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Abstract—There is a growing attention in the industrial and

academic sectors for the multi-phase drive for high power and

high-speed applications. The multi three-phase drive with

independent neutral points is a popular option for this

application, as it allows for the usage of standard control and

standard power electronics for the individual three-phase

systems. This work presents a novel model of multi three-phase

drive. The mathematical modelling of multi three-phase

permanent magnet synchronous machine (PMSM) andmodular

three-phase converters is presented. The electromagnetic torque

equations of multi three-phase PMSM fed by modular

converters are calculated. Finally, numerical results in a dual

three-phase drive are presented to validate the analytical

models.

Keywords— Analytical models, multi three-phase drive, torque

control

I. INTRODUCTION

Multiphase drives have attracted an increasing attention for
high speed and high power applications (e.g. aerospace
applications) [1]–[3]. Among all multiphase drives, the multi
three-phase drive (shown in Fig. 1) is one of the most popular
option with its independent control of each three-phase
subsystem [4]–[7]. In addition, commercial three-phase
voltage source converters can be directly adopted to control
the multi three-phase machines [8]–[10]. Therefore,
modelling of multi three-phase drive systems is of high
importance. Some research work has been done on the
modelling of different drive systems [11]–[13]. This work is
mainly focused on themathematical modelling ofmulti three-
phase Permanent Magnet Synchronous Machines (PMSMs)
fed by voltage source Pulse Width Modulation (PWM)
converters.
In section II, a mathematical model of multi three-phase

PMSM is presented by analyzing the relationship between
phase voltages and phase currents through the PMSM stator
winding inductance matrix. Section III illustrates the
mathematical model of the PWM converters by using double
Fourier integral analysis method. Section IV calculates the
electromagnetic torque of multi three-phase drives. The

analytical models presented in Section II, III and IV are
validated by numerical results in Section V. Finally, the
conclusion of the paper is shown in Section VI.

II. MATHEMATICALMODEL OFMULTI THREE-PHASE PMSM

The modelling of multi three-phase PMSM is based on the
analysis of the relationship between phase voltages and
currents. The inductance matrix, which establishes the
relationship between phase currents and flux, allows for the
calculation of the torque. While considering the self-
inductance and mutual inductance of the inductance matrix of
the PMSM, the effect of iron saturation is not considered,
which means that the inductance value does not vary with the
flux density. Assuming the self-inductance value on each

stator phase aଵ, bଵ, cଵ, …, aܰ, bܰ, cܰ are represented by
Lୟభୟభ , ୠభୠభܮ , ୡభୡభܮ , …, ୟಿୟಿܮ , ୠಿୠಿܮ , ୡಿୡಿܮ respectively.
Assuming the mutual-inductance value between phase aଵ ,
bଵ, cଵ, …, aே, bே, cே are represented byܯభୠభ, ,ୟభୡభܯ ୡಿಿܯ,ୡಿಿܯ,… respectively. The inductance matrix table is a
3ܰ × 3ܰ matrix table, which can be represented by:
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Fig. 1. Multi three-phase drive system
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⎣⎢⎢
⎢⎢⎢
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⎥⎥⎥
⎥⎤

Assuming ݅ and ݆ represent the ith row and the jth column of
matrix ࡸ respectively. Due to the mutual inductance theory,ܯ = ܯ , so Matrix ࡸ is a real symmetric matrix. The

Matrix ࡸ is strictly diagonally dominant matrix where ܮ >∑ หܯหଷேୀଵ,ஷ and ,>0ܮ Therefore, the inverse of matrix ࡸ

can be written as ,ଵିࡸ and the determinant of matrix ࡸ can be
represented by ,|ࡸ| and |ࡸ| > 0 [14].

The phase voltage is voltage drop between terminals aଵ,
bଵ , cଵ , …, aே , bே , cே and terminal o , which can be
represented by ,ୟభݑ ,ୠభݑ ,ୡభݑ …, ,ୟಿݑ ,ୠಿݑ ୡಿݑ respectively.
The phase current is the current flowing through phase aଵ, bଵ,
cଵ, …, aܰ, bܰ, cܰ, which can be represented by ݅ୟభ, ݅ୠభ, ݅ୡభ,
…, ݅ୟಿ, ݅ୠಿ, ݅ୡಿ respectively. The resistance of each phase is
R. The back-EMF generated on each phase is represented by݁ୟభ, ݁ୠభ, ݁ୡభ, …, ݁ୟಿ, ݁ୠಿ, ݁ୡಿ respectively. According to the
electric principle, the phase voltage equation can be
represented by (1):

⎣⎢⎢
⎢⎢⎢
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⎢⎢⎢
⎢⎡ ୟభୟభܮ ୟభୠభܯ ୠభୟభܯୟభୡభܯ ୠభୠభܮ ୡభୟభܯୠభୡభܯ ୡభୠభܯ ୡభୡభܮ ⋯ ୟభୟಿܯ ୟభୠಿܯ ୠభୟಿܯୟభୡಿܯ ୠభୠಿܯ ୡభୟಿܯୠభୡಿܯ ୡభୠಿܯ ⋮ୡభୡಿܯ ⋱ ୟಿୟభܯ⋮ ୟಿୠభܯ ୠಿୟభܯୟಿୡభܯ ୠಿୠభܯ ୡಿୟభܯୠಿୡభܯ ୡಿୠభܯ ୡಿୡభܯ ⋯ ୟಿୟಿܮ ୟಿୠಿܯ ୠಿୟಿܯୟಿୡಿܯ ୠಿୠಿܮ ୡಿୟಿܯୠಿୡಿܯ ୡಿୠಿܯ ୡಿୡಿܮ ⎦⎥⎥

⎥⎥⎥
⎥⎤ ୢୢ௧

⎣⎢⎢
⎢⎢⎢
⎢⎡ ݅ୟభ݅ୠభ݅ୡభ⋮݅ୟಿ݅ୠಿ݅ୡಿ ⎦⎥⎥

⎥⎥⎥
⎥⎤
+ ܴ
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, (1)

simplified as: ࢁ = ࡸ ୢୢ௧ +ࡵ +ࡵܴ .ࡱ (2)

with:

ࢁ =

⎣⎢⎢
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Due to the symmetrical design principle of machine winding
configurations, the inductance matrix table among multi

three-phase systems aଵ, bଵ, cଵ, …, aே, bே, cே are identical,
which means the inductance matrix ࡸ = ேேࡸ , ࡹ ାଵ,ାଵࡹ= , ே,ࡹ = ଵ,ାଵࡹ , where  ≠ ,ݍ , ݍ ∈
{1,2,… ,ܰ}, and:ࡸ = ܮୟୟ ୟୠܯ ୠୟܯୟୡܯ ୠୠܮ ୡୟܯୠୡܯ ୡୠܯ ୡୡܮ  ࡹ, = ܯୟୟ ୟୠܯ ୠୟܯୟୡܯ ୠୠܯ ୡୟܯୠୡܯ ୡୠܯ .ୡୡܯ
Additionally, there is no phase displacements among different
three-phase subsystems. Therefore, the back-EMFs generated
on each phase are identical with the same magnitudes and

phases, which means the back-EMF matrixes ࡱ = ࡱ ,
where  ∈ {1,2, … ,ܰ}, and:ࡱ = ݁ୟ݁ୠ݁ୡ, ேࡱ = ݁ୟಿ݁ୠಿ݁ୡಿ൩.
According to operational properties of matrices, (1) can be
rewritten as:

ݑୟ,ݑୠ,ݑୡ,൩ = ܮୟୟ, ୟୠ,ܯ ୠୟ,ܯୟୡ,ܯ ୠୠ,ܮ ୡୟ,ܯୠୡ,ܯ ୡୠ,ܯ ୡୡ,ܮ  ௗௗ௧ ݅ୟ,݅ୠ,݅ୡ,+ ܴ ݅ୟ,݅ୠ,݅ୡ,+ ݁ୟ,݁ୠ,݁ୡ,൩,
(3)

simplified as: ࢁ = ࡸ ௗ ௗ௧ࢀࡵ + ࡵܴ + ,ࡱ (4)

with: ࢁ = ݑୟ,ݑୠ,ݑୡ,൩ , ࡸ =  ୟୟ,ܮ ୟୠ,ܯ ୠୟ,ܯୟୡ,ܯ ୠୠ,ܮ ୡୟ,ܯୠୡ,ܯ ୡୠ,ܯ ୡୡ,ܮ ,ࡵ = ݅ୟ,݅ୠ,݅ୡ, ࡱ, = ݁ୟ,݁ୠ,݁ୡ,൩.
where ࢁ is the total equivalent voltage; ࡵ is the total
equivalent current; ࡱ is the total equivalent back-emf; ࡸ is
the total equivalent inductance.
According to (4), by using Laplace formula, neglecting the

initial conditions, ࢁ can be represented as:ࢁ = ࡸݏ) + ࡵ(ܴ + .ࡱ (5)
Neglecting the harmonics caused by cogging effect and the
shape permanent magnet, the back-EMF is considered to be

ideal sinusoidal. Therefore, for ࢁ and ࡵ , only the
fundamental component, and the harmonic components,
which are generated by PWM modulation effect, are
considered. . According to (5), the total equivalent
fundamental voltage ࢁ , the total equivalent fundamental
current ,ࡵ the total equivalent harmonic voltage ୦ࢁ and the
total equivalent harmonic current ୦ࡵ can be represented as:ࢁ = ࢁ ࡵ୦ࢁ+ = ࡵ + ࢁ୦ࡵ = ࡸݏ) + ࡵ(ܴ + ୦ࢁࡱ = ࡸݏ) + ୦ࡵ(ܴ ൢ, (6)

with: ࢁ = ݑୟ,ݑୠ,ݑୡ,൩, ࡵ = ݅ୟ,݅ୠ,݅ୡ,, ୦ࢁ = ݑୟ,୦ݑୠ,୦ݑୡ,୦൩, ࡵ = ݅ୟ,୦݅ୠ,୦݅ୡ,୦.



According to (6), by using Laplace formula, neglecting the

initial conditions, ୦ࡵ can be represented as:ࡵ୦ = ,୦ࢁ(ݏ) (7)

with: (ݏ) = ܤଵ(ݏ) (ݏ)ଶܤ (ݏ)ଶܤ(ݏ)ଷܤ (ݏ)ସܤ (ݏ)ଷܤ(ݏ)ହܤ (ݏ)ହܤ .(ݏ)ܤ
It can be seen that the all the elements in the matrix (ݏ)
including ,(ݏ)ଵܤ ,(ݏ)ଶܤ ,(ݏ)ଷܤ ,(ݏ)ସܤ ,(ݏ)ହܤ (ݏ)ܤ can be
represented by (ݏ)ܤ:(ݏ)ܤ = భ௦మାమ௦ାయర௦యାఱ௦మାల௦ାళ ,
where ݈ ∈ {1,2,3,4,5,6}; ଵܥ ଶܥ, ଷܥ, ସܥ, ହܥ, ܥ, ܥ, are

constants for any value of ݈ . Therefore, referring to the
formula of ,(ݏ)ܤ it can be seen that ,(ݏ)ଵܤ ,(ݏ)ଶܤ (ݏ)ସܤ,(ݏ)ଷܤ , (ݏ)ହܤ , (ݏ)ܤ are low-pass filters. The relationship
between the total equivalent harmonic current ݅ୟ,୦, ݅ୠ,୦, ݅ୡ,୦
and the total equivalent harmonic voltage ,ୠ,୦ݑ,ୟ,୦ݑ ୡ,୦ݑ can
be represented as:ቐ݅ୟ,୦ = ୟ,୦ݑ(ݏ)ଵܤ + ୠ,୦ݑ(ݏ)ଶܤ + ୡ,୦݅ୠ,୦ݑ(ݏ)ଷܤ = ୟ,୦ݑ(ݏ)ଶܤ + ୠ,୦ݑ(ݏ)ସܤ + ୡ,୦݅ୡ,୦ݑ(ݏ)ହܤ = ୟ,୦ݑ(ݏ)ଷܤ + ୠ,୦ݑ(ݏ)ହܤ + ୡ,୦ݑ(ݏ)ܤ . (8)

According to (8), the total equivalent harmonic currents ݅ୟ,୦,݅ୠ,୦ , ݅ୡ,୦ are considered to be generated by the total

equivalent harmonic voltages ୟ,୦ݑ , ୠ,୦ݑ , ୡ,୦ݑ through low-
pass filters (i.e. the resistance-inductance network (ݏ)ܤ ).
The cancellation of phase voltage harmonic components may
result in the cancellation of phase current harmonic
components. Section IV shows that the major torque ripple is
caused by the total equivalent harmonic currents. Thus, the
working principle of the proposed torque ripple reduction
method is based on the cancellation of total equivalent
harmonic voltage harmonic voltages. Considering the low
pass filter effect of the relationship between total equivalent
harmonic voltage and current and the undesired effect of low
order harmonics in electric machine systems, the lower order
harmonic voltage is of first importance to be eliminated.

III. MATHEMATICALMODEL OFMODULAR PWM
CONVERTERS

For double-edge naturally sampled pulse width
modulation, the complete harmonic components can be
solved by using double flourier integral analysis method [15],

and the phase leg voltage V௦ can be represented by:ݑ௦(ݐ) = ౚౙଶ ∑(ݕ)cosܯ ∑ ݔ݉)cosܣ + ୀஶୀିஶஶୀଵ(ݕ݊ , (9)

with: ܣ = ଶౚౙ ܬ ቀ݉ ଶܯቁ sin((݉ + ݊) ଶ), ݔ(10) = ୡ߱ݐ + ୡ,ߠ , ݕ(11) = ߱୭ݐ + ,୭ߠ (12)

where݉ is the carrier index variable and it is an integer; ݊ is
the baseband index variable and it is an integer; ܯ is
modulation index, 0 ≤ ܯ ≤ 1; ω୭ is the modulating signal
frequency; ωୡ is the carrier signal frequency; ߠ is the phase
angle of the modulating signal; ୡ,ߠ is the phase angle of the
carrier signal in the ௧ three-phase system. The harmonic
phase leg voltage ௦ݑ can be represented by:

(ݐ)௦,୦ݑ = ∑ ∑ ݔ݉)cosܣ + ୀஶୀିஶஶୀଵ(ݕ݊ . (13)

IV. ELECTROMAGNETIC TORQUECALCULATION

The electromagnetic torque of multi three-phase
PMSM can be represented by:ܶୣ =

1߱୫ ܂ࡵ ∙ ࡱ
=

ଵఠౣ [݅ୟభ ݅ୠభ ݅ୡభ⋯ ݅ୟಿ ݅ୠಿ ݅ୡಿ]
⎣⎢⎢
⎢⎢⎢
⎡݁ୟభ݁ୠభ݁ୡభ⋮݁ୟಿ݁ୠಿ݁ୡಿ ⎦⎥⎥

⎥⎥⎥
⎤
, (14)

where߱୫ is the mechanical speed of the machine. Sinceࡱ = ࡱ for  ∈ {1,2,… ,ܰ}, (14) can be rewritten as:ܶୣ =
ଵఠౣ [݅ୟ, ݅ୠ, ݅ୡ,] ݁ୟಿ݁ୠಿ݁ୡಿ൩. (15)

According to (15), the electromagnetic torque ripple can be
represented as:ܶୣ ,୦ = ଵఠౣ [݅ୟ,୦ ݅ୠ,୦ ݅ୡ,୦] ݁ୟಿ݁ୠಿ݁ୡಿ൩. (16)

According to (16), as only the fundamental component of the
back-EMF is considered, the torque ripple is related to the

total equivalent harmonic current ݅ୟ,୦, ݅ୠ,୦, ݅ୡ,୦. As it has been
discussed in the Section II that the cancellation of phase
voltage harmonic components may result in the cancellation
of current harmonic components. Therefore, the working
principle of the proposed torque ripple reduction method is
based on the cancellation of total equivalent harmonic
voltages.

V. ANALYTICAL AND SIMULATION RESULTS

Both analytical and the numerical results are obtained in
order to the validate the mathematical models in Section II,
III and IV. The analytical and numerical results are carried
out based on a same dual three-phase drive with its converter
and machine parameters listed in Table I. Analytical results
are calculated based on (4), (9) and (15). The numerical
results are obtained in PLECS with fixed time step of 0.01us.
Fig. 2, Fig. 3 and Fig. 4 show the phase voltage, phase current
and electromagnetic torque waveforms and their
corresponding FFT spectra of the dual three-phase machine
in both analytical and numerical results. According to Fig. 2,
Fig. 3 and Fig. 4, the analytical results match with numerical

TABLE I
CONVERTER ANDMACHINE PARAMETERS

Parameter Value

DC link voltage (Vୢୡ) 500 [V]

Switching frequency ( ୡ݂) 20 [kHz]

Modulating frequency ( ୭݂) 1 [kHz]

Rated power 160 [kw]
Rated current 280 [A]

Pole pair number 3

Phase resistance (ܴ) 11.47 [mΩ] 
mechanical speed (߱) 2000 [rpm]

stator phase inductance 25 [uH]

back-EMF coefficient ாܭ) ) 0.12 (phase peak back-EMF

is 248V at 1000Hz)



results in general. The phase voltage waveforms of Fig. 2a
and Fig.2b are slight different, as the numerical result is
obtained with infinite number of carrier signal index m and
infinite number of modulating signal index n. However, the
analytical result is obtained with limited number of carrier
signal index m (m=10) and limited number of modulating
signal index n (n=10) in MATLAB. This means that the
higher order phase voltage harmonic components are not
considered in the analytical results. The lower order phase
voltage harmonic components in the analytical result match
with the harmonic components in the numerical result, which
is shown in Fig. 2c and Fig. 2d. There is no obvious difference
between Fig. 3a (Fi. 4a) and Fig. 3b (Fig. 4b), as the phase
currents (electromagnetic torque) are generated by phase

voltages through low pass filters, mentioned in Section II and
Section IV, which indicates that the higher order phase
voltage harmonic components have less effect on the phase
currents and electromagnetic torque.

VI. CONCLUSION

This work proposes a method of modelling multi three-
phase drive. The models of multi three-phase PMSM and
voltage source PWM converter have been presented. The
electromagnetic torque equations of the multi three-phase
PMSM fed by modular voltage source PWM converters have
been calculated. Numerical results validate the analytical
models of a dual three-phase PMSM, voltage source PWM
converters and electromagnetic torque equations respectively.
It illustrates that the higher order phase voltage harmonic
components have less effect on the phase currents and
electromagnetic torque by comparing the numerical and
analytical results.
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