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A Note on the Inversion of Power Series

1. Introduction.

At one time or another most applied mathematicians are faced with the

problem of calculating the coefficients of the series

x = ¿>ry + b3y* + • • • + bnyn + • • ■

when given the coefficients of the series

y = aix + atx1 + • • • + anx" + • • •,       Oi ¡* 0.

At such times there exists a choice between two long methods. The com-

puter who is faced with this problem very often may derive explicit formulae
for the desired coefficients and substitute directly. This method has the

drawback usually encountered in substituting in formulae, namely that the

computations are usually unsystematic and therefore become tedious and

subject to many errors. Furthermore the formulae become extremely long

and complicated for coefficients of appreciable order.1

The chief purpose of this paper lies in presenting a method which will

be especially useful to the person who is unwilling to derive complicated

formulae or undergo the ordeal of substituting in them. The method which

will be presented will enable the computer to obtain « coefficients of the

inverse power series using only one page of computations with approximately

J(n + l)2 numbers. Besides being compact, this method has the advantage

of being systematic. Furthermore similar methods can be easily obtained

for most formal calculations with power series.

2. Multiplication of Power Series.

The fundamental part of the method of inversion is a simple device used

to multiply power series. Because this method and its applications are not

as widely known and appreciated as they should be, we shall indicate more

properties of this method than is necessary for inversion.

If we are given
y = a0 + aix + • • • + amxm + • • •

z = ¿o + bxx + • • • + bmxm + • • •

then « = yz = c* + Cix + • • • + CmXm + • • •,

where

m

cm = a0bm + aibm-i + • • • + amb0 — £ aibm-%-

We write the coefficients ¿>,- in the first column and leave the second

column for the c,. We also take a strip of paper with the coefficients a¿ written

from bottom to top. (See figure 1.)

We may calculate cm by adjusting the strip so that aa is adjacent to b„

and then accumulating the products of all a's and ¡Vs which are adjacent.

A special case of great importance is that where the a¿ and b, are coefficients

of the same power series

y = aa. i + Oi, ix + • • • + am,ixm +

Then the c, are the coefficients of y2. If we multiply the series with the
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Figure 1.

coefficients c< by the original series we get the coefficients of y*. Thus if we
denote the coefficients of y" by means of

y" = a0.n + ai,nx+ ••• + am,„xm + • • •

we obtain, by our method of multiplying power series, the coefficients am,n
on a single sheet of paper. (See figure 2.)
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By use of the movable strip we may also calculate the quotient z of the

power series u divided by that of y, assuming a0 ?¿ O;2 it is obvious that

¿o = Co/00. Furthermore if we are given b0, ¿>i, • • •, ¿>m_i we can calculate bm by

2w û^m-i  —   Cm, =  — I Cn   —   2~1   üibrn-i I
00 L ;=i J

where X) a\bm-i is obtained by means of the movable strip in an obvious
«-0

manner.

Thus we can calculate the reciprocal 1/y and then by successive multi-

plications l/yn; in fact we can calculate the power series y" for any real n

by making use of the binomial expansion,

yn = [oo + 01.-C + • ■ ■ + amxm + • • • ]"

aj[l + »]» = oS   1 + nv + + (:)*♦•'• 1
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Now we construct a table as in figure 2 for the function v. Above the

top row, insert the numbers (     J corresponding to the r-th column. Then

j am,r is the

accumulated product of the terms in the w-th row with the corresponding

numbers I     j . Note that each sum is a finite sum because v has no constant

term and therefore 0»,, = 0 for r > m.
The above process is a particular example of the evaluation of u(x)

= f[l(x)l where/and g are power series. In general, if the coefficients for

g and / are om, 1 and bm respectively, we have merely to replace I     J in the

above by br and the coefficient of xm in u is bo + wm where wm = £ b/im.r-
r-l

The method of multiplying two power series in one variable by a strip

of paper can be extended to the multiplication of power series in two or even

more1 variables. Suppose

where

« = L am,nxmyn,       v = 2Z bm.nXmyu,       uv = w = £ cm,»xmyn,

=  L «i, J*m-ii.n-1-

To calculate c«,« we must consider instead of two columns 0,-, ft,-, the rec-

tangular arrays 0<,y, &<,/. The extension is quite simple. We write the 0</

and bi,j on two cards as in figure 3.
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The crosses indicate the portions of the ocard which are cut out, and

it is quite evident that to get cm, „ we have merely to place the 0-card on the
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¿-card so that 00,0 corresponds to ¿m,„ and to accumulate the products of
corresponding terms.

It is noteworthy that in these formal operations with power series there
is no need to restrict ourselves to series of positive powers only.

3. Inversion.

It is a simple step to compute the coefficients of the inverse series now.
First we consider the case y = 01,ix + at,ix* + ••-, i.e., 00,1 = 0 and
0i, 1 & 0. Thus we can avoid dealing with all the terms above the diagonal

for they will be zero. In fact our sheet would come out as in figure 4 after

the addition of an extra column at the end and an extra row at the bottom

of the sheet.
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Now, since y = 0i, i* + o2, i*2 + • • ■ + 0m, ixn +

x = biy + ¿2y2 + • • • + bmym • • •

x — biOi,ix

+   ¿102.1*S   +   ¿202, 2*2

+ Mm*3 + b&MX* + 6,103. »**

+ Mm. ixm + &20, iXm + 6S0, iXm +   • • •   + Ôm_10»,m_l^'n + bmam.mXn

Equating coefficients we have

¿>i0i, 1 = 1,       b\ = 1/01,1,       since       01,1 7a 0,

¿102,1 + 6202,2 = 0,       bi = — ¿102,1/02,2,       am,m = (01,0™ ^ 0,    etc.

Assuming we have ¿1, ¿2, • • •, ¿m-i, we use the w-th equation to get ¿m

¿10m, 1  + ¿20m, 2 +   • ' •   + ¿m0m, m   =  0, ¿m   =   _ dm/am,m,
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where dm = ¿i0m, i + ¿20m, 2 + • • ■ + ¿m-i0m,m-i is obtained by an accumula-

tion of the products of the (m — 1) ¿'s, which we know, by the corresponding
0's in the row of coefficients of xm.

Thus we can calculate as many of the coefficients of the inverse series

as we wish by this method, being careful only to take a sheet of paper which

is large enough, i.e., having (r + 1) rows and (r + 1) columns for r coeffi-

cients. To recapitulate, this method permits us to calculate the coefficients

of the inverse power series systematically and on one page. Furthermore in

the calculations it requires only accumulations of products with the excep-

tion of r divisions.

Now consider the inversion problem where the coefficient of x is zero. If

z = dnxn + dn+ixn+1 + • • •, we may, by the method described in 2, obtain

2l/"  = 01.1* + 02.1*2+   ••-,

where 01,1 = dk'" 7e 0. Then we may obtain x as a power series in zI/B.

H. Chernoff
Brown University

1 Franz Kamber, "Formules exprimant les valeurs des coefficients des séries de puis-
sances inverses," Acta Math., v. 78, 1946, p. 193-204.

2 The case a = 0 is easily handled by factoring out x" where on is the first non-zero
coefficient.

Editorial Note: A "movable strip" is extensively used by actuaries in their insurance
and annuity calculations, in connection with their "commutation" columns. In actuarial
literature there are frequent references to this "movable strip"; e.g., George King, Institute
of Actuaries' Text Book, part II, second ed., 1902, p. 392-393, 402.
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