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introduction.

The stability of rotating fluids has earlier been investigated by
several authors (see the references guoted in [3]).

Most of the earlier work has considered incompressible fluids.
The literature on compressible fluids iz in fact rather small.

In this paper we study the stability properties of steady shear
flow of an inviscid compressible fluid rotating between two

coaxial sylinders. We consider flows where the streamlines are

ot
s

4

eli

al paths depending on the radial distance only (i.e. the
rotating fluid - has anaxial velocity depending on the radial
distance). A necessary condition for stability is obtained.

The methed applied is developed by Eckhoff [1] and is based on a
study of the transport equations similar to those appearing in

geometrical acoustics.

The stability problem studied in this paper has also been
investigated by Warren [5]. By a different method Warren deduced
a sufficient condition for stability,

in the last section ocur results are compared with Warren's criterion
It is proved, as should be expected, that his criterion in general
is more restrictive than ours. For some velocity profiles the

Criteria coincide ; an equation determining these profiles is found.
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i. Formulation of the problem.

We consider an ideal compressible adiabatic fluid. The basic

eguations are:

oY
-B-'-£+y_*vg==~—-‘?p+?\?

.@B.- ® -+ 2 = )|
Bg T ¥ ° Vo + p¥V = v =0 (1.1}
)

ot

Here v, p, p; t and V dencte velocity, density, pressure, time
and potential for the external forces, respectively, and v is a

constant.

We want to investigate the stability properties of a fluid (gas)

rotating between two coaxial zircular sylinders {radii r, and
o

¥ SRR, S R

24 il 2

the velocity is of the form

). Like Warren [5] we assume steady flows where

U = v % f 4
g VG(r)g¢ + ﬁo(r)gz (S

and where the density,pressure and potential also are functions of

the radius only, i.e.

2l W = Wiz (1.3}

Here (r;¢,z) are sylindrical coordinates and = e are the

unit vectors in these coordinates.

It follows from (1.2) +that +the streamlines are sircular helixes

depending on the radial distance r.

It is readily seen that (1.2,1.3) is a solution of X )Y for

arbitrary functions Va7 Wgr 0, a@nd V 4if and only if the
functicn P, gatisfies the eguation:

~

dp v, _“
o _ ) avh
o po(__i_._ + Ei"f} (1.4)
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¥or given Vot Py and V this equation determines the function
P, Up to an additive constant.

In order to study the stability properties of the solution

E—la pof PO

following expressions:

» We perturbate it by introducing into {i.1) the

Y=U+FW p=p +-s
U
s p0
¥ 0 "o RS B1 Y B B2

g

flere ¥ and E are arbitrary weightfunctions depending on «r,
we only assume that F # 0, E 2 0 everywhere. The gquantity ¢ is

the local sound speed given bys

¥ T |
/Yp_
= l/.._._....(]_ (1.,.6)
o

The transformation (1.5} is essentially the one applied in [3] &
[4}j. The linearized version of the perturbation equations (given

in [3] & [4]) is & system of linear symmetric hyperbolic p.d.e.’'s.
We now write

W=we +we + we ety

=T FpSy T Wels T WS, b e

and we introduce the S-dimensional wvecs o

W = {w ;w¢;w PR 2} : 1.8)

The perturbation equations in sylinderical coordinates can be
written:

1 3w 2

+ BT o A
erﬂ-A

3

+ A

Qi
=

{

ol oo
NIE
s
ud
=
i
o
—
1—J
s

g
3

(“f‘lt:.
Q_;’

¢

3 =
Here Al, Ad, A and B are 5x5 matrices and « is treated as
a2 column vector. These matrices are calculated from (a2, 1.3

& 1.5) and the perturbation equations to be:
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0 0 0 C o
0 0 g 0 0
a*=10 0 0 o of, &’
o 0 0 0 0
e 0 0 g 4
R ]
v, 2 0 0 0
0 W 0 0 0
o
3" =1 ¢ 0 W 0 e
0
0 0 w 0
0
0 -
U 0 [ 0 W’&
where the quantities G B &
B d a Er 4
o = 'DG C'.[ DO“—]:—v--——-—Q-‘i:: 5
E {dr CZ dr | F
2 ., dp 2 v 2
B s wdl _MLoRe 0T R syl
' 2 & iy 2 c\ ¢
-
Ep, Ep
2
a=L(1-1)[Yo ,av], o 9
T e \2 i ¥ 'ar 2p_ dar
- 7
H:.E-L‘.:.L.(O @E\_Eg:?
r e\.or dr) ¥ éar

év 0
r o
X,
0 rv
= 0 0
8] 0
0 ik
~
)
S mad
¥r dr
i dwo
Eh:
t
G
and H are:
(;ﬁffing_(
LP, dr
dv)
dr,
0 . cdF
F dr
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The characteristic equation associated with (1.9) is:
dget(elalt+ 222+ £3a% - oy

= [-} L €3woj [(% g, + £3wo)2 2 czkz] =0 (1.13

where

- T

The characteristic roots and the associated orthonormal eigen~

vectors are easily obtained (cf. [3]) from (1.10) and {1.13):

ar 2.3 3 . i
3" = = £ Lol W, {triple xoot)

2 L2 3 ; -
it B ety 4 w, + ck (simple root) ~ {1, 15]
93 = é Ezvo + EBWO -~ ¢k ({simple root) B

= ii1 .2 3 3 =
£ G 'E(fl‘ § ek :Grg“:o)

1

SR (AR - 0) \ (1.16)

i3 _ 1/ .3 11 .2
3 = Hoe?0,88 .2 e%,0) J

- N 0 0 - I S i
I i VP_' k{\‘: ey 5 5 301'}‘\}

r (1.17)

it ki (gl 1

The stationary solution U; Pyt Py of (1.1} corresponds to the
null solution w =0 of (1.9). In this paper we are going to
study the stability properties of the latter by the method
developed in [1l]. The discussion of the acoustic waves
corresponding to the simple roots Qz and Q3 is completely
analogues to the discussion in [2]. In our problem these waves
never give rise to any instabilities for realistic physical flows

(e£. {3]). Thus we shall limit our further discussion to the mass

: , &
waves ("gravity" waves) corresponding to the triple root 7.
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2. The transport equations associated with 01,

For the mass waves the stability equations are identical with the
Lransport eguations associated with Ql o€, £33, [3] & [4]).
Therefore we have to study the stability properties of these
equations. Applying the general formulas given in [1] we deduce

the transport equations from (1.10, 1.15, 1.186) to be:

dr _ dg _ 1, dz _
=% TV 1 s
at r kr ar dr '
gt B Sap
dt T
d“i LT 1 ,1.2(7 o 1 2.3 1.3
—— | i -— e R o i VO i e — e e i 5
ar ;;2'{ + S E \r T j - g (o '.0-'-+B) JUJ.,
S 5 dv 2 dw -+ .
I3 a2, 3 2af% e e
gL 8 R (r*a"f“j Y8 % e
4 5 dV . 2 r w2 o=
1 1,.3/7 oy 1" f1 3% J i
+-;;‘§_ & & (‘t:“**'""“——r :_,) L;_: g /5 B + [\5 J a oy
ﬁcl 2 dw dv 2 dw
i el NN ety 4 (1 2\ 0 .1 ;2.3 , “(53\' —olst
at 0 x r / T T T dr / ik
+ :l" ; 0 (2.3}
K2
- = v aw A\2 VvV dv
% .1 L 20 e BTN 1 2. r;) ( 0 0)] 1
*;;fiiia*{?ﬁ)(?“ g s Y '\ e tae 1%
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75
do - dw v 2 2
T R T N R R e 9 _fL <2} 3 1
et bl N dmr+E£2'fm(rE}“(E)B]al
. 2% dv dw 2 v
1 2. bl 2 0 _ I 4.3 3 ol 1 o
- ']'{“2'g E™8B (r £ ) \““r i o )+I E e A (E) 2E'__i02 (2.4]
- adw ,
1 et O .1 P 1
+ ;5-5 Eilme-t e E& (G+B)}UB

The bicharacteristic equations (2.1) c¢an be integrated directly,

the soluticons are:

Vo iz i
=X 4 @ = @Q 4 2 t : 2 =2+ Wo(ra)t
(2.5}
. av . dw
11 e o 5 9 o S at=s 3
ET o= 50 & {§“ 50 e a;") EO msz t . £ = EQ v &7 =&
0 0

, I .2 4 T
where r ; ﬁo’ 2 e aoj o ED are initial wvalues at ¢t = 0,

Substituting {2.5) into the amplitude equations (2.2, 2.3; 2.4)
we obatain a closed linszar system of ordinary differential equations
1 1 i

for the amplitudes oy, 0, U; of the mass waves:
do
= = A{t)o : 02 B
where A(t) ig a 3x3 matrix and ¢ is a 3~dimensional column
o ; ; 1 3 i w
vector with components 0., Osr U5 respectively.
e ot
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3. Discussion of stability.

#ccording to the theory of stability developed in [1], the steady
flow U, p_, p0 is stable only if (2.6} 1is stable at the origin

)
{i.e. o0 =0 is stable) for all possible values of the
1 2 3
parameters ros @o, 2,4 50, Eo' 50. Thus we have to study the

stability properties of the null solution of {2.8) for different
choices of the parameters.

t is easily seen from (2.5) that {(2.6) 1is autonomousg if and

e

"~ only if: _
. av dw
1 2/V% 0 3 g
t, So\T, & )T G = O Sl

For all possible values of L, Ei Eg which satisfy (3.1), the
stability properties of (2.6) at the origin are thus determined
by the eigenvaiues of the coefficient matrix A, These eigen-~

vaiues are found to be:

1
= = I = = e X X
ll NG kz i = D, AB 5 (3.2)
8]
where i s the imaginary unit
L 17_3‘12 i .
fi = ——— = ¢ =3
o "0 (r Bay T %) e
and
2 {1 287 3 2.4 . o dwo 3N2f MYAL dvo}l 2
. T s 90T S50 % 5 “§_“‘Eo) R /1 =
o / S0 0 . = oY g
From (3.2) we conclude that a necessary condition for (2.6) to
¢ , 0 (> . 1 1 2 3
be stable st the origin for all values of r ¢ Bor 241 Sor Eo’ L

(6]
igs satisfied. Thus a

-5
necessary condition for stability is that the quadratic form D°

is that D is a real guantity when (3.1)

given by ({3.4) is non-negative, The general discussion of the
Guadratic form is done below in connection with the non-autonomous
: B
case. Here we only consider the marginal case DY = 0. Since
2

B° = 0 dmplies that A = 0 is & triple eigenvalue, stability of

.
(155
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(2.6) at the origin requires the coefficient matrix A to be zerc

T Eg = Eg =0 , it is easily seen from the amplitude eguations
that A = 0. On the other hand, if (53)2 i (5332 £ 8, Z=0 for

all possible values of the parameters only if

de dwo
sEBEy, s =t =g | i
2

3 i 4
s Eo such that (3.1) is

not satisfied. 1In thig case the system (2.6) is seen to be a

Then we consider all values of o £

non-autonomous system where all the coefficients tend to zero as

t 2 + o, Intreducing v = 1ln t (ln = nat. log) as a new variable
in  (2.6) (cf. [21), this system is transformed into an

equivalent system with respect to stability at the origin.,
Asymptotically as 1 = + o the transformed system tends to a system
with constant coefficients. The coefficient matrix of the latter

is seen to be:

T e
i 52 Em-f32 -3 E B _53 zﬁufiiﬁ\
¥ To\® @x "y o\r  ar }
0 0
o 1 2 e 2 3
B, = lim t Aft) = el ok @ 0 £ (3.
T=boo o
. dw W
1 .2 0 3 0 3 3 dw
Eg %o ar t& 2 ¢ £ B o F
= i
where
3 - dw
el 21V Vs 3 0 4
s §; 50(?“'_dr s * 0 b=
The eigenvalues are
il £ L 1 2
Ay =0 o A= s g D
2 - . S et (3.8)
o ok o 21
,\3»— s \,E 2D

From results proved in the appendix of [2], it follows that (2.6)
is stable at the origin (when e % 0) if the autonomous system
with coefficient matrix Bo is stable at the origin. Thus it is
seen from (3.8) that (2.6) must be stable at the origin feor all
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= e

possible values of r , & , 2 Ei, Eg, Eg when the guadratic

form Dz ig pogitive definite. Conseguently, we are not led to any

2 3
3

additional conditions for stability considering values T e EO; &

such that e % 0.

Combining the results from the autonomous and non-autonomous case,

we conclude that the linear system (2.6) is stable at the origin
gl 2 3

'

of &gt Eg» &) if and only if

for all pessible values of X @o,
02 is positive definite or (3.5) 1is satisfied.

Finally we discuss the definite properties of the quadratic form.

Obviously D2 can be transformed to a diagonal form
i 2 :
DY = X" + u,y ' (3.9)

by an orthogonal transformation 51,52 = (x,v), The
0’70

coefficients ny and H, are the eigenvalues of the symmetric

matrix associated with the quadratic form and are found to be:

Ay dv v v av dw y |
% o= - ab + ?9(£+—£) -t ﬁ—i)z{(_‘l 0)2 e 0} (3.10)

n GhE, o1 \ro r, 4 dr
no=1, 2
For D2 to be positive definite everywhere it is necessary and
sufficient that "y > 0 and Moy > 0 for all values of r,
dvo dwo

ﬁLB,VO;EE—, I are all functions of rol, This is gatisfied if

vV av v v dv aw i

_of o o) _ mg\z{/_g 02 0\2 sl

g g s ro(rnjfdr ) (zo} r0%~§§—) + (EEM/ {3.11)

for all values of ro.

Bccording to the general stability theory (1], we now can
summarize our results as follcws (using the relations (1.11):



"y




e 11 =

Theorem.

A necessary condition for stability of the filow (1.2, 1.3) is
that

2 e ol 2

(Yo avy [L P 1 1Y% dv)

S M el E A - L Sy >
k : dr Po dr a r dr/} =

Vv dvo v, 2rKv0 dvo 2 dwo 25!
- 35'"(?'* Ez"") * ‘/('f“‘) u"f““*af") * (af*) }

holds everywhere in the fluid.

{3.12)

If equality holds in (3.12) on some set of positive measure, it
is necessary for stability that

dp dv dw
¢ . dVv . o a . o _
& “ar =% & Vocrg =g =0 - (35250

hold almost everywhere on this set.
Remarks.

It follows from (3.12) that the shear in the axial velocity
dw
{i.e. 5;3 ) may give rise to instabilities. Stability is

obtainable only if this shear is not too large.

dw .
Ef dro = 0 everywhere in the fluid, we get a special case
treated in [3]. The condition (3.12) then simplifies to
Vo vo dvo vo éo dvo
- 2 ‘f"('r—*dr ) £E 37(?_+__'dr ) SE
2
NT > v, v, dv, (3.14)

here N is the analogue of the local Brunt-Vaisala frequency
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which is determined by

2 2
W ow - ap = (eooa @) (L 2P0 1 Yo | avy,
¥ dr) ‘s ar ;ﬁ\ NG

O
(3 nlS)
2
S A e B P L
T dr Py dr czp ar

The condition (3.14) agrees with the results obtained in ([3].

4. A comparison with Warren's stability criterion.

Introducing the Brunt-Vaisala frequency given by (3.14), our
necessary stability condition (3.12) can be written

vV dv X e Dy dv 2 dw 2.l
2 of 'o. Yo 0 o 0 oY 1
e o) 2V () (e ) (3] .

If N=0

on some set of positive measure, it is necessary that
(3.13) is satisfied. At the points where N % 0, (4.1)
be a strict inequality almost everywhere.

has to

Now let us compare our results with the stability criterion of

Warren [5]. His sufficient condition for stability of the flow

(1.2, 1.3) dis that

dwv vV \2 dw 2
2 oy 0 o o
S zt(dr 7 ) +(dr ) }

or equivalently

A7 &% w2 dw 2 V_\2
2 vo VD d o lrzvo A » } ( oy
e TE‘(E“*“&E“) i ﬂ(?*“f‘) : a?‘) e (e

everywhere in the fluid.
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Let us denote the right hand side of (4.1) and (4.2), A and B,
respectively. Both A and B are non-negative and

(0 = IS

This implies that (4.1) and (4.2) become exactly the same
relation if and only if

v, dvo 2 dwo 2 od 2
(?*‘az") +(a?”) = 4(3?') | (S0l

For all the solutions (1.2, 1.3) not satisfying (4.4), it
follows from (4.3) that (4.2) is a more restrictive condition
than (4.1). This conclusion is of course not unexpected since
Warren's criterion is sufficient for stability.

Finally let us consider velocity profiles satisfying (4.4), i.e.
profiles where the criteria coincide

(1) If the shear of the axial velocity vanishes
dw
9 -
{i.e. gz = 0 everywhere) the eguation (4.4)

has two classes of solutions

o ? l - i :
My c:U ;5 and V, = G.X (co, < real
constants) .
(ii) If the axial velocity is of the form
— n -V -
W cyr + Cy (cl, cz,_n ¥eal constants),
the equation (4.4) determines vV, and n to be
& = Ef V& + 3
V, = C,f s B = or
-q - Vg% + 3
- 2
0

where S is a real constant and gq = e e

+
co cl






(iii) Similarly, if Y5 = corn (co, n  real constants)
the equation (4.4) determines W, and n to be

. <t B

where ¢
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