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This note is concerned with the initial-value problem

a(x)us + ugy = Uz (—00 <z <00, t>0),
u(z,0) = f(z), u(z,0)=g(x) (—00 <z <00), (1)

in which u € C?, f € C?, g € C, and the coefficient a is continuous, bounded, and
bounded away from zero; thus there are constants m and M such that

0<m<a(z) M (—0<z<00). (2)

Our arguments can be extended to other linear hyperbolic equations with nonconstant
coefficients but, for the sake of brevity, we consider here only the damped wave equation
(1).

If the initial data correspond to a disturbance that is confined, in the sense that f
and g have compact support, then we can ask at what rate the disturbance propagates.
The conventional answer is that the disturbance propagates at unit speed, i.e., in such a
way that the distance travelled equals the time elapsed. The ground for this assertion is,
of course, the entirely correct one that if the supports of f and g are contained within
the compact interval a < z < 8 then, for each ¢ > 0, the support of u(z,t) is contained
within the interval o —t <z < B +t.

Our purpose is to point out that the conventional answer nonetheless fails to tell us
how the bulk of the disturbance propagates and that, in fact, the bulk propagates in such
a way that the distance travelled is proportional to the square root of the time elapsed,
as is the case for the parabolic heat equation. (See, for example, Fichera [1], Day [2], [3].
See also the discussion of what happens for the Fokker-Planck equation with periodic
coefficients in Day and Saccomandi [4].)
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To make matters precise let us suppose that u(z,t) > 0 for —co < < 0o and ¢ > 0.
That being so, the root mean square distance A(t), defined as

oC o 1/2
[/ :rQudx// uda:] ,

provides a crude measure of the distance travelled by the bulk of the disturbance. We
prove the following theorem.

THEOREM. Suppose that u(z,t) > 0 for —co < z < oo and t > 0, that f and g have
compact support, and that f(z) > 0 and g(z) > 0 for —oco < z < co. Then
(2m)1/2 A(t) Alt) _ (2M)1/2
i < )

< limi <1
< lltrgérolf Sz S hgrisolip e = (3)

We note that the extreme left-hand and right-hand members of the inequalities (3)
are independent of the initial data.

It might be thought that there is some redundancy in the hypotheses in that the
nonnegativity of f and g should imply the nonnegativity of w. This is certainly so if,
for example, the hypotheses on the coefficient a are strengthened and it is required that
M < 2m. In that case we can set v = uexp(mt) and transform the differential equation
(1) into the equation

b(w)v + C(.CC)’Ut + Vit = Vza,

where b(z) = m? — ma(z), c(z) = —2m + a(z), and b(z) < 0 and ¢(z) <0 for —oo < z <
00. The arguments of Protter and Weinberger [5, pp. 197-199] can now be used to show
that if f(z) > 0 and g(z) > 0 for —00 < z < oo then v(z,t) > 0 for —oo < £ < oo and
t > 0 and, hence, that u(z,t) > 0 for —oo < z < 0o and ¢ > 0. In what follows, however,
the inequalities (2) are the only constraints on the coefficient a, apart from continuity,
that are presumed to be in force.

The proof of the theorem depends upon certain upper and lower estimates on the

integrals
oo o0
/ udx, / z2udz.
—oC — 00

Let ¢(z) be any C? function. On multiplying the damped wave equation through by
¢ and rearranging we find that

dauy + duy = ¢"u+ (Pug — ¢'u);

and, hence, that

d e e} d2 oc oo .
%/_oo¢audx+ﬁ/_oo¢udx=/_oo¢ udzx. (4)

The choice ¢(z) = 1 (—oo0 < & < 00) yields the equation

[ee] 2 o0
i audx+d—/ udzr =0,
- —o0
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and on integrating twice we see that

/Ot/_Zaudxdt+/_o;udx=/_o;fdz+t/_2(af+g)dz (5)

and, hence, that

t o] 1 00 oo oo
/ / audmdt+M/ audxg/ fdz+t/ (af +g)dz.
0 J—-oo —00 —© -

With the aid of a further integration (Gronwall’s inequality) we now have

/Ot/_o;audxdtg (l—exp(—Mt))/_o;fdx

1 o0
+ [t - M(l - exp(—Mt))] / (af +g9)dz
and when we combine this last inequality with Eq. (5) we deduce that
o0 o0 o0
/ udzr > exp(—Mt)/ fdz+ i(1 - exp(—Mt))/ (af +g)dx. (6)
—o0 —oo M —o00
Hence
/ ude%/ (af +g)dz +0(1) ast — oo, 7

and, on making the obvious changes, we can also deduce that Eq. (5) implies the estimate

/_Zudxﬁ%/_o;(af+g)dm+o(l) as t — 00. (8)

Next, we put ¢(x) = z? in the identity (4) to deduce that
o] 2 (e d] (o]
%/ x2audx+;?/ wzudz=2/ udx

and, therefore, that

oo [ee] [e's} t o
/ :c2audm+%/ mQudwz/ m2(af+g)dz+2/ / udz dt.
—00 —00 —0o0 0 —OoC

On using the inequality (6) to place a lower bound on the right-hand side we see that

M/ cc2udm+%/ zudzx

> /oo acz(af+g)dac+—]\Q/T(I—exp(—Mt))/oo fdz

# 37 1= 37— ep-d)] [ (ar+ g)a,

—00

and, by invoking Gronwall’s inequality again, we readily obtain the estimate

/ooxzudxzﬁ/oo(af+g)dx+0(1) as t — oo. (9)

M2

—00 —




90 W. A. DAY anp G. SACCOMANDI

Likewise
/_oox’ﬁ’udxgm/_ (af + g)dz +O(1) ast — oo, (10)

and it is now apparent from the estimates (7), (8), (9), and (10) that the inequalities (3)
hold and that the theorem is proved.

To see that the theorem does yield information about the propagation of the bulk of
the disturbance, let ¢ be any number in 0 < ¢ < 1 and let us define d(t;¢) by requiring
that the fraction of the total integral within distance d(t;e) of the origin is equal to ¢,

i.e.,
oC
/ udr = 6/ udz.
|z|<d —00

(Since u is nonnegative rather than strictly positive there may be more than one d with
this property; if so we choose the largest.) Then

o0
/ rudz > / zudz
—o0 |z|>d

o0
2d2/ udx=d2(1—€)/ udzx
|z|>d —00

and, therefore, d?(1 —¢) < A?. Hence the theorem has the following corollary, which
shows that d(t;€) can increase no faster than a multiple of ¢1/2.

COROLLARY 1. The hypotheses of the theorem imply that

d(t; )

t1/2

lim sup
t—oo

is finite.
Finally, let

U(t) = max u(z,t),

—oo<r<oe

let 0 < e < 1, let 3(¢;¢) be the set
{z: u(z,t) >eU(t)},

which may be regarded as the support of the largest part of the solution, and let p(X)
be the Lebesgue measure of ¥. Our second corollary says that the Lebesgue measure can
increase no faster than a multiple of ¢t'/2.

COROLLARY 2. The hypotheses of the theorem imply that

w(E(t;€))

lim sup Ve

t—oo

is finite.
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To verify this let A be any positive number. Then

[ovae ([ f) e

<2’\U+ﬁ/ zudz,

and on choosing A so as to minimise the right-hand side we arrive at the inequality

o) oo 1/3
/ udx§3</ x2udx) U2/, (11)

On the other hand, we have
00 1/3 0o 2/3
( / udx) < / uda:)
o0 —0o0

([ udx)”‘”’ (/ udz)”f”

I udw) " evueypr,

and when we combine this last with (11) we arrive at the inequality
(27)1 /2
€

>

/\

wE) < =LA

and so the corollary is correct.
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