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Abstract

This paper presents a method of determining
appropriate functiong to be used as amplitude character-—
1stics of networks when certain ideal behaviors are to be
approximated within specified tolerances., This method is
baged on the use of suitable transformations in the
complex plane which, by simplifying the geometry of the
problem, permit the direct determination by inspection of
the desired functions. In the simplest cases of practical
interest, this method has the only advantage of presenting
results already known in a more intuitive form. On the
other hand, 1t ylelds also alternative solutlons satisfy-
ing additional and less conventional reguirements and, at
the same time, 1t indicates an approach likely to be
fruitful in the solution of more complex approximatlon
problems,







A NOTE ON THE SOLUTION OF CERTAIN APPROXIMATION PROBLEMS
IN NETWORK SYNTHESIS

1. Introduction

The first step in the design of a network 1s the gelection of an
appropriate function to represent the particular frequency characteristic of
Interest. BSuch a function must, first of all, satisfy some necessary and
sufficient condlitlions to insure the physlcal reallzability of the network,
In addition, 1t must meet whatever requirements are imposed by the design
specifications. In many practical cases for instance, these design specifi-
cations require the function representing the behavior of the network at
real frequencies® to approximate some simple step function within specified
tolerances.

. The approximation procedure described below has been developed;
in connection with functions representing the behavior of the magnitude of
the transmission coefficient of a two-terminal-pair network terminated, on
both sides, by pure resistances. However, 1t can be easily applied, with
obvious modifications, to other types of amplitude responses, such as, for
insténce, the magnitude of a reflection coefficient or of a driving-point
impedance. For the gake of simplicity, the discussion will be limited to
the case of transmission coefficlents, leaving to the reader the extentlon
of the approximation procedure to other similar cases.

Any function representing the transmisslon coefficient t of a
passive two-terminal-palr network must satisfy the following necessary and
sufficient conditions of vhysical realizability:z’3

(1) It must be a real rational function of the complex

frequency variable A = o+ Jw.

(2) Its magnitude must satisfy the inequality [t}=1 in the

right half and on the Jjw-axis of the complex plane,
It can be shown that the second condition is always satisfied 1f the poles
of t are in the left half-plane and ltl< 1 on the imaginary axis,

The square of the magnitude of the transmission coefficlent
on the imaginary axis is seen to be equal to the value of the analytic
funetion T(A) = t(A)t(-A) for A = jw. The distribution of the zeros and
poles of this new function T(M\) must be symmetric with respect to the
imaginary axls as well as to the real axlis, and for physical realizability,
the inequality T(Jw)= 1 must be satisfied. It can be shown that, if T(A\)
meets these requirements, it 1s always possgible to find at least one cor-
responding function t(A) which satisfies conditions (1) and (2) above. The

#* When the complex variable A =o+jw is used, "at real frequencies" means
over the imaginary axis of the A-plane.
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determination of an appropriate function T(A) is Jjust the problem with which
this paper 1s concerned. The reader 1s referred to the literaturel’z’3 for
the rest of the design procedure, namely, obtaining t(A) from T(A) and
synthesizing the corresponding network. It must be pointed out, however,
that considerations arising from these later stages of the design often
play an important part in the selectlon of the function T(A). On the other
hand, thege considerations do not alter the main idea in the approximation
procedure presented in this paper, and therefore will be disregarded in the

following discussion.

2. [The Electrostatic Potential Analogy

The formal analogy between static field theory in two dimensions
and complex function theory was recognized by the early workers in these
fields. As a matter of fact, functions of a complex variable are commonly
ugsed in the solution of field problems. The reverse process has also been
used successfully in the solution of network problems,4’5’6’7 because the
field analogy provides convenient experimental technicues for the study of
networks, and because the physical feeling for electrostatic fields can be
very helpful as a gulde In the selection of appropriate functions. This
physical point of view will form the basis of the approximation procedure
presented below,

The analogy between static fields in two dimensions and functions
of a complex varilable can be stated briefly as follows., The lines of
constant resl part and the lines of constant imaglnary part of a function
of & complex variable form in the complex plane two orthogonal famllies of
curves, which can be 1dentified with the equipotential lines and the lines
of force of an electrostatic field. In particular, if one ig interested
in the magnitude of a function F(A), the real part of ln F(\), that is
in IF(R)I, 1s identifled with the potential; the constant phase lines become
then the lines of force. If one turns his attention to the eritical points
(zeros and poles) of the type of function F(A) encountered in network theory
(that 1s, the ratio of two finite polynomials), 1t 18 seen that these
eritical points become the sources of the corresponding electrostatic field.
More precisely, one writes the function 1n F(A) in the form:

In F(A) = 1nlA

T
1
m

T




where the xoi and the Api are, respectively, the zeros and the poles of
F(A), and A is a constant., It 1s clear then that the potential represented
by the function 1n|F(R)| is produced, apart from 1ln A, by prositive and nega-
tive line charges of unit density located, resvectively, at the poles and
at the zeros of F(A). Consider now the apvoroximation problem stated in the
preceding section from thls potential-theory point of view. This problem
becomes that of determining a set of unit line charges which produces over
an axls (the imaglnary axis of the A-plane) a vpotential distribution
approximating a glven function within a prescribed tolerance. An experi-
mental technicue for solving this problem has been developed by Hansen4
using an electrolytic tank. A general theoretical solutlon, however, is
not avallable at present and the procedure presented below should be con-
sldered as an attempt to £ill this gap in a number of very simple but
Important cases. Because of the lack of generality of such a solution,

the maln idea can be best explalined by means of specific examples. The
following sectlons are devoted to such special cases.

3. Uniform Pags-Band Approximation

Suppose 1t is desired to determine a function T(A) (representing
the square of the magnitude of a transmission coefficient) which avpproxi-
mates a constant within a specified maximum deviation over the fraction
of the lmaglnary axlis corresponding to -1<w<1l, and which approaches zero
monotonically when w approaches infinity. The reader will recognize these
specifications as typlcal of low-pass fillters from which corresponding high-
pass, band-pass, and band-elimination filters can be obtained without
difficulty.

Let then T(A) be the F(A) of the preceding section. Since T(jw)
is, by definition, real and positive, 1n T(Jw) is real, It will be
remembered that T(N) is related to the transmission coefficient t(A) by
™) = t(\)t(-A). Following the line of thought discussed in the previous
section, the problem at hand becomes that of determining a distribution
of line charges which produces a potential function meeting the above
specifications. The solution of this problem is made difficult by the
fact that the potential 1s supposed to approximate a constant over only a
portion of the imaginary axis. The problem would be quite simple, on
the other hand, if the reglon of approximation extended over the whole
axis.

The above remarks suggest immediately a method of approach which
is currently used in field problems, namely that of simplifying the
geometry of the problem by means of an approprlate transformation of the
complex A-plane. More specifically, in the case being considered, one
wishes to find a function A = f£(z), where z = x + Jy, which transforms
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the segment -1<w<1 of the imaginary axis of the A-plane into the whole
imaginary axis of the z plane. It 1s readily recognized that the function

A = sinh z satisfies Jjust this requirement. The straight lines x = constant
become in the A~plane a famlly of confocal ellipses, and the lines

y = constant,a family of confocal hyperbolas. Figures 1l and 2 illustrate
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Flg. 1. The trangformation A = ginh z in the A-plane. The points
indicated with crosses correspond to the points indicated
in a simllar manner in the z-plane (Fig. 2).

this transformation. It must be carefully noted, 1n this regard, that =z
is a multivalued function of A, so that the whole A-plane corresponds in
the z plane to an infinite number of regions, each one of which is limited
by the stralght lines y = kn/2 and y = (k+2)m/2, where k 1s any positive
or negative odd integer. The heavy lines in Fig. 1 are the branch lines
of the function.

The solution of the approximation problem in the z-plane does
not present any difficulty. Any uniform distribution of critical points over
lines parallel to the imaginary axis will yiéld a function T with the
desired type of osclllatory behavior over the y-axis. One must note,
however, that, since T(A)=1 for A = Jw, no pole can be placed on any of
the lines y = km/2, (k 1s again any positive or negative odd integer),
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Fig. 2. The z-plane corresponding to the A-plane of Fig, 1.

because these lines are transformed, in the A-plane into the part of the
imaginary axis corresponding to lwl> 1., The simplest type of uniform dis-
tribution of eritical points consists of two rows of simple poles parsgllel
to the y-axls and symmetrically located with respect to it. If n is the
number of poles in each row between any pair of lines y = km/2 and

y = (x+2)n/2, one obtains, for n even:

o0

(2)

= cosh n(z+a) cosh n(z-a) = sinh®na + coshnz
and for n odd:
A = o o
TGy = T tet i s -




= - ginh n(z+a) sinh n{z-a) = sinh®na - sinh®nz (3)

in which A is an arbitrary constant and g is the distance of the two rows
of poles from the imaginary axis. The special case of n = 4, a = /8 is
illustrated in Figs. 1 and 2.

Transforming back into the A-plane, one obtains from Egs. (2)

and (3),
2(A) = 5 ég — for n even (4)
sinh“na + cosh®(n sinh L)
T(N) = = A for n odd. (5)

sinh®na - sinh=(n sinhflk)

Both of these expressions yleld on the imaginary axlis of the A-plane:

A A
T(jw) = — = = (6)
ginh®na + cos<(n cos T1w) sinh“na + Tnz(w)

where Tn(w) = cos(n cos tw) is the Tchebycheff polynomial8 of the first
kind and of order n. It is clear from this equation that T{Jw) oscillates
n times between the extreme values A/sinhzna and A/coshgna when w varies
from -1 to 1, and approaches zero when Jwl approaches infinity. The
constants A and a are so selected ag to make these values agree with the
design specifications. The order n of the function depends on the desired
sharpness of cut-off and on other design considerations that are beyond the
scope of thils paper.

The location of the poles of T(A) in the A-plane is obtalned from
the location of the poles in the z-plane. One has

sinh(j; a+ ] ﬂﬂé"n_2ml) n even
A, = ginh Zy = (7)

sinhia'l'.‘]%’l) n odd

where m ls any integer of a consecutive series of n integers. It is clear
that the Ap are located on an ellipse centered at the origin and of semi-
axes equal to sinh a and cosh a.
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The distribution of poles discussed above 1s the simplest distribu-
tion of critical points which ylelds an oscillatory behavior over the imaginary
axis of the z-plane. The corresponding approximation function T(A) of Eq.(6),
has been used by Darlingtonz and others »3 ag the magnitude squared of the
transmission coefficient of low-pass filters. The function -10 logloT(Jw)
is plotted in Fig., 3 for n = 4, A = ginh 4a, and a = 0,275,

20

=10 logyy T(jw)

—~<zf----1-

0.2 0.4 06 o8 Lo L2 14 16
@

Fig. 3. The insertion loss of a filter with
uniform pass-band approximation.

Approximation functions suitable for representing other network
characteristics as well as reflection coefficients can be obtained by means
of more complex distributions of critical points. One could use, for instance,
more than one palr of rows of simple poles or multiple poles, and, in
addition, one or more palrs of rows of zeros. Each pair of rows in the
z=plane will transform, of course, into an ellipse in the A-plane, so that
all the»critical points in the A-plane will be located on confocal ellipses.
The type of distribution of critical points that is to be selected in sach
particular case depends on the design specifications, on the form of network
desired, and on the network characteristic that F(A\) has to represent. For
instance, if F(A) 1s to be the magnitude squared |p[2 of the reflection
coefficient of a low-pass filter, the number of zeros must be equal, at
least, to the number of poles because F(\) must not vanish at infinity.

Such a function can be obtained readily from the T(jw) of Egq. (6) by means

of the well-known relationl’z’3




[>]
lol® = 1-Jt1® = 1 - 1(w). (8)
One has then
2 2 -1
2 _ 1. A _ sinh*nb + cos®(n cos _w) (9)
lol © = ) 5 =] 5 ) =)
sinh“na + cos“(n cos ~w) sinh“na + cos”(n cos ~w)

where A< sinh“na, and sinh“nb = sinh“na - A. The zeros of |p|2 are located

on an ellipse of semlaxesg equal to sinh b and cosh b,

The use of several rows of poles or of multiple poles 1s indicated
when the desired behavior of a lossless network has to be predistorted to
counterbalance the effect of incidental dissipation.z’3 The amount of
dlsgipation for which such a predistortion is possible is limlted by the
distance from the imaginary axis of the pole closest to it. (The same
reasoning applies to zeros when they are required to lie in the left half-
plane as 1n the case of impedance functions.,) This limitation results, in
turn, in a limitation on the number of singularitles on each ellipse, as
indicated by Flgs. 1 and 2. When such a situation arises the required
pass-band tolerance of approximation and the required sharpness of cut-off
can be obtained by increzcsing the multiplicity of the poles or the number
of rows instead of the number of poles in each row. It must be noted,
however, that this procedure results in a less effective use of the degrees
of freedom avallable.

A last remark is in order regarding high-pass, band-pass, and band-
elimination approximation problems. The well-known transformatlions from
low-pass behavior to high-pass, band-pass, and band-elimination behaviecr can
be used in these cases to obtain the desired functions., However, these
transformations are more conveniently verformed directly on the network
rather than on the function.3

4, Uniform Approximation in the Pagg-Band
and in the Rejection Band

In many filter-design problems the requirements on the sharpness
of cut-off and on the minimum rejection-band attenuation cannot be
efficilently met by approximation functions of the type discussed in the
previous section. In these cases, it is desirable to use, for the magnitude
squared of the transmission coefficlent T(Jw), a functlon which approximates
in an osclllatory fashlon a small constant in the rejection band, in addition
to approximating a larger constant (smaller than unity) in the pass band.
In most cases these two constants are made equal resgpectively to zero and one.

-8




One has now two distinct reglons of approximation on the imaginary axis of
the A-plane. The pass-band region corresponding to {wl< 1 and the rejection-
band region corresponding to |wlz1l/k, where the constant k<1l is specified
by the requirement on the sharpness of cut-off. The change of complex
variable A = f(z) desired in this case must transform the pass-band and the
re jection-band reglions of the Jw-axls into parallel straight lines in the
z=-plane, Closer conslderation of this sltuation indicates that the trans-
formation function A = f£(z) must be periodic with respect to both x and y,
while in the previous case sinh z was perlodic only with respect to y. It
1s clear then that the whole A-plane will correspond, in the z-plane, to an
infinite number of equal rectangular regions such as the ?ne limited by the
two palrs of straight lines x = + K and y =+ K, K and KX being two
constants, It is convenlent in this case to make the pass-band reglon of
the imaginary axls of the A-plane correspond to the real rather than to the
imaginary axis of the z-plane. In this way the lmaginary unit disappears
from many equations. (The same situation would have occurred in Sec., 3 if
the notation sinh z were not in common use and the notation J sin(-3z) had
to be used instead.) It will also be convenient for the same reason to

use the variable w = 4 + Jv = - JA instead of A.

The solution of the transformation problem stated above can be
found in the literature or can be obtalned without difficulty by means of
the Schwarz-Christoffel transformation., The desired function w = f£(z)
is the Jacoblan elliptic functiong’lo’11 of modulus k:

w = sn(z,k) = sin ¢ (10)
where
(i) W
z = f gy = f db . (11)
o 41 - xPsin®y o 1 - 24 - x242
!
The constants K and K are the complete elliptic integrals
m
2
K = a¥ (12)
o V1 - k®siny
m
and ' 5
K (13)

o 44*; (x')2a1n®y
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1
where the complementary modulus k 1is given by

t
k = J1-%° . (14)

This transformation 1s illustrated in Figs. 4 and 5. The heavy lines in
Fig. 4 are the branch lines of the function.

» jvsmO

K=1.64

KoLK 3
yma vt vk K=2.33

Fig. 4. The transformation w = sn(z,k) in the w-plane. The points
indicated with crosses and circles correspond to the points
indicated in the same manner in the z-plane (Fig. 5).

By following a reasoning similar in principle to that used in Sec. 3,
it can be seen that the critical points in the z-plane must be distributed
uniformly along straight lines varallel to the axis or axes over which
oscillatory approximation is desired. In this case, however, one has to
uge an infinite number of rows of poles and zeros because the transforma-
tion w = sn z 1s doubly periodiec. It will be noted that zeros as well as
poles are required because the function T(A) must approximate zero or a
small positive constant for |wl = 1/k. The simplest type of distribution of
critical points satisfylng these requiremente consists of an infinite number
of rows of poles and of zeros located in pairs at distances a and b,
respectivelx,from the stralght lines y = 2mK . In most filter deslgns one
nakes b = K in which case the zeros of T(A) will be located on the imaginary
axis of the A-plane. The poles of T(\), on the other hand, must not lle on the
Jw-axis and therefore must not lie on the lines x = +(2m+1)K in the z-plane

-.lo_
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Fig. 5. The z-plane corregponding to the w-plane of Fig. 4.

Figure 5% 1llustrates the case in which the critical
Figure 4 shows

where m 1s any integer.
points 1n the same row are spaced a dlstance ecual to 2K/4.

the location of the corresponding critical points in the w- and A-planes,
obtained from the relation

v, = - = sn(zi,k) (15)

where Zys Wy, and Ai are the critical points in the z-, w-, and A-planes,

respectively.
To express in closed form the function whose critical points satisfy

the above requirements, one observes first that the distribution of critical
points for the function snz(Clz,kl), where C; is a constant, consists of a
rectangular array of double zeros and a rectangular array of double poles.
Both arrays have spacings along the Clx and Cly axes equal, respectively, to

* The values of the parameters used in this figure (k = 0.414, a = K'/4,
b = 3K /4) are not representative of a practical design but lead to

simpler and clearer graphlcal representations.
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2Kland 2K1, one zero belng located at the origin and one pole at the point
Clz = JK « The constants K1 and Kl are the complete elliptic integrals
of modulus equal respectively to kl and kl =41 - klz. This distribution
of critical points 1s 1llustrated in Fig. 6. One observes further that the

4

ive, | |
— *——1— 3K, » ]% *—
b 2K, @ I
— K I
-4K, -3K, -2K, K, O K, jkl 3K, 4K, X6
— K — % -Ky ¥ *
1 4 -2K\ ¢ ]l D
-——T———T— -3K, -)|(- *—

© DOUBLE ZERO
% DOUBLE POLE

[»)
Fig. 6. Zeros and poles of the function sn“(Clz,kl).

function considered has imaginary values over the lines Clx = mKl, where m
1s any integer. It follows that the function

- an(Jcla,kl) + snz(Clz,kl) , (18)

where a is a posltive constant smaller than K1 » has the distribution of
critical points 1illustrated in Fig. 7. It will be noted that the addition of
a posltive constant spllits the rows of double zeros varallel to the real
axis into rows of simple zeros displaced a distance Cla along the imaginary
axls on both sides of the original position. The location of the poles, on
the contrary, does not change.

Congider finally the function

~ an®(30,b,k,) + sn®(Cqz,k,)
ofz] = AT ral t e G (17)

- snz(JGla,kl) + snz(Glz,kl)

vhere A 1s a constant. The poles of the numerator cancel with the poles of
the denominator and the zeros of the numerator are arranged in pairs of rows

~12-
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Fig. 7. Zeros and poles of the function (23).

varallel to the real axls and displaced a distance Clb from the lines

Gly = 2mK{ where m is any integer. This distribution of critical points 1s
similar to that illustrated in Fig. 5, for a = K'/4 and b = 3&' /4. To
identify completely these two distridbutliong one must make

)
k _ 5
n Cl '
(18)
[
K
k! = Lo
1 )

and in addition, i1f the number n of singularities in any length 2K of each
row is odd, the variable z muét be changed into z + K/n. The computation
of Gl and kl (Kl and Kf are given by tablesll ags functions of kl) from

the known values of K, K ﬁ and n 1is carrled out as follows, by using the
relation312

-WK{/K1 -nnK?K
q; = e = e (19)

12 .

l+q12+ql6+ql

1
It
2q
Y142 +eqtrege. ..

(20)

b
i_l
[}
s
1

_13.-
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K
1
'a (21)

1

where ’)2 and "3 are theta functions.

The next task 1s the determination of the tolerances of approxima-
tion in terms of the congtants a,b, and A, For thls purpose, one considers
first the behavior of T[)\(z)] on the real axis of the z-~plane which corre-
gponds to the segment - l<w<1l of the imaginary axis of the A-plane. One
obgerves that the function sn(Glx kl) iq resl and oscillates between the

values 1 and -1, and that, if b>»a, -sn (jclb kl):> -sn (jcla kl) Therefore
the function T[}(x] osclllates between the maximum value
K
2 L
sn“(Jn Kb’kl)
(Tmax>!w|< 1 = 4 2 K, (22)
(in o,kl)
and the minimum value
K K
1- snz(jnr;% k. ) cnz(Jn—;b,k )
- K~ _ K 1
Tmin) = A = A (23)
jwi< 1 o Kl 5 Kl
1 - sn®(Jnga,k, ) en®(Jnrga,k, )

where cn(z,kl) = cos @, ® being given by Eq. (ll). Standard trigonometric
relations can ve usgsed to transform the above expressions into expressions
more convenient for actual computations. It 1s to be noted in this regard
that the tabulations availablel1 give z as a functlon of ¢ for real values
of Q.

The tolerance of approximation on that part of the imaginary axis
of the A-plane corresponding to |%|> 1/k can be obtained by considering the
behavior of T over the line y = K . Then, using the relation9

sn(z + JK',k) = E‘EE%Z:ET (24)

one obtains immediately that the function T oscillates between a maximunm
value

2 K
1- kl sn (,]n——-'b kq)
K (25)
1-k snz(JnKa kl)

(Tmax)lw|> 1k = A

-14-




and a minimum value

(Tmin jot >/ = A (28)

If one wishes to make Tmin jwi > 1/k = 0 ag is usually the case, the above
formulas lead to a confusing limiting process which can be avoided by

simply setting the numerator of Eg. (17) ecqual to one. This modification
amounts to using the double poles of the denominator as zeros of the function.
Equation (17) becomes then, for n odd,

[ (z)] = — 4 — . (27)
-sn”(Jngra,ky ) + en®(orgz,ky )

For n even, z is changed into z + K/n., The limits of the two oscillations
beconme

/' m _ —é
(*ma:c)vwkl = > & (28)
- sn”(Jnga,k, )

1

-1
A
T = = |= + (29)
( min)|w|<1 X I: Z'I' 5 ]

'._I

h=3

T : = S + (30
nax/fwk>1/k K 2 ZT S
1 - kigsnz(Jn—-Kla,kl) kA max)|wi<

(Tmin>,w,>l/k = 0 . (31)

The zeros and poles of T{A) are obtained directly from the corresponding
critical points in the z-plane by means of Eq. (15). One has then for the
poles

>
]

o J sn{Ezm + l)% + Jal] ,k} n even

5 3 sn{%m% + Js:},k ’ n odd

_15...

(32)

>
il




and for the zeros

(—

Ao = J snj(2m + l)%i J’t{[,k} n even

o . (33)

Ao = Jsn 2%1313],1& n odd.

\

where m 1s any integer of a consecutive series of n integers. When
= = ' . (24)
(Tmin)uu71/k = 0, b = K' and therefore, using Eq R

A, = ) — n even
° X sn 2m+1)-, x]
(34)
Ro = ———;*—jf——- n odd .
k snl%ma,#]

The function T(A) can be written in terms of its critical polnts
as follows:

2)
?)

2 2y02 = 5 2 2 .
e R N P T A

(35)
2 2\ (12 _ 2 2 _
- )\pl ) ()\ )\pz ) seoe (7\ 7\pn

T(A\) = B
(a

where each factor represents two ceritical points with obposite signs. The
value of B is determined by considering the behavior of the functlon when A
approaches infinity and therefore z approaches # jK'. One obtains without
difficulty

B = (Tmir)|m17l/k n odd
(':_56)
(Tmaz)\wlyl/k n even

where the T's are given by Eqs. (25) and (26) or (30). However, for n odéd
and b = Kf Eq. (36) 1s meaningless because T(\) vanishes at infinity. One
observes then that T(A) vanighes as B/xz when A\ approaches infinity (because
one of the factors of the numerator of Ed. (35) 1s missing) and that
sn(z+JK',k) approaches infinity as 1/kz when z approaches zero. A little

manipulation of Eq. (27) shows that
-16~




lim T(A) = 1lim =
o A S0 N

Therefore

11
- R

It can be shown that Eq. (27} (for n even substitute z +

1im
A o

K

!

)2.

g\ 2
(ﬁl Al .
raiey e

K
n

(37)

(38)

for z)

together with the trangformation AN = } sn(z,k) yields the approximation

function used by many authors, for lnstance by Darlington.2 Figure 8
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Fig. 8. The insertlon loss of a filter with uniform approxi-
matlion in the pass band and In the rejection band.

illustrates the behavior of the function -10 log;g, T(Jw) when n = 4,

- '™ - - = ]
(Tmin)lwbl/k“ 0, (fmax)]wkl" 1, and ()‘mirblwkl_ 0.,8. To the knowledge
of the author, the more general function of Ec. (17) hes not been previously

presented. Other more complex functions involving critical points of higher

order or additional arrays of critical points can be constructed as in the case

discussed in the previous section. It is felt that a detailed analysis

of these functions will not add materially to the understanding of the

design procedure.




5. Conclugions

The examples presented in the preceding sections should be
sufficlent to make clear the 1deas on whlch the approximation procedure 1ls
based. The fleld of application of such a procedure, on the other hand, is
not limited to the examples discussed above although other cases have not
been worked out in detsil by the author. The usefulness of certain uncon-
ventional types of approximation functions in connection with the compensation
of the effects of incidental disslpation were pointed out in Sec. 3.

A discussion of the synthesis procedure following the selection of
the approximation function is beyond the scope of this paper. The reader
ig referred to Refs. 2 and 3 for such a discussion, and to Ref., 1 for a
practical application of the approximation procedure presented above.

-18-
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