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P

l 1 . ..
o = Egg}.(/i)expmm:(a)-

Comme £(A) est par hypothése normale, on a A, ~ 2n. Par ailleurs, 1a
propesition établie an paragraphe précédent conduit & Pestimation

o

1
;TZ (2¢; (1) — 1) exp2inag(j) = o(1).
n i=1

Par snite
j’n .
-1 . .
0, = "i; ;5_; exp2inzg(j)+o(1).

¢ étant un polyndme, on sait que lorsque Pentier P tend very Vinfini,
la. moyenne . :
1 D
——Sexp%nm(p(j)
P i3 '
tend vers une limite. Done:
1 n
o, = lim —
B0 P

expinag(§)+ o(1).
=1

Cette égalité prouve bien la double implication
2eBlp(N)} « veBlp(4)), O.QF.D.

En particulier, si ¢ est un polyndéme non eonstant défini de Z dans

Z, on sajt que B(qa(N)) = R—Q. Cette remarque, associe aux lemmesg
3 et 6, prouve le théoréme 2. '
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AQTA ARITHMETICA
XVIT (1870)

A note on the least prime in an arithmetic progression
with a prime difference

by

Yorcm MoToHasHI (Tokya)

Let P(%,I) be the least prime in the arithmetic progression n =1
{mod k), where (k,1) = 1. The estimate of P(%,1) is one of the most
impoertant problems in the theory of numbers, and so many results have
been obtained. But it seems that the following fact has not heen ohserved
before.

TrEOREM, For any fired I there ewist infinitely many primes ¢ such thas
Plg, )< c(e)g™,
where 9 = 26V (2! — 1)~ = 1.63773...
We will prove this in detail only in the case I =1, but the general

case is merely an easy extension. ’
Let us consider the product

[T e—1,
PN .

where $ runs over all primes not exceeding large N. Defining # (¥, k)

~ to be the number of primes not exceeding & and =1 (mod k), we have

Q. D) w(¥,q)logg = 3 logp+0( 3 p7)

gEN pEN PN

=N+ O(Nexp(_ G(lOgN)llz))a

where the sunm of the left side iz taken over prime g and integer « = 1.
Now
@) - > A, ¢)logg
i N
- 3
qulﬂ(}?E_:\j—B

= 2+ 2 5y, say,

+ 3+ Yla, legg

N2og Ny—BaggNF NicgeN <N
a=1 a=1 azz2
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where B is a sufficiently large number snd § <7 £ < { is a number which
is to be defined explicitly later.
Now to the sum X, we may apply the mean-value theorem of

Bombieri [1] (with B = 44 for example). We have

N logg

log & —1
g qgﬁrlﬂ(mgm_ﬂ q

(3) I = -+ O(N (logN)™)
= § N+ O{Nloglog N (log¥)™").
To the sum X, we apply the fo]lbwing result of Klimov [27:

loglog¥ . &+e 1 }

N
(= Tylog(V]g) { T e T2

where y i3 the Euler constant. Hence we have

W(N!Q)gz lOg_N ¥

(4) Z,< 2N
NY2(leg N)—Beg N

v logg

glog (¥ /q)

logg (loglogN_ - logg)
(g—1)log (X /g) (log NY &1 ¢

=2 + 0(Nloglog N (log N)™%).
© T N MR(og )—Bagent

By the partial summation, putting y = ¥**(log¥)™* and 2 = N,
we have

logg -
® D oeii |

y<ggE
- zlog(N/z) 2 08q— ylog(z/y) 2 089 ff gk’g‘ld’*
~1
where f( (Mog i?) ;
Now

li

(6) f (2 X logqan

o

flf’(l cu+o{exp(—e(1og1\r )f Alf (ﬂ)ldi}
=— f f(Hdi+- O ((log ¥y |

N - N
= loglqg—z— ——loglog? +.0((10gN)“1)

=log2(1—)+0 (loglog ¥ (log 3)™).

iom
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Hence we have
-y logg

= —log2(1— &)+ Ofloglog ¥ (log N) Y.
Jog (VD) 22 (1--£)+ O(loglog ¥ (log N) Y}

N”"(IGEM"Bﬂs\;
And this gives
(N 2, < —2log2{1— ) N+ O(Nloglog N (log N)™'}.
In order to estimate the sum X, we divide this info two parts, namely

{3+ 3

gl N2 B ge <N

[F3:] aza

"v(V, q“)logg

= Zy+3Z,, say
By the theorem of Br 1111—T1tchmmrsh

(8)7 | 11—0{210.:‘1 lgl\.Z' 1 }

VT =
B N logq} B - -
- 0{]ogN Z i 0[N (tlog¥)™Y).
‘ </
And also
( Zlogq } {_les Zlo g Dg } (Vs]ﬁ)
g<ﬁ N3icge <\, gV _

From (8) and (9) we have

- (10) O(N (log ¥)7Y.

Consequently from {3), (7 ) 10) we obtain

d
(N, g)logq = 2N (e"*(l £))4- 0(Nloglog N (log N) ™).
N¢<q<7v

Henece if £ < 1—4e™", we have

2 a(N, p)logg > 0.

N;<Q<N'
From this inequality the theorem follows at once.
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