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1. Introduction

Recently, there have been many papers concerning the existence of positive solu-

tions of BVPs for differential equations with or without p-Laplacian; we refer the

readers to [1]–[3], [6]–[7], [9]–[10], [12]–[14], [16]–[19], [21]–[22], and [25].

In [20], Ma studied the existence of positive solutions of the following three-point

boundary value problem

(1)

{

x′′(t) = −a(t)f(x(t)), 0 < t < 1,

x(0) = 0 = x(1) = αx(η),

where η ∈ (0, 1), α > 0, a ∈ C[0, 1] is nonnegative and there exists at least one

point t0 ∈ [0, 1] such that a(t0) > 0, and f ∈ C[0,∞) nonnegative. Under some

*The author is supported by the Science Foundation of Hunan Province (06JJ5008) and
the Natural Sciences Foundation of Guangdong province (No. 7004569).
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assumptions imposed on f (f is superlinear or sublinear), it was proved that the

BVP (1) has positive solutions if

(∗) αη < 1.

In [18], Ma studied the following multi-point boundary value problem

(2)











x′′(t) + a(t)f(x(t)) = 0, 0 6 t 6 1,

x(0) = x(1) −
m

∑

i=1

βix(ξi) = 0,

where 0 < ξi < 1, βi > 0 with

(∗∗)
m

∑

i=1

βiξi < 1,

a and f are nonnegative continuous functions, and there is t0 ∈ [ξm, 1] so that

a(t0) > 0. Let

lim
x→0

f(x)

x
= l, lim

x→∞

f(x)

x
= L.

He proved that if l = 0, L = ∞ or l = ∞, L = 0, then the BVP (2) has at least

one positive solution. In [25], Zhang and Sun also studied the existence of positive

solutions of the BVP (2) under some conditions on the first eigenvalue of the relevant

linear operator and f .

In [15], Liu studied the following four-point boundary value problem

(3)

{

x′′(t) + f(t, x(t)) = 0, 0 6 t 6 1,

x(0) − αx(ξ) = x(1) − βx(η) = 0,

where 0 < ξ, η < 1, α, β > 0, and f is a nonnegative continuous function. By

imposing assumptions on f , Liu established existence results for at least one or two

positive solutions of the BVP (3) provided

(∗∗∗) 0 < α(1 − ξ) < 1, βη < 1, αξ(1 − β) + (1 − α)(1 − βη) > 0.

In [26], Zhang andWang studied the following multi-point boundary value problem

(4)











x′′(t) = −f(t, x(t)), 0 6 t 6 1,

x(0) −
m

∑

i=1

αix(ξi) = x(1) −
m

∑

i=1

βix(ξi) = 0,
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where 0 < ξi < . . . < ξm < 1, αi, βi ∈ [0,∞) with

(∗∗∗∗)
m

∑

i=1

αi < 1,

m
∑

i=1

βi < 1.

Under certain conditions on f , they established some existence results for positive

solutions of the BVP (4).

In the paper [15], the multi-point boundary value problem for second-order ordi-

nary differential equation































x′′(t) = f(t, x(t), x′(t)) + e(t), 0 < t < 1,

x(0) −
m

∑

i=1

αix(ξi) = 0,

x(1) −
m

∑

j=1

βjx(ηj) = 0

was considered, where 0 < ξi, ηi < 1, αi, βj ∈ R, m > 2, e ∈ L1[0, 1], and f is a

Carathéodory function. With the help of coincidence degree theory, it was proved

that the above BVP has at least one solution under the assumptions

n
∑

i=1

αi = 1,

m
∑

i=1

βi = 1

and some other conditions imposed on f , namely,

(A1) there exist functions α, β, γ, ̺, and θ ∈ [0, 1) such that

|f(t, x, y)| 6 ̺(t) + α(t)|x| + β(t)|y| + γ(t)|x|θ, (x, y) ∈ R
2, t ∈ [0, 1]

or

|f(t, x, y)| 6 ̺(t) + α(t)|x| + β(t)|y| + γ(t)|y|θ, (x, y) ∈ R
2, t ∈ [0, 1];

(A2) there exists a constant A > 0 such that for each x ∈ D(L), if |x(t)| > A or

|x′(t)| > A for all t ∈ [0, 1], then

m
∑

i=1

αi

∫ ξi

0

(ξi − s)(f(t, x(t), x′(t)) + e(t)) dt 6= 0

or
∫ 1

0

(1 − s)(f(t, x(t), x′(t)) + e(t)) dt

−
m

∑

i=1

βi

∫ ηi

0

(ηi − s)(f(t, x(t), x′(t)) + e(t)) dt 6= 0;
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(A3) there exists a constant B > 0 such that for a, b ∈ R, if |a| > B or |b| > B,

then either

m
∑

i=1

αi

∫ ξi

0

(ξi − s)(f(t, a + bt, b) + e(t)) dt

+

∫ 1

0

(1 − s)(f(t, a + bt, b) + e(t)) dt

−
m

∑

i=1

βi

∫ ηi

0

(ηi − s)(f(t, a + bt, b) + e(t)) dt > 0

or

m
∑

i=1

αi

∫ ξi

0

(ξi − s)(f(t, a + bt, b) + e(t)) dt

+

∫ 1

0

(1 − s)(f(t, a + bt, b) + e(t)) dt

−
m

∑

i=1

βi

∫ ηi

0

(ηi − s)(f(t, a + bt, b) + e(t)) dt < 0;

(A4) ‖α‖1 + ‖β‖1 < 1
3 .

One notes that it is easy to prove that the corresponding Green’s functions of the

above mentioned BVPs are positive under the assumptions (∗), (∗∗) or (∗∗∗). This

leads the authors to get positive solutions of the corresponding BVPs by using fixed-

point theorems in cones in Banach spaces. One can also see from (∗), (∗∗), and (∗∗∗)

that the assumptions guaranteeing the positivity of Green’s function become more

complicated. There is no paper concerned with the existence of positive solutions of

the above BVP when αi > 0, βi > 0 with
n
∑

i=1

αi =
m
∑

i=1

βi = 1.

In [3], Bai tried to investigate the following multi-point boundary value problem

(5)











[ϕ(x′(t))]′ + a(t)f(t, x(t)) = 0, 0 6 t 6 1,

x(0) = x(1) −
m

∑

i=1

βix(ξi) = 0,

where ϕ(x) = |x|p−2x for x 6= 0 and ϕ(0) = 0 with p > 1, a is continuous and

nonnegative and there is t0 ∈ [ξm, 1] so that a(t0) > 0, f is a continuous nonnegative

function, 0 < ξi < . . . < ξm < 1, βi > 0 and (∗∗) holds. However, the results in [3]

are wrong, see [23], [24].

In the BVP (5), the presence of p-Laplacian and multi-point make it very compli-

cated to prove the positivity of Green’s functions.
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Recently, in the papers [8], [11], [23], and [24], the existence of multiple positive

solutions of the BVP (5) under the assumption

(∗∗∗∗∗)
m

∑

i=1

βi < 1

and the following more general BVP

(6)































[ϕ(x′(t))]′ + a(t)f(t, x(t), x′(t)) = 0, 0 6 t 6 1,

x(0) −
m

∑

i=1

αix(ξi) = 0,

x(1) −
m

∑

i=1

βix(ξi) = 0

under the assumptions (∗∗∗∗) were studied, where a and f are positive continuous

functions.

For the BVP (5), it is easy to see that (∗∗∗∗∗) is weaker than (∗∗) when ϕ(x) = x

and for the BVP (6), (∗∗∗∗) is weaker than (∗∗∗) when ϕ(x) = x and m = 1 if ξ = η

or m = 2 and ξ1 = min{ξ, η} and ξ2 = max{ξ, η} if ξ 6= η. A problem appears

naturally, whether there exist weaker conditions than (∗∗∗∗) imposed on ξi, αi, βi

(i = 1, . . . , m) such that the solutions of the BVP (6) are positive. The methods

in [8], [11], [23], [24] are based upon transforming the BVP (6) into the integral

equation

x(t) = Bx +

∫ t

0

ϕ−1

(

Ax −

∫ s

0

a(u)f(u, x(u), x′(u)) du

)

ds,

where Ax and Bx satisfy

1

1 −
∑m

i=1 αi

m
∑

i=1

αi

∫ ξi

0

ϕ−1

(

Ax −

∫ s

0

a(u)f(u, x(u), x′(u)) du

)

ds

−
1

1 −
∑m

i=1 βi

m
∑

i=1

βi

∫ ξi

0

ϕ−1

(

Ax −

∫ s

0

a(u)f(u, x(u), x′(u)) du

)

ds

+
1

1 −
∑m

i=1 βi

∫ 1

0

ϕ−1

(

Ax −

∫ s

0

a(u)f(u, x(u), x′(u)) du

)

ds = 0,

Bx =
1

1 −
∑m

i=1 αi

m
∑

i=1

αi

∫ ξi

0

ϕ−1

(

Ax −

∫ s

0

a(u)f(u, x(u), x′(u)) du

)

ds.

Then fixed-point theorems are used to get positive solutions of the BVP (6). One

may see that the methods in the above mentioned papers can not be applied even to

the case when
m
∑

i=1

αi = 1 or
m
∑

i=1

βi = 1.
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Motivated by the papers mentioned above, this paper is concerned with the fol-

lowing more general BVP for higher order differential equation with p-Laplacian

(7)











































[ϕ(x(n−1)(t))]′ + f(t, x(t), . . . , x(n−1)(t)) = 0, t ∈ (0, 1),

x(i)(0) = 0, i = 0, . . . , n − 3,

x(n−2)(0) =

m
∑

i=1

αix
(n−2)(ξi),

x(n−2)(1) =

m
∑

i=1

βix
(n−2)(ξi),

where n > 2, 0 < ξi < . . . < ξm < 1, αi, βi ∈ [0,∞), f is a continuous function, ϕ is

the one-dimensional p-Laplacian with ϕ(x) = |x|p−2x for x 6= 0 and ϕ(0) = 0, its

inverse function is denoted by ϕ−1. We will establish existence results for positive

solutions of the BVP (7) under the following assumptions:

m
∑

i=1

αi 6 1,

m
∑

i=1

βi < 1, or

m
∑

i=1

αi < 1,

m
∑

i=1

βi 6 1,(∗∗∗∗∗∗)

or
m

∑

i=1

αi =
m

∑

i=1

βi = 1.

It is easy to see that (7) contains (1), (2), (4), (5), and (6) as special cases; and when,

in the BVP (7), we choose ϕ(x) = x, n = 2, replace f(t, x, x′, . . . , x(n−1)) by f(t, x),

and set ξ1 = ξ, ξ2 = η, α1 = α, α2 = 0 and β1 = 0, β2 = β, we get (3). One sees that

(3) is a special case of (7). Condition (∗∗∗∗∗∗) is weaker than each one of (∗∗∗∗).

The methods used are a modification of those in [23] and the result in this paper is

different from those in [3]–[5], [8], [11], [13]–[15], [18], [20]–[21], [23]–[26].

R em a r k. The condition (∗∗∗∗∗∗) is the best possible one. Consider the BVP















x′′(t) = −2, 0 < t < 1,

x(0) =
1

2
x(13/30) +

1

2
x(9/10),

x(1) = δx(9/10),

where δ > 0 is a constant. Corresponding to the BVP (7), we have ϕ(x) = x,

ξ1 = 13/30, ξ2 = 9/10, α1 = 1/2, α2 = 1/2, β1 = 0, β2 = δ, f(t, x, y) = −2 < 0. One

sees that α1 +α2 = 1 and β1 +β2 = δ. If δ 6= 1, it is easy to see that the above BVP

has a unique solution

x(t) = −t2 +
449

600
t +

151
600 − 273

2000δ

1 − δ
.
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Then

x(0) =
151
600 − 273

2000δ

1 − δ
, x(1) = −

151

600
+

151
600 − 273

2000δ

1 − δ
.

One sees that x is a positive solution if δ < 1 and a non-positive solution if δ > 1

and small enough. If δ = 1, the problem has no solution.

The remainder of the paper is divided into two parts. In Section 2, the main results

are presented, and Examples are given to illustrate the main theorems in Section 3.

2. Main results

In this section, we present the main result. This will be done by using the following

fixed-point theorems.

Let X and Y be Banach spaces, L : D(L)(⊂ X) → Y a Fredholm operator of

index zero, and P : X → X , Q : Y → Y projectors such that

Im P = KerL, KerQ = Im L, X = KerL ⊕ KerP, Y = Im L ⊕ Im Q.

It follows that

L|D(L)∩KerP : D(L) ∩ KerP → Im L

is invertible; we denote the inverse of that map by Kp.

If Ω is an open bounded subset of X , D(L) ∩ Ω 6= ∅, the map N : X → Y will be

called L-compact on Ω if QN(Ω) is bounded and Kp(I − Q)N : Ω → X is compact.

Theorem M1 ([6]). Let L be a Fredholm operator of index zero and let N be

L-compact on Ω. Assume that the following conditions are satisfied:

(i) Lx 6= λNx for every (x, λ) ∈ [(D(L) \ KerL) ∩ ∂Ω] × (0, 1);

(ii) Nx /∈ Im L for every x ∈ KerL ∩ ∂Ω;

(iii) deg(∧QN |Ker L, Ω ∩ KerL, 0) 6= 0, where ∧ : KerL → Y/ Im L is an isomor-

phism.

Then the equation Lx = Nx has at least one solution in D(L) ∩ Ω.

Lemma M2 ([6]). Let X and Y be real Banach spaces. Suppose L : D(L) ⊂

X → Y is a Fredholm operator of index zero with KerL = {0}, and N : X → Y is

L-compact on any open bounded subset of X . If 0 ∈ Ω ⊂ X is an open bounded

subset and Lx 6= λNx for all x ∈ D(L)∩ ∂Ω and λ ∈ [0, 1], then there is at least one

x ∈ Ω so that Lx = Nx.
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Choose X = C(n−2)[0, 1] × C0[0, 1], Y = C0[0, 1] × C0[0, 1]. It is easy to see that

X is a Banach space with the norm

‖(x1, x2)‖ = max{‖x
(i)
1 ‖∞ = max

t∈[0,1]
|x

(i)
1 (t)| : i = 0, . . . , n−2, ‖x2‖∞ = max

t∈[0,1]
|x2(t)|},

Y is a Banach space with the norm

‖(u, v)‖ = max{‖u‖∞ = max
t∈[0,1]

|u(t)|, ‖v‖∞ = max
t∈[0,1]

|v(t)|}.

Define the operators

L(x1, x2) = (x
(n−1)
1 , x′

2), (x1, x2) ∈ X ∩ D(L),

N(x1, x2) = (ϕ−1(x2),−f(t, x1, . . . , x
(n−2), ϕ−1(x2)), (x1, x2) ∈ X,

where

D(L) =

{

(x1, x2) ∈ C(n−1)[0, 1] × C1[0, 1] : x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi),

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi), x

(i)
1 (0) = 0, i = 0, . . . , n − 3

}

.

It is easy to see that if L(x1, x2) = N(x1, x2), then x1 is a solution of the BVP (6).

We consider the operator equation L(x1, x2) = λN(x1, x2) for some λ ∈ (0, 1). Then

(8)















































x
(n−1)
1 (t) = λϕ−1(x2(t)), t ∈ [0, 1],

x′

2(t) = −λf(t, x1(t), . . . , x
(n−2)
1 (t), ϕ−1(x2(t))), t ∈ [0, 1],

x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi),

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi),

x
(i)
1 (0) = 0, i = 0, . . . , n − 3.

Suppose that

(H1) f : [0, 1] × [0,∞) × R
n−1 → [0,∞) is continuous with f(t, 0, . . . , 0) 6≡ 0 on

each sub-interval of [0,1];

(H2) αi > 0, βi > 0 satisfy

m
∑

i=1

αi 6 1,

m
∑

i=1

βi < 1, or

m
∑

i=1

αi < 1,

m
∑

i=1

βi 6 1,

or
m

∑

i=1

αi =
m

∑

i=1

βi = 1.
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Lemma 1. Suppose that (H1) and (H2) hold and (x1, x2) is a solution of (8).

Then there is ξ ∈ [0, 1] so that x
(n−1)
1 (ξ) = 0.

P r o o f. Case 1.
m
∑

i=1

αi 6 1,
m
∑

i=1

βi < 1.

In this case, if x
(n−1)
1 (t) > 0 for all t ∈ [0, 1], then

x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi) >

m
∑

i=1

αix
(n−2)
1 (0).

If
m
∑

i=1

αi = 1, then x
(n−2)
1 (0) > x

(n−2)
1 (0), a contradiction. If 0 <

m
∑

i=1

αi < 1, then

x
(n−2)
1 (0) > 0, and it follows that x

(n−2)
1 (1) > 0. So

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi) <

m
∑

i=1

βix
(n−2)
1 (1) 6 x

(n−2)
1 (1),

a contradiction. If
m
∑

i=1

αi = 0, then x
(n−2)
1 (0) = 0 and x

(n−2)
1 (1) > x

(n−2)
1 (0) = 0 for

all t ∈ [0, 1]. Therefore,

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi) <

m
∑

i=1

βix
(n−2)
1 (1) 6 x

(n−2)
1 (1),

leads to a contradiction. Hence, x
(n−1)
1 (t) > 0 for all t ∈ [0, 1] is impossible.

If x
(n−1)
1 (t) < 0 for all t ∈ [0, 1], then

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi) >

m
∑

i=1

βix
(n−2)
1 (1),

thus x
(n−2)
1 (1) > 0, and it follows that x

(n−2)
1 (0) > 0. So

x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi) <

m
∑

i=1

αix
(n−2)
1 (0) 6 x

(n−2)
1 (0)

yields a contradiction, too. It follows from above discussion that there exists ξ ∈ [0, 1]

such that x
(n−1)
1 (ξ) = 0.

Case 2.
m
∑

i=1

αi < 1,
m
∑

i=1

βi 6 1.

The proof is similar to that of Case 1.

Case 3.
m
∑

i=1

αi =
m
∑

i=1

βi = 1.

The proof is similar to that of Case 1. �
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Lemma 2. Suppose that (H1) and (H2) hold. If (x1, x2) is a solution of (8), then

x1(t) > 0 for all t ∈ (0, 1).

P r o o f. It follows from (8) that

[ϕ(x
(n−1)
1 (t))]′ = −λϕ(λ)f

(

t, x1(t), . . . , x
(n−2)
1 (t),

x
(n−1)
1 (t)

λ

)

.

By Lemma 1 there is ξ ∈ [0, 1] so that x
(n−1)
1 (ξ) = 0. Denote

F (t) = λϕ(λ)f
(

t, x1(t), . . . , x
(n−2)
1 (t),

x
(n−1)
1 (t)

λ

)

.

One sees that F (t) > 0 for all t ∈ [0, 1] and

x
(n−2)
1 (t) =















∫ 1

t

ϕ−1

(
∫ s

ξ

F (u) du

)

ds + x
(n−2)
1 (1), t ∈ [ξ, 1],

∫ t

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds + x
(n−2)
1 (0), t ∈ [0, ξ].

Without loss of generality, suppose

0 < ξ1 < . . . < ξi0 6 ξ < ξi0+1 < . . . < ξm < 1.

Since [ϕ(x
(n−1)
1 (t))]′ 6 0, we get that x

(n−1)
1 (t) is decreasing on [0, 1]. Hence,

x
(n−1)
1 (t) > 0 for t ∈ [0, ξ] and x

(n−1)
1 (t) 6 0 on [ξ, 1]. Thus x

(n−2)
1 (t) is increas-

ing on [0, ξ] and decreasing on [ξ, 1].

On the other hand, one sees from (8) that

x
(n−2)
1 (0) =

i0
∑

i=1

αix
(n−2)
1 (ξi) +

m
∑

i=i0+1

αix
(n−2)
1 (ξi)

=

i0
∑

i=1

αi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds + x
(n−2)
1 (0)

i0
∑

i=1

αi

+

m
∑

i=i0+1

αi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds + x
(n−2)
1 (1)

m
∑

i=i0+1

αi,

x
(n−2)
1 (1) =

i0
∑

i=1

βi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds + x
(n−2)
1 (0)

i0
∑

i=1

βi

+

m
∑

i=i0+1

βi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds + x
(n−2)
1 (1)

m
∑

i=i0+1

βi.
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It follows that

(

1 −
i0

∑

i=1

αi

)

x
(n−2)
1 (0) −

m
∑

i=i0+1

αix
(n−2)
1 (1)

=

i0
∑

i=1

αi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds +
m

∑

i=i0+1

αi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds,

and

−
i0

∑

i=1

βix
(n−2)
1 (0) +

(

1 −
n

∑

i=i0+1

βi

)

x
(n−2)
1 (1)

=

i0
∑

i=1

βi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds +

m
∑

i=i0+1

βi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds.

One sees that

∆ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −
i0

∑

i=1

αi

m
∑

i=i0

αi

−
i0

∑

i=1

βi 1 −
m

∑

i=i0+1

βi

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

(

1 −
i0

∑

i=1

αi

)(

1 −
m

∑

i=i0+1

βi

)

+

( m
∑

i=i0

αi

)( i0
∑

i=1

βi

)

>

(

1 −
i0

∑

i=1

αi

)(

1 −
m

∑

i=i0+1

βi

)

.

To prove that ∆ > 0, we consider two cases.

Case 1.
m
∑

i=1

αi 6 1,
m
∑

i=1

βi < 1.

In this case it is easy to see that
m
∑

i=i0+1

βi < 1. Note that x
(n−2)
1 (t) is increasing

on [0, ξ] and decreasing on [ξ, 1], so if
i0
∑

i=1

αi = 1, then

x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi) >

m
∑

i=1

αix
(n−2)
1 (0) =

i0
∑

i=1

αix
(n−2)
1 (0) = x

(n−2)
1 (0)

leads to a contradiction. Hence,
i0
∑

i=1

αi < 1 and thus, ∆ > 0.
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Case 2.
m
∑

i=1

αi < 1,
m
∑

i=1

βi 6 1. Similar to Case 1, we get that ∆ > 0.

Case 3.
m
∑

i=1

αi =
m
∑

i=1

βi = 1. Similar to Case 1, we get that ∆ > 0.

Furthermore, we have

∆1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −
i0

∑

i=1

αi

i0
∑

i=1

αi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds

+
n

∑

i=i0+1

αi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds

−
i0

∑

i=1

βi

i0
∑

i=1

βi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds

+
m

∑

i=i0+1

βi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

> 0,

∆2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

i0
∑

i=1

αi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds

+
m

∑

i=i0+1

αi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds

−
m

∑

i=i0+1

αi

i0
∑

i=1

βi

∫ ξi

0

ϕ−1

(
∫ ξ

s

F (u) du

)

ds

+
m

∑

i=i0+1

βi

∫ 1

ξi

ϕ−1

(
∫ s

ξ

F (u) du

)

ds

1 −
m

∑

i=i0+1

βi

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

> 0,

whence x
(n−2)
1 (0) = ∆1/∆ > 0, x

(n−2)
1 (1) = ∆2/∆ > 0. Since (H1) implies that

[ϕ(x
(n−1)
1 (t))]′ = −λϕ(λ)f

(

t, x1(t), . . . , x
(n−2)
1 (t),

x
(n−1)
1 (t)

λ

)

6 0,

then x
(n−1)
1 (t) is decreasing, so x

(n−2)
1 (t) > min{x

(n−2)
1 (0), x

(n−2)
1 (1)} > 0. It follows

that x
(n−2)
1 (t) > 0 for all t ∈ [0, 1]. Since x

(i)
1 (0) = 0 (i = 0, . . . , n − 3), we get that

x1(t) > 0 for all t ∈ (0, 1).

We claim that x1(t) > 0 for all t ∈ (0, 1). In fact, if there exists t0 ∈ (0, 1) such

that x1(t0) = 0, then x1(t) ≡ 0 for t ∈ [0, t0] or [t0, 1]. Then (H1) and (8) imply that

f(t, 0, . . . , 0) ≡ 0 for t ∈ [0, t0] or [t0, 1], which is a contradiction. Hence, x1(t) > 0

for all t ∈ (0, 1).

Furthermore, we suppose
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(H3) there are continuous nonnegative functions a, bi, and c so that

|f(t, x0, . . . , xn−2, xn−1)| 6 a(t) +
n−2
∑

i=0

bi(t)ϕ(|xi|) + c(t)ϕ(|xn−1|)

holds for (t, x0, . . . , xn−1) ∈ [0, 1] × R
n.

(H4) If
m
∑

i=1

αi < 1,
m
∑

i=1

βi 6 1, the following inequality holds:

ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)[n−3
∑

i=0

ϕ
( 1

(n − 2 − i)!

)

∫ 1

0

bi(s) ds +

∫ 1

0

bn−2(s) ds

]

+

∫ 1

0

c(s) ds < 1.

(H5) If
m
∑

i=1

αi 6 1,
m
∑

i=1

βi < 1, the following inequality holds:

ϕ

(

1 +

∑m
i=1 βi(1 − ξi)

1 −
∑m

i=1 βi

)[n−3
∑

i=0

ϕ
( 1

(n − 2 − i)!

)

∫ 1

0

bi(s) ds +

∫ 1

0

bn−2(s) ds

]

+

∫ 1

0

c(s) ds < 1.

�

Theorem L1. Suppose that αi > 0, βi > 0,
m
∑

i=1

αi < 1,
m
∑

i=1

βi 6 1, and (H1),

(H3) and (H4) hold. Then the BVP (7) has at least one positive solution.

P r o o f. Consider the system (8). It follows from Lemma 1 that there is ξ ∈ [0, 1]

so that x2(ξ) = 0. Then

|x2(t)| =

∣

∣

∣

∣

−λ

∫ t

ξ

f(s, x1(s), . . . , x
(n−2)
1 (s), ϕ−1(x2(s))) ds

∣

∣

∣

∣

6

∫ 1

0

|f(s, x1(s), . . . , x
(n−2)
1 (s), ϕ−1(x2(s)))| ds

6

∫ 1

0

(

a(s) +

n−2
∑

i=0

bi(s)ϕ(|x(i)(s)|) + c(s)|x2(s)|

)

ds,
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|x
(n−2)
1 (0)| 6

1

1 −
∑m

i=1 αi

m
∑

i=1

αi|x
(n−2)
1 (0) − x

(n−2)
1 (ξi)|

6
1

1 −
∑m

i=1 αi

m
∑

i=1

αiξi|x
(n−1)
1 (θi)|, θi ∈ [0, ξi],

6

(

1

1 −
∑m

i=1 αi

m
∑

i=1

αiξi

)

ϕ−1(‖x2‖∞).

Thus,

|x
(n−2)
1 (t)| 6 |x

(n−2)
1 (0)| +

∣

∣

∣

∣

∫ t

0

x
(n−1)
1 (s) ds

∣

∣

∣

∣

6

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

ϕ−1(‖x2‖∞).

So for i = 0, . . . , n − 3, we get

|x
(i)
1 (t)| 6

∣

∣

∣

∣

x(i)(0) +

∫ t

0

(t − s)n−3−i

(n − 3 − i)!
x(n−2)(s) ds

∣

∣

∣

∣

6

∫ t

0

(t − s)n−3−i

(n − 3 − i)!
ds‖x

(n−2)
1 ‖∞

6
1

(n − 2 − i)!
‖x

(n−2)
1 ‖∞

6
1

(n − 2 − i)!

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

ϕ−1(‖x2‖∞).

Therefore,

|x2(t)| 6

∫ 1

0

a(s) ds

+
n−3
∑

i=0

∫ 1

0

bi(s) dsϕ
( 1

(n − 2 − i)!

)

ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

‖x2‖∞

+

∫ 1

0

bn−2(s) ds ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

‖x2‖∞ +

∫ 1

0

c(s) ds‖x2‖∞.

It follows that

‖x2‖∞ 6

∫ 1

0

a(s) ds

+

n−3
∑

i=0

∫ 1

0

bi(s) dsϕ
( 1

(n − 2 − i)!

)

ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

‖x2‖∞

+

∫ 1

0

bn−2(s) ds ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

‖x2‖∞ +

∫ 1

0

c(s) ds‖x2‖∞.
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Thus

[

1 −
n−3
∑

i=0

ϕ
( 1

(n − 2 − i)!

)

∫ 1

0

bi(s) ds ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

−

∫ 1

0

bn−2(s) ds ϕ

(

1 +

∑m
i=1 αiξi

1 −
∑m

i=1 αi

)

−

∫ 1

0

c(s) ds

]

‖x2‖∞ 6

∫ 1

0

a(s) ds.

It follows from (H4) that there is a constant M > 0 such that ‖x2‖∞ 6 M . Since

|x
(i)
1 (t)| 6 (n − 2 − i)!−1‖x

(n−2)
1 ‖∞ and |x

(n−2)
1 (t)| 6

(

1 +
m
∑

i=1

αiξi

/(

1 −
m
∑

i=1

αi

))

×

ϕ−1(‖x2‖∞), there are constants Mi > 0 such that ‖x
(i)
1 ‖∞ 6 Mi for all i = 0, . . . ,

n − 2. Hence,

‖(x1, x2)‖ 6 max{M, Mi : i = 0, . . . , n − 2}.

Let

Ω0 = {(x1, x2) : L(x1, x2) = λN(x1, x2) for some λ ∈ [0, 1]}.

Then Ω0 is bounded. Let Ω ⊇ Ω0 be a bounded open subset of X . Then L(x1, x2) 6=

λN(x1, x2) for all ((x1, x2), λ) ∈ [D(L) ∩ ∂Ω] × [0, 1]. Since (H1) and (H2) imply

that L is a Fredholm operator of index zero with KerL = {0}, N : X → Y is

L-compact on any open bounded subset of X . It follows from Lemma M2 that

L(x1, x2) = N(x1, x2) has at least one solution x = (x1, x2). So x1 is a solutions

of (7). It follows from Lemma 2 that x1(t) > 0 for all t ∈ (0, 1). Hence, x1 is a

positive solution of (7). �

Theorem L2. Suppose that αi > 0, βi > 0,
m
∑

i=1

αi 6 1,
m
∑

i=1

βi < 1, and (H1),

(H3), and (H5) hold. Then the BVP (7) has at least one positive solution.

P r o o f. Similar to that of Theorem L1 and omitted. �

We introduce some further assumptions.

(H6) There exists constant A > 0 such that for each (x1, x2) ∈ D(L), if

|x
(n−2)
1 (t)| > A for all t ∈ [0, 1], then

∫ 1

0

f(s, x1(s), . . . , x
(n−2)
1 (s), ϕ−1(x2(s)) ds

−
m

∑

i=1

βi

∫ ξi

0

f(s, x1(s), . . . , x
(n−2)
1 (s), ϕ−1(x2(s)) ds 6= 0.

(H7) 1 >
n−3
∑

i=0

∫ 1

0
bi(s) ds ϕ(1/(n− 2 − i)!) +

∫ 1

0
bn−2(s) ds +

∫ 1

0
c(s) ds.
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(H8) There exists a constant B > 0 such that

−

∫ 1

0

f
(

s,
sn−2

(n − 2)!
a, . . . , a, 0

)

ds

+

m
∑

i=1

βi

∫ ξi

0

f
(

s,
sn−2

(n − 2)!
a, . . . , a, 0

)

ds 6= 0

for all |a| > B.

(H9) For λ ∈ (0, 1), a ∈ R, let

H(t, a) = f
(

t,
tn−2

(n − 2)!
a,

tn−3

(n − 3)!
a, . . . , a,−

λ

1 − λ
a
)

.

Then there exists a constant C > 0 such that

a

(

−

∫ 1

0

H(s, a) ds +
m

∑

i=1

βi

∫ ξi

0

H(s, a) ds

)

< 0

for all |a| > C.

Theorem L3. Suppose that αi > 0, βi > 0,
m
∑

i=1

αi =
m
∑

i=1

βi = 1, and (H1), (H3),

(H6)–(H9) hold. Then the BVP (7) has at least one positive solution.

P r o o f. In this case, we apply Lemma M1 to get positive solutions of (7). It is

easy to show that

(i) KerL = {((tn−2/(n − 2)!)a, b) ∈ D(L) : a, b ∈ R};

(ii) Im L =
{

(u, v) ∈ Y :
m
∑

i=1

αi

∫ ξi

0 u(s) ds = 0,
∫ 1

0 v(s) ds =
m
∑

i=1

βi

∫ ξi

0 v(s) ds
}

;

(iii) L is a Fredholm operator of index zero and N is L-compact on Ω.

In fact, for (x1, x2) ∈ KerL, we get















































x
(n−1)
1 (t) = 0, t ∈ [0, 1],

x′

2(t) = 0, t ∈ [0, 1],

x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi),

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi),

x
(i)
1 (0) = 0, i = 0, . . . , n − 3.
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It is easy to get (i). For (u, v) ∈ Im L, we get that there exists (x1, x2) ∈ D(L) such

that














































x
(n−1)
1 (t) = u(t), t ∈ [0, 1],

x′

2(t) = v(t), t ∈ [0, 1],

x
(n−2)
1 (0) =

m
∑

i=1

αix
(n−2)
1 (ξi),

x
(n−2)
1 (1) =

m
∑

i=1

βix
(n−2)
1 (ξi),

x
(i)
1 (0) = 0, i = 0, . . . , n − 3.

Then we get that

m
∑

i=1

αi

∫ ξi

0

u(s) ds = 0,

∫ 1

0

v(s) ds =
m

∑

i=1

βi

∫ ξi

0

v(s) ds.

Let P (x1, x2) = ((tn−2/(n − 2)!)x
(n−2)
1 (0), x2(0)) for each (x1, x2) ∈ X and

Q(u, v) =

(
∑m

i=1 αi

∫ ξi

0 u(s) ds
∑m

i=1 αiξi
,

∫ 1

0 v(s) ds −
∑m

i=1 βi

∫ ξi

0 v(s) ds

1 −
∑m

i=1 βiξi

)

, (u, v) ∈ Y.

It is easy to show that

Im P = KerL, KerQ = Im L, X = KerL ⊕ KerP, Y = Im L ⊕ Im Q.

The isomorphism ∧ : KerL → Y/ ImL is defined by

∧
( tn−2

(n − 2)!
a, b

)

= (a, b), (a, b) ∈ R.

The generalized inverse KL : Im L → D(L) ∩ KerP can be defined by

KL(u, v) =

(
∫ t

0

(t − s)n−2

(n − 2)!
u(s) ds,

∫ t

0

v(s) ds

)

, (u, v) ∈ Im L.

It follows that L is a Fredholm operator of index zero and N is L-compact on Ω,

since f is continuous.

First, prove that

Ω1 = {(x1, x2) ∈ D(L) \ KerL : L(x1, x2) = λN(x1, x2) for some λ ∈ (0, 1)}
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is bounded. For (x1, x2) ∈ Ω1, we get (8). Since αi > 0, βi > 0,
m
∑

i=1

αi =
m
∑

i=1

βi = 1,

and (H1) holds, we get from Lemma 1 that there is ξ ∈ [0, 1] so that x2(ξ) = 0. It

follows from (8) that

∫ 1

0

f(t, x1(t), . . . , x
(n−2)
1 (t), (n−2)ϕ−1(x2(t)) ds

−
m

∑

i=1

βi

∫ ξi

0

f(t, x1(t), . . . , x
(n−2)
1 (t), (n−2)ϕ−1(x2(t)) ds = 0.

Then (H6) implies that there exists η ∈ [0, 1] such that |x
(n−2)
1 (η)| 6 A. Thus,

|x
(n−2)
1 (t)| =

∣

∣

∣

∣

x
(n−2)
1 (η)+

∫ t

η

x(n−1)(s) ds

∣

∣

∣

∣

6 A+

∫ 1

0

|x
(n−1)
1 (s)| ds 6 A+ϕ−1(‖x2‖).

Then for i = 0, . . . , n − 3, one has that

|x
(i)
1 (t)| 6

∣

∣

∣

∣

x(i)(0) +

∫ t

0

(t − s)n−3−i

(n − 3 − i)!
x(n−2)(s) ds

∣

∣

∣

∣

6

∫ t

0

(t − s)n−3−i

(n − 3 − i)!
ds‖x

(n−2)
1 ‖∞

6
1

(n − 2 − i)!
‖x

(n−2)
1 ‖∞

6
1

(n − 2 − i)!
(A + ϕ−1(‖x2‖∞).

Similarly to the proof of Theorem L1, we then get

|x2(t)| 6

∫ 1

0

a(s) ds +

n−3
∑

i=0

∫ 1

0

bi(s) dsϕ
( 1

(n − 2 − i)!

)

ϕ(A + ϕ−1(‖x2‖∞))

+

∫ 1

0

bn−2(s) ds ϕ(A + ϕ−1(‖x2‖∞)) +

∫ 1

0

c(s) ds‖x2‖∞.

Thus

‖x2‖∞ 6

∫ 1

0

a(s) ds +

n−3
∑

i=0

∫ 1

0

bi(s) ds ϕ
( 1

(n − 2 − i)!

)

ϕ(A + ϕ−1(‖x2‖∞))

+

∫ 1

0

bn−2(s) ds ϕ(A + ϕ−1(‖x2‖∞)) +

∫ 1

0

c(s) ds‖x2‖∞.

Since (H7) holds, by comparing the degree of ‖x2‖∞ on both sides of the above

inequality, we get that there exists a constantM > 0 such that ‖x2‖∞ 6 M . Similar

to the proof of Theorem L1, we get that Ω1 is bounded.
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Second, we prove that Ω2 = {(x1, x2) ∈ KerL : λ∧ (x1, x2)+ (1−λ)QN(x1, x2) =

0, λ ∈ [0, 1]} is bounded.

Let (x1, x2) = ((tn−2/(n − 2)!)a, b) ∈ Ω2, denote

G(s, a, b) = f(t, (tn−2/(n − 2)!)a, . . . , a, ϕ−1(b)).

Then

λ(a, b)

+ (1 − λ)

(

ϕ−1(b)
∑m

i=1 αiξi
∑m

i=1 αiξi
,
−

∫ 1

0
G(s, a, b) ds +

∑m
i=1 βi

∫ ξi

0
G(s, a, b) ds

1 −
∑m

i=1 βiξi

)

= 0.

We get







λa + (1 − λ)ϕ−1(b) = 0,

λb + (1 − λ)
−

∫ 1

0 G(s, a, b) ds +
∑m

i=1 βi

∫ ξi

0 G(s, a, b) ds

1 −
∑m

i=1 βiξi
= 0.

If λ = 0, then b = 0 and thus,

−

∫ 1

0

f
(

s,
sn−2

(n − 2)!
a, . . . , a, 0

)

ds +
m

∑

i=1

βi

∫ ξi

0

f
(

s,
sn−2

(n − 2)!
a, . . . , a, 0

)

ds = 0.

It follows from (H8) that |a| 6 B.

If λ = 1, then a = b = 0.

If λ ∈ (0, 1), it follows that

a

b
=

ϕ−1(b)
(

1 −
∑m

i=1 biξi

)

−
∫ 1

0
G(s, a, b) ds +

∑m
i=1 βi

∫ ξi

0
G(s, a, b) ds

.

Then

bϕ−1(b)

(

1 −
m

∑

i=1

biξi

)

= a

(

−

∫ 1

0

G(s, a, b) ds +

m
∑

i=1

βi

∫ ξi

0

G(s, a, b) ds

)

.

From the definition of H(t, a), one has

bϕ−1(b)

(

1 −
m

∑

i=1

biξi

)

= a

(

−

∫ 1

0

H(s, a) ds +

m
∑

i=1

βi

∫ ξi

0

H(s, a) ds

)

.

If |a| > C, then we get from (H9) that

0 6 bϕ−1(b)

(

1 −
m

∑

i=1

biξi

)

= a

(

−

∫ 1

0

H(s, a) ds +

m
∑

i=1

βi

∫ ξi

0

H(s, a) ds

)

< 0,
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a contradiction. Hence, |a| 6 C. Then

bϕ−1(b) =
a
(

−
∫ 1

0 G(s, a, b) ds +
∑m

i=1 βi

∫ ξi

0 G(s, a, b) ds
)

1 −
∑m

i=1 biξi

implies that there exists a constant D > 0 such that |b| 6 D.

From the above discussion, we get that there existsM1 > 0 such that ‖(x1, x2)‖ 6

M1. Thus, Ω2 is bounded.

Now, we prove that Ω3 = {(x1, x2) ∈ KerL : Nx ∈ Im L} is bounded.

Let (x1, x2) = ((tn−2/(n − 2)!)a, b) ∈ Ω3. We have

(

ϕ−1(b),−f
(

t,
tn−2

(n − 2)!
a, . . . , a, ϕ−1(b)

))

∈ Im L.

Then

m
∑

i=1

αi

∫ ξi

0

ϕ−1(b) ds = 0,

∫ 1

0

G(s, a, b) ds =

m
∑

i=1

βi

∫ ξi

0

G(s, a, b) ds.

It follows that b = 0 and

∫ 1

0

f
(

t,
tn−2

(n − 2)!
a, . . . , a, 0

)

ds =

m
∑

i=1

βi

∫ ξi

0

f
(

t,
tn−2

(n − 2)!
a, . . . , a, 0

)

ds.

It follows from (H8) that |a| 6 B. Thus Ω3 is bounded.

Set Ω to be an open bounded subset of X such that Ω ⊃
3
⋃

i=1

Ωi. We know that L is

a Fredholm operator of index zero and N is L-compact on Ω. By the definition of Ω,

we have Ω ⊃ Ω1 and Ω ⊃ Ω2, thus L(x1, x2) 6= λN(x1, x2) for x ∈ (D(L)/ KerL)∩∂Ω

and λ ∈ (0, 1); N(x1, x2) /∈ Im L for (x1, x2) ∈ KerL ∩ ∂Ω.

In fact, let H((x1, x2), λ) = ±λ(x1, x2) + (1 − λ)QN(x1, x2). According to the

definition of Ω, we know that Ω ⊃ Ω3, thus H((x1, x2), λ) 6= 0 for (x1, x2) ∈ ∂Ω ∩

KerL, thus by the homotopy property of the degree,

deg(QN |KerL, Ω ∩ KerL, 0) = deg(H(·, 0), Ω ∩ KerL, 0)

= deg(H(·, 1), Ω ∩ KerL, 0) = deg(±∧, Ω ∩ KerL, 0) 6= 0.

Thus by Lemma M1, L(x1, x2) = N(x1, x2) has at least one solution in D(L) ∩ Ω,

then x1 is a solution of the BVP (7). It follows from Lemma 2 that x1 is a positive

solution of (7). The proof is completed. �
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3. Examples

Now, we present some examples to illustrate the main results.

E x am p l e 1. Consider the following BVP

(9)











x′′(t) + c(t)|x′(t)| + b(t)|x(t)| + r(t) = 0, t ∈ (0, 1),

x(0) = x(1
2 ),

x(1) = 1
2x(2

3 ),

where b and c are nonnegative continuous functions on [0,1] and r ∈ C[0, 1] with

r(t) 6≡ 0 on each subinterval of [0,1].

Corresponding to the BVP (7), we find that ϕ(x) = x, n = 2, f(t, x, y) = c(t)|y|+

b(t)|x| + r(t), and ξ1 = 1
2 , ξ2 = 2

3 , α1 = 1, α2 = 0, β1 = 0, β2 = 1
2 .

It is easy to see that (H1) holds and

|f(t, x, y)| 6 c(t)|y| + b(t)|x| + |r(t)|

for all t ∈ [0, 1] and x, y ∈ R, which implies that (H3) holds. Also, α1 + α2 = 1 and

β1 + β2 < 1.

We find from Theorem L2 that if (H5) holds, i.e.
4
3

∫ 1

0 b(s) ds +
∫ 1

0 c(s) ds < 1,

then (9) has at least one positive solution for each r ∈ C[0, 1] with r(t) 6≡ 0 on each

subinterval of [0,1].

E x am p l e 2. Consider the BVP

(10)











(ϕ3(y
′′))′ + a(t)ϕ3(|y|) + b(t)ϕ3(|y′|) + c(t)ϕ3(|y′′|) + r(t) = 0, t ∈ (0, 1),

u(0) = 1
2x(1

2 ),

u(1) = 2
3x(1

4 ) + 1
3x(1

2 ),

where ϕ3(x) = |x|x, and a, b, c, and r are nonnegative continuous functions.

Corresponding to the BVP (7), we find that ϕ(x) = |x|x, n = 3,

f(t, x, y, z) = c(t)ϕ3(|z|) + b(t)ϕ3(|y|) + a(t)ϕ3(|x|) + r(t),

and ξ1 = 1
4 , ξ2 = 1

2 , α1 = 0, α2 = 1
2 , β1 = 2

3 , β2 = 1
3 .

It is easy to see that (H1) and (H3) hold and α1 + α2 < 1 and β1 + β2 = 1.

Then by an application of Theorem L1, (10) has at least one positive solution if

ϕ3

(3

2

)

(
∫ 1

0

a(s) ds +
3

2

∫ 1

0

b(s) ds

)

+

∫ 1

0

c(s) ds < 1

for each r ∈ C[0, 1] with r(t) 6≡ 0 on each subinterval of [0,1].
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R em a r k 1. The BVP (9) and the BVP (10) cannot be solved by the results

obtained in [14], since f depends on x′. It is easy to find that (9) and (10) cannot

be solved by the theorems in [8], [11], [23], [24], since
2
∑

i=1

αi = 1 in (9) and
2
∑

i=1

βi = 1

in (10).

E x am p l e 3. Consider the following BVP











x′′(t) + b(t)|sin x′(t)| + c(t)x(t) + r(t) = 0, t ∈ (0, 1),

x(0) = x(1
2 ),

x(1) = x(1
2 ),

where r, b, and c are nonnegative continuous functions with
∫ 1

1/2 c(s) ds > 0 and

r(t) 6≡ 0 on each sub-interval of [0,1].

Corresponding to the BVP (7), we find that ϕ(x) = x, n = 2 and f(t, x, y) =

b(t)|sin y| + c(t)x + r(t), ξ1 = 1
2 , α1 = 1, β1 = 1.

One sees that f : [0, 1]× [0,∞)× R → [0,∞) is continuous with f(t, 0, . . . , 0) 6≡ 0

on each sub-interval of [0,1]. Thus (H1) holds. It is easy to see that (H3) holds with

α1 = β1 = 1.

It is easy to see that there exists a constant A > 0 such that for each (x1, x2) ∈

D(L), if |x1(t)| > A for all t ∈ [0, 1], then

∫ 1

0

f(s, x1(s), x2(s)) ds −

∫ 1/2

0

f(s, x1(s), x2(s)) ds

=

∫ 1

1/2

f(s, x1(s), x2(s)) ds

=

∫ 1

1/2

(b(s)|sin x2(s)| + c(s)x1(s) + r(s)) ds















>

∫ 1

1/2

(b(s)|sin x2(s)| + r(s)) ds + A

∫ 1

1/2

c(s) ds > 0 if x(s) > A

<

∫ 1

1/2

(b(s)|sin x2(s)| + r(s)) ds − A

∫ 1

1/2

c(s) ds < 0 if x(s) < −A

Hence, (H6) holds. One sees that

−

∫ 1

0

f(s, a, 0) ds +

∫ 1/2

0

f(s, a, 0) ds = −

∫ 1

1/2

(c(s)a + r(s)) ds 6= 0

implying that there exists a constant B > 0 such that

−

∫ 1

0

f(s, a, 0) ds +

∫ 1/2

0

f(s, a, 0) ds 6= 0 for all |a| > B.
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Thus (H8) holds. For λ ∈ (0, 1), a ∈ R, one sees that

H(t, a) = f
(

t, a,−
λ

1 − λ
a
)

.

It is easy to find that

a

(

−

∫ 1

0

H(s, a) ds +

m
∑

i=1

βi

∫ ξi

0

H(s, a) ds

)

= − 2a

∫ 1

1/2

(

b(s)
∣

∣

∣
sin

(

−
λ

1 − λ
a
)∣

∣

∣
+ c(s)a + r(s)

)

ds

= − 2a2

∫ 1

1/2

c(s) ds − 2a

∫ 1

1/2

(

b(s)
∣

∣

∣
sin

λ

1 − λ
a
∣

∣

∣
+ r(s)

)

ds.

Hence there exists a constant C > 0 such that

a

(

−

∫ 1

0

H(s, a) ds +

m
∑

i=1

βi

∫ ξi

0

H(s, a) ds

)

< 0 for all |a| > C.

Thus (H9) holds. By an application of Theorem L3, the BVP (11) has at least one

positive solution if
∫ 1

0
b(s) ds +

∫ 1

0
c(s) ds < 1, i.e. (H7) holds, for each r ∈ C[0, 1]

with r(t) 6≡ 0 on each subinterval of [0,1].

R em a r k 2. The BVP (11) cannot be covered by the results obtained in [14], [15]

since f depends on x′. It is easy to find that (11) cannot be solved by the theorems

in [11], [15], [23], [24], since
2
∑

i=1

αi =
2
∑

i=1

βi = 1 in (11).
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