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A Novel Collocation Method Based on Residual Error Analysis for Solving Integro-
Differential Equations Using Hybrid Dickson and Taylor Polynomials

(Kaedah Novel Kolokasi Berdasarkan Analisis Sisa Ralat untuk Menyelesaikan Persamaan
Integro-Pembezaan yang Menggunakan Hibrid Dickson dan Polinomial Taylor)

OMUR KIVANC KURKCU*, ERSjN ASLAN & MEHMET SEZER

ABSTRACT

In this study, a novel matrix method based on collocation points is proposed to solve some linear and nonlinear integro-
differential equations with variable coefficients under the mixed conditions. The solutions are obtained by means of Dickson
and Taylor polynomials. The presented method transforms the equation and its conditions into matrix equations which
comply with a system of linear algebraic equations with unknown Dickson coefficients, via collocation points in a finite
interval. While solving the matrix equation, the Dickson coefficients and the polynomial approximation are obtained.
Besides, the residual error analysis for our method is presented and illustrative examples are given to demonstrate the
validity and applicability of the method.

Keywords: Collocation and matrix methods; Dickson and Taylor polynomials; integro-differential equations; nonlinear
equations; pseudocode

ABSTRAK

Dalam kajian ini, kaedah matriks novel berdasarkan titik kolokasi adalah dicadangkan untuk menyelesaikan persamaan
integro-pembezaan bagi sesetengah linear dan tak linear dengan pekali pemboleh ubah dalam keadaan bercampur-
campur. Penyelesaian yang diperoleh dengan cara polinomial Dickson dan Taylor. Kaedah yang dibentangkan mengubah
persamaan serta keadaannya ke dalam persamaan matriks yang bertepatan dengan sistem persamaan algebra linear
dengan pekali Dickson tidak diketahui, melalui titik kolokasi dalam selang terhingga. Semasa menyelesaikan persamaan
matriks ini, pekali Dickson dan penganggaran polinomial diperoleh. Selain itu, analisis sisa ralat bagi kaedah kami ini
telah dikemukakan dan contoh ilustrasi diberi untuk menunjukkan kesahihan dan penerapan kaedah.

Kata kunci: Kolokasi dan kaedah matriks; polinomial Dickson dan Taylor; persamaan integro-pembezaan; persamaan
tak linear; tatasusunan

INTRODUCTION rediscovered by Brewer (1961). Dickson polynomials are

Integro-differential equations (IDEs) consist of differential defined as follows,
and integral equations. These equations play an important

role in the fields of applied mathematics and engineering, F J

. . . . . 2
mechanics, physics, chem?stry, potential theory, dyr.lamlcs D (x,a) _ n | n-p (—a)p 2 o<y <, )
and ecology. These equations are also generally difficult " Sn-p| p

to solve analytically; thereby, a numerical method is
needed. In recent years, several numerical methods
have been introduced such as the matrix and collocation
methods based on Chebyshev (Akyiiz-Dascioglu 2006),
Taylor (Sezer 1994), Legendre (Yalginbas et al. 2009)
and Bessel (Ylizbasi et al. 2011) polynomials, along with (2 —da) y"+xy —my=0,n=0,123,...
Adomian decomposition (Evans et al. 2005) and Wavelet
moment (Babolian et al. 2007) methods.

Permutation and Dickson polynomials are widely
used in mathematics, integer rings (Fernando 2013),

where the parameter -a, D (x,a) =2, D,(x,e) andn>1. Also,
the Dickson polynomials y = D (x,a) satisfy the ordinary
differential equations (Lidl et al. 1993)

and the recurrence relation (Lidl et al. 1993),

finite fields (Bhargava et al. 1999), key cryptography D,(x, @) =xD, (x, o) —aD, (x, o), n = 2.
(Wei et al. 2011), algebraic and number-theory (Stoll ) ) ) )
2007). Dickson polynomials are denoted as D, (x, ) and For further information about the Dickson polynomials

were introduced by Dickson (1896). These were later ~ S¢€ (Kiirkei et al. 2016 and therein references).
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In this paper, the matrix relations between the Dickson
polynomials and its expansions depend on the parameter-o
with »n and the novel method will be applied to mth-order
linear and nonlinear integro-differential equations.

1. mth-order linear Fredholm integro-differential
equation (FIDE)

m b
EPk(x)y(k) (x)=g(x)+)t1fK/. (x,t)y(t)dt. 2)
k=0 a
2. mth-order linear Volterra integro-differential equation
(VIDE)
S ()0 (x) = g (x)+ 2, [ K, (w0} (1) . 3)
k=0 a

3. mth-order linear Fredholm-Volterra integro-differential
equation (FVIDE)

kz:)Pk(x)ym(x) = g(x)+A,ij(x,t)y(z)dH/lZZKv (ot (1)

(4a)

4. mth-order nonlinear Fredholm-Volterra integro-
differential equation in the from

gﬂ(X)y(“(X)% (x)57 () + 71 (x)° (x) = 5 ()

) ) ., (4b)
+2 [ K (xt)y(t)de+ 2, [ K (x.t)p(t)at

under the mixed conditions

m=1

E[aiky(“(a)+bjky(")(b)]=uj;j =0,1,2,...,m—1, (5)

=~

where y(x) is an unknown function, the known
functions P (x), Z (x), T,(x), g(x), K, /(x,t), K (x,1) are
described on —0 < a <x, t < b < o and a, bjk, A
gy w; are useful constants. Our purpose is to find an
approximate solutions of (2), (3), (4a) and (4b). Hence,
form of the solutions will be as follows (Kiirkgii et al.
2016),

N

y(x)syN (x)=EyHDn (x,a), —0<g<x, t<h<oo,(6)

n=0

where y are unknown Dickson coefficients and
N (n > m) is chosen as any positive integer. Also,
Dickson polynomials D (x, o) were defined by (1). In
order to obtain a solution in the form (6) of (2), (3),
(4a) and (4b), we can use the collocation points,

xi=a+(b_a)i,i=0, 1,2, .. N, 7
N

where a=x,<x,<.. <xN=b.

FUNDAMENTAL MATRIX RELATIONS

In this and next sections, the whole relations will be based
on (4a) and (4b). Let us write (4a) as the generalized
integro-differential equation form,

D(x) = g(x) + F(x) + V(x), ®
where
D(x) = k=0Pk (x)y”‘) (x), F(x) = )LI{KIY (x,t)y(t)dt

and (x) =2, [ K, (x.0)y(¢)de

D(x), F(x) and V(x) are called as the differential,
Fredholm and Volterra integral parts of (2), (3) and
(4a), respectively. We transform these parts with mixed
conditions (5) to matrix form. Here, if we establish the
collocation points (5) in (8), then we have a system

D(x) = g(x) + F(x) + V(x), )
where
D)= SR (s (s £lx)= [ K, (o ()i

and V(x,.)=;tzjz<v(x,,,z)y(z)dt.

Now we can transform the systems (9) into the matrix
equations, respectively

D = G+F+V, (10)
where
D(x,) alx, F(x,)
p=| 2&) | - g(.x‘) F-= F(."’) and
ple) | el || Fl)
v (x,
po| Vi)
V()

MATRIX REPRESENTATION OF DIFFERENTIAL PART

Let us assume the function y(x) and its derivatives have
truncated Dickson series expansion of the form

y(x) =¥y (x) = iynDn (x,a), —0<qg<yx t<b <o,
n=0

Hence, the solution is explained by (6) and its
derivatives can be transformed to the matrix forms



()] =D(x, @) Yand P(x)]=D®(x, a) ¥,  (11)
such that

D(x, @)= [D(x, ) D,(x, @) ... D(x, &)],

D(xa)=] Df(xe) D(xa) - Dl (xa) |

and the Dickson coefficients matrix

Y=[y, v, ... »l"

On the other hand, we obtain the matrix D(x, a) by
using the Dickson polynomial. The matrix is given for odd
values of N

0 0 0 o

I 1 0 .

i || 1) L o u
0

(13)

Hence, we write the matrix equation by using (12) and

(13)
D'(x, a) = S7(a) X"(x) or D(x, a) = X(x) S(a) and

DO(x, o) = XD (x) S(cx). (14)

Also, the following equations are obtained by using
(11) and (14).

y(x)=X(x) S (a) Y and yO(x) = XO(x) S (o) Y. (15)

The relation (Kurt & Sezer 2008) between the matrix
X(x) and its derivative X (x) is

X®(x) = X(x) B*, (B": 1dentity matrix ), (16)

where
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0100 0
0020 0
B[ 0003 0
00000 N
00000 0

From (15) and (16), we obtain y®(x) = X(x) B'S(a)
Y and its representation y*(x) = X(x)) B'S(a)Y with
the collocation points. On the other hand, the matrix D

corresponds to D(x), =0, 1, 2, ..., N can be formed as,
=iPky(k) =§PkXB"S(a)Y, (17)
k=0 k=0
where
P(x,) 0 0
P - 0 P(x) 0 |
0 0 P (xN)
X(xo) 1 X0 x(;v
X = X(xl) _ I x - xlN
X(xN) I x, xl’vv

MATRIX REPRESENTATION OF FREDHOLM INTEGRAL PART

Now, we give the kernel function K /(x, t) for the Fredholm
integral part F(x) in the truncated Dickson and the Taylor
series forms (Sezer 1996), respectively,

@)D, (x.c)

N N

K, (%)= X Dk, (x,
m=0 n=0
and
N N

K/ (x,t) = E k, x"t"

m=0 n=0

L LK (00)’ ”
" mln!  9x™ot"

n=0,1,2,..., N.

We can write the matrix forms of K (x, ) for the Taylor
and Dickson polynomials as

[Kt (x,z)] =X(x)K X" (1) (18)
and

[K (x.0)] = D(x,0) K fDT(t, a). (19)
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From the equality of the relations (18), (19) and by
using the relation (14), we obtain the relation between the

Dickson and Taylor coefficients of the kernel function K,

(x,0):
()KXT() D(x )K DT(za)
=X (x)S() K 8" (c) X" (2),

K

t

K, =S(a)K/.ST(a)=> K, = (S(a))il

K(s7(a), o)

where
=[k,].and K, =[k”{n], mn=0,1,2, ..., N.

By substituting the matrix forms (20) and (11) into the
Fredholm integral part F(x), we have the matrix equation

b

[F(x)]=/11 f D(x,a)K D’ (t,a)D(t.c)¥dt

=;Llo(x,a)xf{Zur(t,a)p(t,a)dt}y

o

=)D (x,a)K Q¥

where
0, =jsf(a)xf(t)x(t)s(a)dz

s (a){zxr(t)x(t)dt}s(a)=sr(a)gls(a)

0

bm+n+1 _ il

0-=1q,l4,,= , mn=0,12....N

m+n+l1

Hence, we have the matrix connection of Fredholm
integral part:

[F(x)] = 4,D(x,0) KfoY.

If we utilize the collocation points x = x,(i = 0,1,2,...,
N), then we obtain the system of the matrix equations

[F(5)]= 2D, 01 = (5] 2.X (x)s(e) K, 0,7
or briefly, the matrix equation

F=)XS(@)K, QY. 1)

MATRIX REPRESENTATION OF VOLTERRA INTEGRAL PART

Now we consider the kernel function K (x, ) of the Volterra
integral part V(x) in (4a) and (4b) by using the similar

procedure to previously discussed, we obtain the following
results:

[V (x)]- AfX( )K X" (¢)X (¢) S (cx) ¥t
z’lzx(x)K,"{fXT(t)X(t)dt}s(a)y

Q)
X (2, ()s(e)
where
QV(X)=[qH(x)],qk1(X)=ka k=012, N:

and forx =x, (i =0,1,2, ..., N) the matrix system

[V(x[)] = )LZX(x‘.)K,VQV (x‘.)S(a)Y. (22)

Consequently, the matrices system (22) is written in
the matrix form

- (X)(K)(@)s(a)7. 3

X(x) o 0
x| 0 X(x,) 0 ,
0 0 0 X
(x) (V+1)x(N+1)
K 0 0
0 0 0 K )
(o)
Q,(x,)
o-| o)
Qv(xN)

MATRIX REPRESENTATION OF NONLINEAR PARTS

By using (7) and (15), we construct the matrix representation
of nonlinear parts Z (x)y*(x) and T,)*(x), respectively
(Kiirkgii et al. 2016),

Z,(x)y* (x) = 2, X8 (a)(X (8 (a)) 7. (24)



where

Z,= diag[Zl (xi)](N+1)x(N+1) ’ E(a) = diag [S(a)](N“)ZX(N*‘)Z,

I7=[ yOY le yNY ]

(N+])2xl.

Similarly,

7, (x)2° (x) - 7:x5 (o) (X)(S(e)) (X )(S(@)) 7. @9)

where

7= dig[ 1] X =X)L

S (a) = diag [E (a):I(NH)}x(NH)] and

_ _ _qr
Y=[ yOY y]Y yNY :|(N+1)1><

MATRIX REPRESENTATION OF MIXED CONDITIONS

We can find the corresponding matrix equations for the
conditions (5), by using the relation (15),
m=1
[a,X(a)+b,X(b)]B'S(a)¥ =0,j=0,12,.. . m~1,

k=

S

(26)
where
X(a)=[1 a' a"™t gV ],
X(b)=[1 b B b
METHOD OF SOLUTION

We now ready to build the fundamental matrix equation
according to (4a). For this aim, we initially insert the
matrix relations (17), (21) and (23) into (10) and then by
simplifying, we obtain the fundamental matrix equation,

{p-F-v}y=

G :{ngXB"S(a)—AIXS(a)K/Qf —Az(})(fv)(av)s(a)}y -G,

u 27
which corresponds to a system of (N +1) algebraic
equations for (N + 1) unknown Dickson coefficients y,,
Y, ---» ¥, Briefly, we can write (27) in the form:

WY=Gor [W; G, (28)

where

G=[gx) glx) ... glx,) gx)]I"
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On the other hand, we can construct (26) for the
conditions (5) , briefly as:

UY=p={U;p), j=012,..m-1, (29)

where

v, =;ﬂ=l[aij(a)+bij(b)].

S

o |

In order to obtain the solution of (4a) under the
conditions (5), by changing the row matrices (29) by any
m rows of the matrix (28), we get the augmented matrix

Yoo Wi Wow > g(xo)
Wi Wi Wiv > g(xl)
: 5 :
[W : G*] _| Wr-mo Nem,l Wyomn > g(xN—m)
Uy, Uy, Uyy > Uy
Uy Uy, Uy > U,
: : 5
Upro Uiy Upan > u,_,
(30)

If rank " =rank [W" ; G°'] = N + 1, then we can write
Y= (W) G". Consequently, the Dickson coefficients y,
(k=0,1, ..., N) are uniquely determined by (30). On the
other hand, when det(W") = 0, if rank W*=rank [W" ; G”]
< N + 1, then we may find particular solutions. Else if
rank#rank [W"; G*] < N + 1, then it has no solution.

Furthermore, in order to solve (4b), we give the
fundamental matrix equation by using (7), (17), (21) and
(23)-(295).

WY +ZY +TY =G, 31)

where W= [wij], (i, j=0,1, ..., N) represents the matrix

form of the linear parts (as in (27)),

7=[z,]-2.x5(c)(X)(S(a)):

p=0,1,..,N+1,

g=0,1, ..., (N+1),

T-[,]- Tlxs(a)(x)(s(a))(x)(g(a));
r=0,1,..,N+1,
5=0,1, ..., (N+ 1)

Likewise, we obtain the following matrix equation by
using (29) and (31):
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W*Y+Z*17+T*17=G*=>[W*;Z*; T*:G*]. (32)

When the system (32) is solved, the unknown Dickson
coefficients y are obtained. If they are substituted into (6),
then we will get the Dickson polynomial solution via the
method.

RESIDUAL ERROR ANALYSIS

In this section, we will give an error analysis based on the
residual function (Kiirkeii et al. 2016) for the Dickson-
Taylor collocation method. In addition, we will improve the
Dickson polynomial solutions (6) by means of the residual
error function. We can define the residual function of the
Dickson-Taylor collocation method as:

R (%) = Lly\(x)] - gx), (33)

where L[y,(x)]= g(x). The error function e,(x) can also be
defined as:

e,(x) = y(x) = y,(x), (34)

where y(x) is the exact solution of the problem (4a). From
(4a), (5), (33) and (34), we obtain the error equation (ODEs,
FVIDES, FIDES or VIDES):

Lle(x)] = LIy(x)] = Ly, ()] = =R (%),
with the homogeneous initial conditions
ay=o,

or briefly, the error problem is expressed as:

L[eN(x)]z_RN(t) i (35)
ay=0

where the nonhomegeneous initial conditions (5) are
reduced to homogeneous initial conditions

May=0.

The error problem (35) can be solved by using the
given procedure in Method of Solution Section. Then, we
obtain the approximation

eN’M(x) = iy:Dn (x,a), (M> N)’

n=0
where e, (x) is the Dickson polynomial solution of the
error problem obtained by using the residual error function.
Consequently, the corrected Dickson polynomial solution
YyuX) = yy(x) + e, (x) is obtained by means of the
polynomials y,(x) and e, , (x). We also construct the error
function e, (x) = y(x) — y,(x), the estimated error function

ey,(x) and the corrected error function £, | (x) = e,(x) —
eMM(x) = y(x) _yNﬁM(x)'

Note that this residual error analysis can not be used
for the nonlinear (4b).

NUMERICAL EXAMPLES

In this section, numerical examples are given to illustrate
the efficiency and applicability of the method. The
computations in the examples are calculated by using
Mathematica 10 program. In Example 5.2, we calculate
the values of the corrected Dickson polynomial solutions
VX)) = y(x) + ey, (x), estimated error functions e, (x)
and the corrected absolute error functions |E, (x)| =
| ¥() =y, ,/x) | . Besides, we find a good approximation to
exact solution of the nonlinear integro-differential equation
in Example 5.4.

Example 5.1 (Akyiiz-Dascioglu et al. 2007; Yalcinbas et al.
2009, 2000) First, let us consider the linear FIDE

y”(x)+xy’(x)—xy(x) =e" —25inx+j(sinx)e"y(t)dt
-1
-1<x,t<1,

with the initial conditions y(0) = 1 and y'(0) = 1. We
suppose the problem has a Dickson polynomial solution,

3
¥ (x)= 2.0, (x-a).
n=0

such that N= 3, P (x) = —x, P (x) = x, P(x) = 1, Kf(x, 1=
(sinx)e’,~1<x,t<1,2,=1,4,=0and . For g(x) = e"
2sin(x). For N = 3, the collocation points are

X, =a+(b]_va)i, i=0,123=x, =1,

1

x1=——,x2=l,x3=1.
3 3

The fundamental matrix representation of the FIDE is

{(PxB"+PXB'+ P,XB")S()- 1, XS(a) K,0,}Y =G

W
or [W; @],
where
(10 0 o 210 00
ol o o 0o -L oo
P0= 3 ,I)1= 3 B
00 -1 o o 0o Lo
3 3
00 0 -1 0 0 0 1




1 -1 1 -1
1000 R
pol 0100y [T T30
0010 Ll
00 0 1 3 9 27
111 1 1
8 0 —80¢+i 0
3
0 % 0 2a+—
o, ,
—8o+— 0 gt 32,2 0
3 5
0 Da+= 0 6a’ a2
57 |
[ 2.05082
| 137002
0.741223
| 1.03534

For the given conditions, the fundamental matrices
are acquired as, respectively,

[Uy;u]=[2 0 20 0 ; 1] and
[U;u]l=[0 1 0 3a; 1]

The augmented matrix is

53 47 53a 103 47a 1307

= — - —_— 5 2.05082
9 18 9 18 6 126
[W*;G*]= 533 1663  -5330a+6179 34923c-38611 137092 |,
243 2430 2430 17010
2 0 -2a 0 ; 1
0 1 0 =3a ; 1

The solution of this system yields the Dickson
coefficients matrix

Y=[0.5+0.451521a 14+0.250520. 0.451521 0.0835065]".

Hence, we get the approximate solution of the problem
3

y3(x) = EynDn (x,a) = »,D, (x,oc)+le1 (x,a)+

n=0
»,D, (x,a)+y3D3 (x,a) s
s (x) =1+x+0.451521x" +0.0835065x".

The following approximate solutions have been given
for N=16,7,8,9 as respectively,

y(x)=1+x+0.5x*+0.16675216123536205x" +
0.041778260722306185x*+ 0.008146193641901422x° +,
0.0009884800170341388x5,
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Y,(x)=1+x+0.499999x* +0.166664x" + 0.0416795x*
+0.0083539x° + 0.00137203x° + 0.000151515x7,

V(x)=1+x+0.5x* + 0.166666x° + 0.0416663x* +
0.00833489x> + 0.00139179x + 0.000197236x7 +
0.0000199175x%,

and

y,(6) =1 +x+0.52 + 0.166667x* + 0.0416666x* +
0.00833326x° + 0.00138908x° + 0.000198799x" +
0.0000247112x* + 2.24328 x10° x°.

Also, the comparison of solutions with the exact
solution y(x) = e* for Example 5.1 are shown in Table 1
and Figure 1.

In Figure 2, the interval [-1,1] cannot be changed.
Because Fredholm integral is defined in this interval. If

4
25 I-T/E]
/ﬂ/
2r 7 4
A
'y
= 1.5F 1
i :/ﬂ’
1 _m” 1
5 =~ yl=enp(x)
o — B =Yy, a=0
U — =y, (0 oD .
T &= yglu) a=0
D 1 1 1 1 1 1 1 1 1

-1 08 0B D4 D2 i] 02 04 06 08 1
X

FIGURE 1. Comparison of the exact and the approximate
solutions of Example 5.1 for N=3,7,9

w1

= 4 -
== y(rFexp(y
— & — (k) o=0

0F M:&&—:fHH+H*H+#—rﬁ+H-**—*+HH+ 1

FIGURE 2. For the interval [-1,15] of Example 5.1
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TABLE 1. Numerical results of Example 5.1

s Exact Present method
Soelution AN_3 N_¢6 N=7 N_8 N-9
=100 D36TRT4 (30801433 [LIOTRGRIY O3GTRRNTT (L36TRTVAS 1, 307TR7945
0.8 044932836 044621801 (044932505 044932958 Q44932835 044932897
0.6 054851164 054431010 (L34880867  O.548K1I92 054881163 034881164
=04 eT03200S ILOOORWRY 2 LOTO3TRNZ  G6FI32000 (LGTO32005 DLT032005
-2 ORTRTINTS HR1T73027% DBLE73028 (LRTRTINTS (LETETINTS 1 RIAT307S
0 LOUDOOOMN  1O0000G0 LODOOOON0— Lo000oadd  LO0e0oo00 100000000
2 122140276 L2IBT288S  1.22140353 122140270 1.22140276 122140276
(14 1.4971K2470) 147758776 149182913 1,497 K24060 140152470 149182470
0.6 12211880 178058493 182211250 182211839 182211482 182211880
0.8 22255409%  2UI5ITXRTL O 222541795 222553174 222354040 2225540490
1.0 TTIRINIRY 233502742 2 T1766ET0 2 T1R2TU34 2 TIR2TOST 271R2K13T
[egendre collocation Akyiiz & Serer Yalebas & Serzer
% method (Yalgmbas et Method (2007) Method (2000}
al. 2009)
A=3 =6 AN=6 N=T7 N =8 =9
=LiE B36RMZ00 036TYEMT [LIORODSN GIOTRTONL DIOK0S00 (L 3GTRTHIN
08 0446216700 044939678 044936100 044932900 0.44936300 (144932800
0.6 054430947 (054887061 (34881400 054881200 034881300 (54881100
-4 HLOGORIROY (LOTO3 TGS (LOT03200H) (LT3 2000 G.OTO3 10 (LOFO320H0
0.2 081739274 ORIST7IOE OBISTII0N OQBISTII00  QEIST3000  (LEIRTI000
(] 000D 100003513 LODOOGON0 — LOGOOGNM L0000 | 000000
12 1L2TRTIRRG 1.22143042 122140300 1,221403(0) 122140000 1. 3214000
4 147738771 1. A9TH4500 1 AYTEZS0 1. 491K25(H) 1497 R20H) 1 AUTE 2000
06 L.7R058493  1.RI212371 182211600 182211900 1H2211000 182211000
IR 213172890 222342062 222550100 222554100 232549000 222354000

1.0 233502800 217060127 2TTRNGTO

2, TTHZRZN0 21RO 2 FIRIRNH)

the interval is changed, the results will be unsuitable as
seen from Figure 2 and its interval [-1,15].

Example 5.2 (Yiizbasi et al. 2011) Second, let us consider
the linear VIDE

y”(x)+ xy’(x) —xy(x) ="+ %xcosx —%_Z‘(cosx)e"y(t)dt,
0<xt<1,

with the initial conditions (0)=1 and y"(0)=1. Similarly,
in order to find the Dickson polynomial solution, we

initially take N = 3 such that P (x) = —x, P (x) = x, P,(x)
=1,g(x)=e"+ 5 X cosx, K (x,1) = (cos x)e”, 4, = 0, and

1 . .
A= Y For N = 3, the collocation points are

1.

3

2
Zx
3

The matrix representation of the linear VIDE is

{(pxB"+ PXB'+ P.XB)S()-2,(X)(K )(2)S(e)} ¥ =G

w

or [W; G],

where B and S(o;) matrices are the same as in Example 5.1;

(0 0 0 o [0 0 0 0]
o -L 0 o 0L oo
P - 3 | 3 ,
0 0 -2 0 00 20
3 3
000 0 -1] |oo0 01|
100 0
1000 RN
P01 00| I3 9 2T
0010 2408
000 1 39 27
111
1000000 00000 0000
00001+ L 60000000
X- 39 27
OOOOOOOOIEi—OOOO
39 27
0O0O0O0OO0OO0OUO0O O OO0OU0 o0 1111



[0]...
| L.
[0]...

—_

S N~ O

[&],.,

S N

—_

SAFN
SR L=

[, [0

Ju
%], 0]

4x4

o], [&]. [oL.

[°L..

d16x16

1

1.55311
2.20970
2.98843

5 =

d16x4

The condition matrices are obtained as

WU, m]=12

[U,;u]1=1[0

0 2a 0 ;

1 0 3a ;

1] and

1].

Thereby, the augmented matrix for Example 5.2 is

1.55311 |

343

By solving the system, we obtain the Dickson
coefficients matrix

Y=1[0.5+0.50 1+0.592084222416703c. 0.5 0.1973614074722343]"

and the approximate solution of linear VIDE

V,(x) = 14x+0.5x* + 0.1973614074722343x°.

In similar way, we obtain the solution of the problem
for N=17,

,(6) = 1+x+0.55x% + 0.1666689439997x° +
0.0416485846103x* + 0.0083947557404x° +
0.0012837229956x5 + 0.0002855234008x".

3 T T T T T T T T L
,,99‘
25+ o A
- A
&
-
2 T 1
B e =TT
B —— —— e
= 15F - E
/./'
AT
18F — — 4= - Exact solution i
— &Yl =0
—Q—--ys_g(x): =0
05+ 4|
—& —ysﬂ{x); o=4x10
0 L . . L L L . L L
0 01 D2 03 04 05 06 07 08 09 1

FIGURE 3. Comparison of the exact, approximate and the corrected

Dickson polynomial solutions according to the parameter-o
for Example 5.2

TABLE 2. Numerical results of Example 5.2

Present method

N=7

Bessel polynomial method
(Ytuzbas: et al. 2011)

N=3

N=T

1.0000000000000
1.2214027614222
1.4918247044117
1.8221 188108838
2.2255409520233
2. 7182815307467

1.0000000000000
1.2215788912598
1.4926311300782
1.8226300640140
2.2210490406257
2.6973614074720

1.0000000000000
1.2214027614222
1.4918247044117
1.8221 188108838
2.2255409520234
2. 7182815307470

TABLE 3. Numerical results of the exact and the approximate solutions for
N =3 and M =5,9 of Example 5.2

Corrected Dickson polynomial solution

yia () @ =0

yialx)s &= 10

s ()3 @=0

0 0 2 0 ;
13961 255397 646508 1396l 127(-1093508+380079a)
W56 ]-| 32092 1049760 295245 34992 66134880
2 0 2a 0 B
0 1 0 3
Exact solution
x yix, ) =e"
N=3
0 1.0000000000000  1.0000000000000
0.2 1.2214027581602 1.2215788912598
04 14918246976413 1.4926311300782
0.6 1.8221188003905 1.8226300640140
0.8  2.2255409284925 2.2210490406258
1.0 2.7182818284590 2.6973614074722
Exact solution  Present method
X y(x) =e yi(x)
0 1.0000000000000  1.0000000000000
0.2 1.2214027581602 1.2215788912598
0.4 1.4918246976413 1.4926311300782
0.6 1.8221188003905 1.8226300640140
0.8 2.2255409284925  2.2210490406258

1.0

2. 7182818284590

2.6973614074722

1.0000000000000
1.2214039392159
1.4918273197988
1.8221232119132
2.2255392749173
2.7181514509198

1.0000000000000
1.2214039392159
1.4918273197988
1.8221232119132
2.2255392749173
2.7181514509198

1.0000000000000
1.2214027581651

1.4918246976517
1.8221188004062
2.2255409285146
2.7182818277320
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Table 2 indicates the comparison of solutions with the
exact solution y(x) = e".

Now, we calculate the corrected Dickson polynomial
solutions for N=3 and M=5,9. In Table 3 and Figure 3, we
compare the exact solution and the approximate solutions
for N=3 and M=5,9.

¥, = 1x+0.5x2 + 0.03977088752456758x* +
0.01129410303351437x° + (0.1670864603617452 —
(1.387778780781445¢ — 17)a)x*
(1.387778780781445¢ — 17)a +
(2.775557561562891¢ — 17)xo?.

¥,9 = 140.0000224849x" + (4.07868¢ — 6)x° +
(0.000200566 + (6.77626¢ — 21)a)x” + (0.00138771
+(2.71051e — 20)a)x® + (3.46945¢ — 18)a> +
(2.168¢ — 19)a* + (0.00833372 + (4.33681e — 19)a
— (5.42101e — 20)02)x° + (0.0416666 +

(1.04083¢ — 17)a + (4.33681e — 19)a?)x* +

(0.5 - (1.38778¢ — 17)0 — (9.75782¢ — 19)0*)x>
+(0.166667 + (3.46945¢ — 1 7)o — (8.67362¢ — 19)0?
+(2.1684¢ — 19(a*)® + x(1 + (4.16334¢ — 17)a —
(4.16334e — 17)a2— (3.79471e — 19)at).

Similarly, we calculate the corrected Dickson
polynomial solutions for N=7 and M=9. The comparisons
are given in Table 4. Then, the comparison of the corrected
absolute errors are given in Tables 5 and 6.

As seen from Tables 5 and 6, the corrected absolute
errors are close to zero. So, when the values of M increase,
the accuracy of solution increases. However, when the
values of parameter-o. increase, the tolerance increases.

Example 5.3 (Akyiiz-Dascioglu 2006) Let us consider the
linear FVIDE

xy”(x)—xy'(x)+2y(x)= ——————— —

f(x+t)y(t)dt+I(x—t)y(t)dt,

0
0<x t<1,

300 ., — : .
|
250} % Eﬁ |
!
200 f i d
! x'
A
= 150} & ; .
8 F
[ F e
100+ | g yl=exp(x) A
$n — & - Y300, 0=0
{ — -y, ) 00
swf  # m‘f il ; 1
G — yalg(x); a=4x10
10 15 20 25 a0

X

- y(xexp(x)
- ¥4), a=0

n fglg(‘)i a=0 .

¥4 gl a=4x10%

O 10 20 30 40 50 81 70 80 90 100
X

FIGURE 5. For the interval [0,100] of Example 5.2

with the conditions y(0) =1, y"(0) — 2y(1) + 2y(0) = 1. In
order to solve the above problem, we take N = 5. Hence,
the matrix representation of linear FVIDE is

{(PDXB" +BXB'+ P.XB)S(a)-1,XS () K0, -, (E)(F)(Q_)s(a)}y -G

or [W; G]

TABLE 4. Numerical results of the exact and the approximate solutions for N=7 and M=9 of Example 5.2

Exact solution

v(x)=e"

Present method
Y [ x; )

Corrected Dickson polynomial solution

Vi (xi )3 a=0

.V‘?_fr(xj); a=10

y'm(x;];a =100

0.8

1.0000000000000
1.2214027581602
1.4918246976413
1.8221188003905
2.2255409284925

1.0000000000000
1.2215788912598
1.492631 1300782
1.8226300640140
2.2210490406258

1.000000000000000
1.221402764679255
1.491824711171731

1.822118821361273
2.225540975531958

1.0000000000000000
1.2214027646792536
1.4918247111717295
1.8221188213612722
2.2255409755319570

1.0000000000000000
1.2214027646591990
1.4918247111529113
1.8221188213437278
2.2255409755157194




TABLE 5. Numerical results of the corrected absolute errors for N=3, M=5.9 of Example 5.2

Absolute Corrected absolute errors
I errors
|es (%)= Eys (x); Eys (o, )‘ |Hs,9 (x )‘ Eyy (3,5
|y[xr')_y3(x.‘)| a=0 =10 a=0 a=10
0 0 0 13322715 0 5.77316e—15

0.2 1.76133e-04 L.18106e-06  1.1810Ge-06 4.9396¢-12 4943612
0.4 8.06432¢—04 262216e—06  2.62216e—06  1.04274e-11 1.04297e—11
0.6 5.11264e—04 441152¢—06  441152¢-06  1.57181e-11 1.57185¢—11
0.8 44918903 1.65358e 06 1.65358e 006 2.21236e-11 22121911
1.0 2.09204e -02 1.30378—04  1.303782—04 7.27014e-10 72701810

TABLE 6. Numerical results of the corrected absolute errors for N=7, M=9 of Example 5.2

Absolute Corrected absolute errors
X, errors
€ (x! )| = |LI7,9 (x;) N |E7,9 (xx) N |E?.9 (‘r) N |L'I7,9 (xr) N
|‘}.-‘(x]_y?(x ]| a:{] (I:]_O a’:]_OO (I=]04
0 0 ] 1.77636e—15 2.125¢—11 2.16797¢—03

0.2 3.26201e - 09 65190909 65190809 64990309  2.05943e-03
04 6.77044e - 09 1.35305¢-08  1.35305¢—-08 1.35116e-08 1.95085¢—-03
0.6 1.04932e - 08 2.09708e—08  2.09708¢—08  2.09532¢—08  1.84224¢-03
0.8 2.35308¢-08 4.70395¢-08  4.70395¢-08  4.70233¢-08  1.73357¢-03
1.0 297712e-07 5.94698e—07 59469807  594712¢-07  1.62554¢-03

X X 13x 17
where Po(x)_z’ Pl(x)——x, Pz(x)—x, g(x)_ﬁ_z_g_?"'a,

Also, the collocation points are

1 2 3 4
X, =0,x==,x,==,x,=2,x,=—, x;=1
5 5 5 5
We obtain the augmented matrix as
ER— L i LU —l+a—£
3 4 5 6 7 3
64 88 52 6da _ 563 88a 16(-556-1625a+125000°) 238138 S63_88a’
25 375 625 25 31250 125 78125 1640625 6250 75
wi6]-| 3L 18 3109 Sl 3(6203+4500a) 73437 3109 Sla® 445786 _18609a _18c’
25 125 7500 25 31250 156250 1875 25 1640625 6250 25
30266 (7 150,) A6 479198 1848a 360’ 1156748 _4969la 26
25 375 625 31250 234375 625 25 546875 6250 75
2 0 -2a 0 207 0
0 -1 -2 -2+3a -2+8a -2+10a-5a*

and the Dickson coefficients matrix

T

Y=l—a1—1000.
2

17
12

1804
1875
3461
7500

166

1875

345

K (x)=x+0, Kxn)=(x-1) and A, =4,=1.
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Thereby, we get the solution
yx)=-x*tx+1,

which is the exact solution.

Example 5.4 Finally, let us consider the nonlinear Volterra
integro-differential equation

" y 1
¥ (x)—Zy(x)+y2(x)=g(x)+{cos(t)y(t)dt, 0<x,t<1
with the conditions »(0) = 1 and y’(0) = 0. The exact
solution of the equation is y(x) = cos(x). Here P (x) = -2,
P(x)=1,4,= 1 and g(x) = cos’(x) — 3 cos(x) —x. We now
construct the fundamental matrix equation from (32).

{1!’0)(13O +PXB -, (})(?)(E)}s(a)y +Z,X8(a)(X)S(a) 7 =G.

When this system is solved, we obtain the Dickson
polynomial solutions by applying N=3 and some different
values of the parameter-a.

,(x) | =1-0.5x" ~0.00521369x",

a=0

yy(x) | =1-1.27329x10""x-0.5745505x" ~0.0140165x",

a=-0.5

yy(x) | =1+2.82326x107°x-0.46197x> -0.00168x",
4

a=0.

y,(x) | =1-1.04084x10""x-0.42714x" +0.00103x’.
9

a=0

As seen from Figure 6, we achieved consistent
aproximate solutions by using the present method. If
the parameter-o. is choosen in [-0.5, 0.9], the results of
Example 5.4 will be close to the exact solution. For the
best approximation, the parameter-a is choosen as o =
0.4. In addition, except for this interval, the results will

06} NI

~F—r

o4k — 4= y(x)=cos(x) 4
eyl a=04

5"3()‘]; a=0
02r — &= yalx), 0=05
Yaln) 0=0.9

D 1 1 1 1 i ] 1 1 1
o 01 02 03 0.4 05 0B 07 08 09 1

X

FIGURE 6. Comparison of the exact and the approximate
solutions of Example 5.4 for N =3 with « =-0.5,0,0.4,0.9

5 T T T T T T T T T

il — % - y(ecos(o) i
3t @ yS[K), o~0.4 j
5| — &y =0 |
— -y a=05
. Y4(4); 0=0.8 1
%‘\ - P
~ of W, e
1 I N I 1
éq.. .'.
2t ) ]
Y
3k ‘L_ ‘o -
. R
B | N A )
_5 1 1 1 1 1 i ‘; 1 1
o 05 1 18 2 26 3 35 4 45 &

FIGURE 7. For the interval [0,5] of Example 5.4

be connected to complex or null space. Therefore, the
parameter-a should be choosen in this interval. Also,
as seen from Figures 4, 5 and 7, when the interval is
expanded, the results have been deviated a little from the
exact solutions, but the good approximations have been
obtained by the present method.

ALGORITHM

In this section, the Pseudocode has been given for calculation
of (4a). This can also be applied to (2) and (3).

Step 1

a. Input the number of truncated Dickson polynomial
solution N € N such that N> m (6).

b. Determine a, b, 4,, 4,, P|(x), ..., P(x), (k=0, 1, ...,
m), K(x, 1), K (x, 1), g(x) and mixed conditions.

¢. The mixed conditions put in (5).

d. According to N (N is even or odd), set S(a).

Step 2 Set the collocation points x, i =0, 1, ..., N. There
are x, = a and x, = b.

Step 3

a. Construct the matrices P, (k=0, ..., m), B, X, K, Q/,
X, K, and @, from (27). ‘

b. Compute W and G matrices.

c. Construct the conditional (m-1)-rows matrices from
(29).

Step 4 Construct the augmented [W”; G*] matrix from (30).

Step 5 If rank W* =rank [W"; G'] = N + 1, then solve the
system by using Gaussian elimination method (or to solve
the Y=(W")' G").

Step 6 Substituting all elements of the Dickson coefficients
matrix solution, respectively, into (6). Finally, this will be
our solution.



CONCLUSION

High-order linear and nonlinear Fredholm-Volterra
integro-differential equations (FVIDES) are usually difficult
to solve as analytically. Therefore, it is necessary to use
approximate methods. For these purposes, the present
method has been given to find consistent approximate
solutions. One of the remarkable advantages of the
present method, the Dickson coefficients obviously find
with the aid of the computer programs. At the same time,
the presence of parameter-a is required to use computer
program along with the present method for the accuracy
of solutions. The results related with examples have been
shown in Tables 1-6 and Figures 1-7. As seen from tables
and figures, when the value of N is increased, the numerical
results improve. On the other hand, if the interval a <x, ¢
< b is taken, the width intervals as [0,30], [0,100]..., it is
seen that the approximations are not good. We have also
improved the approximate solutions by using the residual
error analysis. The present method can be developed for
the systems of differential, integral and integro-differential
equations. But some modifications are required.
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