Zz1=1—2n,
1 1 1 (2.13)
Z32:Z_ZZFF_Z12’ Z34:_ZZFm_Z14'

It turns out that the renormalisation constants that we have allowed to be defined in a
non-MS scheme, Zij, 1 =1,3, j = 2,4, may be further constrained by considering a different
operator basis containing traceless rank-two operators that correspond to an irreducible
representation of the Lorentz group. With the following notation for the trace of a rank-two
tensor operator:

Tr(A) = A7, (2.14)

there is:
Tr(01> = —OF, TI'(OQ) = l)(/)F7 TI“(Og) = Om, TI‘(O4) = DOm, (215)

where the space-time dimension is denoted as D = 4 — 2¢ in dimensional regularization.
Let us define:

- gHr
Oy = 0 — D Tr(O013). (2.16)

These operators are by construction traceless:
Tr(O13) = 0. (2.17)

We extend the set by rescaling the remaining oprators so that:
(0) = O0p,  Tt(0s) = Op. (2.18)

The operators @17,_74 are related to Oy, 4 by:

11/D0 0 1-100

5 01/D0 0 0DO0O0

0; = M;;0;, M= , M= , (2.19)
0 0 1-1/D 0011
0 0 0 1/D 000D



while their renormalisation takes the form:

[OZ]R = Zij [@j]B s (220)
with the renormalisation constants defined in the MS scheme:

Z11 0 Zi3 O
0 Zrr 0 Zpp

N
1

(2.21)
Z31 0 Zzz 0

0O 0 O 1
This structure follows from:

1. Zij =0 for i =1,3 and j = 2,4 because (’5274 are proportional to scalar operators,
while (’51,3 are irreducible rank-two tensor operators;

2. Zz-j = Z;; for i,j = 1,3 because 07 3 contain the irreducible operators (7)1,3 with unit
coefficient;

3. Zij = Zij for i,j = 2,4 because @274 = 1/D 0274.

With the help of (’317._,,4, it is possible to define another set of renormalised operators that
are equal to Oy 4 at tree-level:

= M;' (O] - (2.22)
The difference between the two bases is:

0] = 0] = (1~ M*IZMZ*)M 0], - (2.23)

Explicit calculation confirms the expectation that the difference vanishes for ¢ = 2,4, while
it is proportional to [Og 4] for i = 1,3:

[O24] g — [O%4]g =0, (2.24)
, 1
[01,3]R - [ 1,3}1;{ - 5($1,3 [OQ]R + 91,3 [04]1:{) ) (2'25)
where: p 7 Iy
— +
2 = 2EE Z;lp = 1 =0 —21)Zpm + Z13+ D214,
ey (2.26)
—Z31 +
ry = LT 7092 ys = —1 —x3Zpm + 233+ DZ34.
ZpF
Due to egs. (2.13), only two of the constants x1 3,y 3 are independent:
€ -1 B € -1
n =g (1 - ZFF) =5, 0= 5ZmZpp = —2m, (2.27)



where we have also used egs. (2.8) to obtain the right-hand sides of the relations. The
constants w1 3,y1,3 vanish at tree-level and are regular at ¢ = 0:

r1,3,Y1,3 = O(as> ) z1,3,Y1,3 = xgo?))a y§°§ + 0(6) ) xﬁog)),, y§°§ eR. (2-28)

Furthermore, they provide a parameterisation of Z;;, 1 = 1,3, j = 2,4:

1 1
Z12 = B(le =+ (ZL’I — 1)ZFF) 5 Zl4 = B(yl - Z13 + (f[fl - 1)ZFm) )

1 : (2.29)
Z3y = 5(231 +x3ZFF) 23y = 5(1 + Y3 — Zs3 + 23ZFm) -

2.1 MS scheme constraints

The case of Z;;, i = 1,3, j = 2,4 defined in the MS scheme provides further simplifications.

Defining: (l
Zij(as,€) = 6;5 + i Z” as (2.30)
Egs. (2.26) yield at O(°):
M= oz NS _oz) G MS— oz MS— _oz00  (231)

The same equations (2.26) taken at O(ek), k < 0 provide constraints on Z;;, i = 1,3,
J = 2,4 that determine these constants uniquely. The results may be expressed through the

elements of the anomalous-dimension matrix of [@173]R:

d [@I]R [ 1 s [@1]R
dln'LLQ ([@B]R) - (—711 33 ) ([@3]R) . (2‘32)

Notice that we have exploited egs. (2.13) to simplify the form of the anomalous-dimension

matrix and express the scale dependence of the operators with the help of only two
independent anomalous dimensions, ¥11,v33. With the expansions:

- Z aéﬁl—l ) TYm = Z a‘ls’)/'ﬁrlz) ) Yij = Z ai’ﬂ'j ’ (233)
=1 =1 =1
there is for instance [20, 37]:

oS = a; ( Bo +7ﬁ))

G )+ 228) + ()
(2.34)

—1672 + 87 — (Bo + 2y +95) 185 +2087) + 0(a?)



The quadratic Casimir color constants are defined as usual: C4 = N, Cp = (N2—1)/(2N.)
with the number of colors in the fundamental representation N, = 3 in QCD.

3 Quark and gluon EMTs with Renormalisation-Group-invariant traces

Let us now define renormalised quark and gluon EMTs by decomposing the EMT according
to the fields occurring in the operators similarly to refs. [20, 37]:

Olr = [01+ EOQ}R +[0s]p = [O4]g + [Od]g (3.1)

[Og]r = {01 + 302}1%’ [O¢]r = [Os] (3.2)

where the renormalised operators on the r.h.s. are defined by egs. (2.10), (2.11) and (2.29).
The constants x13,y1,3 that enter the definitions may in principle have a non-trivial
dependence on €. In the MS scheme, they are pure numbers, see eqs. (2.31). According
to egs. (2.25):

R 1 R R

MS MS MS

[@9#1]1% = [@g,q]R + D ((m,g - 131,3) [02]R + (yl,S - 91,3) [04]R> ) (3.3)

and the differences x1 3 — x@ and y1 3 — y@ only influence physical observables at ¢ = 0.
Hence, as far as applications are concerned, we may assume:

r1,3,Y1,3 cR. (3.4)

In this section, we work exclusively with renormalised operators. In consequence, we set
€ = 0 in all expressions.

Our goal is to obtain a decomposition of the EMT for which both ©, and ©, have
RG-invariant traces. This allows to attach a physical meaning to matrix elements of these
traces. The RG invariance of the trace of © itself is a consequence of eq. (2.12). Using
egs. (2.15), (2.7) and (2.8), we recover the well-known result:

= 2 [0 + (1~ 2 [0, (3.5)
The crucial observation is that the traces of the quark and gluon EMTs will also be
expressed through [Op], and [Op,]; which may be combined linearly to yield two RG-
invariant operators:

T ([0],) = Tr(6)

R

d d
T — JRE— = . .
ThE O =0, Gra[On], =0 (3.6)

In terms of these invariant operators:
Tr([0y]g) = 21 [OF] + 91 [On] g

2z 2z
= 71 Tr(0) + (y1 - 71(1 - 2’Ym)) [Om]g

Tr([0g)) = 23 [Or] g, + (1+ ) [Om]

“ 1y (1 20 0l



Because the scale dependence of a; is (’)(a?), the scale dependence of the coefficients of
the invariant operators on the r.h.s. is (’)(a?) independently of the particular choice of the
constants x1 3,¥1,3. Hence, the scale dependence of the traces is always O(a?). Let us now
state the conditions that lead to RG-invariant traces:

if the constants x13,v1,3 that define the renormalised EMTs eqs. (3.2) through the
renormalisation constants eqs. (2.29) satisfy:

d dy dry dym dym
_ | — ] = = —— = —4 sTT .
dln,u2([3) 0, dln 2 5 din 2 19 ay (3:8)
T3 = g -, Ys = —2%m — Y1, (3.9)

then the traces of the renormalised quark and gluon EMTs are RG invariant:

d

dln p? Tr([@%q]R) =0. (3.10)

The constants x1 3,y1,3 that yield RG-invariant quark and gluon EMT traces are thus some
very general series in as(uo) starting from O(as(po)), with their dependence on the scale
©? determined by solving egs. (3.8). This introduces an explicit dependence on In 1% /u3

given that:

d 0 0
dlnp?  Oln 2 +Bas(97as' (3.11)

The form of 13, y1,3 is substantially constrained, if we further assume that they do not

explicitly depend on the scale u, but are at most functions of a;. Indeed, in this case:

xlzgk‘, $3:§(1—k), keR. (3.12)

The general solution to the second of egs. (3.8) is y1 = =2y, k + ¢, ¢ € R. However, since
y1 is O(as), ¢ must vanish:

y1 = —2vm k, ys = —2vm (1 — k). (3.13)
This yields the traces:

Tr([eg]R) =k (Tr(@)) - [Om]R) =k (g [OF]R = 2Vm [OW]R> )

(3.14)
T ([04]5) = (1 = k) (Te(©) = [On]) + [On]y -

Let us finally note that eqs. (3.14) cover, in particular, various special cases proposed
previously in the literature. For instance, k = 1 corresponds to the D2 scheme of ref. [22],
while k£ = 0 corresponds to the D3 scheme of ref. [23].

3.1 Perturbative correction of non-RG-invariant traces

Suppose that we are given a decomposition of the EMT eq. (3.2) characterised by some
x1,3,Y1,3 that are functions of ay only but do not match at least one of egs. (3.12), (3.13).



An example would be the MS constants eqs. (2.34). In this case, the traces eqs. (3.7) are
not RG invariant:

N A R A AW (CAM AN G (CH Y N
dln p2 - b tr =7 s #0,
Tr([@q} R) Y99 Vqq Tr([GQ]P) Tr([GfI]R)
(3.15)
where we have used the invariance of the trace of the EMT, eq. (3.6). As noted above, the

matrix elements of Y'* are always (’)(ag), independently of the particular x1 3,%1,3. One can,
nevertheless, perform a rotation of the traces to obtain RG-invariant expressions:

([0):))  (T([04]5) v
(T‘“G@']R)) - (H([@q}R)) Codme s (3.16)

q

Assuming that F' is perturbative, i.e. F(as = 0) = 1, it can be uniquely determined by
solving the above RG equation for any given x1 3,31 3. Furthermore, the result of the
rotation must necessarily match the form of eqgs. (3.14) with:

21’1
k= — . 3.17
5 oo (3.17)
Indeed, there is for instance:
’ . 2%‘1 21‘1
11(10,]y) = T([0;]) = (%5~ k) 12(0) + (10 = %51~ 200) + &) O]y
(3.18)
However, F' =1 + O(as) implies:
211 211
5 — k= 0(ay), Y1 — ?(1—2%@ +k=0(as), (3.19)

which yields eq. (3.17).
The above procedure applied to the D1 scheme of ref. [21] yields the D2 scheme of
ref. [22]. In the present publication we make the following proposal:

Let the quark and gluon EMTS, [©,)R and [0,]8C™  with RG-invariant traces be
defined by perturbatively correcting the respective tensors defined in the MS scheme.
This corresponds to setting in eqs. (3.14):

Fol, o -1 1, 4
_ =0 _ (1_ = _ a2
k=—F (1 nf) . fo=5Ca—5Teny, (3.20)
where we have used eq. (2.34), and ny in fp is the number of massless quarks and the color-
trace normalization factor is denoted by Tr. [, ]R3 are defined by egs. (3.2) with the
renormalised operators defined in egs. (2.10), (2.11) with non-MS-scheme renormalisation
constants eqs. (2.29) with z1 3,y 3 from egs. (3.12) and (3.13).



4 Example applications at four-loop order

The expectation value of the trace of the EMT in a single-particle state is proportional to
the square of the mass, m, of the particle:

(m7; PA|ITr(©)|mg; pA) = 2m*  for  (mj;pAlmj;p'N) = 2Ep(27r)35(3) (p— D)oy,

(4.1)
where j and \, \ are the spin and polarisations of the particle, p, p’ are its three-momenta
and Ej is its energy. The decomposition eq. (3.2) of the EMT into quark and gluon
EMTs may be used to define the respective quark and gluon contributions to the mass.
Unfortunately, this decomposition is not unique. If the occurring operators O; 3 are
defined in the MS scheme, then the quark and gluon contributions to the mass depend
on the unphysical renormalisation scale y. With the renormalisation scheme specified in
section 3, on the other hand, these contributions do not depend on u anymore, but there
still remains a dependence on the parameter k, see eqs. (3.14). This remaining ambiguity is
finally removed with our proposal, eq. (3.20). In this section, we compare the quark and
gluon contributions to the mass of the proton and pion defined in the MS scheme to those
obtained with our proposal.

We begin with the MS-renormalised quark and gluon contributions to the proton mass
originally presented in ref. [37] at three-loop order. Since the anomalous dimensions, 711
and 33, of the Op3 operators, eq. (2.32), have recently been determined to four-loop
order [45, 46], and the QCD fS-function as well as the quark-mass anomalous dimension
are available at the same order from refs. [47, 48] and [49, 50], it is now possible to extend

L' To this end, we use four-loop accurate

the analysis of ref. [37] to one order higher.
generalisations of eqs. (2.34) substituted in eqs. (3.7). Due to the length of the resulting
expressions, we refrain from reproducing them explicitly in the text, but rather include
them in the supplementary material attached to this paper.

Let |P) be a proton state with some (irrelevant) polarisation and three-momentum,
and consider QCD with n; = 3 light quarks. The expectation values of the traces of the

quark and gluon EMTs read:

Tr([0,)%5)) = ([OF]r)p (—0.437676 a5 —0.261512 0% —0.183827 0 — 0.256096 o
(Tx([O1H°) )y ( )

+{[Om]r)P (0.495149%+0.776587a§+0.865492a§+0.974674a;1) ,

(Tr([0,}) >P = ([Or]r)p (0.079578 0, +0.058870a2+0.021604 a3 +0.013675 )

+([Om]r)p (1+0.141471 0, —0.008235 a2~ 0.064351 aF —0.065869 ),
(4.2)
where ([Of|r)p, {{Om]r)p denote, respectively, the non-perturbative expectation values

of the MS-renormalised operators O and O,,. Both «as and ([Op|r)p depend on the
renormalisation scale u, while ([O,,|r)p is independent of u since [Oy,]r is RG invariant.
Egs. (4.2) agree with ref. [37] up to O(a?), while the O(a?) terms are new. These results

!The state-of-the-art five-loop results for 8 [51-53] and ., [54-56] cannot be used, since the anomalous
dimensions of the O 3 operators are not known at this order yet.

~10 -



may also be rewritten in terms of the expectation values of RG-invariant operators using
(Tr(0))p = 2m3 in eqs. (3.7):

(o))

S =1.22222 + 0.0386426 oy — 0.0622081 a2 — 0.0945524 o
2mp

<[Om]R>P

2
2mp

+ (—1.22222 — 0.321585 arg — 0.124903 2 — 0.00921612 ai) :

(1r(1©43) ),

2
2mp

= —0.222222 — 0.0386426 cvs + 0.0622081 a2 + 0.0945524 o

9,
M (1.22222 + 0.321585 o, + 0.124903 a2 + 0.00921612 ) .

2mp
(4.3)
The scale dependence of the expectation values is now entirely due to the strong coupling

_|_

constant. In order to illustrate the size of this dependence, we need a numerical estimate for
([Om]Rr)p/2m%. One possibility is to set it to null by taking the chiral limit as has been done
in ref. [37]. On the other hand, we may also obtain it from lattice simulations, for example
from table 1 of ref. [27] (see also refs. [57, 58]) where it is denoted fé\tzotal at ny =24 1:

(Oulir g0y s
mp

As for the strong coupling constant, we make use of the program RUNDEC [59] with four-loop
running and default parameter settings which yields:?
048 for pu=1GeV ~mp,
as(p) =~ {030 for p=2GeV, (4.5)

0.80 for p=1/v2GeV.

As can be seen from these numbers, a typically-used scale choice for the lower scale
amounting to half of the central scale would certainly be non-perturbative. This is the
reason for our unusual choice of 1/1/2 GeV. Substitution in eqgs. (4.3) results in:

(Tr(04]3) ),

2
2mp

1.087 for pu=1GeV ~mp,

=41.103 for pu=2GeV,

1.021 for p=1/v/2GeV,
(4.6)
—0.087 for pu=1GeV ~mp,

<Tr<[@q]?)>lj —1_ <Tr<[@9]§)>P ={ 0103 for pu=2GeV,

2 2
2mp 2mp

—0.021 for pu=1/v/2GeV.

2The values in eq. (4.5) were determined using RUNDEC [59] via solving the RGE equation for « at
4-loop accuracy numerically with initial value as = 0.118 at the Z-boson pole mass.

- 11 -



The gluon content of the proton is rather stable with respect to the scale choice according
to the above results. Indeed, the deviations from the value for the central scale reach only
+1.5% and —5.9% for the upper and lower scales respectively. The quark content, on the
other hand, is rather uncertain with deviations ranging from +19% to —74%.

Let us now compare the above results to those obtained from egs. (3.14) and (3.17).
Taking into account the construction presented in section 3.1, it should be clear that the
desired results can be obtained by simply setting as = 0 in eqs. (4.3):

(m(101E™)), 122222 122220 {Onlmle

2m3 2mp
Ty [@ ]%Gltr
< ( ! )>P = —0.222222 + 1.22222 M =—0.11.

Qm% 2mp

= 111,
(4.7)

These numbers are, expectedly, very close to those listed in eqgs. (4.3) for the central scale
choice. Their main advantage is that they are scale independent and have the same value
even in the non-perturbative regime of the strong coupling constant.

Finally, let us note that if the quark and gluon EMTs were not defined through
renormalised operators in eqs. (3.2), their traces would nevertheless be finite and, of course,
RG invariant. For reference, we also list the corresponding values:

(Tr(Ogl)lp _; _ {[Omlr)e _ g0

2 e | (4.8)
TI‘ C“)q Om |
<([2ml:)>1> _ <[2WJ§>P — 0.002.

These numbers correspond to the classical EMT trace assigned entirely to the quark EMT,
as in Ji’s decomposition scheme [14], see also ref. [27]. Furthermore, they are identical to
those obtained with & =1 in eq. (3.14), i.e. with the D2 scheme of ref. [22]. As far as the
gluon contribution to the proton mass is concerned, the difference between (4.7) and (4.8)
is about 20%. However, there is a qualitative difference as far as the quark contribution
is concerned, because of the sign difference between (4.7) and (4.8). (4.7) implies that
quarks reduce the mass of the proton, while (4.8) implies that quarks increase the mass of
the proton.

Let us now turn to a pion state |r) with mass m,. We base our discussion on ref. [37],
where chiral perturbation theory has been used to derive the following approximation:

(Om]R)r =m2. (4.9)
In this case eq. (3.7) turns into:
Tr([04]n)™ VS NS
< g >7r:(1+2,ym)x1+y1
2m?2 64 2

= 0.611111 — 0.122150 as — 0.124659 o2 — 0.099160 o>

ER)
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(z(1043F)),

2 - 2
2ms 2ms

— 0.388889 + 0.122150 as + 0.124659 a2 + 0.099160 a2 . (4.10)

Egs. (4.10) agree with the results presented in ref. [37] only up to O(a?). The discrepancy
at O(a?) is due to the presence of 1/ in the coefficient of x1. Indeed, x1 is therefore needed
to O(a?). At the time of writing of ref. [37] this coefficient could not be determined because
of the missing terms in the expansions of the anomalous dimensions of the operators Oy 3.

We now finally note that at the scale of the pion mass, the strong coupling constant
is non-perturbative. In consequence, egs. (4.10) are not particularly useful. On the other
hand, in the case of RG-invariant EMT traces, there is:

<T1r([G)2gjnfé(}1tr>>7T _ wgs 0 _ g _ %’ =0.611111,
= (4.11)
(e, |, (ooa),

which provides a decomposition of the mass of the pion into quark and gluon components
even in the non-perturbative regime. Of course, the exact physical meaning of these numbers
without guidance from perturbation theory may still be disputed due to all the ambiguities
that we have discussed.

5 Conclusions

In this publication, we have provided a general construction of quark and gluon EMTs
with RG-invariant traces. The only two constraints that we have assumed are: 1) MS-
renormalisation of the occurring irreducible rank-two tensor operators, 2) equality of the
renormalised and the bare total EMT. An alternative construction to the one presented
here consists of renormalising all physical operators occurring in the definition of the quark
and gluon EMTs, i.e. not only the irreducible rank-two tensor operators but also scalar
operators, in the MS scheme, followed by the addition of finite contributions proportional
to the two renormalised scalar operators. The two approaches are equivalent by eq. (3.3).

A possible generalisation of our study would consist in allowing for finite contributions
to the quark and gluon EMTs proportional to the two renormalised irreducible rank-two
tensor operators. This would not change the analysis of the traces of the EMTs, since
irreducible tensor operators are traceless. On the other hand, the additional freedom would
allow constructing quark and gluon EMTs that are RG invariant themselves rather than
only after taking the trace. While such a construction is certainly interesting, it is irrelevant
to the physical motivation behind the study of separate quark and gluon EMTs, namely
the understanding of the origin of mass of strongly interacting particles.

Our analysis has shown that the finite coefficients entering the renormalisation of the
scalar operators are strongly constrained. Expressing the traces of the EMTs in terms of
RG-invariant operators, we have obtained RG equations that these coeflicients must satisfy.
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These equations still allow for rather general solutions. Hence, we have discussed the case
where they do not explicitly depend on the renormalisation scale. This case covers the
majority of definitions of quark and gluon EMTs presented in the literature and leaves the
freedom to choose a single numeric parameter. We have proposed a value for this parameter
that corresponds to a minimal modification of quark and gluon EMTs defined in the MS
scheme. The corresponding operator-renormalisation scheme removes the perturbative
correction terms in eq. (4.3), which are consequences of the MS renormalisation of the
quark and gluon trace operators. It nevertheless coincides with MS renormalisation at
leading order. This feature is desirable in applications to mesons whose mass scales are
in the non-perturbative regime of the strong coupling constant. As one possible example
where the physical analysis may benefit from our operator-renormalisation scheme, one
may consider the so-called nucleon’s twist-four gravitational form factors in the forward
limit, see e.g. refs. [18, 20, 27, 37, 60-62]. It is straightforward to prove that the anomalous
dimensions in the homogeneous part of the RG equation for these renormalised objects
defined in our scheme will be simply those in eq. (2.32). The latter are known to high orders
in perturbation theory from the literature. We hope to return to this point in the future.

Finally, we have updated previous theoretical results for the MS-renormalised quark
and gluon contributions to the proton and pion mass induced by the respective EMTs to
achieve four-loop accuracy.
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