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This paper presents an original concept for variable delivery external spur gear machines, which combines the
well-known advantages of these units (such as low cost, good reliability, acceptable efficiency) – traditionally fixed dis-
placement – in a solution capable of varying the amount of flow displaced at each shaft revolution. The proposed design
concept realizes a variable timing for the connections of each tooth space volume with the inlet and outlet ports, through
a movable element (“slider”) placed at the gears lateral side. The position of the slider determines the amount of flow
displaced by the unit per revolution. In order to extend the range of flow variation achievable by the unit, an asymmetric
involute tooth profile for the gears was proposed. A multi-objective genetic algorithm was used to optimize the design
of the gears along with the design of the timing grooves in the slider. This algorithm is based on the HYGESIM
(HYdraulic GEar machines Simulator) tool developed by the authors’ research group for the evaluation of the perfor-
mance of every particular design. The optimal design solution, capable of achieving 40% flow variation (from 100% to
60%), was realized in a working proof of concept and tested for the case of a pump, although the solution is in principle
valid for both pumps and motors. Experimental results were in line with the numerical predictions and show the poten-
tial of this design concept of achieving flow variations in an energy efficient fashion, with volumetric and hydro-mechan-
ical efficiency at reduced displacements in line with other state of the art variable displacement units.

Therefore, the proposed design can impact current applications for external gear pumps and motors, offering the
additional flow-on-demand capability. Furthermore, it can be utilized in several other engineering applications in which
traditional external gear machines were not a viable alternative because of their intrinsic fixed displacement nature.

Keywords: external gear pumps and motors; variable displacement; variable delivery; pump optimization; energy
efficiency

1. Introduction

The well-known advantages of external gear machines

(EGMs) such as low cost, compactness, reasonable oper-

ating efficiency and good reliability make them as one of

the prominently used components in fluid power. EGMs

are used as primary flow supply unit in many applica-

tions such as fuel injection systems, small mobile appli-

cations such as micro-excavators, turf and gardening

machines. EGMs are also used in fixed applications such

as hydraulic presses and forming machines. EGMs find

also applications in auxiliary systems such as hydraulic

power steering, fan-drive systems and as charge pump in

hydrostatic transmissions.

In an EGM, as the shaft rotates, the fluid is trans-

ferred from the inlet to the outlet port through the

peripheral of the gears, and the displacement of the fluid

is achieved by the meshing of the teeth. At gears lateral

side, grooves are used to realize proper connections of

the inter-teeth volumes trapped between points of contact

with the inlet/outlet ports, thus avoiding these volumes

to be isolated during the meshing process. Therefore,

grooves permit to utilize the full volumetric capacity of

the unit, avoiding localized pressure peaks and fluid

cavitation. In a pressure compensated EGM, such as the

one represented in Figure 1, these grooves are realized in

the sliding bushings (Figure 1(B)) – popularly known by

the names of bearing blocks and pressure/thrust plates –

used to realize optimal sealing of the tooth space vol-

umes through a proper lubricating fluid film even at high

operating pressures. In non-compensated EGM, these

grooves are machined in the pump housing.

The above described principle of operation of an

EGM makes these units inherently fixed displacement.

This inability of adapting the fluid displaced per every

revolution on the basis of user’s requests makes EGMs

unsuitable for applications in energy efficient system lay-

out configurations which characterize many fluid power

applications (Ivantysynova 1998, Murrenhoff et al.

2014). In these system configurations, variable displace-

ment units can offer energy saving even greater than

50% compared to solutions based on fixed displacement

units. Notwithstanding, fixed displacement units, such as

EGMs, guarantee significant lower cost than same-size

variable displacement units with superior reliability, and

hence purporting the success of EGMs.
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These factors have driven significant research

towards the definition of a working concept for variable

displacement EGMs. Past effort can be broadly catego-

rized into two different sets of solutions: the first set of

solutions consists in changing the meshing length of the

gears. Several patents describe different solutions for this

idea, by moving the gears axially (Bussi 1992, Winmill

2001, Clarke 2002, Hoji et al. 2008). The second set of

solutions consists in changing the inter-axis distance

between the gears, thereby affecting the meshing area of

the gears (Reiners and Wiggermann 1960, Yang and

Zhong 1987). However, all these solutions have not

encountered successful commercialization. In fact, sev-

eral major issues have to be faced to implement a viable

and cost-effective solution to move the gears, which are

the most loaded parts of the machine, guaranteeing at

the same time good sealing and smooth transmission of

power between the rotors.

Efforts to obtain inexpensive variable flow supply unit

were also made at system level; in particular, solutions

that combine fixed displacement pumps with fast switch-

ing valves controlled in PWM to obtain a variable output

flow were proposed by several researchers (Tomlinson

and Burrows 1992, Mahrenholz and Lumkes 2009,

Rannow et al. 2009). Despite the theoretical validity of

these so called “virtually variable displacement” solutions,

their application in real systems is hampered by the

2limited time response of current on/off valves as well as

compatibility issues of current fixed displacement pumps

with the introduction of severe pressure pulsations.

Another solution described in the literature integrates

an adjustable spool inside the pump used to manipulate

the communication of the fluid in the displacement

chamber to provide pressurized fluid from the outlet to

the inlet thereby varying the discharge flow (Bowden

1989, 1990). Being based on conventional gear profiles,

this idea – which presents some elements of similarity

with the solution proposed in this paper – have not

encountered success because the range of variability of

the delivery flow could not exceed few point percent.

In the present study, a solution that implements a

variable timing of the connections of the displacement

chambers (the tooth space volumes, TSVs) with the

inlet/output port is proposed (§2). This solution,

described in details in the next section, preserves the

compactness, reliability and low cost features typical of

an EGM and permits to achieve a partial control of the

flow displaced by the unit, in a range that depends on

the profile of the gears. The novel design concept is

based on the use of asymmetric involute and trochoid

profiles for the gears, which are used to maximize the

range of flow variation achievable by the unit (§3 and

§4). As described in §5 and §6, an optimization process

was performed to find the optimal profile of the gears,

permitting to achieve a displacement variation range

between 68% and 100% of maximum displacement. The

numerical optimization process is based on a genetic

algorithm which utilizes the simulation tool HYGESim

(HYdraulic GEar machines Simulator) which is being

developed by the authors’ research group for over sev-

eral years. In this study, the HYGESim tool was

extended to be capable of simulating gear machines with

asymmetric teeth profiles. The proposed design is also

conceived to maximize the performance levels, in terms

of delivery flow pulsations – responsible of noise emis-

sions and vibrations – volumetric efficiency, internal

pressure peaks and cavitation onset which occur in

during the meshing process. Simulation results for the

chosen design are presented in §7.

The displacement variation range was limited by

some requirements of the experimental prototype chosen

for the validation tests (§8). A wider displacement varia-

tion range, in the order of 50% – 100% could be achiev-

able by removing these constraints.

2. Proposed design concept

The proposed concept is based on the realization of a

variable timing for the connections of the TSVs with the

inlet/outlet grooves. The variation in the timing of the

connections is achieved by the introduction of a movable

element – hereafter called “slider” – in the standard

EGM design. Figure 2 depicts the introduction of the sli-

der in the sliding lateral bushing block of a pressure

compensated EGM, which is also the reference design

case in this study. The position of the slider determines

the amount of flow displaced by the unit per revolution,

for both the cases of pumps and motors.

In order to understand the working principle of the

proposed variable delivery (VD) EGM, the detailed dis-

placing action of an EGM is described in Figure 3,

Figure 1. (A) Parts of an EGM (B) Grooves on the lateral bushing.
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where a TSV at a generic angular position # is repre-

sented, and in Figure 4, a typical trend of the TSV over

a shaft revolution is also depicted.

The displacing action occurs in the angular interval

h, which defines the meshing region. Between points D

and S of the line of action, the TSV is trapped between

points of contact, therefore the displacing action is real-

ized by means of the inlet/outlet grooves (the trace of

these grooves is indicated in Figure 3(A). In standard

EGMs, the commutation between inlet and outlet groove

is realized when the volume is minimum, so that the

maximum volumetric capacity of the pump is utilized.

Ideally, this commutation occurs without crossport areas,

so that for each TSV the volume indicated in the Figure 4

can be displaced; however, the optimal performance in

terms of noise reduction, limitation of internal pressure

peaks and cavitation is realized with a small crossport

(Borghi et al. 2006, Eaton et al. 2006).

For the case considered in this work, for which a

dual-flank contact condition is realized by the gears

(Figure 3(B)), considerations about the TSV on the drive

or driven gear are similar as shown in Figure 4. How-

ever, for a single-flank contact unit, due to the presence

of a backlash between the gears, each TSV of the drive

gear is connected to a correspondent TSV of the driven

gear. Therefore, considerations concerning the displaced

volume of the unit should refer to the union of this TSV

pair, and not to the isolated TSVs as described in this

section.

While in standard EGMs the mentioned inlet/outlet

grooves are machined in the lateral bushings or in the

unit housing (for low pressure, non-pressure compen-

sated designs), in the proposed design the slider contains

these grooves. The one degree of freedom for the slider

position permits to vary the position of these grooves,

hence affecting the angular position at which the com-

mutation between the connections of each TSV with the

inlet/outlet ports is realized. The effect of different posi-

tions of the slider can be described with Figure 4 and

Figure 5. As shown in Figure 4 the TSV is connected to

the inlet and outlet for equal intervals of time, therefore,

the maximum flow is displaced by the unit.

However, a reduced displacement is achieved when

the slider is positioned closer to the inlet port (as shown

in Figure 5(A)). This is because each TSV remains con-

nected to the outlet port for a first portion of the filling

process, (after it reaches the minimum volume point at

180°), wherein a part of the fluid already delivered to

the outlet is taken back into the TSV which acts as the

fluid “virtual dead volume.” Due to this “dead volume,”

Figure 2. Slider placed inside the bearing block for achieving
variable flow in an EGM.

Figure 3. (A) Generic TSV at angular position ϑ and the
angular interval θ in which the meshing process takes place,
Groove positions in the slider to achieve max displacement.
(B) TSV with dual flank contact configuration.

Figure 4. TSV as a function of shaft angle showing the angu-
lar interval in which the TSV is connected to the outlet and the
inlet for achieving maximum displacement. The switch of the
TSV connection from the outlet to inlet occurs when the TSV
is at its minimum (M).

International Journal of Fluid Power 123



each TSV is capable of displacing a reduced volume of

fluid. Graphically, the principle can be represented by a

larger (as compared to Figure 4) portion connected to

the delivery (in red, in Figure 4 and Figure 5(B)) and a

smaller portion in which the TSV is connected to the

inlet (in blue, in the same figures). The additional “dead

volume” is equal to the difference between the volumes

of points S and M, therefore the effective fluid displaced

to the outlet is equal to the difference between the maxi-

mum volume and volume at point S.

It is important to observe how the variation of the

achieved displacement as a result of change in slider

position can occur for all slider positions that realize the

described switching between the points D and S, in

which each TSV is trapped between points of contact of

the teeth. By moving the slider outside the limits D-S a

direct bypass connection between the outlet and the inlet

would be realized, hence significantly reducing the volu-

metric efficiency of the VD-EGM. With symmetric

gears, the points D and S lie very closely to point M and

hence they do not offer a large variation in the

displacement, therefore novel asymmetric gear profiles

are used to maximize the reduction in displacement (as

described in §3 and §4)

To realize delivery flow variation, the slider can

move either towards the inlet port (as shown in Figure 5)

or towards the outlet port. However, being the conditions

of the fluid at the inlet port often close to saturation (for

the case of a pump), it is preferable to consider the

motion towards the inlet port, so that cavitation effects

due to fluid aeration are limited. The opposite consider-

ation apply for the case of a motor.

Figure 6 qualitatively represents the forces due to the

pressure acting on the gears for both max. and min. dis-

placements, for the case of a pump. The resultant of the

high pressure acting on a larger area of the gears, lead to

lower forces as depicted by the arrows of different

lengths in Figure 6. But what is more important is that

the reduced displacement configuration of Figure 6(B),

by extending the high pressure region in the meshing

zone, introduces a torque contribution towards shaft rota-

tion, thus lowering the torque adsorption of the pump. It

has to be noticed how both figures assume perfect seal-

ing of the TSVs in the low pressure/inlet side, which is

a realistic condition as described in Vacca and Guidetti

(2011). However, the torque reduction principle still

holds also with different assumption for the pressure dis-

tribution at the peripheral of the gears, such as the one

described in (Ivantysyn and Ivantysynova 2001).

Figure 5. (A) Position of the grooves in the slider to achieve
min. displacement. The switch of the TSV connection from the
outlet to inlet occurs when the TSV is at point S. (B) TSV as a
function of shaft angle showing the angular interval in which
the TSV is connected to the outlet (larger red box) and the inlet
(small pink box) for achieving reduced displacement.

Figure 6. (A) Qualitative representation of the forces acting
on the gears at max displacement. (B) Qualitative representa-
tion of the forces acting on the gears at min displacement.
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With the description given above, one can notice

how the proposed VD- EGM realizes a similar variable

timing principle of digital pumps/motors investigated by

several authors for radial and axial piston units (Ehasan

et al. 1996, Nieling et al. 2005, Merrill et al. 2013).

However, while mentioned solutions are capable of

reaching a full displacement variation range (0%–100%),

they require electronically controlled fast on/off valves to

realize the variable connections of each displacement

chamber with the inlet and outlet port. In the considered

design, the slider remains at a fixed position to realize

certain unit displacement, and it has to be moved only to

realize a different displacement value. Therefore, this

implementation does not require fast components, and

the flow variation strategy does not necessarily require

electronic control (pure hydraulic pressure or flow com-

pensators can be realized with the slider).

A variable timing concept similar to the one

described in this paper for VD-EGM was proposed by

Manco et al. (2004) for the case of gerotor pumps. In

this design a variable angular position of the port plate

was introduced to vary the effective flow displaced by

the displacement chambers of the unit. Also in this solu-

tion a variation in delivery flow was obtained at the

expense of lower torque. However, the introduction of a

rotating port plate appears to significantly increase the

cost of the unit.

3. Definition of the gear profile

Gears with asymmetric teeth profile, unconventional for

EGMs, were investigated in this work with the particular

aim of maximizing the range of displacement variation

achievable for the VD-EGM with the concept described

in §2. In the past, only few published studies focused on

the design of gears different from symmetric involute

profile. Kumar et al. (2008), Kapelevich (2000) focused

on analyzing the benefits of using asymmetric profiles

for power transmission applications (not in EGMs).

However, Nagamura et al. (2004), Devendran and Vacca

(2013a) implemented asymmetric gears in EGMs particu-

larly focusing on fluid-borne-noise reduction. A similar

design approach as in (Devendran and Vacca 2013b) will

be used in a different optimization framework for deter-

mining the optimal design of the gears for the proposed

VD-EGM as described in §6.

In this work, the design of the gears is assumed to

be comprised of involute and trochoid profiles above and

below the base circle respectively. In order to accomplish

the goal of designing asymmetric teeth, two different

pressure angles are considered respectively for the drive

and opposite coast tooth flanks as shown in Figure 7. In

order to ensure that the asymmetrical teeth gear profile is

physically manufacturable using conventional manufac-

turing processes like hobbing, shaping, rack-cutting etc.,

an asymmetrical cutter profile is assumed at first. The

tooth profile is then derived on the basis of the shape of

the asymmetric cutter as shown in Figure 7. Based on

the design variables, the parameters which govern the

shape of the asymmetric cutter are obtained using Eqs.

(1) – (4), (Nagamura et al. 2004).

har ¼ 1:25 � m (1)

hfr ¼ 1 � m (2)

qr ¼
ðp � m=2Þ � ðtan aod þ tan aocÞ � har

ð1= cos a0dÞ þ ð1= cos aocÞ � ðtan aod þ tan aocÞ
(3)

h0 ¼ har � qr (4)

The involute profiles for both the drive and coast

side of the teeth can be obtained using the Eqs. (5) – (7)

(Nagamura et al. 2004). These equations are represented

in a generic form for any involute side of the teeth,

changing the values of rb and #g for the drive or coast

yields respectively the corresponding involute profiles as

shown in Figure 7.

x ¼ ðsin hg � hg � cos hgÞ � rb � cos#g

� ðcos hg þ hg � sin hgÞ � rb � sin#g (5)

y ¼ ðsin hg � hg � cos hgÞ � rb � sin#g

þ ðcos hg þ hg � sin hgÞ � rb � cos#g (6)

where,

#g ¼ inva0 þ
p

2 � z
(7)

Similar to the construction of the involute profiles, the

trochoid profiles of the teeth are obtained using the

Figure 7. (A) Drive and coast sides of a gear tooth depicting
the involute and trochoid profiles. (B) Asymmetric tool profile
taken as reference for generating gears.
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generic Eqs. (8) – (10), as shown in Figure 7 (Nagamura

et al. 2004).

x ¼ ðr0 � h0Þ � sinðng þ mgÞ � r0 � ng � cosðng þ mgÞ

�
r0 � ng þ h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h20 þ r20 � n
2
g

q

2

6

4

3

7

5
� qr � sinðng þ mgÞ (8)

y ¼ ðr0 � h0Þ � cosðng þ mgÞ þ r0 � ng � sinðng þ mgÞ

þ
r0ng � h0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h20 þ r20n
2
g

q

2

6

4

3

7

5
� qr � sinðng þ mgÞ (9)

where,

mg ¼
p

2 � z
þ
h0 � tana0

r0
þ

qr þ bn

r0 � cos a0
(10)

The value of bn controls the backlash in the gear pair

generated; therefore setting its value to zero yields gears

with zero backlash or dual flank contact.

4. Definition of the inlet and outlet groove profiles

In the VD-EGM, the grooves machined in the lateral

bushings (or in the housing, for not pressure compen-

sated designs) perform the important timing function of

connecting TSVs with the inlet or outlet environment

when the TSV is trapped between points of contact.

Therefore, they contribute in determining the amount of

fluid displaced per revolution by every TSV. With an

optimal crossport (simultaneous connection of the TSV

with the inlet and outlet port), the grooves can also

ensure minimal internal pressure overshoots and local-

ized cavitation effects during the transition of TSV from/

to the low pressure and high pressure regions. For the

asymmetric gear profile considered in this research, a

particular “two-winged” structure of the grooves was

considered as shown in Figure 8(A).

The different parameters which control the shape of

the grooves are depicted in Figure 8. The main intent for

using such a two winged architecture with four angular

controls (α’s) is to understand the influence of the pres-

sure angles (drive and coast side) of the gear profiles on

the performance of the machine. Particular emphasis is

placed on the feasibility of machining the grooves using

the conventional milling process for prototyping. As can

be seen from Figure 8, the radius “R” of the milling tool

is taken into consideration, so the optimal design out of

the optimization process can be directly prototyped

without any additional consideration based on

manufacturability.

5. Hydraulic gear machines simulator

In this work, the simulation of the performance for any

given geometrical configuration of the VD-EGM is based

on the HYGESim (HYdraulic GEar machines Simulator)

tool developed by the author’s team. Several past publi-

cations covered the development of this simulation tool,

therefore in the following only the main features of the

tool are summarized.

The geometric model of HYGESim evaluates all the

geometrical features necessary to perform the fluid

dynamic simulation of the unit. Originally conceived on

standard involute profiles (Vacca and Guidetti 2011), the

geometrical model was recently extended to permit simu-

lation of asymmetric gear profiles (Devendran and Vacca

2013a), with an additional module used to directly gener-

ate the design of both gears and grooves without

recourse of CAD drawings.

A lumped parameter approach is at the basis of the

fluid dynamic model and the model for the evaluation of

micro-motions of the gears rotation axis. This model is

implemented within built in routines in AMESim® and

permits to evaluate all the features of the flow through

the EGM, including inlet and outlet flow and pressure,

flow through the TSV, instantaneous meshing pressure.

An accurate evaluation of radial leakages, at the tip of

each tooth, is performed considering the actual position

of the gears, resulting by a force balance that include

contact forces and pressure forces. Recently, additional

functionalities for the evaluation of fluid properties

accounting for transient fluid aeration were introduced in

HYGESim (Zhou et al. 2014). Without going to the

details of the implementation of the lumped parameter

approach of the main fluid dynamic model, which can be

found in (Vacca and Guidetti 2011), the basic equations

used to determine the pressure in the TSV volumes and

the flow through the connections between adjacent vol-

umes are reported with Eqs. (11) and (12)

Figure 8. (A) Lateral bushings with a representative inlet and
outlet grooves. (B) Detail of the inlet groove. (C) Detail of the
outlet groove.
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dpi

dt
¼

1

Vi

dp

dq

�

�

�

�

p¼pi

�
X

_min;i �
X

_mout;i

h

� qjq¼qi

dVi

dt
�
dVvar;i

dt

� ��
(11)

_mi;j ¼
ðpi � pjÞ

jðpi � pjÞj
� qj

P¼Pi;j
� a � Xi;j �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 � ðpi � pjÞ

qjP¼Pi;j

s

(12)

A separate Fluid Structure Interaction model is devel-

oped using C++ O-Foam libraries for the simulation of

the lateral lubricating gaps in EGMs (Dhar and Vacca

2013). Due to computational time required to run this

latter module of HYGESim, not suitable to perform

numerical optimization as in this study, for the study of

the VD-EGM prototype of this work, the lateral lubricat-

ing gap was assumed to be as a constant gap.

Finally, HYGESim can be used within the commer-

cial AMESim® tool, permitting the simulation of the

EGM in a generic hydraulic system by combining the

EGM model with the model of the inlet/outlet circuit

connected to the unit.

6. Optimization process

In this research, the optimal design of the asymmetric

gears along with their grooves is determined using a

multi-level-multi-objective genetic algorithm-based opti-

mization process. A schematic of the complete optimiza-

tion workflow is shown in Figure 9. As depicted in

Figure 9, Level 1 deals entirely with the design of asym-

metric gears and Level 2 deals with the optimization of

the grooves in the lateral bushings. Due to the inherent

inter-relationship existing between the design of the

gears and the grooves, a design process considering an

optimization within an optimization is of extreme impor-

tance and necessity. Once the gears are designed in Level

1, the contact points between the gear teeth are tracked

throughout an entire revolution of the gears. Particularly,

the location of the points D and S (defining the angular

locations at which the fluid in the TSV is trapped

between the contact points between the gears) is identi-

fied, followed by the geometric evaluation of the pro-

gress of the TSV. Finally, the amount of displacement

reduction that can be achieved in with the design of the

gears is evaluated.

Following the design of the gears, the optimization

algorithm moves automatically into Level 2: entirely ded-

icated to the determination of the optimal design of the

grooves for the particular gear designed in Level 1. In

Level 2, the simulation tool HYGESim is used as a “vir-

tual test rig” to evaluate the performance of the machine

in a particular hydraulic test circuit required by the user.

Post processing the results of HYGESim, yields the val-

ues of the different objective functions (OFs). These OFs

are related to the performance of the unit in terms of

capability of varying the delivery flow, maintaining high

volumetric efficiency with smooth meshing process.

Level 2, automatically performs enough number of itera-

tions until an optimal design of the grooves is deter-

mined. The OFs corresponding to the particular

combination of the gears and the grooves is conveyed to

Level 1 for enabling comparison with other gear designs

also operating with their optimal groove counterparts.

This procedure thus enables the determination of the

optimal design of the machine as a “whole.”

Due to the different nature of the OFs (described in

details in §6.1), which are not directly related to each

other, conventional optimization algorithms such as lin-

ear, quadratic programming, sequential quadratic pro-

gramming and other gradient-based algorithms cannot be

easily applied. For this reason a genetic algorithm capa-

ble of handling the vastly varying and complex design

space was used. The algorithm takes advantage of

response surface models – such as surrogate modeling

and kriging – to perform a virtual optimization of the

response surfaces to identify the designs in a more effi-

cient and quicker process. This process thus provides a

number of designs which satisfy all the objective func-

tions at a Pareto optimum, from which the user has the

freedom of choosing the best design which fits their spe-

cific requirements (Poloni et al. 2000).

The described optimization procedure derives its

motivation from (Devendran and Vacca 2012–13a,b)

wherein a similar method was used to optimize EGMs

for low noise emissions, however; mentioned works did

not consider the evaluation of the reduction in displace-

ment along with the other performance features.

The following sub-sections details the formulation of

the objective functions as well as of the constraints used

in this procedure.

6.1. Objective functions

Five different OFs are used in the multi-objective optimi-

zation procedure of Figure 9. These are specifically

given by: 1. possible reduction in displacement, 2. deliv-

ery flow pulsations, 3. internal pressure overshoots, 4.

localized cavitation effects and 5. volumetric efficiency.
Figure 9. Schematic of the multi-level multi-objective optimi-
zation process.

International Journal of Fluid Power 127



Maximize reduction in displacement (OF1)

The maximum reduction in displacement can be calcu-

lated at the level 1 of the optimization procedure, by

investigating the location of the points D and S (which

define the angular locations at which the fluid in the

TSV is trapped between the contact points between the

gears) in the curve that characterize the volume of each

TSV, as shown in Figure 10.

Due the asymmetric nature of the gears, the location

of the points “D” and “S” (which represents the angular

location when the TSV is trapped) are not symmetric

about the point “M” (angular location which the trapped

TSV is at a minimum) unlike gears with symmetric invo-

lute teeth (as shown in Figure 10).

It can be seen however that the angular range

remains at the same point (hD2� hS2 ¼ hD1� hS1)

though the actual position at which these points occur

differs as seen Figure 10. Since dual flank configuration

is imposed on all the gears, and in order to expand fur-

ther the angular range of the trapped volume, both the

drive TSV and driven TSV behave as two independent

displacing chambers which are not connected to each

other. Therefore, to maximize the full potential in

achieving the reduction in displacement, the switch of

the connection of the drive TSV from the delivery to

suction should occur at point S1, and at point S2 for the

TSV on gear 2 since both TSVs operate as separate dis-

placement chambers due to the introduction of dual flank

configuration.

The resultant minimum displacement achievable can

be expressed as an average of the ones provided by the

drive and the slave/driven TSVs independently. The min-

imum displacement achievable can be calculated using

Eq. (13)

b ¼
bdrive þ bdriven

2
¼

VS2 þ VS1

2 � VM

(13)

Therefore, the objective function for maximizing the

reduction in displacement can be expressed as Eq. (14).

Maximize : OF1 ¼ 1� b (14)

Minimize delivery flow ripple (OF2)

Port flow fluctuation is one of the main contributions to

the fluid borne noise (Fiebig 2007, Opperwall and Vacca

2013). An accurate estimation of the port flow ripple can

be done using the energy associated to each peak in the

frequency spectra of the signal. Therefore, an estimate of

OF2 can be expressed as the sum of squares of the

amplitude corresponding to the fundamental harmonics

obtained after a Fast Fourier Transform (FFT) of the

flow ripple. Eq. (15) (Vacca et al. 2007) represents the

expression for OF2,

Minimize : OF2 ¼
X

N

k¼1

pk ; where pk ¼
X

fkþf

fk�f

Lðf Þ2 (15)

Where, N is the total number of fundamental harmonics

of interest. pk is the total energy of kth fundamental fre-

quency about a frequency resolution, Df and L(f) is the

FFT of the flow ripple signal.

Minimize internal pressure peaks (OF3)

Pressure peaks associated with the fast reduction of the

TSV during the meshing process need to be reduced to

reduce noise and increase machine reliability. HYGESim

is capable of accurately predict local peaks (Zhou et al,

2014). OF3 is expressed as a non-dimensional value

given by, Eq. (16).

Minimize : OF3 ¼
PTSV ;max � PD;avg

PD;avg
(16)

Minimize localized cavitation (OF4)

After displacing fluid to the outlet, the TSV is filled with

fluid from the inlet during the second part of the meshing

Figure 10. (A) Drive TSV for asymmetric gears with dual
flank contact configuration. (B) Slave/driven gear TSV for
asymmetric gears with dual flank contact configuration.
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process. The rapid increase of the volume can lead the

pressure in the TSVs to fall below the saturation pressure

of the fluid. The minimum pressure level depends on the

connections of the TSV with the inlet port; therefore

localized cavitation occurring during the meshing process

can be limited by using a proper design of the inlet

grooves. OF4 is expressed (as Eq. (17)) as the area of the

TSV pressure curve which falls below the saturation pres-

sure of the fluid (Devendran and Vacca 2013a,b)

Minimize : OF4 ¼

Z

PTSVdh; 8PTSV\Psat (17)

Maximize volumetric efficiency (OF5)

The performance of the EGM in terms of volumetric

efficiency needs to be maximized. The expression for

OF5 is given by Eq. (18).

Maximize : OF5 ¼ gv ¼
Qavg

n � Vd

(18)

Where, Qavg is the mean flow provided by the machine

at its delivery while operating at a speed of n rpm and

Vd is the displacement of the machine. In this study the

conditions at maximum displacement are considered for

the evaluation of OF5.

6.2. Inputs and constraints

The design variables governing the shape of the gears

and the grooves are represented in Table 1 and Table 2

respectively. Without proper constraints, the optimization

would be capable of choosing any combination of the

different design parameters. With that, many designs

would be unfeasible considering the working of the

machine as well as its manufacturability. Therefore, sev-

eral constraints were formulated to ensure the validity of

all designs taken into consideration by the procedure.

Contact ratio: In order to ensure the smooth transmis-

sion of forces between the gears, there should be at least

one pair of teeth which is always in contact with each

other (for load sharing) during the working of the

machine (Litvin and Fuentes 2004). Therefore the

contact ratio for both the sides of the gears, (namely

the drive and the coast) should always be greater than

one (a thumb rule is to use this value as 1.1) as shown

in Eq. (19).

e ¼
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2a � r2b

q

� m � z � sin a

p � m � cos a
[ 1:1 (19)

Interference: The process when the corresponding drive

or the coast sides of both the gears intersect with each

other is known as interference. With interference, the

gear teeth are weakened due to the removal of the mate-

rial near the root of the gears (Litvin and Fuentes 2004).

Based on the limiting case of interference when the tip

circle of one gear is below the base circle of the other

gear, the generic expression for this constraint for both

the drive and coast sides of the teeth are derived, Eq.

(20)

r2a\r2b þ 4 � r20 � sin
2 a (20)

Pointed teeth: This constraint restricts the optimization

algorithm from generating gears which have very sharp

tooth tips, hence, preventing the wear and tear of the

casing due to the sharp gears. The constraint can be

expressed as (Litvin and Fuentes 2004):

2 � ra � ð
p

2 � z
þ inv a� inv aaÞ[ 0:30 (21)

Facewidth (b) of the gears is calculated based on the

displacement (Vd) of the machine which is assumed at

the beginning of the optimization process. Since the

gears considered are asymmetric, the facewidth (b) of

the gears can be expressed as Eq. (22),

b ¼ Vd= 2 � p r2a �
r2o

cos a0d þ cos a0c

��

� 2 cos a0c þ
p2 � cos a30c

6 � z2

� ��

ð22Þ

Additional constraints for the gears were enforced on

the addendum radius and the face width of the gears so

that the gears generated will fit inside a commercial

pump for experimental testing and validation (as

described in §8).

Bending stress: When the loads are too large, bending

failure may occur. Bending failure in gears is predicted

by comparing the calculated bending stress to the maxi-

mum allowable stress values (Shigley and Mischke

1996). The bending stress number for a gear can be cal-

culated as,

Table 1. Design variables for gears.

Variable Unit

Range

Stepmin max

m mm 1.0 3.6 m
z − 9.0 24 z
α0d ˚ 5.0 30.0 α0d
α0c ˚ 5.0 30.0 α0c

Table 2. Design variables for inlet and outlet grooves.

Variable Unit

Range

Stepmin max

D mm 0.0 3.6 D
S mm 0.0 3.6 S
R mm 0.5 2.0 R
αDL ˚ −45.0 12 αDL
αDR ˚ −45.0 12 αDR
αSL ˚ −45.0 12 αSL
αSR ˚ −45.0 12 αSR
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St ¼
Wt � Ka

Kv

�
1:0

b � m
�
Ks � Km

J
: (23)

This number is related to the allowable bending

stress number, Sat and therefore the constraint can be

represented as,

St �
Sat � KL

KT � KR

; (24)

Hence, ensuring the non-failure of the generated

gears due to bending.

Pitting resistance: Pitting of the gear flanks are caused

by alternating normal pressure on the contact surfaces of

the teeth due to the mechanical vibrations. It is found to

occur most frequently at the pitch circle-where relative

sliding of the teeth is zero, thereby causing high surface

failure due to the removal of the material from the tooth

surface due to the high contact stresses between the mat-

ing gears (Shigley and Mischke 1996).

The expression for evaluating pitting resistance or

surface durability of a gear tooth can be written as,

Sc ¼ Cp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Wt � Ca

Cv

�
Cs

d � b
�
CmCf

I

r

; (25)

The contact stress number, Sc is related to the allow-

able contact stress number, Ssc and therefore the con-

straint can be represented as,

Sc � Sac �
CL � CH

CT � CR

; (26)

Hence, ensuring the non-failure of the generated

gears due to pitting.

Grooves: The constraints for the grooves specifically

ensure that both the grooves do not intersect with each

other as expressed by Eq. (27) (valid for the left (L) and

the right (R) sides of the grooves), so as to prevent direct

bypass of the fluid from the high pressure region to the

inlet through the TSV.

pm

2
ðcos a0d þ cos a0cÞ �

ra � rr

2

� 	

tan aD
þ tan aS

� �

þ Sþ D

þ R[ 0:60

(27)

In order to reduce the number of design variables for

the level 2 of optimization and hence improving the

speed of the optimization, the horizontal length of the

grooves is maintained to be constant as shown by Eq.

(28)

H ¼ ra � rr (28)

7. Simulation results

In this section, the optimal design obtained at the end of

the optimization process is presented along with simula-

tion results concerning the delivery flow, tooth space

pressure, force, torque etc. Around 900 gear designs

were simulated with 60 grooves design in the automated

optimization process. The optimal design was identified

at the end of over 500 hours of computation (on a Dell®

Precision T1600 workstation, with Intel® Xeon® proces-

sor). Several design configurations of gears and grooves

were simulated in the autonomous design optimization

process. In order to ensure the possibility of testing the

optimal design, the optimization was constrained in such

a way that the gears generated will be able to fit inside

the casing of commercial gear machine. Therefore, the

facewidth, inter-axis distance (and hence the pitch diame-

ter), and outer radius of the gears were constrained to

that of the commercial gear pump with specification

mentioned in Table 3.

Optimal Design

The optimal design of the gears which provided maxi-

mum reduction in displacement, while maintaining all

the other performance parameters at an optimum is

shown in the Table 4. It is observed that the optimal

design chosen is capable of offering a remarkable range

of variation of displacement for 100% (max.) to 68%

(min.). Particularly, the design of the gears was partly

constrained (outer radius and face-width) by the require-

ment of fitting them in an existing commercial pump

body to limit the costs of the experimental activity;

hence the results were limited achieving 68% min. dis-

placement. However, it should be noted that a more

aggressive design with displacement variation up to 60%

was also obtained with teeth of low thicknesses and

unconventionally low pressure angle values, but these

designs were not considered for the first proof-of-concept

tests.

The optimal design for both the gears and the

grooves in the lateral bushing are shown in Figure 11.

The delivery flow predictions for max and min dis-

placement at two different operating conditions are

shown in Figure 12. It can be seen that the delivery flow

at min displacement is 68% of that provided at 100%

displacement, hence, proving the concept for variable

delivery EGMs. It can also be noticed that in all these

operating conditions, the flow oscillations at min.

Table 3. Specification of the reference pump.

Displacement 11.20 cc/rev
Number of teeth per gear 12
Facewidth 17 mm
Max. operating pressure 280 bar
Max. operating speed 3500 rpm

Table 4. Design parameters for the optimal design.

Displacement 11.90 cc/rev
Number of teeth per gear 16
Drive pressure angle 9.50˚
Coast pressure angle 5.00˚
Minimum Displacement 68 % (8.09 cc/rev)
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displacement, (β = 68%) is higher than that at max. dis-

placement. An explanation for this is the fact that the

optimization process took into consideration the groove

design only at max displacement, and the same groove

shape is moved with the help of the slider towards the

suction/inlet side. Therefore, the performance was not

simultaneously optimized for both max and min dis-

placement.

Tooth Space Pressures

The drive tooth space pressures (driven tooth space pres-

sures follow similar trends) for two different operating

conditions are shown in Figure 13.

It can be seen that for almost all the operating condi-

tions considered, the TSV pressure peak is very close to

being negligible which proves that the design of the

grooves is at an optimum. Also at 2000 rpm the TSV

pressure peak is about 20 bar above the delivery pres-

sure; this is an acceptable value, is similar to those pre-

dicted in commercially available pumps (Zhou et al.

2014). As evidently visible from these figures, the tooth

space pressure for min displacement (β = 68%) extends

for a larger time period as depicted by the red curves,

because the TSVs are connected to the delivery/outlet

groove for a larger time period to bring about a reduc-

tion in displacement

Forces acting on the gears

The horizontal component of the total force acting on

the drive gear (due to pressure and contact forces) is

depicted in Figure 14. It can be seen that at all the oper-

ating conditions, the horizontal component of force has a

negative value reflecting the direction of action of forces

(direction pointing from the center of the gears towards

the casing). It can also be observed that at min displace-

ment the magnitude of force is less compared to that at

max displacement, since the gears are exposed to a larger

time period (as can be seen from Figure 13) in the high

pressure zone, at min displacement. A similar trend of

reduction in horizontal forces is also observed for the

driven gear.

Total Torque required at the shaft

The input torque predictions for both max/min displace-

ment at two different operating conditions are shown in

Figure 15. It can be seen that the required torque at min

Figure 11. (A) Optimal design of the gear (B) Optimal design
of the grooves.

Figure 12. (A) Delivery flow at 100% and 68% disp. for
1000 rpm, 100 bar. (B) Delivery flow at 100% and 68% disp.
for 2000 rpm, 200 bar.

Figure 13. (A) Tooth space pressure at 100% and 68% disp.
for 1000 rpm, 100 bar. (B) Tooth space pressure at 100% and
68% disp. for 2000 rpm, 200 bar.
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displacement is about 68% of that provided at 100% dis-

placement, due to the lower total force acting on the gear

as explained previously. The lower input shaft torque

required reflects on the lower energy consumption at

min. displacement, thus supporting the viability of a VD-

EGM.

It can be seen from these figures, that the oscillations

of the shaft torque are higher at min displacement as

compared to that at max displacement. Also in this case,

a possible explanation is given to the fact that the opti-

mal design of the machine was identified considering

only on minimizing the flow/torque pulsations at max

displacement. However, the amplitudes of the oscillations

are in line and similar with that of commercial pumps,

hence these oscillations are not expected to be adversely

affecting the performance of the machine in a negative

manner.

8. Proof of Concept Tests

The encouraging performance potentials obtained in sim-

ulations for a wide range of operating conditions, pro-

vided motivation for designing a proof of concept test,

whose primary goal is to prove the principle behind the

proposed VD-EGM.

8.1. Prototype design

The optimal design of the gears with asymmetric teeth

(as previously shown in Figure 11) was manufactured

using a wire electric discharge machining process (Wire

EDM) for prototyping process. Additional finishing oper-

ations and heat treatment processes, which would guar-

antee longer live and reduced operating noise were not

performed on the gears since the sole purpose of the

tests was to prove the working concept of the proposed

VD-EGM. For this reason, the tests were carried out at a

limited pressure (pmax – 100 bar). The final prototyped

gears (drive and driven) assembled inside the casing is

depicted in Figure 16.

In order to validate the VD-EGM principle, it is not

necessary to implement a moving slider in the lateral

bushings. Instead, two different lateral bushings with dif-

ferent groove designs corresponding to max and min dis-

placement (as shown in Figure 16 (B) and (C)) can be

used to determine the performance at the two respective

desired levels of displacement. It should be noted that,

the grooves for min. displacement were designed at the

limit of achieving the min. displacement considering

only the volumetric performance of the machine.

However, these grooves were not optimized for

minimizing flow pulsations, since the purpose of the tests

was to understand the maximum potential of operation

of a VD-EGM and to validate the results in terms of dis-

placement reduction alone.

8.2. Experimental Test Setup

Experimental measurements were performed at Maha

Fluid Power Research Center of Purdue University. The

Figure 14. (A) Horizontal component of force acting on the
drive gear at 100% and 68% disp. for 1000 rpm, 100 bar. (B)
Horizontal component of force acting on the drive gear at
100% and 68% disp. for 2000 rpm, 200 bar.

Figure 15. (A) Total torque required at 100% and 68% disp.
for 1000 rpm, 100 bar. (B) Total torque required at 100% and
68% disp. for 2000 rpm, 200 bar.
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objective of the experiments was to measure the steady

state performance parameters of the units working as

pump for two different delivery flow levels. The hydrau-

lic circuit used for the test is in accordance with ISO

4409 standard for pump characterization. In particular,

an electric motor was used to drive the pump; the drive-

line was also equipped with an optical speed measure-

ment system and a torquemeter. The outlet pressure for

the EGM was set using a variable orifice at the desired

value, and the suction and the delivery lines were

equipped with thermocouples, pressure sensor and flow-

meter. A system of coolers and heaters integrated in the

test-rig permits a closed loop control of fluid temperature

at EGM inlet.

All testing conditions were performed with an inlet

temperature of 50˚C within a range of ± 1˚C using a

ISO VG46 oil (Density: 846.9 kg/m3, Bulk Modulus:

13703 bar at 50˚C and atmospheric pressure).

The pump casing used for the test was the same of a

commercial pump used as reference. It has to be noted

how this casing was previously broken-in by the pump

manufacturer (the initial wear of casing induced by this

process significantly affect the volumetric efficiency of

the unit (Vacca and Guidetti 2011)). About the test pro-

cedure, steady state measurements were first performed

on the commercial gear pump, after which the pump was

dismantled and the commercial gears and the lateral

bushings were removed and substituted with the proto-

type gears and the lateral bushings for max displacement

and measurements were conducted. Following this step,

the pump was disassembled again and only (prototype

gears remain the same) the lateral bushings for min dis-

placement were replaced with those for max displace-

ment, and measurements were performed.

8.3. Experimental Results and Validation

In this section, the results of the proof of concept tests

particularly concerning delivery flow rate, input shaft tor-

que are presented.

The results of the experiments are compared with

those of the simulations provided by HYGESim for a

wide range of operating conditions.

It can be seen from Figure 17 that the flow rate pro-

portionally (68%) reduces at min displacement as com-

pared to those at full or max. displacement. A good

agreement between simulated data and measurements

can be observed from the figure. However, at both dis-

placements there is a small offset between the two

curves which can be explained by the low tolerance of

the process used to realize the gears. Apparently, the

gears do not permit to strictly maintain the dual flank

contact conditions for all teeth into mesh (a more expen-

sive gear cutting process would be required to guarantee

this condition); as a consequence, an imperfection in

achieving zero backlash between the gears is introduced,

and a certain amount of bypass leakage is introduced

from the high pressure to the low pressure side through

the TSVs hence causing an lower volumetric perfor-

mance in the experiments.

Figure 18 represents the input shaft torque validation.

It can be seen that the input shaft reduces proportionally

at min displacement. Approximately 32% reduction in

torque is obtained at all the operating conditions tested

for min displacement. The simulations under-predict the

input shaft torque because the shear losses in the lateral

gaps as well as the effect of friction due to the sliding of

Figure 16. (A) Prototype optimal gears assembled within the
commercial casing. (B) Lateral bushings with grooves for max.
(100%) displacement. (C) Lateral bushings with grooves for
min. (68%) displacement.

Figure 17. (A) Validation for flow rate at max and min disp.
for 1000 rpm. (B) Validation for flow rate at max and min disp.
for 2000 rpm.
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the gear teeth with each other have not been considered

in the simulations.

The validations for volumetric efficiency are reported

in Figure 19. Firstly, the blue curve (diamond dots) rep-

resents the performance of the reference commercial

EGM (of the same displacement). It can be noticed that

the volumetric performance at max displacement, as

shown by the orange curve (square dots) matches very

closely to that of the reference design (shown by the

blue curve with diamond dots). The minor discrepancies

evident from the figure can be attributed to the fact that

a dedicated break-in process for the asymmetric gears

was not realized. As a consequence, bigger internal leak-

ages at the tip of each tooth were expected for the proto-

type gears.

It should also be noted that the volumetric efficiency

for all the pressures at max. and min. displacement is

higher for 2000 rpm (Figure 19(B)) as compared to 1000

rpm (Figure 19(A)), this is because the maximum speed

at which the casing was broken in was 2000 rpm and

hence the gears are capable of achieving better radial

sealing thereby leading to better volumetric performance

at 2000 rpm.

As expected, it can be seen from Figure 19that the

volumetric efficiency at min displacement is lower than

the volumetric efficiency at max. displacement. This is

due to the fact that the internal leakages (at the tip of the

teeth and in the lateral side of both gears) are most

prominently dependent on the pressure and hence have a

larger influence for the efficiency at lower displacement.

The trends of simulated volumetric efficiency at min.

displacement matches pretty closely to that of the mea-

sured values, thereby purporting the capabilities of HY-

GESim to predict the performance of the VD-EGM at

varying levels of displacement.

9. Conclusion

The current study presents an innovative approach for a

working concept for variable delivery flow external gear

machine (VD-EGM). The main idea behind the VD-

EGM is based on the realization of a variable timing for

the connections of the TSVs with the inlet and outlet,

which can be realized through the introduction of a

movable element (slider) at gears lateral side.

In order to maximize the range of variation of dis-

placed flow, a non-conventional design for the gears

based on asymmetric teeth profiles was considered.

A multi-level and multi-objective optimization work-

flow was created to determine the optimal design of the

gears and of the grooves machined on the slider simulta-

neously. This optimal design permits the maximization

of the allowable range of flow variation, but also permits

to maximize volumetric efficiency, limit the pressure pul-

sation and guarantee a smooth meshing process without

internal pressure peaks or localized cavitation.

Figure 18. (A) Validation for input torque at max and min.
disp. for 1000 rpm. (B) Validation for input torque at max and
min disp. for 2000 rpm.

Figure 19. (A) Validation for vol. efficiency at max and min
disp. for 1000 rpm. (B) Validation for vol. efficiency at max
and min disp. for 2000 rpm.
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The resulting design offered a remarkable 32%

reduction in displaced flow (from 100% flow to 68%

flow) while maintaining all the other performance fea-

tures at an optimum. It should be noted that this results

was in part limited by the requirement of fitting the

resulting gears in an existing commercial pump body to

limit the costs of the experimental activity.

Simulation results performed on a pump showed that

the delivery flow rate as well as the input shaft torque

reduced proportionally based on the reduction in dis-

placement predicted.

An experimental campaign was also performed to

prove the numerical predictions and confirm the validity

of the proposed principle for VD-EGMs. Measurements

were in line with the expectations, and confirmed the

concept of reducing flow as well as shaft torque with the

proposed concept.

Although the proposed concept cannot achieve a full

(0–100%) flow regulation as other variable displacement

units, the proposal of a cost effective solution for par-

tially variable displacement unit (such as the proposed

design) will permit to substitute current fixed displace-

ment units with significant energy advantages. As a mat-

ter of fact, in many fluid power applications the

hydrostatic units are sized for the peak demand of flow,

that have operating cycles in which the unit idles for sig-

nificant time intervals. This additional flow-on-demand

capability will permit to reduce the energy losses associ-

ated with phases of non-full utilization of the hydrostatic

unit.

The future work for the topic includes the optimiza-

tion of the groove profiles considering the performance

of the machine at both max and min displacement. Also,

a working prototype of VD-EGM inclusive of a movable

slider will be realized and tested.
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Nomenclature

Symbol Description Units
Cf Surface condition factor [-]
Cp Elastic coefficient of the material [MPa1/2]
D With respect to gears: the point at which

the trapped tooth space volume begins to
exist

[mm]

With respect to grooves: vertical distance
of the delivery groove from the line
joining the inter-axis of the two gears

H Horizontal dimension of the delivery and
suction grooves

[mm]

J,I Geometry factor for bending strength and
pitting resistance

[-]

KH,
CH

Hardness ratio for bending strength and
pitting resistance

[-]

KL, CL Life factor for bending strength and
pitting resistance

[-]

KT, CT Temperature factor [-]
KR, CR Reliability factor [-]
Ka, Ca Application factor for bending stress and

pitting resistance
[-]

Km,
Cm

Load distribution factor for bending
strength and pitting resistance

[-]

Ks, Cs Size factor for bending strength and
pitting resistance

[-]

Kv, Cv Dynamic factor for bending strength and
pitting resistance

[-]

P Pressure in the TSV [bar]
PD,avg Average pressure at the delivery [bar]
Psat Saturation pressure of the operating fluid [bar]
PTSV,

max

Pressure in the tooth space volume [bar]

Qavg Average delivery flow rate [lpm]
S With respect to gears: the point at which

the trapped tooth space volume seizes to
exist

[mm]

With respect to grooves: Vertical distance
of the suction groove from the line
joining the inter-axis of the two gears

St Bending stress number [MPa]
Wt Maximum transmitted load to the gears [N]
Z Number of teeth [-]
k Index for the fundamental frequency of

the FFT
[-]

m Normal module [mm]
_m Mass flow rate [kg/s]
ra Addendum radius [mm]
ro Pitch radius [mm]
rb Base circle radius [mm]
rr Root circle radius [mm]
rbd Drive side base circle radius [mm]
rbc Coast side base circle radius [mm]
t Tooth thickness of the gear cutter [mm]
αDL Angular position of the left wing of the

delivery groove
[°]

αDR Angular position of the right wing of the
delivery groove

[°]

αSL Angular position of the left wing of the
suction groove

[°]

αSR Angular position of the right wing of the
suction groove

[°]

α0 Pressure angle [°]
αa Pressure angle at the addendum circle [°]
α0d Drive pressure angle [°]
α0c Coast pressure angle [°]
β Percentage displacement of VD-EGM [%]
gv Volumetric efficiency [%]
ρ Density of the operating fluid [kg/m3]
ρr Root fillet radius of the rack cutter [mm]
hg;#g Involute co-ordinate parameters [°]
vg; ng Trochoid co-ordinate parameters [°]
Ω Orifice area of the connections between

the two TSVs
[mm2]

Abbreviations

EGM External Gear Machine
OF Objective function
TSV Tooth Space Volume
VD Variable delivery
Avg Average
Deliv Delivery
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Disp Displacement
Ref Reference value
Max Maximum value
Min Minimum value
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