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ABSTRACT. In this paper the author shows that a well known sufficient
condition for strict cyclicity of a weighted shift on Zp is not a necessary

condition for any p with 1 < p < o,

1. INTRODUCTION.
For 1 < p < = let Zp be the Banach space of absolutely p-summable se-

quences of complex numbers. Let Sa denote the weighted shift on £_ with

weight sequence o = {an}l defined by Sa[;goxneé] = 1% %18, Let By =1

and Bn = ay0y...0 for all n > 1. (For more detail we refer the reader to

[2] and [3]).

Mary Embry [1] showed that for p = 1 the weighted shift Sa is strictly cyclic

if and only if

8n+m

sup < o, 1.1)

n,m

nm
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Edward Kerlin and Alan Lambert [2] considered the natural extension to (1.1)

for the case 1 < p < = with %-+ % =1,

n Bn q
sup I ‘E_E___l < o 1.2)
n m=0 !"m"n-m
and showed (1.2) implies Sa is strictly cyclic on Zp. They also proved that
(1.2) is necessary if the weight sequence o is eventually decreasing.
This strongly suggested that (1.2) is a necessary and sufficient condition for
strict cyclicity. However, we will show in this paper that (1.2) is not a
necessary condition for Sa to be strictly cyclic for any p with 1 < p < =,
2. PROOF.

To preserve the clarity of the proof we will consider the cases 1 < p < 2

and 2 < p < » separately.

(a) Let 1 < p < 2 and let q be such that %-+ % =1, Let {nk}; be a
sequence of rapidly increasing positive integers, e.g., choose n, = 10 and
10amy_y
n = (1°“k-1) for k > 1.
We now define the weight sequence a = {a,}. by a, =0, = ... =a_ =1 and for
i'1 1 2 n,
k>1
-1
L T S W
a, =
i
mep A mo-meg < i Sm
Clearly, a =q = =q and a <a, for 1 < £ < EE.
’ nk-l+1 nk—l+2 v ne-n g nk-£+l =L - 2
Thus, for 0 < m < o,
8 a o cee O a o
n o mtl nk—m+2 n nk nk—l+l cee My n_,
= > > (a_ ) .
B B a0 a = 0 0,...0 —
mn, -m 172... m 172 n g 't
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Therefore,
nk-l Bn q any g —qny_1
I IB g \ 3_nk(a ) = -1 + o ag k + =,
m=1 m n, -m
Hence,
n Bn 'q
sup Z -B_é—— = o,
n wn=0 '"m"n-m

We now show that Sa is strictly cyclic. It is known that SQ[Z] is strictly

cyclic if and only if

o n Bn P L ( )
z I ——— Xy _ < = for all x,y € . 1.3
n=0 'm=0 Bmsn—m o P

Obviously, for 0 <m < n

8n %n-mtl " %
= ia
BmBn—m alaz cee Qp n
Bn
and 8 =1 form=0or m=n.
m n—-m

Thus,

% n Bn P L n-1 P

E E B B *Yn-m| = E {Ix0ynl + |y0xnl + 1z anlxmyn—ml}

n=0 'm=0 "m n-m n=0 m=

A

zo Uxgyal + Iygxp] * og[| xlo][ ¥{1 21° < =
e

since a,x,y ¢ Zp.

Hence (1.3) holds and Sa is strictly cyclic.

(b) Let 2 < p < » and let %—+ %‘ 1. Let {nk}I be a sequence of rapidly

increasing integers, e.g., choose n, 10 and n such that

I.

Kk 10
1 -1
g Ao )

for k > 1.
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1
a - =

. ® =4 49 = ® =
Define {di}l such that 121di n for n = 1,2,-:-and define {sk}l by 8; = 10

and s, = 2s, _; + 2n, for k > L.

We now define the weight sequence o = {ai}; by @ = ... =0, =1and for k > 1,
1
-2 if < i< +n
g Sk-1 = Sk-1"
a, = -2 d
i e sk—sk_l-i+1 if Sk—1+nk <ix< SK = Sp-1
-2
ny if S “Spo1 < i< Spe
Sk
Now, for S-1 <m < -5
B a ees O a cee O _ - _ _
sk . sk mrtl Sy g sk-m+l Sy Sp-1 nkzsk_l § nk2sk_1 mnsk_l ‘
BmBsk-m @18y eee 0 T usk-1+1 R -1 — k-1 =1 i
1
=28 q

Thus,
Sl; BS q § —ZqSk_l n‘z( i"l -IOnk_l nl; . 1 > o a8 ko o
m=0 BmBsk-m = k-1 i=1 = k1 i=1
n Bn q
Hence, sup b 'B B = o,
n n=0 '"m"n-m

We now show that

oo n Bn P

t | —P—xy _

n=0 ‘m=0 Ppfp-m ™o @ <« for all x,yef_p.
£ d0<m<nth "o o2
I Spp <M <8 -8 _;an m < n then, 8B oy
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Let h = min{m,n-m} then, for Si . " Spop SR8 and 0 < m < n,

0=

B -

=2
< h .
BmBn-m "1

Thus,
® SKT%-171 |n-1 8 P oo S8l p
n -2
I I T8  *nea| .2 z [nk I Ixmyn_mI] ®
k=2 n=s, _+1 =l "m n-m k=2 n=s, _+1 m=1
k-1 k-1
(1.4)
§ 1 2
1,2 > L, 4|8 ) p|P
Let § =—LE-then § >qand T+ +==1. Let M= | I 2m =¥ + || yll < ™,
p-2 § p =1 P P
Then,
© Sk n-l B P
z Z z Xy
e _ _4 BB “mn-m
k=2 n=s, Sp-1 m=]1 "m n-m
© sk o 2 —%1— P
< kiz ) E El 0, ;b ]xmyn_m| » where h = min{m,n-m}
n=s,-s, _, (©=
© sk 2
~<P P ©
j-kEZ n=s Es k-1 e
k k-l

Combining (1.4) and (1.5) we obtain that (1.3) is satisfied. QED
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