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Summary 

A two-dimensional numerical model has been developed to represent the 
vertical structure of current and salinity along an estuary of varying 
width and depth but with a rectangular cross-section. The governing 
equations, which express the conservation of volume, momentum and salt 
content, are solved by a finite difference initial-value method. The finite 
difference grid is arranged to cover the vertical profile of the estuary so 
that the free surface moves vertically through the grid points. Thus the 
surface elevation and the profiles of current and salinity are determined 
throughout the tidal period as the equations are integrated stepwise 
through time. 

The model has been applied to the Rotterdam Waterway and the 
resulting distributions have been compared with field data from surveys 
by the Rijkswaterstaat of the Netherlands, made available for this study by 
the late Dr J. J. Dronkers. Reasonable agreement has been obtained and 
to this extent the ability of the model to reproduce the general features of 
estuarine circulation has been established. 

1. Introduction 

The vertical circulation of a coastal plain estuary is a function of the internal 
dynamics governed by factors such as the local horizontal density gradient, geometry 
of the channel and the strength of mixing and Reynold stresses; and also of external 
time-dependent forcing; i.e. the external tide, the riverflow and meteorological 
conditions. The time-dependent response of an estuary to such forcings has only 
been partly explored. The steady state has been studied in the theoretical work of 
Hansen zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Rattray (1965) which showed the importance of the horizontal density 
gradient in producing a characteristic shear in the horizontal current which in many 
cases produces a landward flow near the bed and a seaward flow at the surface. 
The magnitude of this flow, usually called a density current, and its effect on the 
vertical distribution of salinity is strongly dependent on the values of the eddy 
diffusion and viscosity coefficients (Hansen & Rattray 1965). For many estuaries, 
the variations in current and salinity produced by the tide are not only of interest in 
themselves but are also important in determining the distribution and flushing of 
introduced pollutants. The tide in many cases is also the primary source of energy 
for turbulent mixing and stresses. 

* Received in original form 1974 May 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
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2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP. Hamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The time-dependent equations which govern the distribution of salinity and current 

have not been solved analytically, even for auniformchannel, and given the non-linearities 
of the problem it was decided to investigate the bekaviour of a partially-mixed coastal 
plain estuary by the use of a numerical model. This paper is primarily concerned with 
the principles of computation. The use of the model to determine the effect of the 
tide, the riverflow and various functional forms for the eddy coefficients will be 
discussed elsewhere, however, the application of the model to the Rotterdam 
Waterway is presented here to show that the model is capable of a reasonable repre- 
sentation of salinity and currents throughout the tidal period in a natural estuary 
(Section 7). The Rotterdam Waterway was chosen because of the availability of high 
quality data and also because it has been subject to numerical modelling and some 
comparison can be made between the various types of models (two layer, 
Vreugdenhill 1970; and vertically integrated, Stigter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Siemons 1967). 

The application of numerical models to estuaries has taken two forms: (a) in which 
main interest is the propagation of a tidal wave (Dronkers 1964; Rossiter & Lennon 
1965) or the interaction of the tide and an external surge (Rossiter 1961) in an 
estuary; and (b) in which the interest is in the mixing of salt- and freshwater within 
an estuary (Stigter & Siemons 1967; Williams & West 1973; Mollowney 1973). 

All the above models are one-dimensional in that they use depth integrated forms 
of the equations of conservation of volume, momentum (a), and salt content (b). The 
extension to two horizontal dimensions of case (a) has been carried out by Leendertse 
(1967) and Heaps (1969) among others and is used to study the dynamical response 
of coastal seas to external wind and pressure fields-storm surge phenomena. 
Leendertse (1970) has also extended case (b) to bays and coastal seas. 

All the models mentioned so far are not able to offer any elucidation of the vertical 
structure of the current or salinity distribution. Vreugdenhill (1970) has developed 
a two-layer model and applied it to the Rotterdam Waterway which calculates the 
mean velocities of the two layers, the upper being freshwater and the lower having 
the density of the seawater at the mouth. In the case where no mixing between the 
layers is allowed, the form of the velocity profile is derived separately from assump- 
tions about the turbulent stresses. In the case where mixing is allowed between the 
layers a salinity profile can also be derived. Difficulties with the tidal variation of the 
interface and a satisfactory formulation of the boundary conditions at the interface, 
particularly in the case with mixing, were found, Hobbs & Fawcett (1973) use a 
two-dimensional grid arranged in a vertical plane and solve the equations of conserva- 
tion of salt, temperature and various pollutants for the River Tees, where the velocities 
and tidal elevations are prescribed by curve fitting techniques to experimental data. 

Mention should be made of the numerical modelling of the vertical structure of 
smaller scale flows by the marker and cell technique (MAC) which have been used 
to simulate tank experiments (Daly & Pracht 1968; Chan & Street 1970; Young & 
Hirt 1972). The model described below has some similarities with these models. 
A grid arranged in the vertical plane is used, but the free surface is given directly 
by the governing equations and not defined by marker particles. The flow is turbulent 
and a rather more complex geometry is used than is usual in these type of models. 
Also special boundary conditions such as the imposed tide at the mouth and the 
frictional effect of the bed zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAon the fluid are required. The numerical method, which is 
a one time step explicit scheme, is similar to that considered by Heaps (1969). 

An important feature is the numerical approach to the basic equations, which 
considers the depth dependent variables, velocity and salinity, as zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcontinuous. This is 
in contrast with layered models which have hitherto been used for estuaries in which 
the equations of momentum and salt conservation are integrated over the separate 
layers (two or more) and exchange of momentum and salt between the layers is 
parameterized in terms of the mean velocities and salinities of the layers. A con- 
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Vertical circulation of tidal estuaries 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
tinuum approach allows better treatment of the surface and bottom boundary 
conditions, which is an important feature of the model. 

2. Mathematical description of the model 

narrow channel with a rectangular cross-section are: 
the equations of continuity: 

The governing equations of the model using the Boussinesq approximation for a 

salt conservation: 

and momentum conservation: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(4) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAau au au as ay a 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+u- + w -  = -ug(z+C)- -g - + - I?,- 
at ax aZ ax ax aZ 

where the notation is as follows: 

x ,  z co-ordinates in the plane of the undisturbed water surface (positive seawards) 
and vertically downwards, respectively, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

t time, 

[ elevation of the water surface above the undisturbed plane, 

u, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAw velocity components in the directions x and z respectively, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
s salinity, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

h, b depth and width of the channel, respectively (functions of x only), 

N ,  coefficient of vertical eddy viscosity, 

K,, K,  coefficients of vertical and horizontal eddy diffusivity, respectively, 

g acceleration due to gravity. 

Salinity is connected to density p by a linear equation of state: 

P = PO(1 +as) 

with 

and 

po = density of freshwater 

a = 7.8 x loF4 (derived from o, tables). 

This is usually regarded as a satisfactory approximation on account of the large 
horizontal changes in salinity which occur in estuaries (Bowden 1967). 
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4 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
If the estuary is considered as a channel of length zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL then the boundary conditions zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

s(x,z, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt )  = O  at x = 0 (6) 

at the head of freshwater flow are given: 

at x = 0, Vz, t .  (7) 

where q is the riverflow, usually a constant, (m3 s-'). At the mouth the elevation is 
given in the form of a tidal input and also the salinity is prescribed: 

C(x, t )  = A(t )  at x = L (8) 

s(x,z, t )  = so at x = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL. (9) 

If the tide is semi-diurnal, A(?)  = -A ,  cos ot, o = 27c/T, where A.  is the tidal 
amplitude and T the tidal period, 12-42 hr. If the channel is extended out to sea 
then zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAso may be regarded as a constant, representative of the nearby coastal sea, 
however if this is not done it may be necessary to prescribe so as a function of z and t. 

There is no salt flux through the water surface or through the bed of the estuary, 
therefore 

(10) 
as 
aZ zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK,- = 0 atz  = h and -[, Vx,  t .  

Surface wind stress is neglected; 

au 
aZ N , -  = O  at z = -c,  Vx,  r,  

and the stress of the fluid on the bed is assumed to obey the quadratic friction law, 
hence 

au 

a2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA-Nz- = kluAlu, at z = h, V X ,  t 

where k is a constant usually taken to be 0.0025 and 

u A = u ( x , z , ~ )  atz=h-A. (13) 

Thus the bottom stress is related to the velocity at a distance A above the bottom. 
A can be considered to be representative of the frictional layer just above the bottom 
and this is taken to be 1 metre (Pritchard 1956). 

Mention should be made of the approximation made in deriving the underlined 
terms in equation (4) from the hydrostatic approximation. Strictly, the derivation 
leads to 

aP a D  at. 
- = g(z+C)- +gD- ax ax ax 

where p is the pressure and p the mean density of a water column stretching from the 
surface to depth z. Thus 

z 

P(x, t )  = - p(x, z, t)dz. 
z + c  - c  
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Vertical circulation of tidal estuaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The approximation is to replace p by zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp in zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(14), apply (5 )  and set zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp/po = 1. The error 
introduced will be very small compared with the other approximations introduced 
unless the estuary is highly stratified when (14) may have to be used. The advantage 
of this formulation is that it saves a number of numerical integrations which would 
be associated with equation (15). 

3. The finite difference grid 

The finite difference grid and the method of notating the grid points are similar 
to that used by Heaps (1969). The grid is shown in Fig. 1 and the grid points are 
divided into two types, salinity points (+) and velocity points (.), both similarly 
numbered by the parameter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi .  n is the number of salinity points in a column and a 
column of salinity points is defined by two parameters, p and k = 2p,  where 

i-1 
p = int zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(y) + I .  

A column of n- 1 velocity points is defined by the parameters p and k = 2p-  1 and 
thus P is the total number of salinity or velocity columns used in the grid. The grid 
is arranged to cover the profile of the estuary with the x-axis passing through the 
salinity points given by 

i = i , (p) = ( p -  l)n+Z for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp = 1, .... P zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(17) 
where l ( >  0) is the x-axis parameter, taken as sufficiently large such that the top of 
the grid is always above the water surface ( I  = 3 in Fig. 1). 

The quantities associated with the equations (1)-(4) are defined with respect to 
the grid by 

s = s .  I ,  w =  wi,  N ,  = Nz,i ,  K ,  = at a salinity point i ,  

u = ui at a velocity point i ,  

5 = rp at a salinity column p ,  

K,  = Kx,p at a velocity column p ,  

b = bk, h = hk at all columns k( = 1, ... , 2 P )  

where s i  denotes the value of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs at salinity grid point i ,  etc. 

x =o  -+ € +  x =L 

I .  . . .  . 2 .  . . .  3 .  . . . . . . . .  . p - I .  . . .  p .  . . . . . . . . . . .  P - I .  . .  .P COLUMN 
. .  . . . . . . . . . . . . . .  . . . . . . . . . . . . . . .  1 . . .2 . .3 . .4 . .5  6 . k - I . .  k .ZP}PARAMATERS 

.I .ntl . .(p-l)ntl 

02 .n+2 . t p - l )n+2  . . 
+I +n+l + + + ( p - l ) n + l  + + ~ P - l ) n + l  

+2 +n+2 + + +(p - l )n+2  + + 
- _  + - - + -  - +  - _ - _  - - + _ - + -  - - - - - + -  - + - z = o  . . + + + + + + 

I I I I I I 

I .  I I I 
+I- n +i  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4 I I I 

I I 

I I 

I I I I I I I + + + + + + + 
+n +2" + -+ +pn + +Pn 

FIG. 1. The finite difference grid. +, salinity point; -. velocity point. 

en-l -2n-I + . pn-1 
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6 P. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAHamilton 

The zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAgrid points that define the position of the bed and the free surface with 
respect to a column of grid points, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAk, are respectively defined by 

(18) 
i zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAib(k) = i,(p)+int (hk/8) for k = 2 p  

i = i b ( k )  = i,(p)+ht (hk/d- -$)  for k = 2p- 1 

for p = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA1, .. ., P ,  where 6 is the vertical grid spacing, and 

i = is(k) = iJp) - int ( c k / 6 )  

forp = 1, ..., P ,  
where 

(20) I [ k  = &, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Ck = (Cp+Cp-1+6)/2 for k = 2p-1. 

for k = 2p and k = p = 1 

Therefore ib(k) and is@) define the grid points just above the bottom and just beneath 
the surface respectively. Equations (10) and (1 1) assume that the free surface is nearly 
horizontal, however such an assumption is not necessary for the computational 
method. An assumption is made in the logic that the free surface elevation does not 
differ by more than the vertical grid spacing 6 (say 2 m) between successive stations, 
horizontal spacing zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE (say 2 km). A condition unlikely to be violated in nature. The 
bottom and surface are defined with respect to these grid points by 

which is the distance of the bed from the bottom grid point ib(k), and 

ds(k) = c k  - ( i g @ > -  i s (k ) )6~  (22) 

where [ k  is given by (20), which is the distance of the water surface from the grid 
point is@), (Fig. 2). 

P P+ I 
k-l k 

+ + 

I I 
I I 
I I 

I I 

I I 

I I 

+ + 
FIQ. 2. A column of grid points showing the position of the free surface and 
bottom with respect to the grid points i,(k) and ib(k) by d,(k) and db(k), respectively. 
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Vertical circulation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAof tidal estuaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
Therefore zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis(k), ib(k), d,(k) and db(k) define the boundaries of the grid and as the 

free surface moves through the grid points i,(k) and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd,(k) will change with time. In 
the sections that follow the dependence of the above parameters on p and k will be 
implicit. The horizontal extent of the grid and thus the total number of grid points 
(BE') depends on the horizontal grid spacing, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE, chosen. 

4. The finite difference equations 

The basic differential equations (l), (2), ( 3 )  and (4) are now replaced by finite 
difference equivalents. The method is in essentials due to Heaps (1969) and uses 
forward and backward time differences and central differences in space except for the 
horizontal advective term in (3), which makes use of a form of upwind differencing. 
The finite difference equations relate rp, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsi, u i  at time t zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA+ z to the values at a preceding 
time, t, z being the time step. The time dependence of the variables is denoted by 
the superscripts t and t+z:  

where k = 2p  and [u'], represents the numerical integration of 

column p .  

where k = 2p, ui = (u,'+ uf i -  and 

sfifn-sti if ui+-+ui  < 0 

sti-sri-,, if u i + n + ~ i  2 0. 
A s =  { 
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8 P. Hamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAzi is the depth of velocity grid point i ,  i.e. 

The equations are rearranged to give the variables at time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt + z  in terms of the 
variables at time zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAt. The equations are evaluated in the order presented above for 
increasing values i and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAp ,  thus the scheme is explicit. For example, the term u:?; in 
the difference form of @3z(Nzdu/i?z) in (27) is known from a previous calculation. 
In evaluating equation (24) for a salinity column k = 2p,  use is made of the boundary 
condition 

w = O  at z = h .  (29) 

Therefore at i = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAib, equation (24) becomes 

At an interior grid point 

(31) 
. .  
i = z b -  1, ..., is. 

Thus using (30) and (31) with i decreasing from bottom to surface wi can be cal- 
culated for each salinity column, except for p = P. 

The combination of upwind and central differences for the horizontal advective 
term was arrived at during the initial testing of the model. Upwind differencing biases 
the advective term towards the upstream side of the point considered. The idea is 
that the change in salinity at any point due to advection is brought about only by 
salt advected from upstream. It was found that use of the conservation form of 
equation (3) when modelled by the conservative second and fourth order methods of 
Crowley (1968) led to catastrophic instabilities which were not experienced when the 
advective form (3) was used. These instabilities associated with the conservation form 
of the equation can be eliminated by an adaptation of a procedure due to Young & 
Hirt (1972) in which after one complete cycle sif" is recalculated using the updated 
values of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs[+' and uif" in the right-hand side of the equation. This of course increases 
the amount of computer time needed by approximately one-third. Returning to the 
advective form of the equation, various schemes were used to overcome physically 
unrealistic salinities which appeared during test runs with a channel of constant width 
and depth and an initial horizontal salinitygradient (t  = 0) of&/& = 1-179%, km-'. 
Salinities became negative near the head and greater than the sea mouth salinity so 
near the mouth. The second and fourth order methods of Crowley (1968), nine point 
differencing schemes due to Fromm (1968) and Arakawa (1966) were tried without 
the desired improvement in the salinity. The most successful method which produced 
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Vertical circulation of tidal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAestuaries 9 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
acceptable salinities was the simple zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA' upwind ' differencing scheme. The disadvantage 
of this method is that it introduces a large apparent horizontal diffusion coefficient 
(Roach 1972). To mitigate this effect the upwind scheme was linearly combined with 
a second-order centred scheme (Crowley 1968) to produce the final form of 
equation (25). 

Writing the diffusion and friction terms in (25) and (27) in semi-implicit form 
removes stability restriction on zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN ,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK ,  (Section 6) and test calculations showed 
that there was virtually no difference (for appropriate values of N ,  and K,) between 
using this semi-implicit method and the more usual totally explicit form for these 
terms. 

A flow diagram of the computational scheme is given in Fig. 3. A few points 
should be noted: 

(i) The initial values [i, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAuif, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsif at t = 0 have to be prescribed either from nature, 
in the case of the Rotterdam Waterway, or by an artificial set of values which 
are assumed after a number of run in tidal periods not to effect unduly the 
subsequent calculations. 

are used to define the free surface 
and a ' new ' grid, i.e. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAis and d, are recalculated using (19) and (22). 

(ii) At each time step the new values of 

c-- Input t ida l  elevation 
at the mcuth ( x  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAL) 

I i s  d,(redefines free surface wrt  grid) 

t + t + T  I 

I Ni,i K:,i K,,, (calculated 07 prescribed) 

FIG. 3. Flow diagram showing the computational method. 
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10 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP. Hamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
+ i t n - 1  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi- n 

+I + 
~ i + n  

+ i  +‘ i + n  
I- n . .  i-.l 

+ .  
I 

I - n  I + n  

+ i+  I + 
i+ I i -  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn t  I 

;+ I 

( a )  ( b )  

FIG. 4. Grid points which are needed to calculate s;+’ from equation zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(25), (a), 

and u : + ~ ,  from equation (27, (b). 

The computer program was written in FORTRAN for an English Electric KDF9 
installation of 26K storage capacity. The arrays corresponding to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAC,, ui, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs i  were 
written to magnetic tape at every time step and the tape subsequently used to produce 
graphs of the tidal variation of surface and bottom salinities and velocities at various 
depths. 

5. Modifications to the finite difference equations in the presence of a boundary 

The finite difference equations (25) and (27) for each grid point i ,  require the values 
at five salinity points and four velocity points in the case of a salinity point and five 
velocity and four salinity points in the case of a velocity point, respectively. These 
are shown in Fig. 4. 

At a grid point next to a boundary, free surface or bottom, values of s or u may 
not exist at some of these grid points. Therefore, values of s and u are extrapolated 
down below the bed and up above the surface, by the use of quadratic polynomials, 
to enable these grid points to have values assigned to them. Experience has shown 
(Chan & Street 1970; Nichols & Hirt 1971; Hamilton 1973) that accurate formulation 
of the boundary conditions is important in minimizing spurious instabilities. Hence 
the procedures for defining the position of the surface and bottom with respect to the 
grid (21, 22). 

The boundary conditions (10) and (1 1) are used and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN ,  and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAK ,  are taken to be 
finite at the surface and bottom thus 

l3U 
- = 0  at z = - 5  aZ 

Consider three points z = a, b and c with a < b < c, then iff(z) has continuous 
first derivatives in the interval [a, c] andf’(a),f(b) andf(c) are known, then 

where A = a-b and C = c-6.  If A = 0 then (33) reduces to 
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Vertical circulation of tidal zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAestuaries 11 

Thus (33) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAcan be used to extrapolate zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs and zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAu above the surface and s below the bottom. 
For example, at salinity point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi = is, si, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAsi+ and &/az = 0 at z = - are known, so 
applying (33) with A = -ds, C = 6 , f ' ( a )  = O,f(b) = s i , f (c )  = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs ~ + ~ ,  a = -ds, b = 0, 
e = 6, and z = -6, then 

h 
The numerical evaluation of the integrals udz in equation (23) is found by 

using the method of linearized splines (Birkhoff & Garabedian 1960; de Boor 1962). 
(33) and (34) are the basis and because quadratic splines are used only one boundary 
condition is needed, namely du/az = 0 at zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz = - 5, also the system of linear equations 
which connect the first derivatives can be rapidly solved as a recurrence relation. 
A system of cubic splines needs two boundary conditions and requires a tri-diagonal 
matrix equation to be solved, which would require more computer time. This method 
gives a value of the derivative d i  at i = i, thus (34) can be used to find ui+ by extra- 
polation and also U ,  = u(x, h -  A, t )  for use in the bottom friction equation (12). 
Each spline is separately integrated and the resulting integrations summed over the 
column of grid points to give the complete integral. The method is more accurate 
than a trapezium rule integration, considerably so when only 2 or 3 grid points are 
involved. 

The term LJ/LJz(K, aslaz) represents the vertical diffusion of salt due to turbulence 
and it is important that this term should be accurately expressed in a finite difference 
formulation because there is no transport of salt through the boundary. A second- 
order derivative at grid point i, requires values at grid points i, i + 1 and i - 1. At the 
surface i = is, si-l exists because of the extrapolation procedures described above 
(equation (35)), but this is not considered to be accurate enough because the use of 
quadratic polynomials does not allow the definition of a second derivative. A fourth- 
order method using Taylor series expansions about the point i = is, considering zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAs to 
be a continuous function of z(C3),  is used to approximate d2s/13z2, the diffusion term 
being approximated by Kza2s/az2 near the surface. The result taking into account 
the boundary condition (32) is: 

- r  

Similar expressions exist for the second derivatives of u and s at i = is and i = ib, 
respectively. These results are incorporated into the finite difference equations (25) 
and (27) at boundary grid points. At the velocity point i = i,, the effect of bottom 
friction is included and the finite difference representation of 8/13z(Nz duldz), taking 
into account (12), is: 

where 
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12 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP. Hamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
The term is centred about the point zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAi zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA= ib if zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd b  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA2 6/2, otherwise it is centred 

between i = i, and i,- 1. This is to ensure that the denominator of (37) does not 
become too small, for if the bed of the estuary passes through i = i, such that d, = 0, 
and as the boundary condition (12) always applies at the bottom, it becomes impossible 
to centre the frictional term about i = ib without making the denominator of (37) 
zero. Therefore when zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd b  is smaller than an arbitrary value, taken to be half the vertical 
grid spacing in (38), the frictional term is centred about a point above the bed to 
ensure that the finite difference form (37) does not become indeterminate. As an 
example, at the bottom grid point i = i,, equation (27) becomes: 

z NtZ(d')(35-2d')) , / ('+ 2d2(db+d') 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAd' and N,'(d') are given by (38) and (39) above and tiA is found from the inter- 
poIation procedures outlined above. 

6. Stability 

A stability analysis (Leendertse 1967; Morton 1971) of the linearized equations 
has been made to assess stability ' in the large ', i.e. the boundary conditions are 
disregarded. The scheme is stable by the Von Neumann criterion (Richtmyer & 
Morton 1967) if 

UZ WT 
- < I ,  - < I ,  

E 6 

where H is the maximum depth and U and W are typical horizontal and vertical 
velocities respectively. These are only approximate relationships due to the difficulty 
of the mathematical analysis. Condition (41) can be obtained from dynamical 
reasoning about the propagation of one-dimensional waves in channels (Leendertse 
1967). The interest in this scheme is the elimination of the dependence of zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz on 6, as 
if (41) is fulfilled, then for typical values of U ,  W and 6 (42) will always be satisfied. 
This seems to be the result of writing the diffusion and frictional terms in (3) and (4) 
semi-implicitly otherwise conditions similar to z < S'/N, would be expected 
(Richtmyer & Morton 1967). 

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
s
://a

c
a
d
e
m

ic
.o

u
p
.c

o
m

/g
ji/a

rtic
le

/4
0
/1

/1
/6

4
3
9
9
1
 b

y
 U

.S
. D

e
p
a
rtm

e
n
t o

f J
u
s
tic

e
 u

s
e
r o

n
 1

7
 A

u
g
u
s
t 2

0
2
2



Vertical circulation of tidal estuaries 13 

FIG. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA5.  zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAThe Rotterdam Waterway-1, Nieuwe Mass-2, Oude Maas-3. The 
km position of Sections 1,2, 3,4, 6 and 7 are shown, numbering from the mouth. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

7. The Rotterdam Waterway 

The Rotterdam Waterway is a man-made channel serving the port of Rotterdam 
and is the outlet of the River Rhine to the sea (Fig. 5). The Waterway has features 
which make it suitable for modelling. The channel is fairly regular in the region of 
the salt intrusion and is almost rectangular in cross-section, there are no tidal flats 
and the estuary can be considered as one channel. (The Rotterdam Waterway and 
Nieuwe Maas), the contribution to the flow by the Oude Maas can satisfactorily be 
neglected (Stigter zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA& Siemons 1967). However, the extensive docks and harbours 
opening onto the Waterway affect the tidal regime and thus flow in the channel. The 
high freshwater flow from the Rhine (1000-1500m3 s-') determines the regime of the 
estuary which is highly stratified (over lo%, in some places) with a strong density 
current circulation. 

The Waterway is modelled by following the procedure of Stigter & Siemons (1967) 
and Vreugdenhill (1970) in that a channel of constant width and depth is used. To 
reproduce the tide correctly a channel length of about 100 km is required even though 
the length of the salt intrusion is only about 30 km. To save computer time it might 
have been possible to combine the two-dimensional model of the salt intrusion region 
with a one-dimensional tidal model of the upper reaches of the channel. 

The model has been used to determine the tidal elevation, salinity and current 
for a tidal period corresponding to 0600-1900 hr on September 9, 1967 for the salt 
intrusion region. Duricg this period measurements were taken by the Rijkswaterstaat 
at seven sections along the waterway (referenced by km 1029, km 1015.6, etc.) of 
current and salinity at four positions at each section, every half hour for the above 
period. Tidal elevations were also measured. The seaward boundary was assumed 
to be at km 1029. (Section 1) and the values of 5 and s were taken from the measure- 
ments. The initial values of salinity were taken from the data corresponding to zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
0600 hr, however, the elevation at all positions along the channel was taken to be 
that at Section 1 at 0600 hr and the initial distribution of velocity, u(x, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAz, 0), was taken zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
as independent of the depth and of magnitude given by the riverflow, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAq assumed to 
be constant, divided by the cross-sectional area (7). It was necessary to have a run-in 
period during which the salinity was unchanged from its initial distribution at 0600 hr 
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14 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP. Hamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SECTION I SECTION 3 - 

100 - 

NAP 

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
5 
--loo- -100- 

FIG. 6. Computed (- - - -) and measured ( ) tidal elevations for 
Sections 1 (km 1029), 3 (km 1020.4), 4 (km 1015.6) and 7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(km 1002.1). The 
alteration to the tide at Section 1 for the run zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAin tidal cycle is shown by (- - - - - -). zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

(z = 0 is taken to be the NAP datum for Rotterdam.) 

so as to allow the velocity field and elevations to adjust to the pressure field. This 
adjustment in quite rapid (2-3 hr of real time), however, a run-in period of 12.5 hr 
was used, corresponding to one tidal period during which the estuary was driven by 
the tidal elevation at the mouth. This was taken to be the same as the period 
0600-1830 hr with the curve slightly altered so that it returned to its starting value at 
the end of the period (Fig. 6). This procedure allows direct comparison of the data 
with the results from the period when the salinity is allowed to advect and diffuse. 
These results are less likely to be affected by artificial initial values used for the velocity 
field than if the model had only been run for one period. 

The quantities used in the computations are: zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
L = 99 km, 

b = 400m, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
h = 13m, 

S = 2m, I 

I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAE = 2 km, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
7 = 1 min, 

= 1000m3s-1 

K, = 5cm2 s-', 

K ,  = Ocm's-', 

(43) 
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Vertical circulation of tidal estuaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA15 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
I?, = 5+0.5x zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10-3Hliil(l t7Ri)- fcm2s-1 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(44) 

where zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAH is the total depth of water, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAti is the depth mean velocity at any instant and 
Ri is the depth mean Richardson number, given by 

cI,As/H 
(O*7U/H)z 

Ri = 

(45) 

with As being the top to bottom salinity difference. 
The functional form of N ,  was chosen as a result of experiments performed with 

a hypothetical channel of simple geometry, representative of a coastal plain estuary 
such as the Mersey, to investigate the effects on the circulation of different functional 
forms for the eddy coefficients. These experiments will be described in a further paper. 
It was found that if zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN ,  is a function of the tidal current, the qualitative behaviour of 
current and salinity distribution had a better correspondence with measurements 
particularly at high and low water where an increase in the stratification and shear is 
apparent in the measurements. The dependence of N ,  on Ri, and hence the overall 
stratification, also gives a better representation of the differences found between 
ebb and flood tides. On the flood the stratification (i.e. As in (45)) tends to be smaller 
than on the ebb. This is found in the model results even if a constant value of N ,  is 
used, so the dependence of N ,  on Ri in (44) reduces the values of N ,  on the ebb, 
producing greater shear in the current which is more in accordance with the observa- 
tions. The maximum value of N ,  on the ebb is approximately half that on the flood 
tide. This difference between ebb and flood values of N ,  is also shown in the measure- 
ments of Bowden, Fairbairn & Hughes (1959). The coefficients used for the depen- 
dence of N ,  on Ri were derived from Bowden & Gilligan's (1971) results for the 
Mersey. The coefficient 0.5 x in (44) gives a reasonable representation of the 
data and is the same order as in Pritchard's formula for K,, deduced from tidal mean 
data for the James River (Pritchard 1960). 

Initially a similar formulation for K, was used 

K ,  = 5+0-5 x lov3 Hliil(1 +Ri)-7/4~m2 s-'. (46) 

However, the values of K ,  given by the model did not produce the right degree of 
stratification and it appears that turbulent diffusion is suppressed by the vertical 
salinity gradient to a greater extent than allowed by (46). The best results were found 
by holding K ,  constant. A major problem in estuaries is the interdependence of 
K ,  and N ,  and their dependence on local variables such as current and stratification. 
Further work, using a hypothetical channel, has been carried out using formulations 
similar to (44) and (46) which give some insight into the tidal behaviour of estuarine 
circulations and will be the subject of a further paper. 

The horizontal diffusion coefficient K,  has been neglected in this study, mainly 
because little information is available about its magnitude and behaviour and also 
because only one or two tidal periods are considered here. If the model is used to 
represent a large number of periods (say 20) then a horizontal diffusion coefficient 
is necessary because the salt balance in most coastal plane estuaries is not entirely 
due to advection, and there is a significant fraction due to upstream diffusion of salt 
(Hansen & Rattray 1965). The difficulty of choosing a value of K, which will maintain 
an approximate longitudinal salt balance is compounded by the fact that an apparent 
K, already exists due to the finite difference form of the advective terms in (3) 
(Section zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA4). The loss of salt through the seaward boundary due to the riverflow is 
small enough to be neglected for the time considered here. 

The most important terms in the dynamical equations are the pressure term involv- 
ing the horizontal density gradient and the vertical friction term. The inertial terms 
are relatively unimportant. In the salt balance equation, the terms in order of 
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16 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

u zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
200 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA- 200 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

P. Hamilton 

- 

SECTION I SECTION 2 SECTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

FIG. 7. Width mean measured velocities at depths zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(n-3)6’ below the water surface, 
where 6’ = (ff+ f;)/ff.2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAm, H = depth below NAP and 5 = elevation, for 
Sections 1 (km 1029, H = 15m, n = 1, 4, 6, 8), 2 (km 1024.6, H = 13m, 
n = 1,3,5,7),3(km1020.4,H= 13m,n = 1,3,5,7),4(km1015.6,H= 14.6m, 
n = 1,  4, 6, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA8), 6 (km 1008.2, H = 1 1 . 1  m, n = 1, 3, 5, 6) and 7(km 1002.1, 
H = 11.7 m, n = 1,3,5,6). n = 1 (surface); - - - - n = 3 or 4; 

_ - _ - _ -  n = 5 o r 6 ; .  . . . . . n = 6, 7 or 8 (bottom). 

importance are the horizontal advection term, the vertical diffusion term and almost 
equally with this, the vertical advection term. 

Fig. 6 shows the computed and measured tidal elevations at Sections 3, 4 and 7. 
It can be seen that the measured tidal wave is rather more damped than the computed 
wave and this is probably due to the dissipative effect of the extensive docks and 
harbours on the Waterway. Vreugdenhill (1970) uses a ‘storage width’ of 600m 
to overcome this, however, this has not been done for this model. Apart from this, 
agreement, particularly in the lower reaches, is quite good. 

The velocity-time graphs for Sections 1,2, 3,4, 6 and 7 derived from the measure- 
ments, by averaging across the width of the channel, are shown in Fig. 7. The 
computed values, taken from the nearest columns of grid points to the sections, are 
given in Fig. 8. It can be seen that the features of the data are qualitatively reproduced 
and for Sections 1-3, the magnitudes and phases correspond quite well. For Sections 
4, 6 and 7 the computed velocities have higher peak values on the ebb tide than the 
measurements, though the flood velocities are about right, which can be attributed 
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Vertical circulation of tidal estuaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA17 

SECTION I SECTION 2 SECTION 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

- zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
‘v) 

E SECTION 4 SECTION 6 SECTION 7 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAV zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
200 

100 

0 

-100 

-200 

FIG. 8. Computed velocities at depths zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA(n-+-)S’ below the water surface where 
6’ = (H+{) /H.2m,  H = 13 m, 5 = elevation, for the velocity columns 
p = zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA50, 48, 46, 44, 40 and 37 which correspohd to Sections 1 ,  2, 3, 4, 6 and 7 
respectively. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAn =  1 (surface);-----n=3; - - - - - - n = 5 ;  

. n = 7 (bottom). . . . . .  

to the range of the computed tide at these sections as noted above. The effect of the 
large horizontal density gradient is apparent in the strong shear of the ebb velocities 
particularly after 1100 hr and the reduced shear of the flood velocities. The com- 
puted velocities have smaller vertical gradients near the surface than the measured 
velocities, which is probably due to using a depth independent form for zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAN,. It is 
probable that N ,  reduces in value towards the surface which would increase the 
amount of shear there (Bowden, Fairbarn & Hughes 1959). Velocity profiles obtained 
from Vreugdenhill’s (1970) two-layer model also tend to have smaller gradients than 
the measured ones. 

Fig. 9 shows surface, depth mean and bottom salinities derived from the measure- 
ments. The features are the degree of stratification at all times, but particularly on 
the ebb tide (1100-1700) and the large differences between maximum and minimum 
salinities over the period. The computed salinities from the columns of grid points 
corresponding to Sections 2, 3,4, 6 and 7 are given in Fig. 10. Again there is qualita- 
tive agreement with the measured salinities. Particularly noteworthy is the reduction 
in the salinity ranges between Sections 4 and 6, however, in all the sections the surface 

B 
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18 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAP. Hamilton zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SECTION I SECTION 2 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBASECTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA3 

FIG. 9. Width mean measured surface (S), bottom (B) and depth mean (M) 
salinities at Sections I ,  2, 3,4, zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 and 7. 

salinity falls too low on the ebb tide. Vreugdenhill observed the same effect in the 
version of his model which allows mixing between the two layers. An explanation of 
this may lie in the neglect of the horizontal salt diffusion term in equation (3). Increas- 
ing the vertical diffusion coefficient zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBAKZ reduces the degree of stratification and still 
produces salinities which are too low. 

However, given that calculations have been carried out for an idealized channel 
and that the Rotterdam Waterway is a severe test of any mathematical model, it is 
felt that a reasonable representation of the tide, currents and salinities has been 
obtained, even though the lack of knowledge on the behaviour of the eddy coefficients 
is a limiting factor. 

8. Conclusions 

A numerical model has been constructed to calculate the vertical distribution of 
current and salinity along with the tidal elevation throughout a tidal period. The 
equations are solved by a finite difference scheme, using forward and backward 
differences in time arranged so that the scheme is essentially explicit. The grid on 
which the finite difference equations are solved is arranged in the vertical plane and is 
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Vertical circulation of tidal estuaries zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
SECTiON 2 SECTION 3 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA

r SECTION 4 
SECTION zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA6 

f 

'6 zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA9 12 15 18 '6 9 12 15 18h 

FIG. zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA10. Computed surface (S) and bottom (B) salinities for salinity columns zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA
p = 48,46, 43, 40 and 37 corresponding to Sections 2, 3,4,  6 and 7, respectively. 

similar to that employed by Heaps (1969). Several features are noteworthy, among 
them the movement of the free surface through the grid points and the methods of 
including the boundary conditions in the finite difference equations. The model was 
designed as a research tool and the results of experiments with a hypothetical channel 
will be the subject of a further paper. The model has been used to reproduce the 
situation in the Rotterdam Waterway and the results compared with field data. The 
agreement is satisfactory considering the nature of the Waterway and the use of an 
idealized channel to model it. To this extent, therefore, the ability of the model to 
reproduce the features of estuarine circulation in a tidal estuary has been established. 
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