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Abstract. For any semi-Riemannian manifold (M, g) we define some generalized curvature
tensor E as a linear combination of Kulkarni-Nomizu products formed by the metric tensor,
the Ricci tensor and its square of given manifold. That tensor is closely related to quasi-Einstein
spaces, Roter spaces and some Roter type spacesﬂ

1. INTRODUCTION

Let (M,g) be a semi-Riemannian manifold. We denote by ¢, R, S, k and C, the metric
tensor, the Riemann-Christoffel curvature tensor, the Ricci tensor, the scalar curvature and the
Weyl conformal curvature tensor of (M, g), respectively. Further, let A A B be the Kulkarni-
Nomizu product of symmetric (0, 2)-tensors A and B. Now we can define the (0, 2)-tensors S?
and S3, the (0,4)-tensors R-S, C'- S and Q(A, B), and the (0,6)-tensors R- R, R-C, C - R,
C - C and Q(A,T), where T is a generalized curvature tensor. For precise definitions of the
symbols used, we refer to Section 2 of this paper, as well as to [34], Section 1], [37, Section 1],
[38, Chapter 6] and [45, Sections 1 and 2.

A semi-Riemannian manifold (M, g), dim M =n > 2, is said to be an Einstein manifold [2],
or an Finstein space, if at every point of M its Ricci tensor S is proportional to g, i.e.,

K

on M, assuming that the scalar curvature s is constant when n = 2. According to [2, p. 432]
this condition is called the FEinstein metric condition.
Let (M, g) be a semi-Riemannian manifold of dimension dim M = n > 3. We set

K% — try(S?)
2(n—1)
It is easy to check that the tensor F is a generalized curvature tensor. Further, we define the
subsets Ug and Ugs of M by U = {z € MR-, G #0ata} and Us ={x e M| S g #
0 at x}, respectively, where G = %g A g. If n > 4 then we define the set Uc C M as the set
of all points of (M, g) at which which C' # 0. We note that if n > 4 then Ug U Us = Ug (see,

e.g., [24]).

An extension of the class of Einstein manifolds form quasi-Einstein, 2-quasi-Einstein and
partially Einstein manifolds. A semi-Riemannian manifold (M, g), dim M = n > 3, is said to
be a quasi-Einstein manifold, or a quasi-Einstein space, if

(1.3) rank (S —ag) = 1

-2
(1.2) E = g/\52—|—nTS/\S—/-€g/\S+ gAg.
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on Ug C M, where « is some function on Ug. It is known that every non-Einstein warped prod-
uct manifold M x N with a 1-dimensional (M,g) base manifold and a 2-dimensional manifold

(N,g) or an (n — 1)-dimensional Einstein manifold (N,g), dimM = n > 4, and a warping
function F, is a quasi-Einstein manifold (see, e.g., [7, B34]). A Riemannian manifold (M, g),
dim M = n > 3, whose Ricci tensor has an eigenvalue of multiplicity n — 1 is a non-Einstein
quasi-Einstein manifold (cf. [23] Introduction|). We mention that quasi-Einstein manifolds
arose during the study of exact solutions of the Einstein field equations and the investigation
on quasi-umbilical hypersurfaces of conformally flat spaces (see, e.g., |27, B4] and references
therein). Quasi-Einstein hypersurfaces in semi-Riemannian spaces of constant curvature were
studied among others in [29, [40] 43| 61] (see also [27] and references therein). Quasi-Einstein
manifolds satisfying some pseudosymmetry type curvature conditions were investigated recently
in [T, [7, 24, 31, [42]. Quasi-Einstein hypersurfaces in conformally flat semi-Riemannian mani-
folds were studied in [55, [78]. In those papers quasi-Einstein hypersurfaces were called pseudo-
FEinstein hypersurfaces (see also [66} [71]). Similarly, in [50, 86] quasi-Einstein semi-Riemannian
manifolds (hypersurfaces) were called pseudo-Einstein manifolds (hypersurfaces).

Let (M,g), dim M = n > 3, be a semi-Riemannian manifold. We note that (L3)) holds at a
point x € Ug C M if and only if (S —ag) A (S —ag) =0 at z, ie.,

1 o?
(1.4) §S/\S—ag/\5+7g/\g =0
at x (cf. |61, Proposition 2.1|). From (IL4]), by a suitable contraction, we get immediately
(1.5) S? = (k—(n—2a)S+a((n—1a—k)g.

Using (I.I) we can easily check that the following equation is satisfied on any Einstein
manifold (M, g)

R k% — tr,(S?)
(1.6) gAS*+ 5 SANS—kKkgNS+ 3 —1)
i.e., F =0 on M, where the tensor E is defined by (L2)). Moreover, as it was stated in [28],
Lemma 2.1], (L) is satisfied on every quasi-Einstein manifold (M, g), n > 3. The converse
statement also is true. Precisely, from Proposition 2.1 it follows that if (M,g), n > 4, is a
semi-Riemannian manifold satisfying (I.6]) on Us C M then a condition of the form (L3]) holds
on Ug, where v is some function on this set. In Section 2 we also present another result related
to the tensor E (see Proposition 2.2). Namely, we prove that if a generalized curvature tensor
T is a linear combination of the tensors R, SA S, gA S, g A S?, and g A g then the Weyl tensor
of T is a linear combination of the tensors C' and E. The tensor F is determined by some
Kulkarni-Nomizu products formed by ¢, S and S?, i.e., E is defined by (L2). In the same way,
we can define the (0,4)-tensor F(A) corresponding to a symmetric (0, 2)-tensor A

(trg(A))? — try(A4%)
2(n—1)
The semi-Riemannian manifold (M, g), dim M = n > 3, will be called a partially Einstein

manifold, or a partially Einstein space (cf. [5, Foreword], [82, p. 20]), if at every point z €
Ug C M its Ricci operator 8 satisfies 82 = A8 + uld,, or equivalently,

(1.8) S = ANS+pg,

ghg = 0,

-2
(17)  B(4) = g/\A2+nTA/\A—trg(A)g/\A+ gAg.
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where A\, u € R and Id, is the identity transformation of 7, M. Evidently, (L.0) is a special case
of (I8). Thus every quasi-Einstein manifold is a partially Einstein manifold. The converse
statement is not true. Contracting (L8) we get tr,(S?) = Ak + npu. This together with (L8]
yields (cf. [25, Section 5|)

In particular, a Riemannian manifold (M, g), dim M = n > 3, is a partially Einstein space if
at every point z € Ug C M its Ricci operator 8§ has exactly two distinct eigenvalues x; and
ko with multiplicities p and n — p, respectively, where 1 < p < n — 1. Evidently, if p = 1, or
p=n—1, then (M, g) is a quasi-Einstein manifold.

In Section 3 we present definitions of some classes of semi-Riemannian manifolds determined
by curvature conditions of pseudosymmetry type. Investigations of semi-Riemannian manifolds
satisfying some particular curvature conditions of pseudosymmetry type lead to Roter spaces
(see Propositon 4.1). Roter spaces form an important subclass of the class of non-conformally
flat and non-quasi-Einstein partially Einstein manifolds of dimension > 4. Namely, a non-
quasi-Einstein and non-conformally flat semi-Riemannian manifold (M, g), dim M = n > 4,
satisfying on Ug N Ue C M the following equation

(1.9) R = §5As+ugAS+ggAg,

where ¢, © and n are some functions on this set, is called a Roter type manifold, or a Roter
manifold, or a Roter space (see, e.g., [0, Section 15.5], [22] 34} 35, 38]). Equation (L9) is called
a Roter equation (see, e.g., [28, Section 1|). In Section 4 we present results on such manifolds.
For instance, every Roter space (M, g), dim M = n > 4, satisfies among others the following

pseudosymmetry type curvature condition on Ug N Uc C M (see Theorem 4.2)
(1.10) O-R—R-C:Q(S,O)—nle(g,O).

Let (M,g), dimM = n > 4, be a non-partially-Einstein and non-conformally flat semi-
Riemannian manifold. If its Riemann-Christoffel curvature R is at every point of Us N"Us C M
a linear combination of the Kulkarni-Nomizu products formed by the tensors S° = ¢ and
St =5,...,8771 SP where p is some natural number > 2, then (M, g) is called a generalized
Roter type manifold, or a generalized Roter manifold, or a generalized Roter type space, or a
generalized Roter space. For instance, when p = 2, we have

P2 ¢
2 2
where ¢, ¢1, ¢o, p1, p and n are functions on Ug N Ue. Because (M, g) is a non-partially
Einstein manifold, at least one of the functions w1, ¢1 and ¢, is a non-zero function. Equation
(LIT)) is called a Roter type equation (see, e.g., |28, Section 1]). We refer to |28, 33} 34 35 42]
73|, [74), [75, [76, [77] for results on manifolds (hypersurfaces) satisfying ((ILITI).

As it was stated in |28, Lemma 2.2| (see Proposition 4.4), if (M,g), dimM =n > 4, is a
Roter space satisfying (L9) on Us N Ue C M then on this set

(L) R = ZFAS+aSASP+ISAS+mgnS +ugnS+IgNg,

9 s n—2 K% — try(S?)
(1.12) C = n_2(g/\5—|— 5 SANS—KkgNS+ 3 — 1) gNg|.



In Section 5 we recall results on some warped product manifolds with 2-dimensional base
manifold obtained in [28].

In Section 6 we state that on every essentially conformally symmetric manifold the following
equation is satisfied

n—2
1 o N —2 K% — try(S?)
(113) = m(Q/\S +TS/\S—I<LQ/\S+WQ/\Q .

In Section 7 we recall some known results on hypersurfaces M, dim M > 4, isometrically
immersed in a conformally flat spaces. In particular, we mention that at every point of M
its Weyl conformal curvature tensor C' and the (0,4)-tensor E(H), formed for the second
fundamental tensor H of M, are linearly dependent (see (Z.3))).

In the last section we investigate non-Einstein and non-conformally flat hypersurfaces M,
dim M > 4, isometrically immersed in semi-Riemannian spaces of constant curvature satisfying
some curvature conditions of pseudosymmetry type. Under some additional assumptions im-
posed on the second fundamental tensor H of M we obtain equations involved with the tensor

E.

2. PRELIMINARIES.

Throughout this paper, all manifolds are assumed to be connected paracompact manifolds
of class C*. Let (M,g), dimM = n > 3, be a semi-Riemannian manifold, and let V be its
Levi-Civita connection and Z(M) the Lie algebra of vector fields on M. We define on M the
endomorphisms X A4 Y and R(X,Y) of (M) by (X AaY)Z =AY, 2)X — A(X, Z2)Y and

R(X,Y)Z = VxVyZ—VyVxZ—VixnZ,

respectively, where X, Y, Z € =(M) and A is a symmetric (0, 2)-tensor on M. The Ricci tensor
S, the Ricci operator 8 and the scalar curvature k of (M, g) are defined by

S(X,Y) = tr{Z - R(Z, X)Y}, ¢(8X,)Y) = S(X,Y), kK = tr8,
respectively. The endomorphism C(X,Y") is defined by

CX.Y)Z = R(X,Y)Z— (X/\gSY—i—SX/\gY—LlX/\gY)Z.
n_

n—2
Now the (0,4)-tensor G, the Riemann-Christoffel curvature tensor R and the Weyl conformal
curvature tensor C' of (M, g) are defined by G(X1, X, X3, X4) = g((X;1 Ay X2) X5, X4) and
R(X17X27X37X4) = Q(R(X17X2)X37X4)7
C(X17X27X37X4) = Q(G(X17X2)X37X4)7
respectively, where X7, Xs,... € Z(M). For a symmetric (0,2)-tensor A we denote by A the
endomorphism related to A by g(AX,Y) = A(X,Y). The (0,2)-tensors A?, p = 2,3,..., are

defined by AP(X,Y) = AP"}(AX,Y), assuming that A = A. In this way, for A = S and A = §
we get the tensors SP, p = 2,3,. .., assuming that S* = S.
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Let B be a tensor field sending any X,Y € Z(M) to a skew-symmetric endomorphism
B(X,Y), and let B be the (0,4)-tensor associated with B by

(21) B(X17X27X37X4> = g(B(X17X2>X37X4)'

The tensor B is said to be a generalized curvature tensor if the following two conditions are

fulfilled: B(Xl, X2, Xg, X4) = B(Xg, X4, X1> Xg) and
B(X17X27X37X4)+B(X27X37X17X4)+B(X37X17X27X4) = 0.

For B as above, let B be again defined by (2.1). We extend the endomorphism B(X,Y) to

a derivation B(X,Y)- of the algebra of tensor fields on M, assuming that it commutes with

contractions and B(X,Y) - f = 0 for any smooth function f on M. Now for a (0, k)-tensor
field T', k > 1, we can define the (0, k + 2)-tensor B - T by

(B ’ T)(le s 7Xk7X7 Y) = (B(Xv Y) ' T)(X17 s 7Xk)
- —T(B(X, Y)Xl, Xg, ce e ,Xk) — T(Xl, ‘e 7Xk—17 B(X, Y)Xk)
If Ais a symmetric (0, 2)-tensor then we define the (0, k + 2)-tensor Q(A,T") by
Q(A> T)(Xla s 7XkaX> Y) = (X Na Y- T)(X1> s an)
= _T((X Na Y)Xla X2a S 7Xk) - T(X17 s an—l7 (X Na Y)Xk)
In this manner we obtain the (0, 6)-tensors B - B and Q(A, B).
Substituting in the above formulas B=Ror B=C T =RorT =CorT =95, A=gor
A =S we get the tensors R- R, R-C,C-R,C-C, R-S, Q(g,R), Q(S,R), Q(g,C), Q(S,C),

and Q(g,5), Qg,5%), Q(S, 5?).
For a symmetric (0, 2)-tensor A and a (0, k)-tensor T, k > 2, we define their Kulkarni-Nomizu

tensor ANT by (see, e.g., |24, Section 2|)
(A A T)(Xh X27 X37 X47 }/37 cee 7Yk)
= A(Xla X4)T(X2> X3> YE’)? cee aYk) + A(XQa X3)T(X1> X4> YE’)? cee aYk)
—A(X7, X3)T( X2, Xy, Y5, ..., Ye) — A(Xo, X0)T'(X1, X3, Y3, ..., Yy).

It is obvious that the following tensors are generalized curvature tensors: R, C' and A A B,
where A and B = T are symmetric (0, 2)-tensors. We have

(2.2) C = R—%g/\S%—(n_Q;{(n_l) ,
(2.3) G = %g/\g,
and (sce, c.g., [24, Lemma 2.2(1)])

(a) QA ANB) = —% Q(B,ANA),
(2.4) () AAQAB) — —%Q(B,A/\A).

By an application of (24])(a) we obtain on M the identities

(25) Q.97 S) = ~Q5.G), QS.gAS) = 3 Qs 5AS).
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Further, by making use of (2.2)), (2.3)) and (2.5), we get immediately

1 K
Q(Q,C) = Q(ng)_mQ(gag/\S>+(n_2>(n_1)Q(97G>
(2.6 = QU R~ —5 Qo9 AS) = Qo B)+ ——Q(S. 59 A 9).,
1 K
(2.7) = QSR+ 50— Q9 SN S) = g gy Qo9 A S)

From (2.4) (a) it follows immmediately that Q(g,g A g) = 0. Thus we have
—2
(2.8) Q9. B) = Qlg.gAS*+"5=SAS—rgAS),

where the tensor E is defined by (L.2).
Let Ay, Ay and B be symmetric (0,2)-tensors. We have (see, e.g., [1, Lemma 2.1(i)] and
references therein)

(2.9) A NQ(Ay, B)+ A3 NQ(A1,B)+ Q(B,A; N Ay) = 0.
(

From (2.9) we get easily (see also [24] Lemma 2.2(iii)| and references therein)
Q(B, Al N Ag) + Q(Al, Ag N B) + Q(AQ, B A Al) - O

Let A be a symmetric (0, 2)-tensor and 7" a (0, k)-tensor, k = 2,3, .... The tensor Q(A,T) is
called the Tachibana tensor of A and T', or the Tachibana tensor for short (see, e.g., [36]). Using
the tensors g, R and S we can define the following (0, 6)-Tachibana tensors: Q(S, R), Q(g, R),
Q(g,9 N S) and Q(S,g A S). We can check, by making use of (Z4))(a) and (23]), that other
(0, 6)-Tachibana tensors constructed from g, R and S may be expressed by the four Tachibana
tensors mentioned above or vanish identically on M.

Let T be a generalized curvature tensor on a semi-Riemannian manifold (M, g), dim M =
n > 4. We denote by Ric(T'), x(T) and Weyl(T") the Ricci tensor, the scalar curvature and the
Weyl tensor of the tensor 7', respectively. We refer to [24, Section 2|, |25, Section 3| or 31,
Section 3| for definitions of the considered tensors. In particular, we have

B 1 . K(T)
(2.10) Weyl(T) = T = =59 ARiel) + 50— —

ANg.
1)99

Let A be a symmetric (0,2)-tensor on a semi-Riemannian manifold (M, g), dim M =n > 3.
Let E(A) be the tensor defined by (LT). It is easy to check that Ric(E(A)) is a zero tensor.
Therefore, we also have k(E(A)) = 0. Any generalized curvature tensor 7' defined on a 3-
dimensional semi-Riemannian manifold (M, g) is expressed by 7' = g A Ric(T") — (k(T)/4)g N g
[56, p. 48] (see also |21, Lemma 2 (ii)]). Thus we see that the tensor ' = FE(A) on any
3-dimensional semi-Riemannian manifold (M, g) is a zero tensor. In particular, on any 3-
dimensional semi-Riemannian manifold (M, g) we have E = 0.

Let A be a symmetric (0, 2)-tensor on a semi-Riemannian manifold (M, g), dim M =n > 3.

We denote by U4 the set of points of M at which A # % g.
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Proposition 2.1. Let A be a symmetric (0,2)-tensor on a semi-Riemannian manifold (M, g),
dimM =n >4. (i) (¢f. |28, Lemma 2.1]) If the following condition is satisfied on Uy C M

(2.11) rank(A—ag) = 1
then

212 gAML ANA (A g A mg(’?ﬁ - EQ(AQ) ghg = 0
and

(2.13) A% — % = (trg(A) — (n — 2)a) (A - # g)

on Wa, where a is some function on Uy,.

(i) If (212) is satisfied on Us C M then

(2.14) e %g _ (A B tl"97(;4) g)
and
(2.15) (A_%Q)A(A_trgy_);pg) .

on Uy, where p is some function on Uy.

Proof. (i) (cf. the proof of [28, Lemma 2.1|) Equation (Z.I1) yields [61, Proposition 2.2]

1 a?
(2.16) QA/\A = ag/\A—?g/\g.
This, by suitable contractions yields
(2.17) A% —trg(A)A = —(n—2)aA—atry(A) g+ (n—1)a’yg,
(2.18) try(A%) — (tr,(A))*> = —2(n— 1)atry(A) + n(n — 1)a®.

Now using (2.16), (2ZI7) and ([2.I8]) we can easily check that (2Z12) and (2.13]) hold on U,.
(ii) (cf. the proof of |20, Lemma 3.4]) In the local coordinates (2.12) reads

9nAL + i Ane — 9ni Al — 9irAz; + (0 — 2) (AneAij — AnjAir)

—trg(A) (grreAij + GijAnk — gnjAik — GiAnj)

L (irg(A)2 — b, (47
n—1

(2.19) (9nkGij — gnigix) = 0.

Contracting [2.19) with AY = A,,¢g"¢g* and A*, = A,;g"* we find

5 3trg(A) (n? = 3n+ 3)tr,(A?)  (tr,(A))?
A= TA+( (n—1)n  on—1 )A

(),

Y



A AL — AaAs; + g A5 — gnjAd + (n — 2) (A A7 — A A7)
—try(A) (AnAij — AaAnj + 9 A% — 9ri A7)
N (trg(A))? — try(A?)

(2.21) -

(9i5An — gnjAu) = 0,
respectively. From (2.21]), by symmetrization in [, j, we obtain
Q(g,4%) + (n = 3)Q(A, A?) — try(A) Q(g, A)

+ (“g(A)f__ltrg(A2) Qg 4) = 0.

(2.22)
Applying (2.20) into (2.22)) we get

(n-3) (Qua.a2) - o)

tr, (A2
Qg4+ ) = o
which yields
2
Q (A _ tl"g(A) g,A2 _ tl"g(A )g) = 0.
n n
From this, in view of [48, Lemma 2.4 (ii)], it follows that (ZI4]) holds on U4. Now (ZI2) and
(214), by an application of [58, Lemma 3.1], lead to (2I5), completing the proof of (ii).

Proposition 2.2. Let T be a generalized curvature tensor on a semi-Riemannian manifold
(M, g), dim M =n > 4. If the following condition is satisfied at a point x € M

(2.23) T = a1R+%SAS+a3g/\S+a4gA52+%gAg
then
(2.24) Weyl(T) = a;,C + —22 S E

n_

at this point, where the tensor E is defined by (1.2) and oy, ..., a5 € R.

Proof. From (2Z23), by a suitable contraction, we get immediately
(2.25) Ric(T) = (a1 4+ gk +(n—2)as) S+ ((n—2)ay —a) S*+ g g,
where g is some real number. Now using (L2)), (2.2), (2.3), 2I0), (223) and (2.27) we get
1 T

2(n—2)(n—1
= a1R+%S/\S+a3gAS+a4g/\Sz+%g/\g
1 1
—m(@1+@2/€+(n—2)a3)g/\5—m((n—2)a4—@2)g/\52
— R+ Roag BTN g 2 2 9T
2 n—2 n—2 2

1 oy n—2 Qar
= R————gAS ANSZ4+ —ZSAS—KkgAS) + —LgA
a(R=——5gAS)+ —(g + KgAS)+ 59Ny

(%)) Qg
E+—gAN
n_a T ING

= a1C'—|—



ie.,

(2.26) Weyl(T) = a;C+

Q2 as
E+—gA
n—9 5 gng,
where a; and ag are some real numbers. From (2.26), by suitable contraction, we get imme-
diately ag = 0, and in a consequence (2.24)), completing the proof.

3. PSEUDOSYMMETRY TYPE CURVATURE CONDITIONS

It is well-known that if a semi-Riemannian manifold (M, g), dim M =n > 3, is locally sym-
metric then VR = 0 on M (see, e.g., [70, Chapter 1.5]). This implies the following integrability
condition R(X,Y) - R = 0 in short R- R = 0. Semi-Riemannian manifold satisfying the last
condition is called semisymmetric (see, e.g., |3, Chapter 8.5.3], [4, Chapter 20.7|, [70, Chap-
ter 1.6, [80), [84]). Semisymmetric manifolds form a subclass of the class of pseudosymmetric
manifolds. A semi-Riemannian manifold (M, g), dimM = n > 3, is said to be pseudosym-
metric if the tensors R - R and (g, R) are linearly dependent at every point of M (see, e.g.,
[3, Chapter 8.5.3], [4, Chapter 20.7], [6l Section 15.1], [38, Chapter 6|, [T0, Chapter 12.4],
[24, 27, 38, 49, 63, (64, [75], BT, 83} R4) [85] and references therein). This is equivalent to

(3.1) R-R = LrQ(g,R)

on Ur C M, where Lg is some function on Ug. Every semisymmetric manifold is pseudosym-
metric. The converse statement is not true (see, e.g., [49]). We note that ([B.I]) implies

(3:2) R-S = LgrQ(g,9)
and
(3.3) R-C = LrQ(g,0).

Conditions (B1), (3:2) and (33) are equivalent on the set Us N Ue of any warped product
manifold M xp N, with dim M = dim N = 2 (see, e.g., [34] and references therein).
A semi-Riemannian manifold (M, g), dim M = n > 3, is called Ricci-pseudosymmetric if the

tensors R - S and ((g,S) are linearly dependent at every point of M (see, e.g., [3, Chapter
8.5.3], [6, Section 15.1], [27]). This is equivalent on Ug to

(3.4) R-S = LgQ(g,9),

where Lg is some function on Ug. Every warped product manifold M x #N with a 1-dimensional
manifold (M, g) and an (n — 1)-dimensional Einstein semi-Riemannian manifold (N,g), n > 3,
and a warping function F, is a Ricci-pseudosymmetric manifold, see, e.g., [7, Section 1] and
[34, Example 4.1].

A semi-Riemannian manifold (M, g), dim M = n > 4, is said to be Weyl-pseudosymmetric
if the tensors R - C' and Q(g,C) are linearly dependent at every point of M [24, 27]. This is

equivalent on U to
(3.5) R-C = L1Q(g,0C),

where L is some function on Us. We can easily check that on every Einstein manifold (M, g),

dim M > 4, (3.5) turns into
R-R = LiQ(g,R).
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For a presentation of results on the problem of the equivalence of pseudosymmetry, Ricci-
pseudosymmetry and Weyl-pseudosymmetry we refer to [27, Section 4].

A semi-Riemannian manifold (M, g), dim M = n > 4, is said to be a manifold with pseu-
dosymmetric Weyl tensor (to have a pseudosymmetric conformal Weyl tensor) if the tensors
C - C and Q(g,C) are linearly dependent at every point of M (see, e.g., [6, Section 15.1],
[24, 27, [34]). This is equivalent on U¢ to

(3.6) C-C = LcQg,0),

where L¢ is some function on Ue. Every warped product manifold M x g N , with dim M =
dim N = 2, satisfies B (see, e.g., [24, 27, 34] and references therein). Thus in particular, the
Schwarzschild spacetime, the Kottler spacetime and the Reissner-Nordstrom spacetime satisfy
(B6). Semi-Riemannian manifolds with pseudosymmetric Weyl tensor were studied among
others in [24] 142, [50].

Warped product manifolds M xp N , of dimension > 4, satisfying on Ue C M xp N , the
condition

(3.7) R-R-Q(S,R) = LQ(g,C),

where L is some function on Ug, were studied among others in [10]. In that paper necessary
and sufficient conditions for M x N to be a manifold satisfying (3.7)) are given. Moreover, in

that paper it was proved that any 4-dimensional warped product manifold M x» N, with a
1-dimensional base (M, 7), satisfies (3.7) [10, Theorem 4.1].

We refer to [7, 21) 24 27, 31, 34], B8], 42, [75] for details on semi-Riemannian manifolds
satisfying (B.1]) and (B.4)-(B.1), as well other conditions of this kind, named pseudosymmetry
type curvature conditions. We also refer to [42], Section 3| for a recent survey on manifolds
satisfying such curvature conditions. It seems that the condition (3.1)) is the most important
condition of that family of curvature conditions (see, e.g., [34]). The Schwarzschild spacetime,
the Kottler spacetime, the Reissner-Nordstrom spacetime, as well as the Friedmann-Lemaitre-
Robertson-Walker spacetimes are the “oldest” examples of pseudosymmetric warped product
manifolds (see, e.g., [34, B8, 49, [75]). We finish this section with the following remarks.

Remark 3.1. (i) In view of [20, Lemma 3.2 (ii)], we can state that the following identity is
satisfied on every semi-Riemannian manifold (M,g), dim M = n > 3, with vanishing Weyl
conformal curvature tensor C

(3.8) R-R—Q(S,R) = ﬁ@(y,gASz+nT_25AS—/{gAS).
From (338), by (2.8), we get
1
R-R—-Q(S,R) = mQ(QaE),

where the tensor E is defined by (I.3). In particular, if n =3 then E =0 on M.

(ii) As it was stated in [20, Theorem 3.1 on every 3-dimensional semi-Riemannian manifold
(M, g) the identity R - R = Q(S, R) is satisfied.

(iii) From (i) it follows that on every semi-Riemannian conformally flat manifold (M, g),
dim M = n > 4, the conditions: R- R = Q(S, R) and (1.4) are equivalent.
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Remark 3.2. Let (M, g), dim M = n > 4, be a semi-Riemannian manifold.
(i) |34, Theorem 3.4 (i)] The following identity is satisfied on Uc C M

B 1 9 K
(3.9) C-R+R-C = R-R+C-C (n_2)2Q(g,g/\S n_lg/\S).

(i) If (37) holds on Ue C M then (3.3) turns into

C-R+R-C = C-C+Q(S,R)+LQ(g,C)

-2
s Qo g NS+ =S AS— —

(3.10) ~ T

n_lg/\S).

Moreover, from (310), by an application of (Z7) and (2.8), we get on Uc C M

(3.11) C-R+R-C = C-C+Q(5C)+LQ(g,C) — Qlg, E),

1
CEPIE
where the tensor E is defined by (1.3).

(7ii) (cf. |34, Theorem 3.4 (iii)]) If (3.8) and (37) hold on Ue C M then (311) turns into

1

C.-R+R-C = Q(S,C)+(LC+L)Q(9aC)_m

Q(g, E).

4. ROTER SPACES

Some results of [24, 39, [54] (cf. [34) Section 1]) we can present in the following proposition.

Proposition 4.1. Let (M,g), dimM = n > 4, be a non-conformally flat and non-FEinstein
semi-Riemannian manifold.

(i) [54, Theorem 3.1, Teorem 3.2 (ii)|] If (21) and (3.4) hold on Us N Uc C M then at every
point v € Us NUe (I3) or (13) is satisfied.
(7) |39, Theorem 3.1, Teorem 3.2 (ii)| If (3.1) and (37) hold on Us N Uc C M then at every
point x € Us NUe (1.3) or (1.9) is satisfied.
(i11) (cf. |24, Proposition 3.2, Theorem 3.3, Theorem 4.4|) If (3.4), (37) and R - S = Q(g, D),
for some symmetric (0,2)-tensor D, hold on Usg N Uc C M then at every point x € Us N Uc

(I3) or (1.39) is satisfied.

We recall that a non-quasi-Einstein and non-conformally flat semi-Riemannian manifold
(M,g), dim M = n > 4, satisfying (L9) on Us N Ue C M is called a Roter type manifold,
or a Roter manifold, or a Roter space (see, e.g., [6, Section 15.5], [22], 34] B35, [3§]).

Roter spaces and in particular Roter hypersurfaces in semi-Riemannian spaces of constant
curvature were studied in: [8 22 24, 3], 40}, [44] [46, 47, ©0, 67, 68]. In particular, (31 and
B4)-(B0) are satisfied on such manifolds. More precisely, we have
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Theorem 4.2. (see, e.g., [27, 34|, [45, eq. (28)]) If (M,g), dimM = n > 4, is a semi-
Riemannian Roter space satisfying (1.9) on Us N Ue C M then on this set we have:

S22 = a1 S+arg, o = ,.th, ay = w)
¢ ¢
R-C = LnQ@.0) Ln = 5 (=2 =6 —p).
R-R = LgQ(g,R),
RS = LRQ(Q?‘S)v
RR = QSR+LQWO. L= Ln+5 = 2202 o)
C-C = 1cQ@.0), Lo = L+ —— (" —ay),
C-R = LCQ(g>R)a
CS = LCQ(Q?‘S)v
1
B 1 1 K 7
ro-cr = (G- o+ L) een+ (St -u) a6,
(I10) and
R-C-C-R = Q<<ﬂ+n)g+<L—u—ﬂ) S,g/\S).
n—1 n—2 n—1

Remark 4.3. (i) In the standard Schwarzschild coordinates (t;1;0;¢), and the physical units
(c = G = 1), the Reissner-Nordstrom-de Sitter (A > 0), and Reissner-Nordstrém-anti-de Sitter
(A < 0) spacetimes are given by the line element (see, e.g., [19])

(4.1) ds* = —h(r)dt* + h(r)" dr® + r? (d6* + sin® 0 dp?),
B 2M  Q* A,
M) = 1-=m gt

where M, () and A are non-zero constants.
(1) |26, Section 6] (see also |8, Remark 2 (ii)|, [41, Remark 2.1 (ii)|) The metric ({4.1) satisfies

(1.9) with

6 = SQ M0 p = S(QN QA —BAMI)Q

1
o= 5 (3Q° +4Q U = 3Q My + 9QPAN® — 9APM ) iQ

If we set A =0 in ({{.1) then we obtain the line element of the Reissner-Nordstrém spacetime,
see, e.g., [62, Section 9.2| and references therein. It seems that the Reissner-Nordstrom space-
time is the oldest example of the Roter warped product space.

(i11) In [41] a particular class of Roter warped product spaces was determined such that every
manifold of that class admits a non-trivial geodesic mapping onto some Roter warped product
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space. Moreover, both geodesically related manifolds are pseudosymmetric of constant type.
(iv) An algebraic classification of the Roter type 4-dimensional spacetimes is given in [§].

(v) Some comments on pseudosymmetric manifolds (also called Deszcz symmetric spaces), as
well as Roter spaces, are given in [9, Section 1] (see also [8, Remark 2 (iii)|, [41, Remark 2.1
(iii)] ): "From a geometric point of view, the Deszcz symmetric spaces may well be considered
to be the simplest Riemannian manifolds next to the real space forms." and "From an algebraic
point of view, Roter spaces may well be considered to be the simplest Riemannian manifolds
next to the real space forms." For further comments we refer to [84].

We finish this section with the following results.

Proposition 4.4. |28, Lemma 2.2| If (M, g), dim M = n > 4, is a Roter space satisfying (1.9)
on Us NUe C M then (I.12) holds on this set, i.e., (n —2)C = ¢ E, where the tensor E is

defined by (1.2).
Propositions 2.1, 4.1 and 4.4 lead to the following

Proposition 4.5. Let (M,g), dimM = n > 4, be a non-conformally flat and non-FEinstein
semi-Riemannian manifold. If (31) and (38), or (31) and (37), or (34), (371) and R - S =
Q(g, D), for some symmetric (0,2)-tensor D, hold on UsNUe C M then E = XC on UsNUc¢,
where the tensor E is defined by (I.3) and X\ is some function on this set.

5. WARPED PRODUCT MANIFOLDS WITH 2-DIMENSIONAL BASE MANIFOLD
Proposition 2.1 and Proposition 4.4 imply

Proposition 5.1. |28, Proposition 2.3| If (M,g), dimM = n > 4, is a semi-Riemannian
manifold satisfying (1.3) or (1.9) at every point of Us N Uc C M then the following equation
15 satisfied on this set

K% — try(S?)

_ 2, N—2 _
(5.1) TC = gNS*+ 5 SANS—KkgANS+ 1) gAg,

where T is some function on Us N Ue.

Proposition 5.1, [34, Theorem 7.1 (ii)] and [44, Theorem 4.1 imply

Theorem 5.2. [28, Theorem 2.4| Let M Xp N be the warped product manifold with a 2-
dimensional semi-Riemannian manifold (M, ), an (n—2)-dimensional semi-Riemannian man-

ifold (N, g), n >4, a warping function F', and let (N,q) be a space of constant curvature when
n >5. Then (51) holds on Us N Uc C M xp N.

Example 5.3. [28, Example 2.1] (i) Let S*(r) be a k-dimensional standard sphere of radius r
in EFFL k> 1. It is well-known that the Cartesian product S'(r1) x S"~Y(ry) of spheres St(ry)
and S"7Y(ry), n > 4, and more generally, the warped product manifold S'(ry) xr S""(ry) of
spheres SY(ry) and S"1(ry), n > 4, with a warping function F, is a conformally flat manifold.
(i1) As it was stated in [60, Example 3.2|, the Cartesian product SP(r1) x S*"P(ry) of spheres
SP(r1) and S¥(rs) such that2 < p <n—2 and (n—p—1)r? # (p—1)r2 is a non-conformally flat
and non-Einstein manifold satisfying the Roter equation (I.9) on UsNUe = SP(ry) X S"P(rq).
(#i) [44, Example 4.1| The warped product manifold SP(r1) xp S"P(ry), 2 < p < n — 2, with
some special warping function F', satisfies on Ug N Ue C SP(ry) x S""P(ry) the Roter equation
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(I9). Thus some warped product manifolds S*(r1) x p S""*(ry) are Roter spaces.

(iv) Properties of pseudosymmetry type of warped products with 2-dimensional base manifold,
a warping function F, and an (n — 2)-dimensional fibre, n > 4, assumed to be of constant
curvature when n > 5, were determined in [34, Sections 6 and 7|. FEwvidently, warped product
manifolds S*(r1) xp S"2(ry), n > 4, are such manifolds. Let g, R, S, k and C denote the
metric tensor, the Riemann-Christoffel curvature tensor, the Ricci tensor, the scalar curvature
and the Weyl conformal curvature tensor of S*(r1) x pS"2(ry), respectively. From [34, Theorem
7.1] it follows that on set V of all points of Us N Uc C S*(r1) x# S""2(r9) at which the tensor
S? is not a linear combination of the tensors S and g, the Weyl tensor C is expressed by

B 5 n—2 B k? — try(S?)
(5.2) Cc = )\<g/\S +—2 SAS f-cg/\S+—2(n_1) gAg |,

where X\ is some function on V. This, by (2.3), turns into

n —

-2 1
R = )xg/\Sz—i-nT)\S/\S—i—( 2—/<a>\>g/\5

1 9 9 K

+72(n Y ((/{ try(S7))A p— 2) gAg.

Thus (I.11) is satisfied on V. Moreover, (I.9) holds at all points of (Us N Ue) \ V', at which
(L3) is not satisfied. From Lemma 2.2 it follows that (22) holds at all points of Us N Ue C
S2(r1) xp S"%(ry), n > 4, at which (I.3) is not satisfied. Finally, in view of Theorem 5.2, we
can state that (2.1) holds on Us N Uc.

6. ESSENTIALLY CONFORMALLY SYMMETRIC MANIFOLDS

Let (M,g), dim M = n > 4, be a semi-Riemannian manifold with parallel Weyl conformal
curvature tensor, i.e. VC = 0 on M. It is obvious that the last condition implies R - C' = 0.
Moreover, let the manifold (M, g) be neither conformally flat nor locally symmetric. Such
manifolds are called essentially conformally symmetric manifolds, e.c.s. manifolds/metrics,
or ECS manifolds/metrics, in short (see, e.g., |11, 12, [14] [I8, 19, [65]). E.c.s. manifolds are
semisymmetric manifolds (R - R = 0, [11, Theorem 9]) satisfying x = 0 and Q(S,C) = 0 (|11,
Theorems 7 and 8]). In addition,

(6.1) FC = %SAS

holds on M, where F is some function on M, called the fundamental function [12]. At every
point of M we also have rank S < 2 [12, Theorem 5]. We mention that the local structure
of e.c.s. manifolds is already determined. We refer to [13] [16] for the final results related to
this subject. We also mention that certain e.c.s. metrics are realized on compact manifolds
(15, 17, 18, 19]).

Equation (6.1I), by suitable contraction, leads immediately to S? = kS, which by x = 0,
reduces to S? = 0. Evidently, tr,(5?) = 0. Now using (6.I)) we get (II3). Thus we have

Theorem 6.1. Condition (21), with T = (n—2)F, is satisfied on every essentially conformally
symmetric manifold (M, g).
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7. HYPERSURFACES IN SEMI-RIEMANNIAN CONFORMALLY FLAT SPACES

Let M, dim M = n > 4, be a hypersurface isometrically immersed in a semi-Riemannian
conformally flat manifold N, dim N =n + 1. Let guq, Hady, Gaved = GadGve — GacGoa and Cupeq be
the local components of the metric tensor g, the second fundamental tensor H, the (0, 4)-tensor
G and the Weyl conformal curvature tensor C' of M, respectively. As it was stated in [48] eq.
(20)] (see also [52], eq. (11)]) we have

etr(H)
-2
gadec + gbCHbd gllCHb2d - gdegc) + H Gabcd 5

CYabcd = € (Hadec - Hachd)

(9adHve + goeHoa — GacHpa — GoaHac)

7.1

(7.) o
where ¢ = +1, tr(H) = ¢**H,q, H?, = ¢**HypH.q and p is some function on M. From (7.1J), by
contraction we get easily

(7.2) b= e (D) - ),
where tr(H?) = ¢g*H?,. Now (1) and (7.2)) yield
(7.3) ¢ = %2 (g/\H2+nT_2H/\H—tr(H)g/\H+ (tr(}?()n:g(H >g/\g) .

If H= tr(H —— g at a point « € M, i.e., M is umbilical at z, then from (7.3)) it follows immediately
that the tensor C' vanishes at . If at a non-umbilical point z € M, we have rank(H —ag) = 1,
for some a € R, i.e., M is quasi-umbilical at x, then in view of Proposition 2.1 (i), the tensor
C vanishes at z. Conversely, if at a non-umbilical point © € M the tensor C' vanishes then in
view of Proposition 2.1 (ii) we have rank(H — ag) = 1, for some o € R. Thus we can present
[48, Theorem 4.1] in the folowing form.

Theorem 7.1. Let M, dim M = n > 4, be a hypersurface isometrically immersed in a semi-
Riemannian conformally flat manifold N, dim N = n+ 1. At every non-umbilical point x € M
the tensor C' vanishes at x if and only if at x we have rank(H — ag) = 1, for some a € R.

Remark 7.2. Let M, dim M = n > 4, be a hypersurface isometrically immersed in a semi-
Riemannian conformally flat manifold N, dim N = n + 1.

(i) We assume that at all points of Uc C M the tensor H? is a linear combination of H and g,
1.€.,

(7.4) H*> = ayH+azg
on Ue, where ay and oy are some functions on this set. Now (7.3) turns into

e e(ay — tr(H)) (tr(H))? — tr(H?)
R R 20— 1) ) Mg

(75 = %H/\H+ﬁg/\H+%g/\g,

g/ H+ €2<a+

(76) a =¢ B = Wl{# — <2a2+(tr(H)2L _—ltr(H ))‘
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From (7.3) and (7.4), in view of [68, Theorem 3.1 (i)|, we get

w000 = -2 (5-1) 000 - 0-26F -1 Q0.0)

on Ue, with o, B and 7y defined by (7.4). Thus M is a hypersurface with pseudosymmetric Weyl
tensor. We also note that from (74) we get immediately as = *(tr(H?) — aytr(H)) and

Hz_tr(H2)g . (H_tr(H)g).

n

(ii) The above presented result, i.e., if (7)) is satisfied at every point of Ue C M then (3.0)
holds on this set, was already obtained in |53, Proposition 3.1|. We mention that Proposition
3.1 of [53] was proved without application of [68, Theorem 3.1 (i)].

(iii) We assume that the tensor H satisfies on Ue C M

(7.8) H® = tr(H)H*+ H,

where v is some function on this set and the (0,2)-tensor H? is defined by H2, = g**H?2 H.4.
Then

C¢ = (g (D = i) + =) Q0.0
(7.9) —Zng(HQ,%H/\H)

on Ue [B1, eq. (10)], see also |53l the proof of Lemma 4.1|. We refer to |51, B3| for further
results on hypersurfaces M in conformally flat manifold N satisfying (7.8).

(iv) Recently curvature properties of pseudosymmetry type of hypersurfaces isometrically im-
mersed in a semi-Riemannian conformally flat manifold were investigated in [57| and [69].

8. HYPERSURFACES IN SEMI-RIEMANNIAN SPACE FORMS

Let now N™™!(c), n > 4, be a semi-Riemannian space of constant curvature with signature

(s,n+1—s), where ¢ = ﬁ and & is its scalar curvature. Let M, dimM = n > 4, be

a connected hypersurface isometrically immersed in N"™(¢c). We denote by g, R, S, xk and
C, the metric tensor, the Riemann-Christoffel curvature tensor, the Ricci tensor, the scalar
curvature and the Weyl conformal curvature tensor of the hypersurface M, respectively. The
Gauss equation of M in N™"1(c) reads (see, e.g., |32, 135, 36, 137, [74])

(8.1) gAg = %H/\H, e = +1.

K
R~
2n(n + 1)
From (8.]), by suitable contractions, we obtain

(n—1r 2
K R € 9 9
(8.3) P S () - u(iR),
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Now using (81]), (82) and (B3]) we get immediately
1 1
Q(H?, §H/\H) = —Q(tr(H)H — H2,§H/\H)
= —Q(e(te(H) H — H?), % HAH)
(n—1)K B K A
n(n+1) 9 2n(n—|—1)g 9)

We also recall that the curvatere condition of pseudosymmetry type (3.7)) is satisfied on M.
Precisely, we have on M [48] Proposition 3.1] (see also [37) eqgs. (3.3) and (3.4)])

(8.4) = —Q (s -

_ (n—-2)k
(8.5) R-R—-Q(S,R) = P Q(g,C).
Now (B.I1)), by ([8H), turns into (|37, Propopsition 4.7, eq. (4.36)])
B (n—2)k 1
(8.6) C-R+R-C = C-C—l—Q(S,C’)—WQ(Q,C)—WQ(Q,E).

Let Uy C M be the set of all points at which the tensor H? is not a linear combination of
the metric tensor g and the second fundamental tensor H of M. We have Uy C UsNUs C M
(see, e.g., [30, 36, B7] or [59, p. 137]).

We assume that the following conditions are satisfied on Uy C M
(8.7) H? = tr(H)H*+v H+py,

where T is a generalized curvature tensor and v and p some functions on Uy. Now, in view of
[37, Theorem 4.5|, we obtain

5 -
T = (K+ Y __FK )C+ﬁg/\g

n—1 n+1 2
(8.9) S NS+ 2 GAS —kgAS
' n—22n-1) 7 2 g

on Uy, where \; is some function on this set. Using (I.2)), (8.8)) and (89) we get immediately

(K2 R n—3 A
= ( B )C‘%n—m%n—wE+‘gAg

n—1 n+1 2
and
(Kt 2y R n—3
310 o0 = (S B 06,00 - g Q)

on Uy, where A is some function on this set. In addition, if we assume that (B.6]) holds on Uy
then from (T.9)) it follows that
n—3 A2

K+ 2e) K
_ — L = E+ —=
(n—l 1 C)C e PR

(8.11)
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on Uy, where Ay is some function on this set. We note that (811]), by a suitable contraction,
yields Ay = 0, and in a consequence we obtain

K+ 2e K B n—3
(8.12) <n—1 _n+1_LC)C B (n—2)2(n—1)E

From the above presented considerations it follows immediately the following result.

Theorem 8.1. Let M be a non-Einstein and non-conformally flat hypersurface in N™(c),
n > 4. If (3.4) and (874) are satisfied on Uy C M then (813) holds on Uy.

According to [30, Corollary 4.1], if on the subset Uy of a hypersurface M in N™™(c), n > 4,
one of the tensors R-C, C' - Ror R-C — R-C' is a linear combination of R - R and of a finite
sum of tensors of the form Q(A,T), where A is a symmetric (0, 2)-tensor and 7" a generalized
curvature tensor, then (8.7) holds on Uy. In particular if one of the following conditions is
satisfied on Uy C M: R-C' =Q(g,T1),C-R=Q(g9,T3) or R-C —C-R = Q(g,T3), where T1,
T> and T3 are generalized curvature tensors, then (87) holds on Uy. Now from Theorems 5.2,
5.3 and 5.4 of [36], in view of Proposition 2.2, it follows that

[kt (n—-1)R 1
(8.13) Weyl(Th) = (n—l _n(n—l—l))c_ n—Dm=1) =
(8.14) Weyl(Tz) = (KJ—Q? o 1) "o —Z);(i b
R e 1
(8.15) Weyl(Ty) = (n(n+1) - n_1> C- o P

Thus we have

Theorem 8.2. Let M be a non-Einstein and non-conformally flat hypersurface in N™(c),
n > 4, satisfying (87) on Uy C M, and let Ty, Ty and Ty be generalized curvature tensors
defined on Uy . If one of the following conditions: R-C' = Q(g,T}), respectively, C-R = Q(g,T»)

and R-C —C - R = Q(g,T3), is satisfied on Uy then (813), respectively (8.14) and (813),
holds on Ug.

Finally, we assume that the tensor H satisfies (.8) on Uy C M. Now (Z.9), by making use
of (83) and (8.4, turns into

n—2 (n—1)K R

(8.16) c-C = pQ(g,C)+Q<S—7g,R—mg/\g>.

n—3 n(

n+1)
1 K K
1 = —
(8.17) P n—3<n—1 n—l—l_l_gw)
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From (8.I6), by an application of (2.6]), we obtain

n—2 B p (n—1)& R
n—3C.C = PQ(9>R)‘|‘2(n_2)Q(Sag/\9)+Q<S—mg> —mg/\g>
_ K
= 2(n_2>Q(5,gAg)+pQ(g,R—Qn(n+1)gAg)
(n—1)K K
(S 7 74 )

- o(sgtgene) va(s- (G o) o8 mm o)
Sl CR G RO e 120
(S ff@m )g’R ﬁwg)
- Q<S ((TEH)U p)g’R_<n<ni1>_nf2)%gAg)‘
Thus we see that if the tensor H satisfies (Z8) on Uy C M then
n e - Boo- (5o (-2 o)

on Ugy, where the function p is defined by (8.I7).
In addition, we assume that (3.6]) holds on Uy C M. Now (BI0) turns into

(n—1)& R B
(8.19) TQ(gaC)—Q<S—W9aR—m9AQ) = 0,
(8.20) r = p—Z:§LC.

From the presented above calculations it follows that (819]) yields

(s (528 Jen- (-T2 o) - o

If

(n—1)k
8.22 k{S—|—= — =1
(8.22) ran ( (n(n—l—l) Tlg
at a point z € Uy then in view of Proposition 2.1 £ = 0 at x, where the tensor F is defined
by (L2)). If

(5.23) ronk (5 (U= o)) > 1
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at a point © € Uy then by an application of [24, Proposition 2.4| (or, [31l Proposition 2.1]) it
follows that the following equation is satisfied at x

R_ KT 1 A
nn+1) n-—2 2979

B (n—1)& (n—1)K
s20 = o= (i 7)o) 2 (- (G =)o) oem
This by Proposition 4.4 implies (n — 2) C' = ¢ E. Thus we have

Theorem 8.3. Let M be a non-Einstein and non-conformally flat hypersurface in N™(c),
n > 4.

(i) If (7.8) is satisfied on Uy C M then (818) holds on Uy, where the function p is defined by
(817) on this set.

(ii) If (38) and (7.8) are satisfied on Uy C M then ([8.21) holds on Uy, where the function T
is defined by (820) on this set. Moreover, A\C' = E on Uy, where X is some function on this
set.
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