A NOTE ON REDUCED JORDAN ALGEBRAS
KEVIN McCRIMMON!

In this paper we give short proofs of two of the main theorems con-
cerning reduced exceptional Jordan algebras A = H(C3, v): the Albert-
Jacobson Theorem that the Cayley coordinate algebra C is deter-
mined by 4 up to isomorphism, and the Springer Theorem that two
such algebras 4, 4’ are isomorphic if and only if they have isomorphic
coordinate algebras and equivalent trace forms. We avoid using the
generic norm by working directly with the reduced idempotents. Our
proofs do not require that the algebras be exceptional, and are valid
for arbitrary reduced simple algebras.

1. Reduced idempotents. Throughout this paper, 4 will denote a
Jordan algebra with identity element 1 over a field ® of characteristic
#2. In this section we make no assumptions about the simplicity or
finite-dimensionality of 4. Recall that an idempotent e is reduced
if Ai(e)=U.A=%e. We assume the reader is familiar with the op-
erators U, =2L2 —L,» and the basic identities involving them (e.g. [3,
pp. 1072-1075]).

LEMMA 1. Let ¢ be a reduced idempotent in A, x =x1-+x12+%0 (x; in
the Peirce space Ai(e)) an element with Usx =x1=ae, Ux?=Be, Ux}),
=ve for B, ¥#0. Then U.e=Pg, U, ,e=~f where g, f are reduced
idempotents with f orthogonal to e and g of the form g=pe+y-+(1—p)f
with p=a?B~1, y=aB %1, an element in Aiple, f) satisfying y?

=p(1—p)(e+f) since x12E A1p2(e, f) has 23, =v(e+f).

Proor. Since U,U.(Bg) = U Une=(Ux?)?=p%2#0, we see g#0,
and B%2=(U.,e)?=U,Ux?=LU.e=F% shows g is an idempotent.
It is reduced since B2U,4 = Uywyed = U,U U, A C U, (Pe) =Pg. Re-
peating this argument for x,,, we get U, ,e="f for f a reduced idem-
potent, which is orthogonal to e since U, ,A1(e)CAo(e). Then
Ue=a*Ue+2a {66.%'1/2 } + U, e=a’e+axip+vf=0 {pe+y+ Q1 —p)f}
since y =B —a? follows from Be= Ux?=a%+ Ux?,= (a2+7v)e. Since
x5}y = Ul Uil p="ve+ Us e =7(e+f) and p(1—p)=a*yBf2 we
have y2=p(1—p)(e+f). Since 2vf-x12=2%1p2- Uz ,e=2 {xmex?/z}
=2 {xl,ze'ye} =YX1/2, W€ have xl/zeAl/z(e)mAx/g(f) =A1/2(8, f)

The next lemma is a variant of a result of N. Jacobson [2, p. 82].
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If e is an idempotent, then ¢ =2e—1 satisfies ¢2=1, so U, is an auto-
morphism of 4 of period two. This automorphism will be called the
Peirce reflection S, determined by e; S. ‘acts as the identity I on the
Peirce spaces Ai1(e) and A4(e), and as —I on Aq(e).

LEMMA 2. Let 1, e: be reduced idempotents in A. Then

(@) There is a pE®, called the projection coefficient of e, and e;, such
that U..e.=per and U..e1 =pes.

(b) If p=1, then e =%(e1+e3)? is idempotent and the Peirce reflection
S. maps e, onto e,.

(c) If p=0, then g=e1-(ey—ey) is idempotent and S, maps e, onto
the reduced idempotent fr=e, - (ey— 2es), which is orthogonal to es.

(d) If p#0, 1, there are reduced idempotents f; orthogonal to e;
(Z=1, 2) with h=ei+fi=e.+f> an idempotent such that for some
y&E A1(h) the element s = (1 —h) +y is invertible and U,er=pes, U,fr =pfs.

ProoF. We have U.e;=p.e; for some p; (157). Since plei= U, ..
=Upepeee= U, U, Uceo=pipsprien we have pl(p1—ps2) =0; similarly
p3(p2—pm) =0, so either p;—p,=0 or pi=p2=0, and in either case
pr=p:=p. We claim the subalgebra generated by ei, e is ®[e), €]
=®e, +Px +De,, where

x = 2e1-€ ei-x = pe; + 3x 22 = p(er + x + e2).

Indeed, such an x has e;-x=2e;- (e;-€;) = U..e;+€; -e;=pe;+e;-e;,
by [3, p. 1073, (10)] and x?=U.ei+ U.,e2+2e1- Ueer=per+pe;
+2pel 2.

If p=1,sete=2%(e1t+e+x), z2=%(e1—er), 22=2%(ey+e.—x). Then we
see e?=e, e-2=13z, -22=0. Thus e is an idempotent with 2E 4, .(e),
22EAo(e). Since e, =e-+3z+422, e;=e—z-+32, this shows S.e;=e,.

If p=0, set g=e1-(e1—e2) =1 —3%x, fi=e1-(e1—2e2) =e1—x. Then
x?=0, g?=g, g-x=13x imply g is an idempotent with xE A4, ,2(g). Since
ey =g+ 3x, fi=g—3}x, this shows S,e; =f;. Because S, is an automor-
phism, we know f; is a reduced idempotent, and e;-fi=e;-€1—e3-x =0.

If p#0, 1, set x;=x—2pe; (i=1, 2). Then e, x; =3x, s0 x,E A1 2(e:),
and xf =p(e;+e;—x), s0 U, x? =pU.,(e;+e;—x) =p(1—p)e; 0. Apply-
ing Lemma 1, U,e;,=p(1 —p)f; where f; is a reduced idempotent
orthogonal to e; such that x;E 41 ,2(e;, fi) has xF =p(1—p) (e;+f:). But
Xi=p(ertes—x) =x3, s0 es+fi=e:+fo=h. Also, (1—p)(e;+f:)=p~'x?
=e +e —x =e —x;— 2pe; + ¢, s0 ¢; = pe; + x; + (1 — p)fs.
Set y=p(ex—f1)+x1; then y2=p*(es+f1) +o(1 —p)(er+f1) =ph, so y is
invertible in A4i(k), and U,ei=p%e+p(1—p)fi+pxi=pe:, U,fr
=Uy,(h—e)=y*—Uer=p(h—e) =pfo. If s=(1—h)+y then s is in-
vertible in 4 and U, = U, on 4.(h), so U,e1 =pez, U,f1=0pf.
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2. Peirce quadratic forms. If ¢, e; are reduced orthogonal idem-
potents then the Peirce quadratic form Q., ., determined by e, and e,
is the generic norm of the Peirce subalgebra A.(e1+e:) =Pe;+ 410
+®e;. Thus Q(oues +ai+azes) =i — Qo(are) where a2, = Qo(ay,) (e1-+e2).
A simailarity of Peirce quadratic forms Q=Q,,,, in A4 and Q' = Qeje; in
A’ is a bijection S of Ai(ei+e:) onto Af (e1+e.) satisfying Q'(Sx)
=0Q(x) for all x EA41(e1+e¢2) and such that Se;=g,e! for some nonzero
scalars g, 02 (6 =0102). The main source of similarities is the following

LEMMA 3. Suppose e, e; are reduced orthogonal idempotents in A, and
similarly for fi, fo. If s is invertible and Ue;=af; (i=1, 2) then S=U,
is a similarity of Qe,,e, With Qy,.z, With ratio ¢ =010s.

Proor. Clearly U, is a similarity of ®e;+®Pe; onto ®f,+Pf;, with
ratio ¢, so it suffices to check it from A4i,(e1, €2) to A12(f1, fo). The
formula U, Uc,,e,A = UsUU(s—l)jl,U(s—l)j.zA =U, U:lUjl_f, U;IA = U/,,sz
show that U, is a bijection of A1,:(e1, ;) onto Ay,2(f1, f2). The com-
ponent of s? in Aj(er + €2) is Uete,s2 = Uvtyorfitoara) Usl
=Us'Us p 11000, U U ,1 = U7 (02 f1+05f2) =0161409¢2, and hence for
aCAip(e, e) CAr(erte) we have (U,a)2=U,Uus2=U,UsU, 1c,5°
= U,Ud(011 + 0282) = U,{01U.,a* + 02 U.,a%} = Qo(a) U, {a1es + a1 |
=Qo(a) {0’10’zf2+0'20’1f1} =0Qo(a)(fi+f2). Thus Qo(U.a) =0Qo(a), and
U, is a similarity with ratio g.

Recall that two orthogonal idempotents ey, e, are connected if there
is an element y& A 2(e1, e2) which is invertible in Ay(e1+e2).

TuEOREM 1. If A is a Jordan algebra in which any two reduced
orthogonal idempotents are connected, then any two Peirce gquadratic
forms in A are similar, and the similarity may be taken in the group
U(A) generated by the U, for s invertible.

Proor. We write Q~Q’ if such a similarity exists; this defines an
equivalence relation. The connectivity assumption guarantees

1) Qcrres ~ Qegre; 1f €1 L e are orthogonal,

since there is an element yE& 412(e1, :) with y?=0(e1+-€) for ¢#0,
and s=(1—e;—ey)+y is invertible in 4 with U,e;= U,e;= U,y =0e¢;
(15£), so we can apply the lemma. Using this same U, we see

(2) Qeo.zl ~ Qeo,ez if €o ..L €1 J_ (2]

since Useo=ey, U,e1=0¢.
We use this to establish the more general case

(3) Qeo,e- ~ Qeo,e, if €0 1 €1, € 1 €.
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Let p be the projection coefficient of e; and e;. If p=1, there is a Peirce
reflection, viz. the S, of Lemma 2 (¢ E® [e1, e:] C A o(eo)), with S.e1 =es,
Seeo=€o, S0 Qeg,e;~Qey.e; by Lemma 3 (or directly, since .S, is an auto-
morphism). If p=0 then Se;=f1 Les, Ssea=¢€0 50 Qeq,e;~Qeg.1,~Qeg.ea
(where the last step follows from (2) since e, Lfi Ley). If p>#0, 1,
there is U,&U(4) with U,eq=eo, U,e1=pes and again Qcy,e;~Qeq,e, DY

Lemma 3.
Finally, we turn to the general case:
@ Qeres ~ Oripe i er Loy f1 Lfo

Let p be the projection coefficient of e; and fi. If p=1, then See1 =1,
S0 Qe ee~Qse;.86,= Q7,,8e5~Qys,.7, (using (3) for the last step). If p=0
we have Sﬂel=g1 J—fl SO Q€1:92~QS¢1-S‘92=Qt’l:582~Qﬂl-f1NQfl,01~Qf1.fz
(using (3), (1), (3) for the last steps). If p#0, 1 we have e; Lgy, fi Lk
and U,&U(4) with U.ei=pfi, U,g;1=phi, and hence Q., e,~Qe,,q,
~Qs,,1,~Qs,.1, by (3), Lemma 3, and (3) again.

As an immediate corollary we have

THEOREM 2 (ALBERT-JACOBSON [1]). If two reduced simple Jordan
matrix algebras A =H(D,, v) and A'=H(D., v') are isomorphic
(n=2, D and D' composition algebras) then D and D’ are isomorphic.

Proor. By simplicity, any two reduced orthogonal idempotents of
A (or A’) are connected. Hence, by Theorem 1, any two Peirce
quadratic forms of 4 (or 4’) are similar. The isomorphism of 4 and
A’ implies that for any Peirce quadratic form of A there is a similar
one of 4’. Consequently, the Peirce quadratic forms of 4 are similar
to those of 4’. Taking in A the diagonal idempotents en, €, the cor-
responding Peirce quadratic form is the sum of a hyperbolic 2-dimen-
sional quadratic form and of a multiple of the norm form N of D.
Similarly in A’. Consequently, Witt’s theorem implies that the norm
forms N and N’ of D and D’ are similar. Then D and D’ are known
to be isomorphic (see [1]).

3. Reduced algebras of degree three. Throughout this section, we
will be concerned with reduced simple algebras H(Ds3, vv) of degree
three, D a composition algebra. Given a reduced idempotent ¢;, we
can write 1—e;=e,+e;, where e, e; are reduced orthogonal idem-
potents. The set of values Qy(A423) = — Qe,,,(A23) of Qg on A3 is called
the norm class of e;, and is denoted by K(e;). By Witt’s Theorem, it
is independent of the decomposition of 1—e; into reduced idem-
potents, since Q is nondegenerate on A;(1—e) by simplicity. The
nomenclature is justified by
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) K(e) = vi w;N(D) if e = euin H(Ds,7),
since A =D [jk], x[jk]2=7:'v;N(x). From this we immediately see
(6) K(e:) = K(e))K(er) if 1 = ei+ ¢; + e

THEOREM 3. If A, A’ are reduced simple Jordan algebras of degree
three with equivalent trace forms and isomorphic coordinate algebras,
then any two reduced idempotents e, e’ with the same norm class K (e)
=K (e') may be mapped into each other under an isomorphism of A
onto A’.

ProoF. Let 1=e,+ete; 1'=ef +ef +ef for e; e! reduced and
e=e, e’ =e{ . By the Coordinatization Theorem [3, p. 1077] there are
isomorphisms A=H (D3, v), A’=H(D3, v') mapping e;, ¢! into the
diagonal idempotents e;;, e;;; we may assume D =D'. Here y =(1, v, v3),
v'=@1', v, v{), where K(e)=vi'"yN(D)="v:""ys N(D)=K(e').
Since 7(x[23], «x[23]) = 2yi.N(x) and 7'(x[23]’, «x[23])
=2v4~'y{ N(x), the generic trace forms on D[23] and D[23]’ are
equivalent, and this extends to an equivalence of V' =&e{ +&e;
+®e! +D[23]’ onto V=oe;+Pe,+Pe;+D [23]. Since 7 and 7’ are
equivalent by hypothesis, Witt’s Theorem furnishes us with an
equivalence of V*=D[12]'+D[13]’ onto V*=D[12]4+D[13]. Since
r/(1[31]", 1[31]") =274, there must be an element u=x[21]+y[31]
(x, yED) with 7(u, u)=2{v:N(x)+v:N(y)}=2y¢. Then U, u?
=v{e1#0, and by Lemma 1, Ue1 =74 f1 where f; is a reduced idem-
potent orthogonal to e, (because u & A1,2(e1)) with u & Ay (e, f1) and
u?=+{ (e1+f1). Then 1 =e;+f1+ g1 for g: reduced and K (g1) =v4 N(D).
We already had K (e1) = K (e{ ) =i~ ys N(D), hence K(f1) = K (e1)K (g1)
=+4 N(D) by (6). But this means that we can choose #1,E 41 2(e1, 1),
usE A1 (e, f1) with uf,=v{"1(er+g), uls=vi"'(ea+f1), and by the
Coordinatization Theorem there is an isomorphism A=~H(D;, v’)
fory'=(1,v4, v{) sending e;—el;, g1—€55, fr—es3. Thus AH (D3, v')
>~ A’ under isomorphisms mapping e =e;<e] <ef =e’.

COROLLARY. Two reduced idempotents e, e’ in a reduced simple Jor-
dan algebra of degree three are conjugate under the group of automor-
phisms if and only if K(e) =K(e’).

THEOREM 4 (SPRINGER [4]). Two reduced simple Jordan algebras
of degree three are isomorphic if and only if they have isomorphic co-
ordinate algebras and equivalent trace forms.

Proo¥r. The conditions are necessary by the Albert-Jacobson Theo-
rem. The previous theorem shows they will be sufficient if they allow
us to find reduced idempotents in 4 and A’ with the same norm class.
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Let 1'=ef +ef +es where ¢ =e/ has K(e¢')=v{"'v{ N(D') and
A'=H(Dj{, v") for v'=(1, 74, v{). We must find e€EA with K(e)
=K(e').

Choose a (temporary) coordinatization 4 =H(D;, v) with 1=¢
+ex+tes, vy=(7y1, ¥, ¥s) (to have complete symmetry among the
indices we do not assume 7;=1). Trivially the trace forms 7 on
Pe; +Pey+Pe; and 77 on Pef + Pef + Pes are equivalent, so if 7 and
7/ are equivalent we can use Witt’s Theorem again to obtain an equiv-
alence of D[12]+D[13]+D[23] with D’[12]’4+D’[13]’+D’[23]".
Since 7/(1[23)’, 1[23]’) =2y{~'y{, there is an element u=x[12]
+y[23]42([31] with 7(x, u) =2 {y5 71N (x) +v5 v N () +77y:N(2) }
=25 .

We cannot have N(x) =N(y) = N(z) =0. First suppose that two of
the norms are zero; by symmetry we may assume N(x)=N(z) =0.
Then y3%.N(y) =v{"Yys implies K(e;) =K(¢’), and we may take
e =éey.

Suppose only one of the norms is zero, say N(y) =0. Then v =x[12]
+2z[31] has 7(v, v) =7(u, u) =2v{~y{. Since N(x), N(z) %0 we can
re-coordinatize 4 (keeping the same idempotents ey, e, €3) in such a
way that v has the form v=1[21]41[31] in H(Ds, v) for some new
v=(1, v2, v3). Then U, v>=137(v, v)er=v{"'ys e150. By Lemma 1 we
have U.,e;=7v3"1vs fi where f; is a reduced idempotent orthogonal to
er with € A1 p2(e1, f1) and v2=v3{"yJ (e1+f1). This implies g1=1—¢,
—f1 has K(g1) =vy{ %y N(D) =v3iy¢ N(D') =K (e'), and we may take
e=g.

Finally, suppose none of the norms is zero. Then again we can
re-coordinatize 4 in such a way that  has the form u=1[21]4+1[31]
+x[23] in H(D;, v) for scme new y=(1, vz, v¥3) and some new
x&ED. Here 7(u, u)=2 {')’2+')’3+’)’2‘)’3N(y)} =2y{"ly; for y=v3lx
(and vy.+v3#0). Since y is invertible in D, set v=e;+v51y~1[21]
+ v5y71[31] = e1 + v12. Then Up? = Ber, Ui, = ey for B = 1
+ ¥ 2N +v72:NG™) = v % {v2vsN(»)}~* #0 and &
= (YY) NO™) = (va+vs) {¥2vsN () } 7' #0. Applying Lemma 1,
U.ex=PBg and U,,,e1=0f1 for e, fi, g1 reduced, e; and f; orthogonal,
and g€ Ai(es+f1). Thus there is another reduced idempotent
orthogonal to g; with g1+ =e;+f1. If 1=e;+f1i+ki=g1+ 74k then
ki is reduced. Now v is invertible in 4;(e;+f1) because v2—v=§(e;+f1),
so s=Fk;+v is invertible in 4, and Uky=k1, U,er=U,e1=08g. From
Lemma 3 we see U, is an equivalence of Q,, with BQs,.. Thus
K () =BK(f1). Applying (6) twice, K(g1) =K (h)K (k1) =BK (f1) K (k1)
—BK (e1). But BK (e1) =7$~v¢ {vvsN () | vivaN(D) =v{ 17 N(D)
=K (e'), and again we can take e=g;.

REMARK. As the referee has kindly pointed out, most of the above
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results can be extended to the case of algebras 4, 4’ over different
ground fields ®, ®’. In Theorem 2, an isomorphism of 4 and 4’ as
simple rings induces an isomorphism of their centers ® and ®’, and
the argument shows that the coordinate algebras D and D’ are semi-
linearly isomorphic. In Theorem 3, if A and A’ have trace forms
which are semilinearly equivalent and coordinate algebras which are
semilinearly isomorphic relative to some given isomorphism of the
ground fields ® and ', and ¢, ¢’ are reduced idempotents whose norm
classes correspond under the field isomorphism, then e and ¢’ may be
mapped into each other under a semilinear isomorphism of 4 onto 4".
Then Theorem 4 says that two reduced simple Jordan algebras of
degree 3 are (ring) isomorphic if and only if they have trace forms
which are semilinearly equivalent and coordinate algebras which are
semilinearly isomorphic relative to a fixed isomorphism of the ground
fields.
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