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A NUMERICAL SCHEME FOR BSDEs

BY JIANFENG ZHANG
University of Southern California, Los Angeles

In this paper we propose a numerical scheme for a class of backward
stochastic differential equations (BSDEs) with possible path-dependent
terminal values. We prove that our scheme converges in the strong L? sense
and derive its rate of convergence. As an intermediate step we prove an
Lz—type regularity of the solution to such BSDEs. Such a notion of regularity,
which can be thought of as the modulus of continuity of the paths in an
L? sense, is new. Some other features of our scheme include the following:
(i) both components of the solution are approximated by step processes
(i.e., piecewise constant processes); (ii) the regularity requirements on the
coefficients are practically “minimum”; (iii) the dimension of the integrals
involved in the approximation is independent of the partition size.

1. Introduction. In this paper we are interested in the following backward
stochastic differential equation (BSDE, for short):

T T
(1.1) Y,:$+/ 1, Y,,z,)dr—/ Z, dW,,
! !

where W is a Brownian motion defined on some complete, filtered probability
space (2, F, P; {Fi}o<i<r) and & € F7. The BSDEs of this kind, initiated
by Bismut [3] and later developed by Pardoux—Peng [20], have been studied
extensively in the past decade. We refer the readers to the books of El Karoui—
Mazliak [9], Ma—Yong [16] and the survey paper of El Karoui—-Peng—Quenez [10]
for more information on both theory and application, especially in mathematical
finance and stochastic control, for such equations.

A long-standing problem in the theory of BSDE:s is to find an implementable
numerical method. Many efforts have been made in this direction as well.
For example, in the Markovian case, Douglas, Ma and Protter [8] established
a numerical method for a class of forward—backward SDEs, a more general version
of the BSDEs (1.1), based on a four step scheme developed by Ma—Protter—
Yong [15]. In his Ph.D. thesis, Chevance [6] proposed a numerical method for
BSDEs by using binomial approach to approximate the process Y. We should point
out that, besides the Markovian requirement [i.e., the terminal value £ has to be of
the form g(Xr), where X is some forward diffusion], both methods require rather
high regularity of the coefficients.
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In the non-Markovian case where the terminal value £ is allowed to depend
on the history of a forward diffusion X, Bally [2] presented a discretization
scheme and obtained its rate of convergence. The main idea therein was to
use a random time partition to overcome some difficulty in approximating the
martingale integrand—the process Z in (1.1). However, his scheme requires
some extra approximations in order to give an actual implementation, and it
involves computing multiple integrals whose dimension is proportional to the
partition size, which is quite undesirable in implementation. Recently, Briand—
Delyon—-Mémin [5] and Ma—Protter—San Martin—Torres [14] proposed some
numerical methods for BSDEs with path-dependent terminal values. In these
works only weak convergence results are obtained. Finally, in [23] Zhang and
Zheng suggested another method via PDE approach, which also requires high
regularity of coefficients.

We note that the main difficulty in a numerical scheme for BSDEs usually lies in
the approximation of the “martingale integrand” Z. In fact, in a sense the problem
often comes down to the path regularity of Z. To our best knowledge, most existing
methods either require high regularity conditions (e.g., [6, 15]) so as to guarantee
the path regularity of the process Z or otherwise lack a good rate of convergence
(e.g., [2, 14]).

In this paper we try to find some middle ground among the existing methods.
We shall consider a class of BSDEs whose terminal value & takes the form & (X),
where X is a diffusion process and ®(-) is a so-called L°-Lipschitz functional
(see Section 2 for precise definition). With the help of some results in our previous
work [18], we first prove that the martingale integrand Z satisfies a new type
of path regularity, called the “L2-regularity” in this paper, which in essence
characterizes the modulus of continuity in a mean-square sense. With such a
regularity result, and in light of an underlying discretization scheme, we then
design a numerical scheme and study its rate of convergence. Our main results
are the following: if ® is an L°°-Lipschitz functional, then the asymptotic rate of
convergence is /(logn)/n; if ® is a so-called L!-Lipschitz functional, or is of the
form g(X7), then the rate of convergence will be 1/./n. We should note that, while
the latter rate is more or less standard (cf. [8]), the former rate of convergence, to
our best knowledge, is new. In fact, it can be shown that such rate is indeed sharp
(see Remark 4.3).

There are several other features of our numerical scheme. First, our approxi-
mating solutions are all step processes (i.e., piecewise constant processes), which
is rather convenient in implementations for obvious reasons. Second, besides the
L Lipschitz property of &, our method virtually requires only Lipschitz con-
ditions, which is needed for the well posedness of the problem. Third, the high
dimensionality caused by the non-Markovian nature of the BSDE is overcome sig-
nificantly. We note that to implement a scheme which involves calculating a certain
number of integrals, one needs to deal with two types of high dimensionality: One
is the dimension of each integral and the other is the number of integrals involved.
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In our scheme, the former dimension is equal to that of W and the latter number,
which is exponential to the partition size in general, is linear to that size if the non-
Markovian problem can be converted to a Markovian one by adding one (or some)
state variable. We should note that this type of non-Markovian problem has lots of
applications in finance theory (e.g., lookback options and Asian options) and the
idea of converting it to a Markovian one has been exploited by many authors (see,
e.g., [4, 7).

The rest of the paper is organized as follows. In Section 2 we present some
preliminaries. In Section 3 we establish the L2-type regularity for the process Z, as
well as that for X and Y. In Section 4 we review the Euler scheme used to discretize
the forward diffusion X; then in Section 5 we discretize the BSDE and prove the
rate of convergence. In Section 6 the numerical scheme is presented explicitly, with
special attention to the BSDEs which can be converted to Markovian ones.

2. Preliminaries. Throughout this paper we let 7 > 0 be a fixed terminal time
and (2, £, F, P) be a complete, filtered probability space on which is defined a
standard Brownian motion W, such that F = {#;}o<;<7 is the natural filtration
of W, augmented by all the P-null sets.

The following spaces will be frequently used in the sequel: Let E denote a
generic Euclidean space with inner product (-, -) and norm | - |.

e D is the space of all cadlag functions defined on [0, T'].

e Cp'([0, T] x [E) is the space of all continuous functions ¢ : [0, T] x E — R, such
that ¢ has uniformly bounded derivatives with respect to the spatial variables up
to order m. We often denote Cp' = C{'([0, T'] x E) for simplicity, when the
context is clear.

° Cl/z’l([O, T] x E) is the space of all continuous functions ¢:[0,T] x
E — R, such that ¢ is uniformly %—Hélder continuous in ¢ and uniformly
Lipschitz continuous in the spatial variables. Again, we often denote C'/%! =
cl/ 2’1([0, T] x E) for simplicity, when the context is clear.

e For 1 < p < oo, LP(¥7) is the space of all F7r-measurable and L”-integrable
random variables; L?(F) is the space of all F-adapted processes & satisfying

117 7 = EJJ 1617 d1} < 0.

We consider the following (decoupled) forward—backward SDE:

t t
Xt=x+/ b(s,XS)ds+/ o(s, X;)dWs,
Q2.1 o . 0 T
Y,=<1><X)+f f(s,Xs,Ys,Zads—f Zs dW,.
t t

where b, o and f are deterministic functions and & is a deterministic functional.
To simplify presentations, in what follows we assume that X; € R, and W;,
Y; and Z; are all one-dimensional (noting that X and W may have different
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dimensions). But the results can be extended to cases with higher-dimensional W,
Y and Z without significant difficulties. For simplicity we also denote the solution

to (2.1)by ©® 2 (X, Y, Z).

DEFINITION 2.1. A functional ®:D¢ i R is called L>°-Lipschitz, if there
exists a constant K such that

22)  |@(x)—Ddx)| <K sup [xi(t) —x2(t)]  Vxi,x% €D

0<t<T

and ® is called L'-Lipschitz, if it satisfies the following estimate:

T
(2.3) |<I><xl>—<b<xZ>|sK/0 X1 () —xa(D)df Vxi,x0 €D

Two typical examples of L>°-Lipschitz and L !-Lipschitz continuous functionals
are ®(X) = maxo</<7 [X(#)| and P (x) = fOT x(#)dt, motivated by lookback
options and Asian options, respectively. The following approximation result, due
to Ma—Zhang [18], for L*°-Lipschitz functional will be useful in the sequel.

LEMMA 2.2. Suppose that ® is an L°°-Lipschitz functional satisfying the
condition (2.2). Let T1 = {r} be a family of partitions of [0, T]. Then there exists a
Sfamily of discrete functionals {g : m € I1} such that

(1) for each w € I, assuming w:0 =1ty < --- <t, =T, we have that g, €
Cye (RAC+D)Y " and satisfies

n
(24) Z|8x,-gn(x)| <K Vx:(x07..-,xn)€Rd(”+1),
i=0

where K is the same constant as that in (2.2).
(i) for any x € D4, it holds that

(2.5) i (g (x(0), ... x(t) = @ ()| =0.

We shall make use of the following Standing assumptions:

ASSUMPTION 2.3. The functions b, o, f € Cl/21: and ® is an L -Lipschitz
functional. We use a common constant K > 0 to denote all the Lipschitz constants
and assume that

sup {|b(#,0)| + o (z,0)[ +1f(z,0,0,0)|} +[®(0)] < K,

0<t<T

where 0 is the constant function taking value O on [0, T'].
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The following lemma collects some standard results in SDE and BSDE
literature. We list them for ready references.

LEMMA 2.4. Supposethatb,5: 2 x [0, T] x R? > R? and f:Q x [0, T] x
R x R+ R are F-adapted random fields, such that:

(a) they are uniformly Lipschitz continuous with respect to x € R?, y € R and
z€R, vl/ith the common_ Lipschitz constant K > 0;
(b) b(1,0),5(t,0), f(t,0,0) € L*(F).

Forany & € L2(Fr), denote ® = (X, Y, Z) be the solution to following FBSDE:

t t
2.6) X, =x + / B(s, Xs)ds + / 5 (s, X;) dW,,
0 0

T _ T
2.7) =g+ [ Fov.zods— [ zeaw,.
t t
Then, we have the following estimates:

(i) for any p > 2, there exists a constant C, > 0, depending only on T,
K and p, such that

E{ sup |X,|”}
0<t<T
(2.8) .
5C,,E{|x|f’+/ [|B<z,0)|f’+|&<z,0)|1’]dz},
0
T 5 p/2
E{ sup |Yt|f’+(/ 12| dz) }
0<t<T 0
(2.9) ,
fc,,E{|€|”+/ If(t,0,0)lpdt},
0
E{1X; — X,|”}
(2.10)
<C,E{|x|P + sup |b(t,0)|” + sup |6(t,0)|”}|t—s|”/2,
0<t<T 0<t<T
E{|Yl_Ys|p}
@11)  <C,E [|£|P+ sup |f<r,o,0)|P]|r—s|P—1
0<t<T

el ")

(i) (Stability) Let ©° = (X*,Y*®, Z®) be the solution to the perturbed FBSDE
(2.6) and (2.7) in which the coefficients are replaced by b®,°¢, ¢, with initial
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state x¢ and terminal value £ . Assume that the assumptions (a) and (b) hold for all
coefficients b®, 0® and f¢ and assume that lim._, o x® = x, and for fixed (x, y, z),

lin%)E{IES(t, x) —b(t, x)|* + 5% (t, x) — 5(t,x)|*} =0,
e—

T _ -
hmEh?—sF+/ v%u»@—fmnyd4=o
e—0 0
Then, we have

T
limE{ sup |X¢ — X;|* 4 sup |Yf—Y,|2+/ |Zf—Z,|2dt}:0.
e— 0

0<t<T 0<t<T

The next lemma contains some deeper results on the structure of the solu-
tion (Y, Z) to the BSDE (2.7). The proof of these results can be found in [17, 18].

LEMMA 2.5. Assume that Assumption 2.3 holds.

(1) Suppose that dim(X) = dim(W), ool >8I, for some constant § > 0 and
that ® satisfies the L°°-Lipschitz condition (2.2), then the process Z admits a
cadlag version.

(i1) Suppose that ® takes the special form: ®(X) = g(Xy,, ..., X;,) and that
b,o, f, g€ Ctl). Denote Vi® L (VX,ViY,ViZ),i =0,...,n, to be the solution
to the following “variational equations”:

t t
VX, =Id+/ 0xb(r) Verr—l-/ 0,0 (NVX,dW,,
0 0

@12 ' | r
V'Y, = ZangX,j +/ f (r)V'®, dr —/ V'Z.dW,,

— t t

Jj=i
where 1; is the d x d identity matrix, 0,b(r) is a d x d matrix whose jth column
is djb(r, X,), do and Of are defined in a similar manner, and 9f (r) Vo, 2
W f(r)VX, +0,f(r) V'Y, +0,f(r) V' Z,. Then, for Vt € [0, T], it holds that

(2.13) Z, =VY, [VX, 1o (t, X)),
where

n .
(2.14) VY, =Y VYA 0@ + VY- Ly (@)

i=1

REMARK 2.6. (i) Parts (i) and (i1) in Lemma 2.4 are standard for SDEs and
BSDEs (see, e.g., [10, 11]). The part (ii) can be found in [16].

(i) Lemma 2.5 gives sufficient conditions for the path regularity of Z. By
Remark 3.2.3 of [22], Z is also cadlag if, in addition to Assumption 2.3, o is
uniformly Lipschitz with respect to 7.
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To end this section, we give a useful representation formula for the martingale
integrand Z in the simplest BSDE case.

LEMMA 2.7. Assume that g is a Lipschitz continuous function and that
g(Wr) = E{g(Wr)} + fOT n; dW; for some predictable process n. Then n; is a
martingale and ny = %E {g(Wr)Wr}.

PROOF. Since g is Lipschitz, by [19] we know that there exists ¢ € L*(¥7)
such that n;, = E{¢|#;}, thus n; is a martingale. The formula for ng is a result
of [17]. O

3. L2-regularity. In this section we establish the first main result of this
paper, which we shall call the L?-regularity of the martingale integrand Z. Such a
regularity, combined with the estimate for X and Y (3.2) below, plays a key role
for deriving the rate of convergence of our numerical scheme in Section 5.

To begin with, let 7:0 =19 < --- <t, =T be a partition of [0, T]. We would
like to estimate ||Z; — Z;_,|l> in terms of the partition size || 2 max; At;,

A . .
where At; = ; — t;—1. We note that in general one cannot expect an estimate of
E{|Z, — Z,|*} as strong as that for X (2.10) or that for Y (2.11). In light of the
norm for the process Z in (2.9), we will try to derive an estimate in the space of

" LA([tior, 1] % Q).

Our main result is the following theorem.

THEOREM 3.1. Assume that Assumption 2.3 holds true and that Z is cadlag.
Let i be any partition of [0, T], then the following estimate holds:

ZE{/ (12 = 2y, + |2 = 2,P)de | <€+ el
fi—1

where C > 0 is a constant depending only on T and K, but independent of the
partition 1.

We note again that Lemma 2.5 and Remark 2.6 give some sufficient conditions
for the path regularity of Z. The proof of Theorem 3.1 is quite lengthy, we split it
into several lemmas. The first result is interesting in its own right.

LEMMA 3.2. Assume Assumption 2.3 holds true. Then for ¥ p > 2, there
exists a constant C, > 0, depending only on T, K and p, such that,
(3.1) 1Zellp < Cp(1+|x]) ae.tel0,T].

Moreover, for any partition 1, we have the following estimate:

(32) max sup E{X,—X, [+|Y,—Y,_ [P} <cU+xP)xl,

1=i=nie 4]
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where C > 0 is a constant depending only on T and K, but independent of the
partition 1.

PROOF. First we assume that all the conditions in Lemma 2.5(ii) hold true
(recalling that a function in C'/%! is only Lipschitz continuous, but not necessarily
differentiable on x, y, z!), and that g satisfies (2.4). For V p > 2, by (2.8) we have
E{SUPOEth IVX;|P} < Cp and by (2.9) we get, fori =0, ..., n,

E{ sup |V’Y,|”}

0<t<T

> 0;8VX,,

j=i

n P
scpE{[<Z|a,-g|) HLE?E’T'VX”I’}
Jj=0 ==

<C,.

Since VX is the solution to the linear SDE (2.12), one can easily check that
[VX]~! also satisfies a linear SDE and it holds that

P T
§CPE{ —I—/(; Iaxf(r)VXrlpdr}

E{ sup y[vx,]—ly”}gcp.

O<t<T
Now recalling (2.13) and (2.14) and applying Holder’s inequality, we have
1Z:llp < IVYllsp [IVX 5, llo @ X0 I3,
=Cp(I + 11 X:ll3p) = Cp(1 + |x]).

For the general case, let {wr} be a sequence of partitions of [0, T], such
that || — 0. By Lemma 2.2, we may choose smooth functions {g.} satisfying
(2.4) and (2.5). Now let b",07, f™ be smooth molifiers of b, o, f, respectively.
For each 7, by the above arguments we know || Z7 ||, < Cp,(1+|x[), where C,, > 0
is independent of 7. Moreover, applying Lemma 2.4(ii) we get that

T
(3.3) lim E{/ V44 —Z,|2dt} =0.
|7 |—0 0

Therefore, for a.e. t € [0, T], there exists a subsequence of {m} such that
limz |0 Z = Z;, in probability. Applying Fatou’s lemma, we then obtain that
1Zellp < Cp(1 + |x]).

To finish the proof we note that in (3.2) the estimate for X is a direct
consequence of (2.10), while by applying (3.1) and (2.11) we can easily get
E{Y: =Y , 12} < C(1 + |x|?) At;. The proof is now complete. [

The following technical lemma is the building block of the proof of Theo-
rem 3.1.
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LEMMA 3.3. Assume A € L*(F) and nj e L%(F), j =1,...,n. Denote

“;‘tj 2 o+ fé UZ dW,, where aj are some constants. Then
n lit1 . 2
E Z/ Zn{ drA; { <CE sup Z |“§t ,
=1 Yti-1 0<z<T

j=i
A A
where t, 11 =t, and A} =supyg—,, |As].

PROOF. By It6’s formula we have

lit1
E{/z. nlln”dr’f‘zl 1} {sfz+1$fz+l _sfz 15t 1"7511 1}
i1

Note that since AZ_I € ¥;,_,, it holds obviously that
lit1 %
E{[ n]ln]2 drA } {(El‘,_H%-lH_] Et, léll 1) ti— l}
i—1

A A . o . .
Denote A¥ = A% and AF = 0. Since A} is increasing, by some simple
In+1 T [ t

calculation and applying the Abel transformation one can show that

2
{Z/ an drAfi—l}
ti— j>i
2
fit1 .
<[> [T arai |
f j=i
ey x [aaparn; |
i=1 ji, jpzi li=
=L Z Z S[Hrl fz+1 _Slz 156 1)A }
i=1j1,j2=i
(3.4) "
= E Z |: Z SZI‘FIS[I‘FI ( A;ki+1)
Jup=1L1<i<jiAp

+ Szjwz %‘;“ ni

l][ 5

%-ljl/\Jz-HétJMJzH Tjinjp+1

Eto Et{)ZAZ) é '?’:JZA*:”‘
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Note that

Ji,j2=1

<2E

=2F

=2F

=2F

<2E

J. ZHANG

Z S’11/\12 fJMJz ’11/\12}

Z Z S’11 tJl 01}
J1=1ja=j
> 3 dhein |
J1=1ja=ji
> Y B[ VAT F, VAT }
=1 jp=j
S E|ied VAT|R, | 3 16 wA—*}
=1 2=t
ZE[@%'NA_’;%,I]Z@%WA_’;}
=1 j=1
5 |s;wA—*E{ S VAT, ”
J1=1
Z @wm—* sup E{ZETWA_* ?”
J1=1

2
(0 E{Dsﬂmz}) |
0<t<T

sCE{(é@%NA_?) }

ol ()]

where the last inequality is thanks to Doob’s inequality. Analogously we have

A*
{ Z élj]AJ2+l€tlejz+1 tj]Aszrl

Ji,j2=1

}SCE{C;E#)ZA?}-
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Then (3.4) leads to that

n lit1
2/
: ; i1

{Z(leﬁﬂ) ho — AL

i=1

+CA;(Z|5%|) —(er/o\) Aé—(Z!sm) A:z}
= =1 =1

ol () T o]

0<t<T i=0

< CE{OS:ET (Z &/ ) }

This proves the lemma. [J

.2
> n)

jzi

dr Ali—]}

Leté"=£and&/ =0for j =1,...,n— 1. Then the following result is a direct
consequence of Lemma 3.3.

COROLLARY 3.4. Ifé =a + [{n,dW, and n, A € L*(F), then

Lit1
{Z[ nearag | <cef s Pag)

0<t<T

We now turn to the proof of Theorem 3.1. We would like to use (3.3) and take
advantage of the representation formula (2.13) of Z”. But one should be careful
that (3.3) does not imply limy;| 0 E{|Z] | — Z,,_, 21=0

PROOF OF THEOREM 3.1. We fix a partition mp:0 =1 < --- <t, =T and
will prove the theorem for .

Let 1:0 =59 <--- < sy, =T be any partition of [0, T] finer than my and
without loss of generality, we assume t; = s;, fori =1,...,n. Foro =b,o0, f,
let " € Cé be smooth molifiers of ¢ such that the derivatives of ¢ are bounded
by K and limj;-o¢™ = ¢. Moreover, since ® satisfies the L°°-Lipschitz
condition (2.2), by virtue of Lemma 2.2 one can find g" € C L(RA(m+1)y satisfying

(2.4) and (2.5). Let ©OF 2 (X, Y™, Z") denote the adapted solution to the
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following FBSDE:

t t
Xf:x+/0 b”(r,Xf)dr—i—/O o (r, X])dW,,
(3.5) ; )
YT = o7 (X7 ...,X”)—i—/ f”(r,@f)dr—/ 77 dW,.
t t

50’ Sm

Now by (2.5), applying Lemma 2.4(ii) we know that

T
(3.6) lim E{ sup [|XT — X, 1> + Y — ¥, %] +/ |ZT — Z,|2dt} =0.
l|=0 Lo<s<T 0

By (3.6) there exists a subsequence of {m} such that lim ;o E{|Z} —
Z:|*} =0, for dt-a.s. t. From now on we always assume 7 is in that subsequence.
Obviously we may find a sequence ry | 0 such that
3.7) lim E{|Z7,, — Zysn |} =0 Vi, Vk.

|7 |—0 !

Without loss of generality, we assume ¢; +r € (¢, t;+1), for all i and k. Note that,
fort e [ti—1,t),

E{‘Zf — 2y, ‘2 + ‘Zf - Zfi‘z}

<CEliz -2+ |27 - 2 P12, - 2]

2
li71+rk‘

(3.8)
+ ’Z;zzl-&-rk - Zfifl‘H‘k ’2 + ‘Ztifl"!‘rk - Zfifl ’2

125 = 27l 1201 = Ziin* + | Ziin — 2 |2}
By (3.6), (3.7) and the right continuity of Z, to prove the theorem it suffices to
estimate E{|Z] — Z] | 12} for t € (ti—1, tix1).
To this end we recall Lemma 2.5 with the coefficients ¢ replaced by ¢” and
denote VX™, VY™ as the terms corresponding to VX and VY, respectively. For
the convenience of application, we shall rewrite VY7 in some other form. Note

that for each i (2.12) is linear. Let (yo, {0) and (yj, ;‘j), j=1,...,m, be the
adapted solutions to the BSDEs

T T

v = / [fT ) VXT + Ty + f7 ()¢ dr — / & AWy,
(3.9) ' . .

W =08 VX5 + [ UTow + s7 05l ar = [ gl aw,
respectively, then we have the following decomposition:

m .
(3.10) VY =92+ v telsions).
J=i
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We may simplify (3.10) further. Let us define

t
A, éexp{—/ fy”(r)dr},
(.11) 0

M Eexp| [ prwaw, -4 [ 17 orar).

Since f is uniformly bounded, by Girsanov’s theorem (see, e.g., [12]) we know
that M is a P-martingale on [0, T'], and W, 2 W, — fé fF@r)dr,t€[0,T],is an
F—Brgwnian motion on the new probability space (€2, ¥, ﬁ), where P is defined

by Z—IIJ’ = Mr. Moreover, noting that f" and f* are uniformly bounded, one can
deduce easily from (3.11) that, for V p > 1, there exists a constant C,, depending
only on 7, K and p, such that

sup [|AN” +1A711P] < C)p,

0<t<T

—1
(3.12) E{ supg<, <7 [IM:|P +|M; |P]} <C,,

|Ar = AP + A7 = AT < Cplt — 517,
E{IM; — My|P + M ' — M7 P} < Cplt —s|P/2.
Now we define
~ o (T _ ~0 A _
0=-/(; f;[(r)vxf Arldr’ é-l‘o: ZOA[ 1’
~0 A _ ! _
(3.13) Vto = VtOAz ! +'/0 ) VXT AL 1d”,
FlogvxTAr. TEGATL By
Then by (3.9) we have, fori =0, ..., m,
L~ T ..
yi—F _/ ZaW,,  1el0.T).
t
Therefore, by the Bayes rule (see, e.g., [12], Lemma 3.5.3) we have, for ¢ € [0, T']
andi=1,...,m,
v =9/ A =E{E|F)A,
= E{M7E'|F )M A =& M A,
(3.14) N t B
yd=90A,; — /0 fF(r)VXT A dr A,

t
=eOM A, —/0 fEr)VXT A dr A,
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where, fori =0, 1, ..., m,
A - - r
(3.15) g;=E{MTgl|3~‘,}=E{MTsl}+/O n,. dW,.

Note that f7 is bounded, thus M7 € L?(¥7) and VX™ € LP(F) for all p > 2.
Therefore for each p > 1, (2.4) leads to

n p
(3.16) EiZ]MTEf\} §CPE{|MT|1’ sup |VX7|P}5C,,.
j=1

0<t<T

In particular, for each j, Mng € L2(F7), thus (3.15) makes sense.
Now we fix ig. For ¢ € [s;_1, s;), by applying Lemma 2.5, (3.10) and (3.14)
imply that

. !

Z7 = [(s,o + ZSZ)M;I —/0 fe(r) VX Ar_ldr}A,[VXf]_la”(t, X7).
j=i

Therefore,

(3.17) zr-zp =1t

where (recalling that #;,_1 =s;, | !)

ip—1°

14
I'=

[sf + Zs/} - [st?o_l + s”

Jj=i J=lig—1+1

-1
—1 T T T
x ‘M,WA%_1 [VXE(H] o™ (tig—1, XT._)

)
S e+ Y8 | My AV X o (XD
j=i
=M A [VXT L] 0T - X)),
2 /Ol FEr)VXT AT dr AVXT] o7 (1, XT)

ZiO,] -1
-1
_ /0 FEOVXT A dr A [VXT | 0™ (-1 X))

We assume ¢ € (,—1, tij,+1). Recalling (3.12) and applying Lemma 2.4 one can
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easily show that
(3.18) E{I71} < C( + |x*)|mol.
Recalling (3.15), (3.13) and (3.12) we have

€1 < 3 E{|MrE||F,)
=0 j=0

J

]MT / FRVXT A dr

(3.19) i
-1
+IMrAT Y g7 vx;fj”st,}

ose)

where the last inequality is due to (2.4) and the fact that A~! and f7 are uniformly
bounded. Then by applying (3.16), (3.12) and Lemma 2.4, one can show that

(3.20) E{I121?) < C(1 4 |x|?)|7ol.

< CE{
0<s<T

It remains to estimate I!. To this end we denote

A _ _
T, = sup {1+ |VXT|+[[VXTT + M),

0<s<t

- A
52 sup (1+1X71).

0<s<t

Noting that A is bounded and that I';,

B lrod
ig—1° Flio—l € Fy

i0-1° and recalling that 7;,_| =

slio_l,by (3.15) we have
1
E{|1} }<CE{F2'0 Lo [S, +Z&}
jzi
2
0 J
- [éti()l + Z sl‘i()l} }
jzli()7]+1
_ 2
4 2 0 0
= CE{Fti()l F’io*l |:’$’ N Etio*l‘
. 2 2
(3.21) + Y g > & —& ) “
Jj>l;

li()—l<j <i in—1
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of, 5. ol

ig—1<J<i

_CE{F4 2

Tig—1" Tip—1

4 _2
+Fz,0 17 tig—1 {‘st Sllo 1’

2
+ Z (St éll() 1) ‘ ll() 1}}
j>li()—l
2 0,2
= CE{ tig— 1Ffio1|: Z é:T /z . |=dr
lig—1<j<i io—1
2
+ > dr“
tig=1 | j>1,

in—1

B li0+l . 2 ti0+l
= CE{FZ‘O IFfzio—l |:< Z |€%|> +/l |779|2d’”
ip—1

j=l
l10+l
+[ dr |}
t

an

in—1
o=t 1>l

Applying Lemma 3.3 and Corollary 3.4, (3.21) leads to that

ti
ZE{/ |I | dt+Atl[| 1+rk| +| t,+rk| ]}

n 2
SZCAQE{F‘}I_‘%< > |g%|)
i=1

Li1+H1<j<lip

4 =2 R
+T} T2 IU %12 dr
i—1
2
iyl .
AP (U ST) 3
it T k=i \j_g+1<j<l

< cmw{ﬁﬁ[f (l 3> |€%|)2

i=1 \;_1+1<j<liy

Yoo

lk—1+1=<j=<l

)]

(3.22) + sup Ié,olz-l—( sup Z

0<t<T 0<t<T k=1
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sC|no|E{r4Tf%< sup Z|sf ) }

<l<Tj —0
m . 2
< ClmolITZ 13T 113 ( sup ZISﬂ)
0<t<T j_o 3
<CU+[xP)Imol|| sup Y I&]
OSZSTJ':O 6

Now by (3.19) and applying Doob’s inequality one has

6
E sup Zlét SCE{ sup E{ fF,} }
0<t<T 0<t<T 0<s<T
SCE{M:? sup |VX7|6}
0<t<T

=C,

which, together with (3.22), implies that

623) Y E{ | !
i=1

i1

1P+ 8L P 41 1) = 0O+ ol

Combining (3.23), (3.20) and (3.18), we deduce from (3.17) that
n li
SE| [ lzr -z Paresnl|Z] -2 [+ 120 - 2 P
i=1 i1
< C(+ [xP)mol,

which, combined with (3.8), leads to

ZE{/Z [12: - Ztil|2+|Zt_Zti|2]dt}
i—1

T
2
§CE{/0 \Z7 — Z,| dt+ZAtl\z, vt = Zii_y 4| }
i=1

(3.24)

+C Z At E ‘Ztl 1+re — Zt,-,l ’2 + ’Z[H‘rk - Z ‘2}
i=1

+ C(1 + |x]?)|mo].
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Recalling (3.6) and (3.7) and letting || — 0, (3.24) implies that
2 2
S| [ 172 P2 2 Plar)
ti—1

(3.25) =C Z AL E ’Zt 1+re = Zfifl ‘2 + ‘Zfi‘H‘k —Zy ’2}

+C(1+ |x| )|7ol.

Finally, since Z is cadlag, applying Lemma 3.2 and Fatou’s lemma we get
that E{|Z;|P} < C,(1 + |x|) for all ¢ € [0, T], which implies that {Z;}o<;<7 is
uniformly integrable. Now let ry — 0, again by the assumption that Z is cadlag,
we have

lim E{’Z[i71+rk - Ztifl ‘2 + ‘Zl‘[‘H‘k - Zti ’2} = O’

k—o00

which, combined with (3.25), proves the theorem. [

4. Discretization of the FSDE. In this section, we briefly review the Euler
scheme for the forward diffusion X. Let 7:0=1 <t <---<t, =T be a

partition of [0, T']. Define 7 (¢) £ ti_q, for t € [t;_1,1;). Let X™ be the solution
of the following SDE:

t
4.1) X7 —x+/ (T (), X3 dr+/0 o(m(r), X3, dW,,

and we define a “step process” X7 as follows.

(4.2) XrEXZ,,  t€l0,Tl.

The following estimates are well known (see, e.g., [13]).

LEMMA 4.1. Assume that b and o satisfy the conditions in Assumption 2.3.
Then for X and X" defined as in (1.1) and (4.1), respectively, there exists a
constant C, depending only on T and K, such that

E{ sup |Xf|4}sc<1+|x|4>,
0<t<T

E{ sup |X,—X7|2} <+ Pl
0<t<T

We now turn our attention to the estimates involving X7 . The following theorem
is more or less standard. For completeness we shall sketch a proof.
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THEOREM 4.2. Assume that b and o satisfy the conditions in Assumption 2.3.
Then there exists a constant C > 0, depending only on T and K, such that the
following estimates hold:

sup E{|X, — X71*} <C( +|x]P)|n|;

0<t<T

o2 2 1
Ey sup | X, —X/|"t <C+ |x]|7)|m|log —.
0<t<T |7 |

PRrROOF. First, for ¢t € [t;_1, t;), applying Lemmas 3.2 and 4.1 we have

E{|X, — XTI’} = E{|X, — X B
<2E{|X; — X;_ |} + X, — X7 1’}
<C+ x|

Next, recalling (4.1) one can easily get

sup IX,—)A(flf sup |X; — X7|+ max sup |X] —X]

ll'_1|

0<t<T 0<t<T I<isny_j<t<t
4.3) < sup X, — XJ|+ max [|b(ti_1, Xf,l)‘ Aty ]
0=i=T 1<i<n l

+ max [|a(t,~_1,XZ_l)| sup |W; — W,l.lq.

I<i<n L1 <t<tj

Now using Lemmas 2.8 and 4.1, we infer from (4.3) that

E{ sup |X; — Xf|2}

0<t<T

SCE{ sup |X; —XZ’|2+|n|21@g§n|b(fi—1’xﬁ_l)|2

0<t<T
T2 2
(4.4) 4+ max \a(ti_l,Xt. )’ max  sup ’Wt - Wti—l’ }
I<i<n U d<izng_ <i<y

<C(l+ |x|2>{|n| +\/E{ max sup |W, — Wzi_ll“”

I<i<niy_j<t<t;

=CU+ |x|2>[|n| + \/E{ imax <Ari>2N,-“”,
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where N;, i = 1,2,...,n, are i.i.d. random variables with standard Normal
distribution. Denote C, 2 2¢elog(1/e), then we have C||/At; > 2log(1/|m|) and

E{ max (Ati)zN;‘}

1<i<n

2 \/4
= E{ max (Af) "Ny L. AtiNizscn}}

1<i<n

(45) + E{ max (Ati)zNi‘t]l{maxi At,'NiZZCﬂ}}

1<i<n

n
2 2 4
< Cla + 2 (AD’E{N/Linooc any)
i=1

2 4
< Ci + TITE{NTL 322 g 1001y -

Moreover, by direct calculation we have, for Va > 1,
a
(4.6) E{Nfll{le>a}} §C\/a_3ezxp(—5>.

Setting a = 2log(1/|m|) and assuming that the partition 7 is fine enough so that
a > 1, we obtain from (4.6) and (4.5) that

1\%? 1
E{ max (Ati)sz} < Cﬁ,‘ + C|7r|<log —) exp(—log —)
O<i<n—1 B4 |7 |

1 2
< C|7r|2<10g —) .
||
This, together with (4.4), proves the theorem. [

REMARK 4.3. We note that |7|log(1/|m|) is indeed sharp. In fact, let
X;=W; and 7 be a partition with equal size, one can show that [|7]| x

log(1/|7'r|)]_1 supg<,<7 |Xr — )A(f|2 — /2 in distribution (see, e.g., [1], Propo-
sition 1).

The following result is a direct consequence of Theorem 4.2.

COROLLARY 4.4. Assume all the conditions in Theorem 4.2 hold. If ®:
D? - R satisfies the L™-Lipschitz condition (2.2), then

E{|®(X) — ®(X™) >} <C(1 + |x[})|7|log %

Moreover, if ® satisfies the L'-Lipschitz condition (2.3) or it takes the form
D(X) =g(X7), then

E{|®(X) — ®(X™)’} <CU + [x)|x].
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5. Discretization of the BSDE. In this section, we construct an approximat-
ing solution (Y, Z) by using the “step processes.” Let m:0 =1y < --- <t, =T be
any partition on [0, 7] and define the approximating pairs (Y”, Z7) recursively
(in a backward manner), such that

yr=§,  Zn'=0,
L
5.1) YT =Y+ f (1, 07") A —/ Z7 aw,,
t
telti_1,4),i=nn—1,...,1,

where £ € L2(F7), @7 £ (x7, v7, ZI") and

1 tit1

(5.2) zr 2 E{/+ Z;’dr]ﬂ,.}, i=0,....n—1
l Aty 15

We should point out here that the family {(Y”, Z7)} is different from that in (3.5).

Also, we note that in (5.1) the terminal value of the BSDE is Yt? + f(, ®Z’ 1) At;.

REMARK 5.1. As we shall see in (6.4) below, if one chooses £” appropriately,
then ZZ 4 7 - Therefore the computation of the integral and the conditional
expectation in (5.2) becomes redundant and can be omitted. This will be significant
in implementation.

To prove the convergence of (5.1), let us introduce a new notion regarding the
partition 7.

DEFINITION 5.2. Let K > 0 be a constant. A partition 7 is called K -uniform
if At; > |7|/K fori=1,...,n.

THEOREM 5.3. Assume that all the conditions in Theorem 3.1 hold true and
suppose that the partition 7 is K -uniform. Then the following estimate holds:

T
max E{|Yzi—Y,i.’|2}+E{/0 |z,—z;f|2dr} < C[A+IxP)Im|+E{IE—£T )],

0<i<n

where £ = ®(X) and C depends only on T and K .

Before we prove the theorem, let us first give a “discrete version” of the
Gronwall inequality for convenience.

LEMMA 5.4. Assume n:0=ty<---<t, =T. If a;,b;,i =0,1,...,n,
satisfy that a, > 0, b; > 0 and that a;—1 < (1 + C Atj)a; + b; fori =1,...,n.
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Then we have maxo<j<p a; < e“Tla, + i bil.
PROOF. Note that 1 + C At; < ¢€ 2% By induction one can easily show that

n
a; ieC(T—li)|:aT+ > bj},

j=i+1

which clearly proves the lemma. [J
PROOF OF THEOREM 5.3. We first denote, fori =1, ..., n,
L2 E{]Yt,.1 —vr P+ /t_lil 12, — z;’|2dr}.
By (2.1) and (5.1) we have

ti
Yoo, =Y 4+ | (Z,—Z[)dw,

L
1
—Y, YT +/ Fr. @) dr — £, 07" Ar;.
ti—1

Squaring both sides and then taking expectations, also noting that ¥;, | — Y7 is
uncorrelated with flll (Z, —ZF)dW,, we get
i—1

1

I = E”(Y,i YO+ | (fr8,) - f(u, @Z’l))drr}

i1
<e{jy, - ¥y

1
vo " a4 X = XT |+ |Y - Y|+ |2, - z;}ly]%zr}.

Li—1

Note that for any € > 0, one has

AL
(a+b)*=a’+b*+2ab < (1 + —‘>a2+ (1 + - )bZ.
& At;
Thus we have

CAY
L1 <E{|l1+

)y, v

&
+C<1+ )
At;

t; 2
(53) x (/ [,/_|n|+|X,—XZ|+|Y,—Y,l.|+|Z,—Z§i”1|]dr) }
ti—1
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CAr
< E{(l + ’)yy,l. —yrP
8 1

1
L Ce+ Az,->/ [l + X, — X, > + | X, — XT
i1

’ 2

S I A A 23’1‘2]‘1”}

CA; b
SE{(H— t’)yy,l.—ygy%c Z, — Z, [ dr
&

Li—1
+ C(e + AL) AL | Zy, — Z;”l\z + C|n|2},

thanks to Lemmas 3.2 and 4.1.
Since 7 is K-uniform, we have At; < K At;4 1. Therefore,

E{aq|z, -z}

< CE{Ati1|Z, — 27}

=eellol 7 e - zaal ]

lit1 2
§CE{/ Z7 — 7, dr}
t

lit1 . 2 2
§C{/ UZ] = Z, 1"+ |Z, — Z;;| ]dr}.
i

Thus (5.3) leads to

CAL lit1
i1 5E{<1+ ; ’>|Yt,. — Y7 P+ Cie + A) \ZF — Z,\*dr
I

lit1 2 2
+C |Z, — Z,|"dr + C|x| }

ti—1

Now choosing ¢ = 1/(4C1), then for || < 1/(4Cy), we have

lit1
Ii_lfE{(1+CAti)‘Yt7—Yzi’2+%/ |Z;T—Zr|2dr

lit1 2 5
v [z, =z, Par+Clan) }
L

Therefore,

1 lit+1 . )
I,~_1+§E{/ \Z% — Z,*dr
4
5.4 a1
f(l-i—CAl,‘)Ii-i-CE{/ |Zr—Z;i|2dr+|7T|2}.
I

-1
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Applying Lemma 5.4 and recalling Theorem 3.1, we have

n ti
max [; < CE{IS —£7|? +2/t (12, - Z,_ " + 2, — 2, "] dr
i=1"1li-1

0<i<n
(5.5) +(1+|x|2)|n|}

<[+ xP)n| + E{1E — &7 *}].

Moreover, summing both sides of (5.4) over i from O to n — 1, we have

n—2 T
Zli—i—%E{/ |Zf—Zr|2dr}
i=0 0

n—1
<Y A+ C AL+ C[(+|xD)|m| + E{|E — £7}].
i=0
Therefore,
T
E{/ | ZT —Z,|2dr}
0
(5.6) <2(14C Aty_) Iy

n—1
+C[Zm,- Ii+ (1 + x| + Efjé —S”IZ}]

i=0

Plugging (5.5) into (5.6), one can easily prove that
T
E{fo 1Z, - 27|2dr} <CEfle ="+ C(1 + [xP)Irl},
which, combined with (5.5), proves the theorem. [J

REMARK 5.5. If f is independent of z, then the “K -uniform” assumption
of 7 is not necessary. In fact, in such a case (5.3) does not involve the process Z.
Thus, one may apply Lemma 5.4 directly on (5.3) and obtain a simplified proof.

Now let us define the following two step processes:

-~ A -~ A 7'[,1
Y = Y;lil, =7, forre[ti_1,t).

Then we have the following theorem.

THEOREM 5.6. Assume that all the conditions in Theorem 3.1 hold true and
let K > 0 be given. Then for any K -uniform partition 1, the following estimate
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holds:

-~ T -~
sup E{|Y,—Y,”|2}—|—E{/ |Zr—Zf|2dr}
0<t<T 0

<C[A 4+ xP)|w| + E{|g — ™))

PROOF. First, combining Lemma 3.2, Theorem 5.3 and Lemma 2.4 we have,
forVeel[t;_1,t),

E{|Yz - 271|2} = ZE{‘YI - le;l’z + ’Ytifl - Y;i-[fl 2}
(5.7) <C[A+|xP*+ ElgP)|n| + E{IE — 7 *}]
<C[A+ x|z + E{|E — 7 *}].

To estimate Z — Z7, we recall that a conditional expectation minimizes the
conditional mean square error. By (5.2) one can easily show that

E ti T 7'[,1 2 ti T 2
|Z] —le,_1| dri <E |zl — 7, |"dr.
t; i—1

—1 —

Therefore, by Theorems 3.1 and 5.3, we have

T . T n t
E{/ |Z,—Z;’|2dt}52E{/ |Zt—Zf|2dt+§/ \Z;’—Z;i’;ﬂzdz
0 0 .1 Jti
i=1

T m ooy
ng{/ |Z,—Z;T|2dr+§/ z7 -z, 't
0 1Y
i=1

T n t;
§CE{/ 2, — Z7|Fdt +) jf 1z, — 7, [ dt
0 . 1Yl
i=1

<C[A + x|+ Eflg — €7 *}].
This, combined with (5.7), proves the theorem. [J

6. Numerical schemes. In this section we propose a numerical scheme based
on the results of previous sections. To present our scheme explicitly, we first recall

the process X7 defined by (4.2) and define the “discrete” functional &7 2 CID(X ™)
in (5.1). Next, note that we can rewrite (4.1) as

(6.1) XZ :Xfi(ti—l’XZ,l)’
where, for0 <s <t <T and x € R,
(6.2) X,(5.%) 2 x 4+ b(s. x)(t — )+ 0 (5. x)(W, — W,).

Further, for each 0 <i < n, we denote x¥) = (xo, ..., x;). Our scheme is as
follows.
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THEOREM 6.1. Let £ = ®(X) and §* = CD()A(”), Y, Z) and (Y™ ,Z™) are
solutions to BSDEs (2.1) and (5.1), respec;ively. Assume that all the conditions in
Theorem 3.1 hold true. Define u? , v’ ‘RAGHD S R i =0,...,n,as follows:

) A
uy (x) 2 (sz 1Lg5 () + X1 T}('>>, vy (x™) =0,

i=1
UF (x=D, w) 207 (<Y, X, (o1, xim)

+ f(fi, X (ti—1,xi—1), uF (x5, X, (621, xi21)),

(6.3) |
vl?T (X(l_l)’ Xl‘,‘ (ti—lv xi—l))) Ati,

W7 (x0D) 2 E{U7 xD, w)),

A 1

v l(x(l 1)) {Un( - 1)’w)[Wfi_Wli—1]}‘

fz
Then we have

64) Y7 =YF =uf(X]

fo?

X7), ZT=z]'=Z7 =v7(X]

1 o>

If f is independent of z, or if w is K -uniform, then it holds that

~ T ~ 1
(6.5) sup E{|Y,—Y"?} +E{/ 1Z, — Z,”|2dt} <C+ |x/})|m|log —.
0<t<T 0 |77
Moreover, if ® satisfies the L'-Lipschitz condition (2.3) or it takes the form
O (X) = g(X71), then we have

T —~
(6.6) sup E{|Y; — | }+E{./0 IZt—Zflzdt} <Cc+ x|l
0<t<T

PROOF. By Theorem 5.3 and Corollary 4.4, it suffices to prove (6.4). We
would also show simultaneously that, for each i, u7 and v} are Lipschitz. (In
fact it can be shown that u7 is uniformly Lipschitz, uniformly in 7 and i.) We
proceed both by induction. For i = n obviously (6.4) holds true and « and v are
Lipschitz.

Assume that for i both (6.4) and the Lipschitz continuity hold true. First,
by (5.1) obviously we have

Y, t?_l =E { (X o

for

+ f (e, X3 uf (X5, X5), o] (X7

for

X7)
XZ)) At |?;i—1 }’

which, combined with (6.1), implies that Yz],»T =ul_ 1(Xto, e XZ_I
Next, by the Lipschitz continuity assumption, one may apply Lemma 2.7. So
ZT is a martingale on [t;_1, ;), therefore Z” 1 = Z” . Moreover, following the
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formula of ng in Lemma 2.7, we get Z{l,’_l =v" (X;(’), e XZ_I ). This proves (6.4)
fori — 1.

Finally, by (6.2) and (6.3) one can easily check that u7” | and v ; are also
Lipschitz. This finishes the induction and thus proves the theorem. [J

REMARK 6.2. By (6.2) and (6.3), to calculate (u ;,v" ;) from (u],v])
one needs only approximate an expectation involving W;, — W;._, that is, a one-
dimensional integral. We note that in Bally’s method [2] one has to approximate
integrals whose dimension is proportional to the partition size n.

There still remains, however, another type of high dimensionality: in (6.1)
one has to compute the values of @ (X™) for all possible choices of the high-
dimensional vector (X7, ..., X7’ ). That is, if we discretize the real line R into M
parts, then the number of values involved in the scheme is of the order M?®*+1),
which would cause significant technical difficulties in implementation. We
therefore impose the following restriction on ®, motivated by applications in

finance theory, so as to make our scheme implementable.

DEFINITION 6.3. Let E; and E, be two generic Euclidean spaces. A func-
tional ®:IDg, [0, T] +— Ko, is called “constructible with construction ¢ if for
each 0 <s <t < T there exists a function ®;:IDg, [0, 7] — E; and ¢, ,:Er x
Dg, [s, ]+ Ep, suchthatforO <s <t <T:

(i) &7 =® and O,(x) = O,(x1Lo,1));
(i) D;(x) = @y, (Ps(x), X]l[s,t));
(iii) all ¢, ; satisfy the L°°-Lipschitz condition (2.2) with a uniformly Lipschitz
constant.

We should point out here that since X is Markovian, by (ii) one can easily see
that {(®.(X), X.)} is Markovian. Thus this definition essentially amounts to saying
that we may add a state variable {®.(X)} such that {(D,(X), X;, Ys, Z;)}o<t<T 18
Markovian. Moreover, it is fairly easy to see that ® also satisfies the L°°-Lipschitz
condition (2.2). [In fact, under assumptions (i) and (ii), ® satisfies (2.2) if and only
if (iii) holds true.]

The following are some easy examples of constructible functionals.

EXAMPLE 6.4. (i) The functional ®:x > fJ x(r)dt, x € D?[0,T], is
constructible. Indeed, if we define

t t
o, (x) 2 fo x(rdr, @y i(ax) Zat f x(r)dr.

then @ is constructible with construction ¢.
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(i) The functional @ :X > supy_, .7 X(?), X € D'[0, 1], is also constructible,
with

D, (x) = sup x(r), ¢s.¢(a, x) 2 aVv sup x(r).

O<r<t s<r<t
In the sequel, by a slight abuse of notations we denote

A
Os.i(a,x) = gs (a, x1ep) Y, x) eRE xR
Now we can simplify the numerical scheme (6.1) as follows.
THEOREM 6‘5; Assume that in BSDEs (2.1) and (5.1) § = g(®(X), X7) and
E7 = g(®(XT), XT), respectively, and denote (Y,Z) and (Y™,Z™) to be the
corresponding solutions. Assume also that all the conditions in Theorem 3.1 hold

true and assume further that g is Lipschitz continuous, and ® :D?[0, T+ R¥ is
constructible with construction ¢. Define, for ¥ (a, x) € R4+K,

uj (a,x) ég(a,x), vy (a, x) éO,
U (a, x,w) = ul (@i (a, x), Xy, (ti—1, X))
o £ (5 X o, ), 07 (@11 @, ), Xy (11, ),
07 (11 (@, ), Xy, (121, %)) ) Aty
ul (a,x) = E{U[ (a,x,w)},
v (a,x) 2 ALQE{U;’(a,x, o)[Wy, — Wy, ]}
Then all the results in Theorem 6.1 hold true.

We note that if we discretize the real line R into M parts, then for each i, the
number of grid points for ¢ is M* and that for x is M?. Therefore, the total number
of values involved in scheme (6.7) is of the order M % (n+ 1), rather than M4 +D
as in scheme (6.4).

REMARK 6.6. In Theorem 6.5, if we assume that & = g(X7), then we may
consider @ as a constant functional. In this case, ¢, ; are also constant functionals,
thus (6.7) becomes

uy (x) ég(X), vy (%) 20,

UT (x, w) £ ul (X, (ti—1,x))
(6.8)
+ f(ti, Xy, (ti—1, %), u¥ (X;, (ti—1, %)), V7 (X, (fi—hx))) At;,

1
W () EEUT (x,0)), v, ()= ~E{UF (. o)[ Wy = Wi ]}
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We still have

Moreover, since E{|g(X71) — g()??) 12} < C(1+|x|?)|7|, we conclude that the rate
of convergence becomes C(1 + |x |2)|7 |, which coincides with the result of [16].

Acknowledgments. The author thanks J. Ma for lots of useful discussion
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