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ABSTRACT: We use supersymmetric localization to calculate correlation functions of half-
BPS local operators in 3d N = 4 superconformal field theories whose Lagrangian descrip-
tions consist of vectormultiplets coupled to hypermultiplets. The operators we primar-
ily study are certain twisted linear combinations of Higgs branch operators that can be
inserted anywhere along a given line. These operators are constructed from the hyper-
multiplet scalars. They form a one-dimensional non-commutative operator algebra with
topological correlation functions. The 2- and 3-point functions of Higgs branch operators
in the full 3d A = 4 theory can be simply inferred from the 1d topological algebra. Af-
ter conformally mapping the 3d superconformal field theory from flat space to a round
three-sphere, we preform supersymmetric localization using a supercharge that does not
belong to any 3d N = 2 subalgebra of the N = 4 algebra. The result is a simple model
that can be used to calculate correlation functions in the 1d topological algebra mentioned
above. This model is a 1d Gaussian theory coupled to a matrix model, and it can be
viewed as a gauge-fixed version of a topological gauged quantum mechanics. Our results
generalize to non-conformal theories on S% that contain real mass and Fayet-Iliopolous
parameters. We also provide partial results in the 1d topological algebra associated with
the Coulomb branch, where we calculate correlation functions of local operators built from

the vectormultiplet scalars.
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1 Introduction

Correlation functions of local operators are fundamental observables in quantum field the-
ory. In more than two spacetime dimensions, there are relatively few examples in the
literature where such correlation functions have been calculated non-perturbatively. In
some examples, such calculations can be performed by using non-renormalization theo-
rems, such as in [1, 2] who showed that the non-perturbative answer for 3-point functions



of %—BPS operators in 4d N' = 4 Yang-Mills theory are captured entirely by the tree-level
result.! The conformal bootstrap approach also allows one to calculate certain correlators
of BPS operators in some particular supersymmetric conformal field theories (SCFTs) with
8 Poincaré supersymmetries in various dimensions [4-8]. Other examples use the technique
of supersymmetric localization (for recent reviews, see [9-25] and references therein) allow-
ing for the calculation of two-point functions of conserved flavor or R-symmetry currents in
3d N = 2 superconformal field theories (SCFTSs) [26, 27], and of Coulomb branch operators
in 4d /' =2 SCFTs [28]. (See also [29-32].)

Our goal here is to provide more instances of such exact computations of correla-
tion functions of local operators. We focus on 3d quantum field theories with N' = 4
supersymmetry defined by general Lagrangians constructed from vectormultiplets coupled
to hypermultiplets.? In these theories, we provide new formulas for calculating correlation
functions of certain %—BPS operators. The derivation of these formulas also relies on super-
symmetric localization, albeit using a different supercharge from the one used in previous
supersymmetric localization studies of such theories.

The %—BPS operators whose correlation functions we compute fall within two classes
of more general operators. The first class, referred to as Higgs branch operators, consists
of gauge invariant operators constructed from the scalar fields in the hypermultiplet, while
the second class, referred to as Coulomb branch operators, contains operators constructed
from the scalars in the vectormultiplet as well as from %—BPS scalar monopole operators.
The naming of the two classes reflects that, when the QFT is defined on R3, these operators
acquire non-zero expectation values on either the Higgs or Coulomb branch of the moduli
space of supersymmetric vacua.

We restrict our attention to the origin of the moduli space, where the A/ = 4 theories
we consider flow in the IR to SCFTs. Let us denote the gauge group of such a theory by G
and assume, without loss of generality, that there is only one hypermultiplet transforming
in a unitary representation R of G, where R may be reducible.® In a nutshell, we have
three main results:

e We present a relatively simple matrix model coupled to a 1d Gaussian theory,

ZHiggs =

|V1V| . do detgdj [2sinh(7ra)]/DQD@exp [—E/_ dgo(@v@@Q—F@aQ)],

(11)

See also [3] for a proof, and [4] for a generalization to 4d N” = 2 theories.

2Such theories have been extensively studied in the literature starting with refs. [33, 34]. For string
theory constructions of such theories, see, for instance, [35-38].

3Let Ny be the total number of hypermultiplets in the absence of gauging. The 2Ny complex scalars
and 2Ny complex two component fermions transform in the pseudoreal fundamental representation of the
flavor symmetry USp(2Ng). We consider the U(Ng) subgroup of USp(2Npg) under which the fundamental
of USp(2Ng) decomposes as Ny @ N, and we take the gauge group G to be a subgroup of U(Ng). At
the level of Lie algebras, we have that a subalgebra g of u(Ng) is gauged, and we define the representation
map R : g — u(Ng) from the gauge algebra into Ny X Ny hermitian matrices.

Our results can be easily extended to include half-hypermultiplets, namely to the case where the gauge
group G is a subgroup of USp(2Ng) not contained in U(Ng). However, we do not discuss this possibility
here for simplicity.



which can be used to calculate all 2- and 3-point correlators of Higgs branch operators
at the IR fixed point. In addition, (1.1) can be used to calculate n-point correlators
of certain twisted Higgs branch operators of the SCFT. These twisted operators
are specific position-dependent linear combinations of Higgs branch operators, to
be defined precisely in section 3, obtained by contracting the various R-symmetry
components of Higgs branch operators with position-dependent polarization vectors.

Let us describe (1.1). |W| is the order of the Weyl group of G. The variable o
is the matrix degree of freedom and takes values in the Cartan of the Lie algebra
g = Lie(G).* Tt is coupled to a 1d Gaussian theory defined on a circle parameterized
by ¢ € [—m,m) whose degrees of freedom are the anti-periodic scalar fields Q(y) and
@(gp) which transform in the representations R and R of g, respectively. The path
integral over ) and @ is over a middle-dimensional integration cycle in the space of
complex-valued fields @) and @ We will discuss this integration cycle in more detail
in section 5. Lastly, £ is a parameter with dimensions of length whose meaning we
will explain momentarily.

The twisted Higgs branch operators of the 3d SCFT whose correlators can be calcu-
lated using (1.1), can be inserted anywhere along a line in R? or, equivalently, along a
great circle on S3 that maps to this line under the stereographic projection. In (1.1),
the angle ¢ parameterizes the great circle on S, and £ = —4rr is proportional to the
radius of S3. Moreover, the twisted Higgs branch operators are represented in the
1d model (1.1) by gauge-invariant polynomials in Q(¢) and @(cp) From the 2- and
3-point functions of the twisted Higgs branch operators, one can extract in a simple
way the 2- and 3-point functions of the most general Higgs branch operators.

The 1d sector consisting of the twisted Higgs branch operators of a general 3d N' = 4
SCFT was previously studied in [4, 7, 8] abstractly, using only properties of the
superconformal algebra.® These properties imply that the correlation functions of the
twisted Higgs branch operators are topological, in the sense that they do not depend
on the relative separation between the insertion points, but do depend on the ordering
of the insertions. Moreover, the 1d OPE algebra of this sector is an associative non-
commutative algebra obeying certain very special properties. In some cases, refs. [7, 8]
used bootstrap-type arguments to show that these properties determine the 1d OPE
algebra uniquely up to a finite number of parameters. The model (1.1) provides
a complementary approach to the analysis in [7, 8] whereby (1.1) can be used to
calculate explicitly the structure constants of the 1d OPE algebra.

e We provide a partial result toward a similar computation of correlation functions of
Coulomb branch operators. In particular, we only consider Coulomb branch operators

“Very roughly, the theory (1.1) can be interpreted as a 1d gauged quantum mechanics with gauge group
G, in the gauge where A, = 0. The determinant factor in (1.1) is precisely the Fadeev-Popov determinant
corresponding to the gauge fixing condition 9,4, = 0.

5At this abstract level, there is no difference between the 1d sector associated with the Higgs branch
and that associated with the Coulomb branch.



that are not monopole operators. Such non-monopole operators are given by gauge-
invariant polynomials in the vectormultiplet scalars. At the SCFT fixed point, the
2- and 3-point correlators of non-monopole Coulomb branch operators, as well as n-
point functions of their twisted analogs, can be calculated by inserting gauge-invariant
polynomials in ¢ into the matrix model

1 det ; 4; [2sinh(7o)]

W Jecartan 7 detg [2cosh(7o)]

ZCoulomb = (1'2)
The same matrix model was previously obtained by Kapustin, Willet, and Yaakov [39]
as a result of a supersymmetric localization computation that uses only N = 2
supersymmetry, and with the goal of calculating expectation values of BPS Wilson
loop operators. Its relation to the Higgs branch theory (1.1) is that one obtains (1.2)
after integrating out Q and Q in (1.1).

As was the case with Higgs branch operators, the twisted Coulomb branch operators
whose correlation functions can be computed from (1.2) are part of the 1d topolog-
ical Coulomb branch sector studied abstractly in [4, 7, 8]. In terms of the fields of
the 3d SCF'T, the twisted Coulomb branch operators represented by gauge-invariant
polynomials in ¢ correspond to position-dependent linear combinations of polynomi-
als in the vectormultiplet scalars. A more complete analysis that includes monopole
operators is left for future work.

e The above results can be generalized to non-conformal A’ = 4 QFTs on S% that
are obtained by introducing real mass and Fayet-Iliopolous (FI) parameters. The
real mass parameters are introduced in (1.1)—(1.2) by shifting ¢ — o + mr in the
exponent of (1.1) and denominator of (1.2), where m is a real mass matrix taking
value in the Cartan of the flavor symmetry algebra of the hypermultiplet.® For each
abelian factor of the gauge group, one can introduce an FI parameter (, by including
in (1.1)—(1.2) an additional factor

6—87r2i'rtr<a ) (13)

In (1.3), trco = ), (a0, With the sum taken over all abelian factors in g, while (,
are the corresponding FI parameters and o, are the components of ¢ that take values
in those abelian factors.

The correlators of twisted Higgs (Coulomb) branch operators that are not charged
under the flavor (topological) symmetries associated with non-zero real mass (FI)

As in footnote 3, let Ng be the total number of hypermultiplets in the absence of gauging. The full
flavor symmetry group Gr of the Ny hypermultiplets is defined as the normalizer of the gauge group inside
USp(2Ng) modulo the gauge group [40]. However, we take our gauge group G to be contained in a U(Ng)
subgroup of USp(2Nz), and when defining the flavor symmetry we also consider Gr = Gr N U(Nu). We
sometimes refer to G as the flavor symmetry of the hypermultiplet. The embedding of Gr into U(Ng)
induces a map F : gr — uw(Ng), where gr = Lie(GF).

By o + mr in the main text we then mean R(c) + rF(m), where R : g — u(Ng) is the representation
map from the gauge algebra into Ny x Ny hermitian matrices.



parameters are still topological. We will show that when a real mass parameter
triggers an RG flow between two SCFTs, the correlation functions in the 1d theory
interpolate between topological correlators in the UV and the IR, even though in the
intermediate regime these correlation functions may be position-dependent.

Let us explain in more detail the procedure by which one arrives at the aforementioned
results. While our results hold in SCFTs defined on any conformally flat space, we find
it convenient to first consider more general non-conformal 3d N' = 4 QFTs on a round
S3 of radius r. Due to the large amount of supersymmetry, placing the N' = 4 theories
on S? is unambiguous. The S3 Lagrangians we consider are curved space generalizations
of the usual flat space ones: they contain kinetic terms for the hypermultiplets, a Yang-
Mills term for the vectormultiplet with Yang-Mills coupling gym, and, optionally, real
mass and FI parameters, all containing certain curvature couplings that vanish in the limit
r — o00. Setting to zero the real mass and FI parameters and taking both gyy,r — oo,
the correlation functions computed in an N = 4 theory on S® approach those of the deep
infrared limit of the same N = 4 theory defined on R3. In the examples we consider, such
a deep infrared limit is a non-trivial interacting SCFT. Alternatively, we can first take
gym — oo at fixed r and then conformally map from S3 to R3. As we will see, the S3
correlators we study are independent of gy, so the limit gyy — oo is taken trivially.

After placing the theories of interest on S2, we perform supersymmetric localization
with an appropriately chosen supercharge. The choice of supercharge is guided by the
cohomological construction of [4], which was elaborated upon in the context of 3d N' = 4
SCFTs on R? in [7, 8]. In particular, the authors of [7, 8] identified a supercharge Q¥ in the
N = 4 superconformal algebra whose cohomology classes are represented by the twisted
Higgs branch operators mentioned in the first bullet point above. A similar construction
for Coulomb branch operators involves the cohomology of a different supercharge Q.

We perform supersymmetric localization using precisely the supercharge QF or Q¢
mapped to S? using the stereographic map. At first, this statement may seem puzzling for
the following reason. In performing supersymmetric localization, one adds to the action
a QfC.exact localizing term. The standard localizing term for the vectormultiplet is
usually constructed by acting with two supercharges on fermion bilinears, and it thus has
scaling dimension 4 and breaks conformal invariance. However, both supercharges Q¥ and
Q¢ were constructed in [7, 8] as specific linear combinations of Poincaré and conformal
supercharges on R3, so conformal symmetry seemed important. Consequently it seems
confusing why the standard vectormultiplet localizing term could even be invariant under
QML et alone QC-exact, as required by the supersymmetric localization technique. We
will show, however, that the supercharges Q¢ belong to an N’ = 4 supersymmetry algebra
su(2[1) @ su(2|1),., which, upon mapping to S3, can be seen to contain only the isometries
of §% and a U(1)? R-symmetry, without any conformal generators.” Thus, Qf:C-invariant

"We stress that upon contraction r — oo the supercharges Q¢ € su(2[1), @ su(2|1), we define on S*
reduce to ordinary Poincaré supercharges on R3, and not to the supercharges constructed in [7, 8]. The
latter were also denoted by Q"¢ above, in a slight abuse of notation.



theories on S? are not necessarily conformal invariant; they include the more general non-
conformal QFTs on S mentioned above.

It is worth commenting on the relation between the localization computation using
Q"¢ and that preformed by Kapustin, Willett and Yaakov (KWY) in [39] for N' > 3
theories that yielded the matrix model (1.2). This computation was later generalized to
N = 2 theories in [41, 42]. The supercharge QXWY used for localization in [39] thus
also resides in an N' = 2 sub-algebra, namely su(2|1) @ su(2), of the full N' = 4 algebra
su(2[1) @ su(2[1),. The supercharges Qf and QF do not reside in any such A" = 2 sub-
algebra, but are instead different linear combinations of supercharges in the two su(2|1)
factors of the N' = 4 superalgebra. In spite of these differences, we find that the results of
localizing with Q¢ or Q are very much related to the KWY matrix model, as was briefly
described above.

Concretely, our calculation proceeds as follows. Just as in [42], we find that the Yang-
Mills action is Q-exact (with respect to o or QC) and can be added with a large coefficient,
thus localizing the ' = 4 vectormultiplet in precisely the same way as in [39, 42]. In other
words, the localization of the vectormultiplet is realized by taking the theory to small gauge
coupling. At any point on the vectormultiplet localization locus, the hypermultiplet is thus
free, but massive, with its mass matrix depending on the precise location on the localization
locus. In this weakly coupled theory, the correlation functions of the hypermultiplet can be
computed by first using Wick’s theorem at a fixed point on the vectormultiplet localization
locus, and then integrating over it with a measure given by the determinant of fluctuations
of all the fields. If we focus our attention on Q:C-closed operators, which as we show
are twisted Higgs (or Coulomb) branch operators inserted along a great circle of S3, a
standard argument shows that these correlation functions are independent of the Yang-
Mills coupling.

We conclude that once the vectormultiplet has been localized, calculating correlators of
twisted Higgs branch operators does not require a further localization of the hypermultiplet.
Indeed, the hypermultiplet action in the background of the localized vectormultiplet is
Gaussian, and thus the remaining path integral is trivially solvable. For localization with
O however, it is instructive to also localize the hypermultiplet, which leads to the explicit
description (1.1) of the correlators in terms of the 1d Gaussian theory coupled to the matrix
model obtained from localizing the vectormultiplet.

Localization of the hypermultiplet with Q has several features that are worth men-
tioning. Unlike the N' = 4 vectormultiplet, the supersymmetry algebra does not close
off-shell on the hypermultiplet. Since the supersymmetric localization arguments require
a supercharge that does close off-shell, the first step is to add a number of auxiliary fields
and modify the supersymmetry transformation rules such that the algebra generated by
O does close off-shell on the hypermultiplet fields.® The next step is to add to the action
a QF -exact term whose bosonic part is positive-definite. To describe the localization locus,
let us think of S? as a circle fibered over a disk with the circle shrinking at the boundary

8 A similar construction in the case of N' = 4 supersymmetric Yang-Mills theory in 4d was used in [43, 44]
following the work of [48].



of the disk. We find that the hypermultiplet localizes on field configurations that are in-
dependent of the coordinate parameterizing the circle and that obey additional differential
constraints in the disk directions. These constraints imply that the hypermultiplet action,
when evaluated on the localization locus, becomes a total derivative on the disk and re-
duces to a boundary term. This boundary term, living on the boundary of the disk, is
the Gaussian action for our localized theory. We will argue that the one-loop determinant
of fluctuations around this configuration equals 1, so there is no additional determinant
factor coming from the hypermultiplet. The situation presented here for the localization
of the hypermultiplet is very similar to the one encountered in [44] in the case of 4d N = 4
supersymmetric Yang-Mills theory on S4.

We apply (1.1)—(1.2) in a few examples where we calculate explicitly several correlation
functions of twisted Higgs and Coulomb branch operators, with the main focus on the Higgs
branch. As in [8], we interpret the 1d OPE algebra as a non-commutative star product
on the Higgs branch chiral ring,’ and we compute explicitly the values of the parameters
that the bootstrap analysis of [8] left undetermined. As we will discuss, in calculating
correlation functions using (1.1)—(1.2), one should be aware of the possibility of operator
mixing on S3. The mixing can be removed by diagonalizing the matrix of 2-point functions
using the Gram-Schmidt procedure. A similar approach was taken in [28] for the Coulomb
branch operators of 4d N' = 2 theories.

The rest of this paper is organized as follows. In section 2 we introduce the N' = 4 QFTs
on S% we will study. In section 3 we review the cohomological construction of [4, 7, 8] in the
case of N’ = 4 SCFTs in flat space and explain how it is mapped stereographically to S3.
In section 4 we generalize this construction to QFTs on S3 that do not necessarily possess
conformal symmetry. Section 5 contains a description of the localization computation that
leads to the results (1.1)—(1.2) summarized above. In section 6 we describe in general terms
the various properties of the 1d theory (1.1) and its applications. Sections 7 and 8 contain
applications of our results to specific theories. We end with a brief discussion in section 9.

2 3d N = 4 theories on S®

In this section we will review the construction of N/ = 4 supersymmetric Lagrangians
using vectormultiplets and hypermultiplets on S3. We first provide the supersymmetry
transformation rules and the supersymmetric actions. We then discuss the supersymmetry
algebras preserved by these actions.

2.1 Actions with vectormultiplets and hypermultiplets

The components of the vectormultiplets and hypermultiplets carry Lorentz indices as well
as su(2)c @ su(2) g R-symmetry indices. Explicitly, the components of the vectormultiplet

9The twisted Higgs branch operators are in 1-to-1 correspondence with chiral Higgs branch operators.
While a generic Higgs branch operator corresponds to a function on the Higgs branch, a chiral Higgs branch
operator corresponds to a holomorphic function on the Higgs branch, for a given choice of complex structure.
These operators form the Higgs branch chiral ring. Similar statements hold for Coulomb branch operators.



V transform in the adjoint representation of the gauge group G and will be denoted by

V = (Au, Aaaa> @y, Dap) - (2.1)
The vector A, in (2.1) is the gauge field, the spinor A4 is the gaugino, and ®,; and Dy
are scalars, transforming in the (1,1), (2,2), (3,1) and (1, 3) irreps of su(2)c & su(2)q,
respectively.'® The hypermultiplet  transforms in some unitary representation R of G
and has components

H= (QCLaauawada'lZad) 5 (22)

where ¢,, ¢* are complex scalars transforming in (1, 2) and (1, 2) irreps of the R-symmetry
and representations R and R of G, and g, {Ea@ are their spinor superpartners, which
transform, respectively, in the (2,1) and (2,1) irreps of the R-symmetry, and in the R and
R representations of G. The multiplets V and H also have “twisted” versions, in which the
roles of su(2)¢c and su(2) g are interchanged, though we will not consider them in this paper.

On S3, superconformal transformations are generated by spinors £, in the (2, 2) irrep

of the R-symmetry, which satisfy the conformal Killing spinor equations

1

Voo = ’Yuffza» wa;a = _472%@1&’ (2.3)

where v, (¢ = 1,2,3) are curved space Dirac matrices and r is the radius of S3. In
particular, the transformation rules for the vectormultiplet fields (2.1) are!!

(R
Oedu = ZE VMg (2.4)
o c . é ‘5 i é i
Sedy = _igu € i Fuw — Da€y — iy €aSDu® ; + 2i®;°¢) + §§ad[‘1’b B4, (2.5)
0e Py = €M) » (2.6)
8¢ Dap = —iDu(€(a“r" Moye) — 2060, Apye + i€ M), @4 (2.7)

and those of the hypermultiplet (2.2) are
0eq” = €Yy, Oetba = " €aaDpuq® +i€50" — i€ac®Caq” (2.8)
00" = €y, Oetha = i7" €aaDyd” + iq" €l + 160l s (29)
One can check that acting twice with the transformation rules presented above realizes the

superconformal algebra osp(4]|4) up to gauge transformations and fermionic equations of
motion. We will return to this point with more details shortly.

10We label the doublet irrep of su(2),0t. frame rotations by indices o, f3,... = 1,2, of su(2)g by
a,b,...=1,2, and of su(2)c by a, b,...=1,2. See appendix A for more details on our conventions.

"The field strength is F, = 0,4, — 0, A, — [Au, Ay], and D, = V,, — iA, is the space and gauge
covariant derivative. Brackets () enclosing indices denote an average over their permutations.



With the supersymmetry transformation rules in hand, one can construct supersym-
metric actions. The action of a hypermultiplet coupled to a vectormultiplet is

.~ 3 . 1 s
Shyper[Ha V] = /d3x\/§ I:DuaaD,uQa - Z¢aw¢d + @E]u% + Z@“Dabqb — iaaq)ab(bdbqa

gty i (TN, + de”aqb)} . (2.10)

This action is invariant under the full osp(4[4) algebra. Indeed, one can check that it is
invariant under the transformations (2.4)—(2.9) provided that (2.3) is obeyed. This action
could have been deduced from the analogous flat space action by simply covariantizing
all derivatives and introducing the conformal mass term %(}“qa for the hypermultiplet
scalars.

Multiplets V and H as defined above have too many bosonic components and, in the
path integral, have to be integrated over the middle-dimensional cycle determined by the
following reality conditions on bosons:

" = ()",
(ALTT)" = AT
(q)éz;TI)* _ _(I)Ial}(TI)*7
(DI,TT)* = —DTe(TT)*, (2.11)

where, for the vectormultiplet fields, we made the representation matrices T by which they
act on R explicit. In Lorentzian signature, the fermions would also obey reality constraints,
namely QZ(Z would be the hermitian conjugate of 1, and A**® would be the hermitian
conjugate of A __;, but in the Euclidean signature, 1,4 and TZaa are independent spinors in
the representations R and R of G respectively, and A wah do not obey any constraints either.

As far as we know, it is not possible to write down other superconformal actions on
S3 with just vectormultiplets and hypermultiplets.'? It is possible, however, to write down
actions that are invariant under half the supersymmetries in o0sp(4|4), which anti-commute
to the isometries of S without any conformal transformations. Such actions provide curved
space analogs of the Yang-Mills action or of the actions corresponding to real masses and
FI terms, all of which are not conformally invariant on R3, and therefore cannot be mapped
to S3 using the stereographic map. The projection from 16 supersymmetries in osp(4|4)
to the 8 under which these actions on S* are invariant is described in terms of two su(2)
matrices, hq? and Edi),

he’ € su(2) g, h; € su(2)c, (2.12)

normalized such that h,¢h.? = §,° and ﬁdéﬁéb = 6%, and obeying the tracelessness condi-
tion h,® = h%, = 0. We interpret these matrices as representing the Cartan elements of

12 A Chern-Simons action for the vectormultiplet would be conformal, but preserving N = 4 supersym-
metry would require the presence of twisted hypermultiplets which we do not consider here.



su(2)y @ su(2)c. Then one can restrict the S* Killing spinors (2.3) to those obeying the
further condition
1

gz,z[z = Ehabgbj,ﬁba . (2.13)

This condition reduces the number of independent &, by a factor of two. We will interpret
it shortly in terms of generating a subalgebra of osp(4]|4), but let us first present the
actions on S3 that are invariant under the 8 supersymmetry transformations restricted in
this fashion.

The non-conformal supersymmetric actions depend explicitly on the matrices (2.12).
The Yang-Mills action is given by

1 y . o
Sym[V] = e / d*z/g Tr <F“”FW—D“<I>C‘1DH<I>C. A DA — DDy —iA" N, B
YM

1 . . . . 1 . 1 . . 1 .
_Z [(I)ai)’ @Cd] [q)bd, (I)dé] _ ?Thabhab)‘ad)‘bl}+ ; (habDba) (ha[)q)b(z) o 72¢Cd(béd> )

(2.14)

Under a decomposition of N' = 4 into an N = 2 sub-algebra, one can show that (2.14) is
nothing but the S* action of an N' = 2 vectormultiplet plus an adjoint chiral of R-charge
1. For each U(1) factor in G we can introduce an FI-term:

SFI[V] = zg/d?’x\/ﬁ (habDba - ih%’)@%) . (2.15)

Note that while on R3 the FI parameters (,; take value in the (1, 3) irrep of su(2)c®su(2) g,
only the single component ¢ = h®(,, invariant under the Cartan of su(2)g survives on
S3. Finally, one can introduce mass terms for the hypermultiplets by coupling them to
background vectormultiplets V}, ¢ in the Cartan of the flavor symmetry. In order to preserve
supersymmetry all the components of V},, are set to zero except for

1—a 7 T a
S (@bg)’a = —5ha" (Dbg " (2.16)

and the supersymmetry variations (2.8) and (2.9) have to be deformed accordingly to
account for the masses. As happened with the FI terms, out of the su(2)c-triplet of mass
parameters that exist on R? for each flavor group Cartan element, only one survives on S3.

In the remainder of this paper, in order to conform with the conventions of [7] we will
sometimes choose

ho!=—0*, K% =—0%. (2.17)

2.2 Closure of the supersymmetry transformations

Irrespective of the actions presented above, the superconformal transformations (2.4)—(2.7)
of V close off-shell into

{06,060V = (Keg+Gn) v, (218)
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where Gy is a gauge transformation with parameter A defined as
A = (E46,4) DY — i(E " €aa) A (2.19)

while Iég ¢ generates bosonic symmetries in osp(4]4) and is written explicitly in terms of
¢ and ¢ in appendix B. The transformations of the scalars g, in # also close off-shell as
in (2.18), but those of the fermions 1), do not. Instead, one finds

{0, 0gha = (Keg+0a) - o + €0 (LaaWp™m™ ) + € (Lo | (2:20)
{06, 06h0a = (Keg +Gn) - o — €0 (0o ) — €0 (&g | (2:21)
where the equations of motion operators are given by
Yo = —i [12)% + 04 + Aaaq“] : (2.22)
geom = ; [w{/?a — 0, — “QAM-L} . (2.23)

These are precisely the equations of motion following from the hypermultiplet action (2.10).
That the supersymmetry algebra closes only up to the fermion equations of motion will be
important in section 5.4.1, since the supercharge used for localization of the hypermultiplet
has to be closed off-shell.

2.3 Non-conformal supersymmetry algebra on S3

Let us now return to the projection condition (2.13) and interpret it from the point of view
of which supersymmetry algebra it is that the actions (2.14)—(2.15) as well as the mass
terms introduced via (2.16) are invariant under.

Let us assume for now that we have not introduced any mass terms and that we
set all possible FI parameters to zero. The anti-commutator of two supersymmetries re-
stricted by (2.13) does not produce all the bosonic generators of the superconformal algebra
osp(4]4), but only a subset of them. This was to be expected, because we have argued that
the Yang-Mills action (2.14) is invariant under supersymmetries obeying (2.13), and since
the Yang-Mills action is not conformal, it must be that the anti-commutator of supersym-
metries (2.13) does not generate any conformal transformations.

Judiciously working out all possible (anti-)commutators, one can check that (2.13)
parameterize the 8 supersymmetry transformations of the algebra

su(2|1), & su(2[1), . (2.24)

(See also [49].) The bosonic generators of this algebra consist of the so(4) = su(2), ®su(2),
isometries of S3 as well as two u(1) R-symmetries that we will denote by u(1), and u(1),,
reflecting which su(2|1) factor they belong to. The u(1),@®u(1), is a subalgebra of su(2) g @
su(2)c. That (2.24) contains 8 supersymmetries means it is an A/ = 4 supersymmetry
algebra.

11 -



The algebra (2.24) will be central in our work, so let us describe it in more detail. Let
us denote the generators by Jo([g, Ry, and Q&Ei) for su(2|1), and J( ) , R, and Q(Ti for

su(2|1),. Abstractly, the algebra obeyed by Jéﬁ), Ry, and Q&i)

77, Jj@)] = iﬁiijg) ; [ny@, Q)] = E (est(Ki) + efng((fi)> , (2.25)
[Re, Q)] = +0{) {0, Q()} = ? (J(? + saﬁRg) , (2.26)

where
50 = (—(J{’” +igfy g ) | .27

B0 g il

The generators of su(2|1), obey the same relations with ¢ — r.
To be more concrete, let us explain how these generators act on the various operators
in the theory. We will take this opportunity to set up some of the notation we will use later.

2.3.1 Action of S® isometries

The commutators with S% isometries act on a gauge-invariant operator @ as the Lie
derivative

19,01 = —£,0,  [ID,0]=-L,0 (2.28)

with respect to the Killing vectors vf and v! that obey the su(2) algebra, [v}, vf] i€V,

and similarly for v .
In an explicit description where the three-sphere of radius r is embedded in R?* via
X2+ X2+ X204+ X2 =12, (2.29)
we can use the parameterization
X1 +iXy =rcosfe’, X3 +iX4 = rsin fe'? (2.30)

in terms of the coordinates 6 € [0, 3], 7, € [—m,n]. In this parameterization, the Killing
vectors in (2.28) are

ot % (= cos(T + )0y — tan(0) sin(r + )d; + cot(6) sin(r + ©)d,) |
v % (sin(7 + ) 0p — tan(f) cos(T + ¢)0r + cot(f) cos(T + ¢)0,) ,
- % (07 +8,)
; (2.31)

v = B (cos(T — )0 + tan(P) sin(T — ¢)0; + cot () sin(1T — ¢)J,) ,
vy = % (—sin(7 — )0 + tan(0) cos(T — ¢)0- + cot(#) cos(T — )0y,) ,

o i

=10 -0,
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We will make significant use of the parameterization (2.30) in the remainder of this paper.
The metric in these coordinates is

ds*(S%) = r?(df* + cos®(0)dr? + sin®(0)dp?). (2.32)

Coordinates # and ¢ parametrize a disk with the metric ds?(D?) = r2(d§? + sin?(0)dy?),
where 6 is the radial coordinate of the disk. The sphere metric then becomes:

ds?(S3) = ds*(D?) + w?dr?®, w = rcosf, (2.33)

which manifests S® as a U(1)-fibration over D?, with the fibers being “warped” by w and
shrinking to zero size at the boundary of the disk.

2.3.2 Action of R-symmetries

The action of R, and R, on the fields of the previous section depends on the precise
embedding of u(1), and u(1), into su(2)c @ su(2)y given in terms of the matrices h and h
in (2.12) as follows. Let us first define the operators

_ = a — _pa. pb, 2.34
Ry 2ha Ry®, Reo 2h Ra s ( )

where Ry and R?; are the generators of su(2) ; and su(2)¢ respectively. In our conventions,
we then have

Ry = Ry + Rc, R, =Ry — R¢. (2.35)

This equation provides an identification of Ry and R, with linear combination of the Cartan
elements Ry and R of the R-symmetry of the superconformal algebra. In terms of their
action on fields, it is sufficient to describe how they act on su(2)gy and su(2)c fundamental
operators. We have!?

1 1-;
[RH7 Oa] = ihabob P [RC, Od] = §hbd0i) ) (236)

with a straightforward generalization to operators with multiple su(2)g @ su(2)¢ indices.
For instance, [Rg, On°] = %had(’)dbc + %hbd(’)adc — %hdc(’)abd. The action of Ry and R, on
operators can then be inferred from simply combining (2.35) and (2.36).

2.3.3 Action of supersymmetries

The action of the odd generators of su(2|1); @ su(2|1), on operators in general multiplets
can be quite complicated. As mentioned above, on the vector and hypermultiplet operators
their action is just a particular subset of the transformation rules (2.4)-(2.9). The precise
correspondence between the various &, obeying (2.13) and the supercharges Qs=’ and
o+ is given in (C.9) and (C.21).

BNote that in our conventions h,” = hba, and similarly for h.
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2.4 Central extension of non-conformal supersymmetry algebra

The discussion in section 2.3 was restricted to the case of vanishing mass and FI parameters.
Introducing these parameters amounts to central extensions of the algebra (2.24), as we
will now describe.

It is not hard to see, using Jacobi identity, that one cannot introduce central charges
in (anti-)commutators between left and right algebras, so one can only separately centrally
extend su(2|1); and su(2|1),. Each of these algebras admits only one non-trivial central
extension, so in total we have two central charges. We denote the centrally extended

algebras with a tilde, so the supersymmetry algebra of our theories is su(2[1), ® su(2|1),.
Denoting central charges of the left and right subalgebras by Z, and Z, respectively, the
only place where they appear are the following anti-commutators:

47 1
{Qg+)a Qg_)} = *72 (Jgﬁ) + §5aﬂR£ + 5aﬂZ€> 5
y X (2.37)

r r_ 1 r
{Qg+)7 QE; )} = _7 (Jc(xﬂ) + igaﬂRT + EaBZT> .

Physically, the central charges Z, and Z, correspond to turning on real masses and FI
parameters. We turn on masses by coupling to background vectormultiplets in the Cartan
of the flavor symmetry, as explained in section 2. The only components of these background
multiplets which are non-zero are Bdb(q)b.g.)bd = —(Ppg.)js and hab(Db.g.)b“, as explained
in (2.16).

The supersymmetry algebra has a gauge transformation on the right, as written in
eq. (2.18), with the gauge parameter A of (2.19). In gauge theories, dynamical gauge fields
force us to consider only operators which are not charged under the corresponding gauge
symmetry. For such operators, the gauge transformation in the SUSY algebra vanishes.
For background gauge fields, this is not so. We can have operators which are charged
under the corresponding global symmetry (which would be gauged if the gauge field were
dynamical), and for them, such gauge transformations in the algebra will generate central
charges. A simple computation, using the expression (2.19) for A, shows that:

1 , P 1
;(Zg +7Z) = Z((I)b.g.)ié =m, ;(Zg —2Z,)=0. (2.38)
Here m = diag(m;), where m; are real masses for hypers ¢, I being the flavor index.

Analogously, FI parameters correspond to background twisted vectormultiplets in the

Cartan of the gauge group. They similarly generate central charges with:

1 1 -~

;(Zé + Zr) =0, ;(ZZ - Zr) = (. (2'39)
Here, E = (rt! acts non-trivially only on operators charged under the topological symmetry,

where ¢ is the FI parameter and ¢! is the corresponding topological charge. Examples of
such operators are monopole operators.
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3 Cohomology in SCFTs

Our aim in this section and the next is to describe a procedure that generalizes the coho-
mological truncation of [4, 7, 8] from N/ = 4 SCFTs to the more general non-conformal
N = 4 theories on S that were described in section 2. The construction of [4, 7, 8] was
based on identifying two supercharges O and QI in /' = 4 SCFTs on R3, such that
the OPE restricted to their cohomology gives a certain quantization of the Higgs branch.
It was also possible to find another pair of supercharges, Q? and Qg, whose cohomology
similarly leads to a quantization of the Coulomb branch, though this second possibility was
not explored in detail. We will generalize both cases to non-conformal theories on S3, but,
just as in [4, 7, 8], our main focus will also be the Higgs branch.

We will find that local operators in the cohomology, both for Qfl and for Qic, can
only be inserted along a great circle S C S3.1* The circle is the fixed point locus of the
U(1) isometry that appears in the anti-commutator {Q!, Q¥} or {Qf, QF'}. In the case of
QH  the operators that can be inserted on S! will be referred to as “twisted Higgs branch
operators”, because, as we will see, they are in 1-to-1 correpsondence with Higgs branch
chiral ring operators. Similarly, operators in QZ»C cohomology will be referred to as “twisted
Coulomb branch operators”.

In section 3.1, we start by reviewing the construction of [4, 7, 8] in flat space, and
then in section 3.2 we translate this construction to S3. In section 4 we describe the
generalization of this cohomology directly based on the su(2|1), & su(2|1), algebra.

3.1 SCFT in flat space

Consider theories living on a three-dimensional Euclidean space R? with the standard
coordinates & = (1,22, x3). The bosonic subalgebra of the osp(4|4) superconformal alge-
bra is so(4) @ sp(4), where the generators of sp(4) are rotations Mg, translations P, and
special conformal transformations K, and the generators of the so(4) = su(2) g ®su(2)c R-
symmetry are denoted by R, and Ral} and act on the Higgs and Coulomb branches, respec-
tively. The fermionic generators are Qqqq and Sqqq, denoting Poincaré and conformal super-
charges, respectively. The detailed description of this algebra can be found in appendix C.1.
Define the two supercharges QI and Q¥ by

1 1
O = Q5 + 55222, O = Qi + 53121 . (3.1)

In (3.1), r is some arbitrary parameter with dimensions of length.'® The supercharges QfQ
are nilpotent, i.e., (Q)? = (Q4)? = 0, and their anticommutator is given by

ir =
z=_{0 &} =-Miu+R. (3.2)

Whether we consider the cohomology of O or QI the above equation implies that it
can be represented by elements from the Z = 0 subspace. In order to satisfy Z = 0, local
operators with zero Rii charge can only be inserted at the fixed point locus of the M;js
rotation, i.e., at the line x1 = x2 = 0.

M There is some freedom in choosing Qfl’c, which corresponds precisely to the choice of great circle on S*.
15When we map (3.1) to 53, we will interpret 7 as the radius of the sphere.
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There are Q{{Q—exact twisted translation and dilatation given by
L= —i{Q?va} = i{%{,@m} =P+ %Rzl (3.3)
Lo = —é{Q{{7 Q{ﬂ} = é{Q{I:QTQmi - 5121}

— O O} = (O}, 2@+ SPh = DA R (34)

The twisted translation generated by L_ can be used to move cohomology classes along the
line 1 = x2 = 0. In particular, every cohomology class defined at the origin can be twisted-
translated to the whole line x1 = x9 = 0. It is those observables on the line which where
referred to before as twisted operators. Because L_is Q{{ - and Qéf -exact, this twisted
translation is a trivial operation at the level of the cohomology of Q{I or Qf . Therefore,
to characterize the local operators in cohomology completely, it is sufficient to consider
them inserted at the origin. By the state-operator map, this corresponds to studying
the state cohomology. Using (3.4), Lo = —s{of, Q{IT} = —3{of, Qgﬂ}, the standard
Hodge theory argument proves that the cohomologies of Qi and QX are identical and are
represented by the kernel of EO.

As shown in [7, 8], these representatives are given by local operators (’);Rf ay, (0) trans-
forming in the (n+ 1,1) irrep of the su(2)y @ su(2)c R-symmetry and of conformal di-
mension A = n/2. When translated with L_ they give the twisted operator:

Os) = 0% .|

S
gcz(e,o,s)u]%{13 RS, R = <1’ 7) ’ (35)

2r
which defines a non-trivial cohomology class on the line x1 = zo2 = 0.

Local operators in the cohomology form a certain algebraic structure under the OPE
of the full theory. In particular, because L_ is zero in cohomology, the OPE of operators
in the cohomology does not depend on their positions on the line, but it can depend on
their ordering. By moving operators to one point, we then define a product of cohomology
classes. This way we get an algebra in the cohomology, which is associative but not
necessary commutative.

As explained in [8], the operators O(s), when inserted at the origin s = 0, are just
the Higgs branch chiral ring operators. However, as we move away from the origin, they
become mixed with anti-chiral operators, because of the twisting factor ugs = (1,3).
This twisting factor can be thought of as an s-dependent choice of the Cartan generator
of su(2)y given by };Z;;g:gz o3 + 1+S§§€2T)201. A twisted operator O(s) is in the su(2)y
highest weight state with respect to this s-dependent Cartan generator. The fact that the

twisted operators are not chiral with respect to a fixed Cartan generator is responsible for
the fact that the algebraic structure we get is not a chiral ring, but rather its deformation
quantization.'® The deformation parameter is %, which was denoted by ¢ in [8].

In fact, it turns out to be slightly more convenient to study the cohomology of a linear
combination Q¥ + B3QX with some generic 3. This operator squares to the bosonic trans-
formation Z, and so it plays a role of the equivariant differential. The cohomology problem

More precisely, the Higgs (or Coulomb) branch chiral ring has a natural Poisson structure, since it
corresponds to the ring of holomorphic functions on the moduli space, which for N' = 4 theories is a
hyperkéhler cone. The algebraic structure we obtain is the deformation quantization of this Poisson algebra.
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for this operator therefore involves two steps: one has to restrict to the Z = 0 subspace first,
and then compute the cohomology there. The idea to treat a supercharge as an equivariant
differential (with respect to spacetime symmetries) in SUSY gauge theories is an old one
and goes back, e.g., to [45, 46], while the associated quantization was first discussed in [47].

Recall that Z is a sum of rotation in the (z1,x2) plane and a certain R-symmetry
transformation. The condition Z = 0 then implies that geometrically, the configuration of
operators should be invariant under this rotation. In particular, local operators, as well
as line operators, can only be inserted at the line 1 = xo = 0, which is the fixed point
locus of this rotation. Surface operators, on the other hand, can only span the orthogonal
(x1,x2) plane and correspond to some fixed value of 3.

Including line operators would of course change the answer, and the cohomology of local
operators located at the line defect at 1 = o = 0 would give a different protected algebra.
Surface operators, on the other hand, are expected to give some modules for the protected
algebra to act on. They would describe point defects on the line z; = x2 = 0, acted on
by the local operators. This action simply corresponds to merging local operators and
the defect together. Including extended operators gives an interesting direction for further
explorations, and it would potentially allow one to extract more dynamical information
about the theory. However, in this paper, we do not consider any extended operators and
study only the protected algebra of local operators.

3.2 SCFT on the sphere

Now let us identify the counterpart of the above construction on the sphere. After describ-
ing it in some detail, we will be able to see that it generalizes to non-conformal theories in
a straightforward fashion.

Using the stereographic map, one can place any conformal theory on S3. Under this
map, the line 1 = x5 = 0 maps to a great circle S* C S3, along which the cohomology
classes of local operators described in the previous subsection will be inserted. The rotation
in Z now becomes a U(1) isometry of the sphere, whose fixed point locus is precisely this S*.

As mentioned in section 2.3.1, it will be useful to represent S as a U(1) fibration
over the disk D?, with fibers shrinking at its boundary 0D? = S'. This boundary S,

parameterized by the angle ¢ at 0 = is the great circle mentioned above along which

™
2>
local operators in cohomology can be inserted. The situation here is similar to that in [44],

where an analogous representation of S* was used in the localization of 4d A" = 4 Yang-
Mills theory to an S2.
3.2.1 Twisted operators on S by stereographic map

In R?, we were interested in correlators of twisted operators O;(s;) inserted at points
(0,0, s;). Let us map them on S3:

(O1(s1) - O(sr))rs = (O1(#1) -~ Ok(r)) g5 - (3.6)

Operators on the right are the sphere counterparts of the flat space twisted operators,

and are given by contraction of the S3 operators (fo,,,an (cp)‘e _, inserted on the great
=2
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circle at # = 7/2, with v = (1,52) = (1,tan £). For every operator of dimension A, we
have OF® = QA(’)Sg, with Q being the conformal factor, which evaluates to Q = cos? £ at
6 = m/2. The definition (3.5) then implies

¥ ~S3 a an S3 a an
O(p) = cos™ 5(’)(11.,,% G_WuRg cough = Op g, e_ﬂusg Cugs (3.7)
=3 =3

where ugs = ugs cos § = (cos #,sin §). Note that the twisted operators O do not transform
with a conformal factor in going from R? to S2, and this is why they do not carry an R3
or S$2 superscript and why there is no conformal factor in (3.6). We will now interpret this

construction in a more intrinsic way using the theory on S® only.

3.2.2 Interpretation in terms of su(2|1), @ su(2|1), subalgebra

In section 2 and appendix C, we chose an embedding of the su(2|1),®su(2|1), superalgebra
in osp(4[4), such that su(2), @ su(2), C sp(4) corresponds to isometries of the sphere and
u(l)y ®u(l), C so(4)r = su(2)g @ su(2)c was a Cartan subalgebra of the R-symmetry
algebra. The choice of Cartan subalgebra was parametrized by the matrices h and h. To
be more precise, h parameterizes the Cartan generator Ry in su(2)y and h parameterizes
the Cartan generator R¢ in su(2)c. The generators Ry and R, of u(1), and u(1), are given
by (2.35). The supercharges of su(2|1), were denoted by Q&e i), and the supercharges of
su(2[1), by Qgi . Their expressions in terms of conformal supercharges Qqqq and S, can
be found in appendix C.2.
Using this embedding, it is easy to identify our supercharges O and QI as:

off = of” + o, off =af 7+ of™. (3.8)

Each of these supercharges is of course nilpotent, and
o ~H 44
{Qr, 9 }:7(PT+RC) (3.9)

where P, = _(J:)(,Z) + Jér)) is the 7-translation acting as P, = id, on gauge-invariant
operators.
Using the su(2|1), @ su(2|1), algebra, we can check that:

(o 1 (270} - (@ (& Q) o= R o0
Here P, = Jér) — Jée) is simply the ¢ translation isometry of S® acting on gauge invariant
operators as P, = i0,. The generator ﬁp defined above is a new twisted-translation, which
is defined on the sphere purely in terms of the su(2[1), @ su(2|1), superalgebra.

Let Oy, ...a, be some local operator in the SCFT on the sphere,'” in the spin-n/2 irrep
of su(2)g. If Oq;...1, when inserted at the point § = 7/2, ¢ = 0 (which corresponds to the
origin of R? upon stereographic projection), is in the cohomology of Q{I and le , (recall

"From now on, we drop the superscript or subscript S® present in the previous subsection.
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from previous discussions that it must have the highest su(2)y-weight) we can use the ﬁ@
translation to move it along the -circle without changing its cohomology class:

O(p) = M On.a| SO_Oe"‘ﬂpw = Oupan,_, _ut o, (3.11)
— oY =g.p=

where u = (cos Z,sin §). This expression precisely matches (3.7), which was obtained from
the stereographic map from R3. We conclude that the stereographic map identifies the
twisted operators on R3 defined in [7, 8], with twisted operators on 53 defined purely in
terms of the su(2]1), @ su(2|1), subalgebra of the osp(4|4) superconformal algebra. This
subalgebra has all the necessary ingredients for the cohomological truncation to work.
Note that the R3 construction in [7, 8] utilized a different subalgebra of osp(4|4), namely
a centrally extended su(2|2). That algebra is a 1d N' = 4 superconformal algebra acting on
the 1 = z2 = 0 line, suggesting that conformal symmetry is somehow important for the
construction to work. Our algebra su(2|1), @ su(2|1),, on the other hand, is not related to
conformal symmetry anymore. In fact, it is the supersymmetry algebra of a general class
of non-conformal N = 4 actions on S3, as explained in section 2 (of course, at the RG
fixed points, it becomes enhanced to 0sp(4[4)). In the next subsection, we summarize our
construction for the theories based on su(2|1), @ su(2|1), and its central extensions.

4 Cohomology in non-conformal A = 4 theories on S3

As we have seen, the cohomolgical construction of [4, 7, 8] for SCFTs on R3 can be readily
translated to 53, since SCFTs can be canonically placed on a sphere. Interestingly, once
we pass to the sphere, conformal symmetry is no longer necessary, and the cohomology
described in the previous section is also defined away from the RG fixed point. We will
explore this construction in this section.

For the cohomological reduction to the 1d sector to work, it is enough to preserve the
subalgebra su(2|1), & su(2|1), C osp(4[4) of the superconformal algebra. The superalgebra
su(2]1),@Psu(2[1), (or its centrally extended versions), as explained in section 2, is a possible
N = 4 superalgebra on S3. It describes a class of non-conformal theories on S3. At the
RG fixed point, the symmetry is of course enhanced to osp(4]4), and our results reduce to
those of [4, 7, 8] as reviewed in section 3.

In an NV = 4 theory on S% invariant under the centrally extended algebra su(2[1), @

su(2[1), discussed in section 2.4, the construction proceeds as follows. Consider the follow-
ing linear combinations of supercharges:

off = k3,0 + k300, Off = k3,0() + k3.0, (4.1)
of =k, Q) + k5,00 QF = k5,00 + k5, Q). (4.2)

Each of them is nilpotent, and, based on (2.37), they satisfy:

43 r 1 1
(ol ol = - <I€?EI€§ZJ(§£B)+K?TH§TJ(§B)+I€14K,25 <2Rg+Zg> —KirKor <2RT+ZT)> , (4.3)

41 r 1 1
{0, 05} = —— (ﬂ(fé[ﬂgéjc(f)-i-/i?rﬁgrjc(éﬁ)-i-/ile/igg <2Rg+Zg> + K1pKor (2R7~+Z,,>> . (4.4)

~19 —



where K1k = aagﬁ?/ig . We want the rotation which appears on the right to fix a great

circle on S3. Before, this circle was determined as an image of the line 21 = 9 = 0 under
the stereographic projection, and it was the fixed point locus of the T-rotations on S3. But
there are many equivalent choices of the large circle on S3, and that is why we have free
parameters denoted by x above.

Without loss of generality, we will consider the same S' as before that is parametrized
by ¢ and is a fixed point set for the 7 rotations. To pick such a circle, we use:

1 0
Kie = K1 = <0> , Ko = Kgp = <1> : (4.5)

Then the supercharges become:

off =g+ o, of =0+l (4.6)
of = of + o, of =af )+ o, (4.7)
and their algebra is:
49 41 ~
{0} = = (Pr+ R + 2~ ) = — (P, + Re +irC) (4.8)
43 44 ~
{Q?,QQC}:%(PT+RH+ZK+ZT):%(PT+RH+¢rm), (4.9)
where P, = —(Jéﬁ) + Jér)) = 10; is the 7-rotation isometry, just as we need, and

Reo = %(Rg — RT), Ry = %(Re + Rr).
Next, we find the Q{{éo—exact generators given by

{Q{’,é%. (Qé“—Qé"”)}z {95,4% (QEZ”—Q?”))}:P¢+RH+Zg+ZT, (4.10)
{of - (&7 -0 7)) ={of & (") } =Pt Re+Zi—2,,  (a11)

with P, = éT) — Jéz) = i&p as before. We define two twisted rotations:

PH =P, + Ry, (4.12)
PS =P, + Rc, (4.13)

which are closed with respect to the corresponding supercharges, i.e., [QIH , ]35 | =0 and
[QZC, Pg | = 0. Therefore, these twisted rotations can still be used to translate cohomology

SH/C

classes along the ¢-circle. Now, however, P,’~ are not necessarily exact. Rather, 135 is
cohomologous to —Zy — Z, = —irm and ﬁg is cohomologous to —Z,+ Z,, = —ira Thus, on
operators commuting with 7, twisted translations act in a Q{I -exact way, which is similar
to what we had before. For such operators, there is no -dependence of cohomology classes,
meaning their correlation functions are position-independent.

For operators that have a non-zero eigenvalue of m (such operators are charged under

the Cartan of the flavor symmetry), the corresponding cohomology classes become position
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dependent. Nevertheless, this position dependence is very simple: it appears in correlators
as the factor ", where m is the eigenvalue of m. We could have included Z; + Z, into
the definition of the twisted translation and removed this position dependence, but we find
it more convenient not to do so.

Analogously, operators in QZC cohomology, which are not charged under the topolog-
ical symmetry, have E = 0, and correlation functions of twisted-translated operators are
position-independent. For operators charged under the topological symmetry, there is a -
dependence given by €<%, where ( is the eigenvalue of E . For example, cohomology classes
of monopole operators are expected to carry such position dependence in the presence of
non-zero FI terms.

4.1 Operators in the cohomology of Qf{

In an SCFT, there was a state-operator map which allowed to identify the cohomol-
ogy of local operators inserted at the origin with the state cohomology. Because of
{ofl, Q{ﬂ} = {9, Qéﬂ} = D — R{}, one could completely describe cohomology by
the equation D = R;!. Unitarity also implied D — R! > 0, so states/operators with
D — R! = 0 had to be the highest weight states with respect to su(2)g, i.e., they had
the maximal eigenvalue of R;'. This approach shows that the components q; and q; of
the hypermultiplet scalars are examples of such operators in gauge theories built from
hypermultiplets and vectormultiplets, and all other operators are constructed from them.

What should we do in our, generally non-conformal, case? One can check, by applying
SUSY variations from the section 2, that q; and ¢, = —¢?, when inserted at the point
0 = /2, ¢ = 0, are still annihilated by Q¥ and QI. Twisted-translating them along the
great circle parametrized by ¢, we get twisted operators in the cohomology of Qfl :

Qo) =a(p)cos S +mlp)sin, Qo) =@ilp)eos E+dlp)sins.  (4.14)

In the gauged case, one should be slightly more precise, as we are allowed to consider only
gauge invariant operators. This means that Q{I -closed operators that we can insert at the
origin are gauge invariant polynomials in ¢; and ¢, and twisting-translating them along
the circle gives gauge invariant polynomials in @ and C~2

These are the interesting QZH -closed observables. Because we do not have a Hodge
theory argument like in the conformal case, it becomes harder to argue that these operators
are not QZH -exact, and that there are no other cohomology classes besides those represented
by products of ) and é But there is a roundabout: in the next section we will localize our
theory to a 1d theory on the circle, and non-trivial cohomology classes of local operators
will give local observables in that theory. We will see that all local observables in the 1d
theory are generated by ) and @ (This will be especially clear from the 1d gauge theory
interpretation of section 6.2) This allows to prove that a 3d operator constructed from @
and @ is not Qfl -exact, otherwise it would vanish in the 1d theory (because a correlator
of Qfl -closed operators with a Qfl -exact operator is zero). We can say that localization
provides a surjective map from Qf{ -closed observables in 3d to all local observables in 1d,
which are just gauge invariant polynomials in () and @ It does not prove that there are no
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additional operators in the cohomology of the 3d theory, i.e., that this map is also injective,

but we assume it to be the case.'®

The cohomology of Q{{Q also contains interesting loop operators. For instance, the
s

%—BPS Wilson loop wrapping the 6 = § circle is defined by:

—ifo—z dip(Ap+ir®is) '

Wgr = Trr Pe (4.15)

One can verify that Wpx preserves the supercharges Q§£+), Qg*), Q;”) and QY*), which
generate an su(1]1) @ su(1|1) sub-algebra of su(2|1), @ su(2|1),. Our supercharges Q{{Q are
both part of this sub-algebra.

4.2 Operators in the cohomology of Q?

Studying the Coulomb branch is not the central topic of this paper, but we nevertheless
give some details on it. Again, in conformal theories one can use state-operator map and
the equation:

1 c 1 C 1,25 =
So, every state in the cohomology of an SCFT has to be the highest-weight state with
respect to (o7) flebd and satisfy D = (o) dbRbd‘ If we define

2
vt = G) : (4.17)

then every operator Og,..q, of su(2)c spin n/2 has the highest weight component

Oiyog, 0™ - - v, In gauge theories constructed from vectors and hypers, there is one

obvious operator which satisfies this condition:
(I)ai)vdvb = Qi + Dy, + 2945, (4.18)

because ®_; at the conformal point has dimension Ag = 1. For non-conformal theories,

@dbvdvb is also annihilated by Qic at the origin § = 7/2, ¢ = 0, as one can check using
transformation rules from the section 2. The corresponding twisted-translated operator is:

D(p) = ewq)ii + B_i(pq)éé + 2945 (4.19)

Later we will be able to easily compute correlation functions of such operators. However,
this is not the whole story for the Coulomb branch. The Coulomb branch chiral ring
also contains monopole defect operators that contribute to the protected algebra in the
cohomology of Qic. Moreover, this cohomology contains line defect operators, known as
vortex loops, which map to the Wilson loops (4.15) under mirror symmetry. As shown
in [49], the vortex loop preserves an su(1|1)@su(1]1) sub-algebra of su(2|1),$su(2|1),, which
in our language is generated by Q§€+), Qgé_), Qg”) and Qg_). Both of the supercharges
Ql% are part of that sub-algebra. We postpone a detailed study of defect operators to a
future publication.

8Had it not been the case, this map would have a non-empty kernel, in other words there would exist
a non-trivial operator in 3d which vanishes under the correlators with arbitrary insertions of Q-closed
observables.
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5 Localization

In this section we describe how to localize the theories on S3 defined in section 2 to the
1d Higgs branch cohomological sector described in sections 3 and 4. We also provide some
preliminary results on the Coulomb branch.

Let us first briefly review how supersymmetric localization works. Given a supercharge
Q which generates a symmetry of our theory, we would like to calculate the path integral

7= /DVDHGS[V’H](' c ) 5 S = SYM [V] + Shyper [7‘[, V] ) (51)

with Sym and Shyper defined in (2.14) and (2.10), respectively, and (- - - ) representing some
O-closed insertions.'? The first step is to deform the action in (5.1) by a Q-exact operator:

I—I(t)= / DYDHe SVH(.) |
Si=S+tV=95+ t/d%\/g{g, U(x)}. (5.2)

If [Q, V] = 0, then the path-integral (5.2) can be argued to be independent of ¢. Therefore,
Z = Z(0) is equal to the limit lim; ,oo Z(¢). In order for the path integral to converge
as we take this limit, the bosonic part of V is assumed to be non-negative. Then in the
t — oo limit, the path integral reduces to a sum over zeros of V', which are also its saddles.
Those zeros include Q-invariant field configurations, and if V' is chosen properly, they are
precisely identified with such configurations. Each of the saddles gives rise to two distinct
contributions to Z. The first contribution comes from the classical action and insertions
evaluated on the saddle point. The second contribution is the 1-loop determinant arising
from integrating over the quadratic fluctuations of the fields around the saddle.

Our first task is then to choose the supercharge Q in (5.2). The twisted Higgs branch
operators constructed from (4.14) are in the cohomology of sz defined in (4.6). To
calculate their correlators we can therefore contemplate localizing with either Q{J or Q’QLI .
Similarly, to calculate correlators of twisted Coulomb branch operators, such as those
constructed from (4.19), we can consider localizing with Q? or Qg, which were defined
in (4.7). In either case, as discussed in section 3, it is actually advantageous to localize
with a linear combination

Qf =o' + 5oy, (5.3)
Qf = of +B9f, (5.4)
keeping B # 0 arbitrary. In what follows, we will describe the details of localizing our

theories with respect to (5.3) or (5.4), starting with the vectormultiplet and then proceeding
with the hypermultiplet.

19Tn most of this section we will not include FI terms and real masses to avoid clutter, but they can be
very easily incorporated.
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5.1 Vectormultiplets and a non-renormalization theorem

As explained in [42], previous supersymmetric localization computations on S may be
simplified by taking the A/ = 2 Yang-Mills and chiral superfield actions themselves as
localizing terms. Indeed, these actions have non-negative bosonic parts, and are exact with
respect to supercharges in the su(2|1) @ su(2) symmetry algebra of N’ = 2 theories on S3.
Moreover, they are symmetric under the full su(2|1) @ su(2) algebra, which simplifies the
evaluation of 1-loop determinants.

It follows that our ' = 4 Yang-Mills action Syy defined in (2.14) is also exact with
respect to supercharges in all of the su(2|1) & su(2) sub-algebras of su(2|1), & su(2|1),. In
fact, an explicit calculation shows that Sy is also exact under both Qg and QY even
though they do not lie in any such N/ = 2 sub-algebra.

Indeed, the Killing spinor generating Qg can be inferred from (3.1) and (C.9) to be

o= |(0) e ()= () () ()« )
(2o (e ()-2(5) (e ()] w0

One can then check using (2.4)—(2.7) that

L abyab .
5£g5€§ﬁ (29%M h®h /d?’x\/g Tr ()‘aa)‘bi) — 2Dab¢’ab)> = _ZBSYM . (5.6)

Equation (5.6) also holds after the replacement fi{g — 525, where §g is the Killing spinor
generating Qg. We conclude that Syy can be used as a localizing term for the vectormul-
tiplet, whether we choose to localize with Qg , Qg, or the supercharge Oxwy that was
used by [39] and lies in an N = 2 sub-algebra of su(2|1), ® su(2[1),..2°

When calculating the variations in (5.6) we have set to zero total derivatives under the
integral sign. Those total derivatives could give additional contributions in the presence of
defect operators, such as monopoles, which introduce non-trivial boundary conditions for
the fields at their insertion points. Consequently, the above result may have to be modified
when defect operators are inserted in the path integral.

An immediate consequence of (5.6) is that for any A/ = 4 theory on S, correlators
of operators in the cohomology of Qg or Qg are independent of gyyr in the absence of
defect operators. In particular, for our theories, all correlators of the twisted Higgs branch
operators constructed from (4.14), or of the twisted Coulomb branch operators constructed
from (4.19), are independent of gyn. The non-renormalization theorems of [34, 40, 50] make
similar statements at the level of the chiral ring.

Let us now summarize the details of the localization of the N' = 4 vectormultiplet.
Since we established that Synm can be used as a localizing term, the result can be entirely
migrated from [39, 42]. In our language, the fields (2.1) in the vectormultiplet V localize to

V = Ve = {4, A%, @°¢, Dige} (5.7)

. . ‘
20For example, in our notations we can take Qwy = Qi +),
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where
Q)I.QC _ ’iTDlOC _ iTDlOC _ 10_ Aloc _ Dloc _ (I)[QC _ @lqc _ )\lo_c -0 (5 8)
i2 — 1 = 22 & 7 peoo T 12 T L T T2 T Tlah T :

and o is a constant in the Cartan of the lie algebra g parameterizing the different saddles
of Sym. The action Sy itself, of course, vanishes when evaluated on the vectormultiplet
localization locus (5.8):

Sym[Vioo(0)] = 0. (5.9)

On the other hand, the hypermultiplet action (2.10) becomes

e 1, 3 1
Shyper[Havloc(U)]:/dgx\/g |:8Maa8u(kz_“/} Wwd‘i'ﬁq <J2+4> Qa+ﬁ (q10Q2_(720'(h)

_% @10%—@?0%)] _ (5.10)

Together with the contribution from the vectormultiplet 1-loop determinant, the path in-
tegral Z in (5.1) reduces to*!

_ IVlv\ dor et [2 sinh(mo)] / DHe SwoalMVic@l() - (5.11)
Cartan

where |[W]| is the order of the Weyl group of the gauge group. The prime over the determi-

Z

nant sign means we should restrict the action of o to the non-zero weights of the adjoint
before taking the determinant. Note that the determinant factor in (5.11) is actually equal
to the contribution of only an A/ = 2 vectormultiplet. This is because the N' = 4 vec-
tormultiplet decomposes into an N = 2 vectormultiplet plus an adjoint chiral multiplet of
R-charge 1, and the 1-loop determinant of a chiral with precisely this R-charge is equal to 1.

For each U(1) factor in G, we can introduce an FI term (2.15), which leads to additional
insertions in (5.11) of

e~ SFI _y o—87%irlo ’ (5.12)

where o in (5.12) is understood to be the real scalar in the vectormultiplet that gauges
the corresponding U(1) factor. Real masses can be treated as follows. For every Cartan
generator of the flavor symmetry group we can couple the corresponding Abelian flavor
current multiplet to a background vectormultiplet. With our choice of matrices h and h,
introducing a real mass parameter means giving an expectation value equal to m to the
background ®i; and to the corresponding components of Dg, according to (2.16). One
can introduce as many real mass parameters as Cartan generators of the flavor symmetry
algebra thus breaking the flavor symmetry to its Cartan subalgebra. At the level of localized
action, turning on real masses corresponds to replacing:

o—o+rm, (5.13)

21Given a choice of a Cartan sub-algebra for the gauge group G with generators H*, we can decompose o =
o.H". If p is a weight vector in a representation R of G, then p(c) = p'o;, and detr f(0) = e f(p(0)).
In the vectormultiplet determinant det ,q; [2sinh(7o)] in (5.11) the product is only over the roots of G.
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where m is a mass matrix in the Cartan of the flavor symmetry group acting on @ in the
corresponding representation. To be more precise, in the above expression, o acts only on
gauge indices, while m acts only on flavor indices. In the notation of footnote 6, where R
is viewed as a map from the gauge algebra into dim R X dim R hermitian matrices and F
is defined as a map from the hypermultiplet flavor algebra into dim R x dim R hermitian
matrices, one would write R(o) — R(o) + rF(m) instead of (5.13).

5.2 3d Gaussian theory coupled to a matrix model

The expression (5.11) for the path integral could be viewed as our final result. Indeed, at
fixed o, the remaining path integral over the matter fields in H is now easily calculable
because the hypermultiplet action is quadratic. Performing this integral gives a matrix
model that depends on the precise operator insertions in (5.11). We conclude that no
further localization of the hypermultiplet is necessary for reducing the path integral (5.11),
with any supersymmetric insertions, to a matrix integral. (However, as we will see soon,
we can do even better and replace the 3d Gaussian theory at fixed o by a very simple 1d
Gaussian theory.)

Without any insertions, (5.11) gives the S% partition function. After integrating out
the hypermultiplet fields using
1

ZO' = D —Sh per[valoc(U)] — 5.14
/ He detg [2 cosh(mwo)]’ (5.14)
one obtains the KWY matrix model
, .
g = 1 det q; [2 sinh(mo)] (5.15)

W] Jeutan . detg [2cosh(ra)]

The types of insertions (---) allowed in (5.11) depend on the supercharge one chooses
to localize with. As we saw, we can consider three possibilities: the supercharge Qxwy
of [39], the supercharge Qg in (5.3), or Qg defined in (5.4). The insertions (- --) then must
all lie either in the cohomology of Qkwy, or in the cohomology of Qg , or in the one of
Qg. Let us now discuss each of the three cases separately.

5.2.1 Localizing with Qxwy

The cohomology of Qxwy does not contain any local operators. It contains, however,
non-local operators such as the Wilson loop operators (4.15). Such a Wilson loop in
representation Ry, of G localizes to

Wr,| =trg, e™ . (5.16)

loc

These operators are not constructed from the hypermultiplet fields, so we can safely inte-

grate those out using (5.14), which gives
1 det ;4; 2 sinh(mo)]
= — o
|W‘ Cartan detR [2 COSh(TFO’)]

The modification of (5.15) that results from including real masses also allows for the

(Wg,) trr, €. (5.17)

calculation of integrated correlators of scalar operators in A/ = 2 current multiplets asso-
ciated with flavor symmetries [26].
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5.2.2 Localizing with Qg

If we localize with Qg, the allowed insertions include the twisted Coulomb branch opera-
tors discussed in section 4.2. As shown there, with the exception of monopole operators,
these are gauge invariant polynomials in the twisted field ®(¢) defined in (4.19). On the
localization locus (5.8), we have

==, (5.18)

loc
Because these operators are independent of H, we can again integrate out the hypermulti-
plet fields using (5.14). We conclude that

(Pr(2(p1)) -+ P (®(pn)))
1 J det 45 [2 s.1nh(7r<7)]P1 (20) P, <20> | (5.19)

- Zg3W| Jcartan ’ detg [2 cosh(mo)] r r

where P;, are any polynomials and where we divided by Zgs so that (1) = 1. The treatment
of defect operators in the cohomology of Qg is left for future work.

5.2.3 Localizing with Qg

Finally, let us discuss the possible insertions when localizing with Qg . They are gauge

invariant polynomials constructed from Q(¢) and Qv(cp), as discussed in section 4.1. We
conclude that the correlators of such operators O;(¢) can be calculated using (5.11):

_ 1 Udet adj [2sinh(7o)]

ZS'3|W| Cartan detr [2COSh(7TO-)}

(O1(#1) - On(n)) O1(¢1) -+ On(#n))o,  (5.20)

where

1
(Oup1) - Onlgnlis = 7 [ DHE S PAN O, () - On(). (520

Let us now explain how (5.20) is to be evaluated. The correlation functions (5.21)
in the theory governed by the action Shyper[H, Vioc(c)] are calculable since this action is
quadratic. Indeed, they are given by simply summing over all Wick contractions with the

Green’s function G, (p1 — ¢2) = (Q(¢1)Q(p2))s. This Green’s function can be calculated
explicitly from (5.10), and as shown in appendix D:

GO’(<101 - 902) = <Q(¢l)é(§02)>a = *Sgn(wl _ @827)-‘-:_ tanh(m;) 6—0(@1—&02)

where o is taken to be in the representation R. In the limit of coincident points, we can
take as a definition that sgn(0) = 0 in (5.22).
To summarize, the correlation functions (5.20) reduce to the KWY matrix model with

(5.22)

9y

products of the propagator (5.22) inserted according to Wick’s theorem applied to (5.21).
As discussed in section 4.1, the Wilson loops (4.15) are also Qg -closed so we can insert
them as well. Correlators of only Wilson loops will of course be the same as in the KWY
model (5.17). Now, however, we have the possibility of calculating correlators of both
Wilson loops and local operators, similarly to what was done in [51, 52] for 4d N' = 4
Yang-Mills theory.
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5.3 1d Gaussian theory for twisted Higgs branch operators

As we have seen, the solution for correlators of twisted Higgs branch operators can be
obtained from a 3d Gaussian theory coupled to a matrix model. One may wonder, however,
if, because these operators are restricted to lie on an S', their correlators can be described
by a 1d quantum field theory that is coupled to the same matrix model. As advertised
in the title of this paper and briefly reviewed in the Introduction, the answer is yes. In
particular, the Green’s function (5.22) can be obtained from the 1d quadratic action

5,10.Q) = ~tmr [ dp (29,04 Goq) . (5.23)
and so one can alternatively represent the 1d correlator given in (5.21) as
1 - ~
(O1(e1) - Onlpn))o = - / DQDQe™ U0 (p1) -+ Onln).  (5:24)

To check that the path integral (5.24) with the 1d action (5.23) can be used to calculate
the correlators (5.21), we need to check two things:

1. We should check that (5.24) is normalized so that (1) = 1. In other words, we must

have

/ DQDQe=5710Q) = 7. (5.25)

Indeed, we can check that if we assume that () and @ are related by a reality condition
(to be discussed in more detail later), such that the path integral (5.25) is over half
the number of complex integration variables than given by arbitrary complex fields

Q(p) and Q(¢), we have:

~ 5 1 1 1
—5:[Q.Q) — - —
/ DQDQe det(0, +0) detr HneZJr% (in4+ o)  detg [2cosh(ro)]’

(5.26)

where in evaluating the product over n we used zeta-function regularization. This

expression indeed matches the formula for Z, given in (5.14).

The fact that the path integral in (5.24) is over a middle-dimensional integration
cycle in the space of complex fields (Q and @ may seem mysterious at this point,
but we should point out that it is absolutely necessary if (5.24) were to make sense:
without such a choice of integration contour the path integral in (5.24) would not
converge.

2. The second thing we need to check is that (5.22) is indeed the Green’s function
following from (5.23). Such a Green’s function would have to obey the differential
equation

Oy +0)Goli0) = — (). (5.27)

4dmr
and it should be an anti-periodic function of ¢, as required by the anti-periodicity of
the twisted fields Q(¢) and Q(¢). Indeed, it is easy to see that (5.22) obeys these
properties.
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While so far we simply guessed the 1d action (5.23), let us now explain how to obtain
it directly from a supersymmetric localization computation. Additionally, we will provide
a derivation of the middle-dimensional integration cycle in (5.24).

5.4 1d theory from localization of hypermultiplet

Let us now provide a derivation of (5.24) using supersymmetric localization of the hyper-
multiplet. Because we have already argued for (5.23) in a round-about way, the reader
with applications in mind can safely skip to section 6.

Our starting point is the remaining path integral over the hypermultiplet in (5.11)

IH — /DHeShyper['H,v'] ( .. ) R (528)

obtained after the vectormultiplet has been localized, and where (---) are Qg -closed op-
erators. We now wish to localize (5.28), by deforming Shyper[H; Vioc(0)] with a Qg -exact
term constructed from the fields in H.

5.4.1 Off-shell closure

For localization it is important that the algebra generated by the localizing supercharge
Q closes off-shell. Otherwise, a Q-exact deformation 05; = tV will generally not be Q-
closed. Instead, [Q, V] will contain non-vanishing factors that include equations of motion
operators, thus making the path integral depend on the deformation parameter t and
spoiling the localization argument. In our case, while it may not be possible to close the
full N/ = 4 algebra off-shell, the sub-algebra generated by Qg can certainly be made to do
so. We will first describe the general procedure and then apply it to Qg .

Let us first define a new hypermultiplet H’' by supplementing H with new auxiliary
fields:

H = (Qa>§a,waa,Jaa,Ga,éa) . (529)

In (5.29), G, and G* are new complex scalar fields in the fundamental and anti-fundamental
of su(2) g respectively (as well as R and R representations of G in the gauged case), and
whose reality condition is:

G = (G,)". (5.30)

The action of H' is defined as

Sflyper[H,vv] = Shyper[HaV] + /d3x\/§(~}aGa. (531)

The modifications (5.29) and (5.31) are harmless, since by integrating out G* and G°
we recover the original theory. The new action (5.31), however, admits additional super-
symmetries that act only on the fermion matter fields and the new auxiliary fields. The
modified SUSY transformations are given by
Setha = V"0 Dpq” +i€3q" — i€ac®Caq® + 1% Ga, 0, G* = i N TE™ (5.32)
Sewtha = V" €aaDpd" + 10" + iaed 4 + 1%aGa, 0, G* = —iv™WP™, (5.33)
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where U™ and U™ were defined in (2.22) and (2.23). In (5.32) and (5.33) we introduced
an arbitrary auxiliary spinor r,.; parameterizing the new symmetry, and it is taken to
transform in the bi-fundamental of su(2)y @ su(2)c.

Given a Killing spinor &,4, it is then sometimes possible to close the sub-algebra gen-
erated by 0¢,, off-shell on H'. This is done by tuning the value of v, as a function of &g
to cancel the equations of motion that appear in (527V’H’ , as written in (2.20) and (2.21).
The resulting constraints on 14, that ensure this cancellation are given by??

. . 3t
£% a0 =V Wear EaUi =0, &0 Ve = EV(aCWVb)c'- (5.34)

The constraints (5.34) on v, have generally many solutions. For the Killing spinor £ = £ é{ ,
which was defined in (5.5) and generates the supersymmetry we use for localization, a
convenient solution of (5.34) is

Vaa = (§"5)aa - (5.35)

5.4.2 1d action from BPS equations

We are now ready to show that the 1d action S,[@Q, @] follows from evaluating the 3d action
S{lyper [H', Vioc(0)] on bosonic Qg -invariant field configurations. These configurations are
obtained by setting the fermions and their Qg variations to zero. We will refer to them
as the BPS locus and the corresponding equations as the BPS equations. Supplementing
the BPS equations by reality conditions of the bosonic fields is equivalent to intersecting
the BPS locus with the real middle-dimensional contour in the space of 3d bosonic fields.
We call this intersection the bosonic localization locus throughout this paper. Note that,
in general, the bosonic localization locus may not be the same as the full localization locus
defined as the space of zero modes of V', which may also contain fermionic directions.

An interesting fact, which is not crucial for our derivation, is that the BPS equations
alone, without the reality conditions, reduce the 3d action to 1d. Namely, the full 3d
action on 52 evaluated at the BPS locus A\gg = g = Ja = 0¢aa = Og o = 5571,1% =0is
given by a 1d action on a great circle of S3. This reduction is shown in full generality in
appendix E. Since we have already localized the vectormultiplet, in this section we show a
slightly simpler result that the hypermultiplet action on the Vj,.(¢) background reduces to
the 1d action after imposing the BPS equations. The reality conditions, however, will be
absolutely crucial for us later. In the next section they will be used to achieve two goals.
One is that only the intersection of the BPS locus by the real cycle is parametrized by
fields Q(¢) and @(gp) appearing in the 1d action, thus ensuring that there are no bosonic
flat directions. Another is that the hypermultiplet reality conditions determine a middle-
dimensional contour of integration in the space of complex fields of this 1d theory.

Note also that the results of this subsection do not really depend on the precise choice
of the localizing term V. Since V is Qé{ -exact, it automatically vanishes on the BPS locus,

2270 close more than one supersymmetry off-shell, say d¢,, and d¢ 5, we would have additional constraints
on v and ¥ from imposing the closure of the {¢,.,d ;} transformation. The entire N’ = 4 algebra cannot
be closed off-shell in this way.
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so the localization answer includes an integral over the BPS locus. By properly choosing
V', one can actually ensure that it does not have any other zeros besides the BPS locus.

The fact that we take 8 # 0 now plays an important role. Indeed, the Qg -invariant
field configurations must also be invariant under (Qg )2, where

ﬁ 4ifs

(Q5)" =p{ol, &'t = —(Pr+Ro)= —-2. (5.36)

It follows that operators with zero Rc charge, such as the action, must be 7-independent.??
The action can therefore be dimensionally reduced in the 7 direction leaving us with a
theory on the disk D? with metric

ds*(D?) = r? (d92 + sin? 6 dgoQ) . (5.37)

The second ingredient in the derivation comes from solving the BPS equations in the
background (5.8) of the localized vectormultiplet

Ser = derr W =0. (5.38)
V:Vloc V:Vloc

As evident from (5.32) and (5.33), one can solve (5.38) for the auxiliary fields G, and G,
in terms of functions linear in ¢, and ¢,

Ga‘(BPS) = fo(da:0),  Ga | (BPS) = fulla, ), (5.39)

where explicit expressions for f, and f,, are given in appendix E, and we have indicated
that they depend on the choice of auxiliary spinor v,4. Without imposing reality conditions
on the fields, 7-independence and the solutions (5.39) constitute the full set of constraints
that follow from the BPS equations (5.38).

To summarize, the action S],

[
yper
is obtained by first performing dimensional reduction on 7, and then plugging in the solu-

H', Vioc(0)] evaluated on Qg -invariant configurations

tions (5.39). Using (5.34), the result can be shown to be independent of the choice of v,
even though the solutions for the auxiliary fields (5.39) depend on it. After some algebra,
one finds that the action evaluates to a total derivative on D?:

Styper ] = orr / d*z\/g2V . K", (5.40)
QH BPS D2
where
K = AP 0,00 + @uBi’ar,  K¥ = GuA3O0qs + 3uB5 (5.41)

2 Generally, T-independence would only follow from (5.36) up to a gauge transformation. However, in the
treatment of this section, even non-gauge invariant fields are T-independent since we have already localized
the vectormultiplet. This is because the gauge parameter A in (2.19) evaluated for £ = é = Egl localizes to
zero on (5.8).
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and

ab_ 1 —cos(p)sin(f) — 1 —sin(p) sin(6) b ab
b rsin(6) ( —sin(p)sin(d)  cos(yp) sin(@)—l) AT =AY,

o _ 1 (sinp)  2(cos() + sin(®))o — cos(y) — sin(9) — 2sin(y)o
Bi” = 2 (— cos(p) + sin(f) — 2sin(p)o —sin(p) + 2(cos(p) — sin(e))g) ) (5.42)

Bab _ cot(0) [ cos(p) + 2sin(p)o +sin(p) — 2 cos(p)o
2 2r  \sin(p) — 2cos(p)o — cos(p) — 2sin(p)o |

One can verify that the boundary term left from (5.40) is precisely the 1d action (5.23),
which completes the derivation. As already mentioned before, in appendix E we show a
slightly more general result. In particular, imposing d¢Aaa = ¢, %a = 5571,1;;1 = 0, without
assuming that V is initially set to its localization locus, is sufficient in order to reduce the
full non-Gaussian hypermultiplet action Shyper[#, V] to

S = —47Tr/dg0 QVELPQ, (5.43)

where 13@ = 0, —i(A,+ir®;;) is the 3-BPS connection from which Wilson loops (4.15) are

constructed. The procedure outlined in this section is analogous to the one in the work [44]

of Pestun on localization of 4d maximally supersymmetric Yang-Mills on S to an §2.%4

5.4.3 Hypermultiplet 1-loop determinant

Under the assumption that a well-defined localizing term exists, we know by now that the
Gaussian 3d theory (5.10) localizes to the Gaussian 1d theory (5.23), up to the presence of
a possible 1-loop determinant. The well-definiteness of the localizing term means that this
1-loop determinant is finite and non-zero. We also loosely describe this situation by saying
that there are no flat directions. In our case, this means that the localization locus has
no fermionic directions, and the bosonic directions are parametrized by the 1d fields Q(¢p)
and @(gp) appearing in the action S,[Q, @] given in (5.23) and obeying an extra reality
condition which relates Q(¢) and Q(¢). Therefore, the term e~5>, multiplied by a possible
1-loop determinant, provides a good integration measure over the localization locus, which
is what we mean by saying that there are no flat directions.
Being more precise, the statement is that:

/DH e~ Shyper (Qé{—closed insertions) = /DQD@ e_S"[Q’Q]A(G,r) (Qg—closed insertions) ,

(5.44)
where A(o, ) is a possible 1-loop determinant for fluctuations around the localization locus.
It is clear that it can only be a function of o and r, (as well as masses and FI parameters if
they are present in the theory) because these are the only parameters appearing in either

24Note that the localization in [44] also allows for insertions of local operators on S? [51, 52]. Those
operators are “twisted-translated” operators that were first defined by Drukker and Plefka [53]. It would
be fascinating to generalize [44] to A" = 2 theories in a way that allows insertions of the more general class
of twisted operators found in [4].
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the 3d action (5.10) or the 1d action (5.23). Since both 1d and 3d theories are Gaussian, we
can find A(o, ) by simply computing partition functions for theories on the left and on the
right in (5.44) with no Qg -closed insertions whatsoever. We performed this computation
in (5.25)-(5.26) and noticed that the results agree. We therefore conclude that

A(o,r)=1. (5.45)

To finish the argument, we need to construct the localizing term and show that there
are indeed no flat directions. We will construct the localizing term below and give some
evidence that it has the required properties, in particular that there are no fermionic flat
directions and the 1-loop determinant is non-zero and finite. Unfortunately, we do not
have a completely rigorous proof of the last statement.

The localizing term. In the localization, it is useful to organize fields into the multiplets
of Qg . For that purpose, define fields:

(N aps, Yo =inlviae,

Na };I
(&) " ba, T =ip™va (5.46)

~a

Ui

where, as before, v = {fﬁ, and the matrix ugp, is defined as in appendix E:

pab = (§5)a (€5 be = =V vie. (5.47)

The choice of fg breaks spacial and R-symmetries of the model. The bosonic symmetry
algebra su(2),®u(1),®su(2),®u(1), is broken down to u(1),®u(1),. Here u(1), represents
twisted rotations of the circle generated by ]35 = P, + Ry, where Ry = % (R¢ + Ry), and
Ry and R, are, respectively, the generators of u(1), and u(1),. The u(1), represents twisted
T-rotations generated by (Qg )2 o« P; + Rc, where Ro = %(Rz — R,). The new fermions
Na, Yo transform as scalars under u,(1), while for u(1),:

~ . 1
[P<£{7 77a] = Zaﬁpna + §h’abnbv (548)

and analogously for Y,. For conformal theories, u(1l), is enhanced to the algebra
su(2)g1 C so(4) @ sp(4) that acts by twisted conformal transformations on the circle, and
the fields 7,4, T, transform in the spin-1/2 representation of this su(2)g:.

The matrix pqp has the properties:

det prap = B2 cos® 0 =, papp™ = pd; (5.49)
The fields ¢, and n,, as well as ¢* and 1%, form multiplets of 5551:

B
55;;{(]& = Ta, 555”7(1 = ;87—% )

-, B
5§§I§az7la; 555’77(1:; " .

(5.50)
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We then complete T, and Y into multiplets:
b0y = 6. H, = ﬁa T
ng a — {a ggf - ; T4La,
N _ N B - (5.51)
5EHTCL — HCL B 5£HHQ — *87-’ra B
B B r

where the new bosonic fields H, and H® are explicitly given by:
Ha = _IUGG - :U’abybafyu (ggl)tlda,uqc - Mabyba(é-,ﬁH)quc + :uabyba (glgl)Céq)édqc7
HY = —pG® + p (6 cad,@® + i (€4 — i, (). (5.52)
Recall that ®,; has only one non-zero component ®;5 = ®5; = o/r.
We can group the fields into four sets: Xo = (qa, ¢*)%, X1 = (Ta, Y9, X§ = (4, 7%)"
and X| = (H,, H*)". Now the multiplet structure is very simple:
5§§1X1 = X]. (5.53)

However, the conjugation property of the new bosonic fields Xy = (q1,q2,¢",¢*)" and

X{ = (H1, Ho, H'. H 2)t (we suppress gauge and flavor indices) is more complicated, as it
follows from (2.11) and (5.30):

(X1)" = D11 X] + D1oXo,

(Xo)* = D11.Xo. (5.54)

Here,

0y 1o 0, D ~ B (-d_ds o (10
Dy = , Dip=| % , D=2— —2u— . (555
1 (12 02> 10 (—D 02> r\d. d ) e lo (5:55)

where 0y and 15 represent zero and unit 2 X 2 matrices respectively, and the differential
operators d+ on the disk parameterized by z, = sin fe’¥ are given by:

9, fcosp @ sing d\ 4 0 0
Ay = cos™6 ((:050 90  sinf 8@) = cos™d (822 * 0z2 )’ (5:56)
i 0 cosp O ) 0 0
d = ) 9 Sln(pi o _ 9 9 Jd . ‘
o8 <cos«9 00 + sinf Oy icos™0 O0zg 0% (5.57)

These differential operators are globally well-defined on S as well.
Let us define a quantity which we call the canonical localizing fermion:

U= /S Vol a§2 [na (5§gna>* + i (55517“)* + T, (6€gra)* +Fa (5%,?“)*} . (5.58)

This can be written as:

, Do 0 ) (X0
U= [ Vol (X{f X! 5.59
/53 o (xif xt) (Dw D11> (X{)’ (5.59)
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where we introduced one more notation:

Doo = gpnaT. (5.60)

The canonical localizing term is then defined as

N~ [ Xo , ~ (X
— — t t t t 0
V =5y = /Ss Vol <X0 X, ) Ay ( i) + /SS Vol <X0 X1> Ag < 1) . (5.61)

We could also introduce a notation:

(A,B) = g Vol A'B. (5.62)

In terms of this inner product, the localizing term is:

() e @) () e G) e

If we naively compute the above expression, the bosonic/fermionic operators £b7 ¢ will
appear neither symmetric nor anti-symmetric with respect to (-,-). Therefore, one should
symmetrize/anti-symmetrize them first using integration by parts, because correct appli-
cation of Gaussian integration formulas requires them to have such properties. We obtain:

~ —(8/r)2D1,82 LD} - —Dyy iDI
Ab:( (/1)31011 2D1110  Br= 1 0 20 ) (5.64)

Here we wrote Hermitian conjugate on D1 instead of transpose, because this operator is
real. Note that the operator ﬁb is real symmetric and A ¢ is real and anti-symmetric. We
claim that V is a well-defined localizing term. Below we will give some evidence to support
this claim.

The localization for bosons. We find no difficulties studying the localization locus for
bosons. The bosonic part of V' can be written as Za(|5g§”7a|2 + |5£gﬁ“|2 + ’(Sgé{TCLP +

léggfﬂg). It has a global minimum and actually vanishes at the localization locus de-
scribed by:

5551% = (55gna)* =0, 55gﬁa = (5§gﬁa)* =0,
5§gTa = (6€§1Ta)* =0, 6§gT“ = (6§§1T")* =0, (5.65)

which are nothing but the BPS equations supplemented by the reality conditions. The
equations in the first line imply that ¢, and ¢* are 7-independent, something we already
saw before from the BPS equations. In other words, ¢, and ¢* are functions on the disk
D? which is a base of the U(1) fibration with fibers parametrized by 7. The equations in
the second line imply H, = H® =0, ie., X1 =0, as well as (X7)* = 0. The equations
H, = H® = 0 are again the BPS equations, they simply express G, and GY in terms
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of g, and ¢* (as in (E.8) and (E.9)), while (X{)* = 0, due to the unusual conjugation
property (5.54), gives one more equation on ¢’s concisely written as:

D10Xo = 0. (5.66)

Introducing notation
G =q tig, ¢ =q i, (5.67)

this equation is equivalent to the following system of equations:

dqy .o dg- o

029 - qu_7 079 N _Z§q+7 (5 68)
ot o dG~ o .
0z 2% am, T Tt

Because ¢“ are complex conjugates of ¢,, the above equations on ¢* are complex conjugates
of those for ¢, so we only need to solve for g,.

The case 0 = 0 (the free hyper case) is simpler, so let us discuss it first. In this
case, ¢_ is simply a holomorphic function of z3 on D?, and ¢y is anti-holomorphic. The
holomorphy of g_ on the disk implies that it can be written as a convergent power series
q— = > o gan(z2)", and similarly g4 = > ;b,(22)™. Such functions are uniquely deter-
mined by their values at the boundary of the disk, where their Taylor expansions turn into
the Fourier expansions: q_|sp2 = > oo g an€™® and q4|ppe = > ooy bpe 2. We see that
equations at ¢ = 0 imply that the functions ¢, are determined uniquely by their values
at the boundary 9D? = S (which is where our 1d theory lives), and moreover, g_ at the
boundary has only Fourier modes ¢™? with n > 0, while ¢, at the boundary has only
Fourier modes e~ "¢ with n > 0. If we now look at the anti-periodic linear combination:

1

. i 1 i
Qo) = ai(p) cos £+ aal) sm% = 5Q+(90)6 ¢ 4 2q_(p)e’?

oo
~ 32 ) S el
n=0

we see that the most general Fourier series for Q(¢) completely encodes boundary values

(5.69)

for ¢4 and g_. This shows that Q(y) parametrizes the bosonic part of the localization
locus at ¢ = 0. An analogous calculation can also be performed for Qv(cp) as defined
n (4.14). Alternatively, we could start from Q(¢), from which by (5.69) we can extract gq,
then determine ¢* by complex conjugation, and consequently determine Qv(cp) using (4.14).
This procedure shows that Qv(cp) is not simply the complex conjugate of Q(); the relation
between ) and @ is more complicated and will be discussed later.

It is straightforward to extend this analysis to ¢ # 0, with the equations becoming
slightly more complicated and holomorphy lost. In this case, the solution for g4 is:

g an Iy (osinf) “w,

neL

qr = Zian_lln(a sin 0)e™¢ (5.70)
nez
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where [, are modified Bessel functions that are regular at zero. Just as for ¢ = 0, the
solutions (5.70) are completely determined by the values of ¢+ at the boundary dD?. The
expressions for ¢* are obtained by complex conjugation. The fields Q(¢) and @(ap) at the
boundary are:

Qe) = (@) cos £ + ar(@)sin© = 3 ia, 10—l (o)

2 5 ;
nez
A ~ I, _ZI —i(n+s
Qe) = (@) cos s +@lp)sins == +1(0) Zin(0) —intd)e (571
nez

We see that, again, all information about the fields ¢, and ¢* that solve D19 Xy = 0 in the
bulk of D? is encoded in the most general anti-periodic fields Q(p) and Q(¢) at the bound-
ary OD?, subject to a certain reality constraint relating Q(¢) and @(«p) This completes
the proof that the bosonic part of the localization locus is completely parametrized by
Q(p) and Q(y), the fields present in the 1d action (5.23), subject to the reality constraint.

Knowing the localization locus for bosons, there are no further subtleties with the
1-loop determinant for fluctuations of bosons in the transverse directions of the field space.
Since the localizing term is quadratic, any zero mode would correspond to moving along the
localization locus, so the determinant for transverse directions is well-defined and non-zero.
In fact, one can easily check that the bosonic localization locus, as found above, coincides
precisely with the space of zero modes of ﬁb. These are a discrete series of normalizable zero
modes of ﬁb, and there are no other zero modes of ﬁb (which could be part of continuous
spectrum, for example). Concretely, one can check that there is a gap in the spectrum of
ﬁb which separates discrete zero modes from the rest of the spectrum. The existence of
this gap gives an even better evidence that everything works well with the localization of

tvV

bosons using e™*" as the localizing term.

The localization of fermions. To understand what the localization by et does to
fermions, we have to study the spectrum of the operator acting on fermions that appear
in V, that is of A 7. To do that, we have to be precise about the space that A s acts on,
and this is where the subtleties begin.

Spaces of fields and L? and L’? structures. The fields that initially appear in the
path integral are a4, Jad- It is natural to postulate that they are square-integrable, and
that the path integral is taken over the corresponding Hilbert space. Note that when we
describe the space of fields, their statistics does not matter, so we might as well assume
that they take values in the ordinary complex numbers. There is a norm which we refer to
as an L? structure:

1B = [ Vol (60 o+ ] (572)

One then chooses some convenient operator on S2 that is self-adjoint with respect to
this norm, e.g., the Dirac operator, expands fields into their eigenmodes, and uses this
expansion to define the path integral. At this point, statistics becomes relevant since the
modes of spinors are defined to be Grassmann numbers.
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A key step in our discussion of the localizing term is to introduce new fields n,, 1%,
T, Ya. We want to pass to integration over these new fields, but this is a subtle point.
Even though the expressions for 74, T, in terms of the old fields are perfectly smooth, they
degenerate at the § = 7/2 circle. The inverse transforms blow up there. Indeed, we have

_ l HyY , ab _sa
e = y ((fﬁ Jaa ™y — v aTa> )
o 1 a . a
da= () amaril +ivaaT?) (5.73)

which blows up at # = 7/2. Since we want ¢ and 1 to be L2-normalizable, the fields 7, and
T, cannot behave arbitrarily in the vicinity of 6§ = 7/2, where p vanishes. They should

)

obey certain “boundary’

1+62 /1 1w 1
aa * ad— " "o,y | T P —u®YEY —
g;tw )P 25 <u“ 7MUU+M2M a Lo

conditions in the vicinity of the § = 7/2 circle that ensure that

L b (rr i Te) (5.74)

is integrable on S3.
We can introduce another norm, which we refer to as an L'? structure. If we write
A= (nan*Ye Y then the L™ structure is characterized by the norm:

17T D)= (A% 4) = [ Vol 35 [(00) b )7 +(0) Xt (F2)° T (5.75)

Our real operator A #, being anti-symmetric with respect to (-,-), becomes anti-Hermitian
in the L'? structure. If we study its spectrum in the L'? structure, all its discrete spec-
trum eigenfunctions have to be L'? normalizable. But, because of the singular relations
like (5.74), they won’t necessarily be L? normalizable.

For the Hilbert space with the L? inner product, we will use the notation H, while H’
will be used to denote the L'? Hilbert space. The definitions (5.46) of n, Y and 7, T provide
an embedding of H as a linear subspace of H'. Linearity simply follows from the linearity
of (5.46).

When we write the path integral in terms of v, 1;, we simply think of integration over
‘H (with some modes cut-off used to make this precise). When we write the path integral
in terms of n, T, 7, T though, because these fields live in a bigger space H’, we should think
of integration over H as a subspace of H’. This is important, in particular, because the
operator A #, being anti-Hermitian in ', is not anti-Hermitian when restricted to H.

No fermionic zero modes in the discrete spectrum. The above discussion shows
that the operator that enters the localization procedure is A ¢ restricted to H C H', where
by “restricted” we mean the orthogonal projection with respect to (-, -). It would be difficult
to study such a projected operator, so instead we do the following.

Let us introduce an eight-column I'" = (¢;j ¥y5 ¥y Vo3 {EH {/;12 1;21 {/;22)? We already
introduced notations X, and X; for the columns with 7,7 and T,Y" before. The rela-

X}
—T,T 5.76
(XJ fa% (5.76)

tion (5.46) can be written as:
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where T is a coordinate dependent 8 by 8 matrix. Its determinant is 58 cos® 6, which of
course vanishes at the § = 7/2 circle and is the reason why H and H' are not the same.
The localizing term for fermions is:

/ > X/ N
/ Vol (X{ X1) A, <X0> — | VolT'TA,TyT. (5.77)
S8 1 S3

The matrix T is complex, so even though Tjﬁﬁ ¢T' is anti-symmetric, it is not real, so we
cannot apply the spectral theorem. However, it is possible to find another complex and
everywhere non-degenerate matrix My, such that:

T; = Ry My, (5.78)

where Ry still degenerates at § = m/2, but now it is real. There is a lot of freedom in
choosing such a matrix My, and we fix it to be:

10 0 —5
B 1
My = O4 , B= 0L 5 0 f (5.79)
0, B 10 0 %
0i —if 0
The localizing term for fermions becomes:
Vol ' MERYA Ry M. (5.80)

S3
The change of variables x = M/I" is a non-degenerate field redefinition, and we could
imagine defining the path integral over y rather than I'. We could define yet another norm:

/53 Vol Ty, (5.81)

but because x"x = TTMIMT = 2|y [? + [thy5]? + B2Jabgs 2 + e ltbgs|? + |91 + [9hy3]? +
62|1221|2 + #\JQQP), this xTx is integrable if and only if I'T' = 3" . <|waa\2 + |1Zad|2) is
integrable. So this norm is equivalent to the L? structure we had before, and integrating
over x with this norm is equivalent to integrating over the same Hilbert space H.

TAhe localizing term now takes the form |, gs Vol XtchA #Rsx, and the relevant operator
is R'}A fRy. It is real and anti-symmetric, thus the spectral theorem applies to it now, and
so it makes sense to look for its eigenfunctions. If it has any zero modes, they would be of
the form “R;l times the zero mode of A;”. If they are part of the discrete spectrum, they
should be L? normalizable. Let us see if there are any. We try to solve:

~ (X! Do X! — 1D x| =
A (20) =0 = §PooXo =2 D10 Xs =0 (5.82)
Xi §D10X0 + DgpX1 =0.

where as before, X\, = (n1, m2, 7%, 7%)! and X; = (Y1, Yo, Tl, T2)t are four-component
columns. Acting on the second equation with Dgg, using that it anticommutes with Dqq
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and using the first equation to eliminate Do X, we arrive at:
28\2
DioD} X = <T> 92X, . (5.83)

The differential operator 92 appearing on the right is non-positive definite: it can only
have zero or negative eigenvalues. The differential operator DIODL) appearing on the left
is manifestly non-negative definite. Therefore, the above equation can only be satisfied if
0;X1 = 0 (so the solutions of (5.83) are defined on the disk D?) and DloD]lLOXl =0=
DIOX 1 = 0. Let us temporarily write D%) for D1y to make o-dependence of Dqg explicit.

Then
1

(o)t
D _ -
(Dio) cos2 0

DEBJ) cos® 0. (5.84)
So (D%))TXl = 0 implies Dgo_a) (cos? X1) = 0. Modes in the kernel of D%SU) are completely
determined by their value at the boundary of the disk, as we have seen in the analysis of
bosonic localization locus. If X7 is regular, then X7 cos? ) vanishes at § = 7/2, that is at
0D?, and so Dgag)(cos2 0X1) = 0 implies X; = 0. The only way to avoid this conclusion is
to assume that X is singular at the boundary, with the singularity being no weaker than
1/ cos? §. However, this asymptotic behavior will give a mode which is not normalizable.
So we infer that X; = 0. The remaining equations imply DgoX(, = 0, that is 9; X} = 0, and:

D1pX},=0. (5.85)

These are again the same equations we obtained before for the bosonic part of the local-
ization locus. Therefore, we could use the same solution, which would lead us to a naive
conclusion that there are fermionic zero modes: T, = T = 0 and Na, N are determined
by n+ =1 £ iny and 174 = 71 £ 72, which are in turn given by expressions like (5.70).

We now impose L? normalizability of these zero modes. Using (5.74), the integral
J g3 iuabn;;nb x sin @ cos 0 df dp dr has to be convergent. Since p = 32 cos® 6, we are inte-
grating over the disk the following:

2m ab % d(cosO
3 /D2u P (cose)d% (5.86)

For possible zero modes we have:

n_ = Z Nnly (0 sin §)e™
n

Ny = Z iNp—11I,(csin §)e™? . (5.87)
n

If we insert these expressions into (5.86), we obtain

on2 [0=T/2 N . . d(cosf
7 ) > 11 + 0ymm) In (0 sin 0) (cosb)

n

p— (5.88)

The convergence of this integral requires that all i, = 0, so we conclude that zero modes
are not in the discrete spectrum of R}A iRy.

40 —



Summary. Let us summarize what has been done in the last couple of pages. We have
rewritten the fermionic path integral as an integral over y. We were able to prove that the
operator R’}ﬁ Ry that appears in the localizing term does not have any L? normalizable
zero modes. If there were such zero modes, we would say that the localization locus is
actually a supermanifold and they would be the fermionic coordinates on it. As we see,
this does not happen, and the localization locus is purely bosonic, parametrized by Q(),
as we explained before.

However, the spectrum of R?ﬁ Ry still might have continuous branches that pass
through zero. They manifest themselves as “non-normalizable” zero modes we encountered
above. In fact, a more detailed analysis of this operator and the asymptotic behavior of
its eigenfunctions next to § = m/2 shows that this is indeed the case. We believe that for
such operators, the determinant can still be defined after appropriate regularization and
renormalization have been introduced. We are not going to study this here.

Let us also emphasize that even though we have not been able to prove rigorously
that localization works well for fermions, our final result about the 1d theory (5.23) is
still reliable. Indeed, in section 5.3 we showed that the 1d theory (5.23) gives precisely
the same correlators as the 3d Gaussian theory coupled to a matrix model (5.10). What
we have shown in the discussion above is that the same result can be obtained from the
localization of the hypermultiplet, up to an unresolved problem about the existence of the
determinant of an operator with continuous spectrum. Moreover, our analysis identified
a relation between () and @ that can be used to define a middle-dimensional integration
cycle in the path integral (5.24) that we now discuss.

5.4.4 Integration cycle from localization

If we look at the linear combinations @ = ¢i cos & + gasin ¥ and Q=aq cos§ + qasin
in the 3d theory, they are completely independent. They are also not related by the
complex conjugation, since Q* = g cos § — gy sin § and Q = Gy cos 2+ Gosin § are linearly
independent.

Things change once we pass to the 1d theory of the localization locus. The fields Q(¢p)
and @(gp) become related by a complicated reality condition. If we write Fourier expansions
of these fields as:

Q(‘P): Z Cneingo7

nezZ+i
_ ? o (5.89)
Qp)= Y e ™,
nEZ-I—%
then, as one can see from (5.71), the reality condition is:
I o) —1il o
E'n, — e’ian(U)C:‘l’ eian(o') = 1 TL+%( ) . n_%( ) . (590)
iy (@) il 4 (@)
The relation ¢, = eio‘"(”)c;‘; can be interpreted as a choice of integration cycle in

the Gaussian integrals in (5.24) or (5.26). The choice (5.90) is such that these integrals
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converge. Indeed, the Gaussian integrals in (5.26) can be written in terms of the mode
coefficients as

H /an de, e—27r(in+a)cn6n _ H /dcn dCZ e—27r(in+a)eian(o)|cn‘2 (5.91)

nez+3 neZ+3

where we used the fact that the Jacobian for the change of variables from ¢, to ¢, is equal
to 1 due to the property o, (o) + a—,(0) = 0 that can be easily inferred from (5.90). The
Gaussian integral in (5.91) converges provided that

Re [(m +o)en@] >0 (5.92)

for all n and o. This condition holds, as can be checked explicitly using the expression for
an (o) given in (5.90).

One can of course deform the integration cycle while preserving the convergence of the
Gaussian integrals. For instance, an alternative choice of integration cycle is given by

¢n = isgn(n)c; (5.93)

n

which has the advantage of being independent of . This is in fact the o — 0 limit of (5.90).
While very simple in terms of the Fourier modes, the condition (5.93) is rather complicated
in position space. It takes the form

Qly) = Lpv. / dy’

1 1
o

O 2
Sin 2

Q*(¢¥), (5.94)

with P.V. denoting principal value integration.

5.5 Integration cycle from Morse theory

The 1d Gaussian theory (5.23) is very similar to the one studied by Witten in [54]. The
two theories are given by the same Hamiltonian path integral for quantum mechanics, with
the only exception that in (5.23) the scalar fields are taken to be anti-periodic on the circle,
while in [54] they are periodic. When o = 0, the description of integration cycle used in [54]
involves holomorphic functions on an auxiliary two-dimensional disk, which is suggestively
similar to the description we found in (5.68)!

Let us thus explore the connection between our 1d Gaussian theory (5.23) and that
studied in [54] in more detail. For simplicity, let us focus on the case of a free uncharged
hypermultiplet and leave the generalization to a gauged hypermultiplet for future work.
It was explained in [54, 55] that one can construct sensible integration cycles for the path
integral using Morse theory. Let us apply this formalism to our case. While we will not
give a comprehensive review of the Morse theory formalism developed in [54, 55|, we refer
interested readers to these references for more details.

We start with the holomorphic functional

exp [47rr i @(")@ngo} , (5.95)
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which we want to integrate over some middle-dimensional real cycle in the space of complex
fields Q(¢) and @(gp) that describe anti-periodic maps S* — C?. At every o, it is convenient
to parameterize the target space C2 by Q = z + iy and @ = T 41y, where z, y, T, and y
are real coordinates.

The integration cycle in the path integral should be chosen in such a way that the
functional exp [4#7" ffﬂ QV@decp} vanishes at large field values in order for the path integral
to converge. A way to construct such an integration cycle is to consider the real part of
the holomorphic action as a Morse function:

h = Re / 0dQ = / (Fdx — fdy), (5.96)

(we dropped the positive factor 47r because it is irrelevant in this discussion) and construct
the integration cycle using the gradient flow lines associated with this Morse function that
start from the critical points of h. Since the Morse function h = Re [ @dQ is strictly
decreasing along any gradient flow, it is bounded from above by its value at the critical
point at which the flow starts. As explained in [54, 55], if the integration cycle is, roughly
speaking, defined as a union of all gradient flow lines starting from the critical point, the
functional exp { f:r @dQ] remains bounded along this cycle and vanishes at infinity, so it
can be integrated.

Since the fields are taken to be antiperiodic on the circle — which is the main difference
between our theory and that in [54] — the only critical point of hisz =z =y =y =0, as
one can find from setting dh = 0. One can check that among the eigenvalues of the Hessian
of h at this critical point, precisely half are positive and half are negative.?> A gradient
flow line can go in any of the negative directions, and so the union of all gradient flow lines
indeed defines a middle-dimensional cycle, as is always the case for isolated critical points.

The definition of gradient flow requires a metric on target space. Indeed, in order to
define gradient flow, we would like to turn the one-form dh into the vector field defining
the flow line using a metric on the space of maps parameterized by @Q(y) and Qv(gp) To
achieve this goal, we first choose a metric on C?,

ds? = [dQ|* + |dQ|? = dz? + dy® + dZ* + di . (5.97)

This metric on C? induces a metric on the space of maps Q(y),Q(¢) given by
i (](5Q|2 + |5@\2) de, and this latter metric allows us to define the gradient flow lines

of h. If s € (—00,0] is the flow parameter, the flow equations for this metric are:

dx(s, ) _ 9%(s,¢) 9x(s,p) _ Ox(s, )

ds dp 0s oo (5.98)
(s, ) _ _9y(s,¥) (s, ) _ 9y(s,¥)

ds Ao ds do

The fields appearing in (5.98) have to be anti-periodic in ¢, as we mentioned before. The
boundary condition at s = —oo is that the flow line should start from the critical point of

Z5For that, we can expand fields z,y, Z, § in Fourier modes on S* and introduce a UV cutoff on the modes
in order to obtain a finite-dimensional vector space. Then h becomes a real quadratic form in those modes,
half of whose eigenvalues are positive and half are negative.
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h, that is the fields z,y, Z,y should vanish at s = —oo. With such a boundary condition,
the space of all possible solutions of (5.98) restricted to s = 0 provides a good integration
cycle, as explained in [54] and reviewed briefly above. Note that taking s = 0 is just a
convenient choice. Since we can go along the flow with different speeds, flowing for the time
(—o00,0] with all possible initial speeds sweeps out the whole range of possible flow lines.

What the equations (5.98) tell us is that x + iZ and y + iy should be holomorphic
functions in the complex coordinate w = s + ip. Locally, this is the same as to say that
they are holomorphic in the coordinate z = exp w, that parameterizes the unit disk D?. The
locus s = 0 corresponds to the boundary of this disk. Unlike in [54], fields = +iZ, y+iy are
not holomorphic functions on this disk, but rather, because of their anti-periodicity in ¢,
are holomorphic functions on the double cover parametrized by /z. Being holomorphic in
V/z and anti-periodic in ¢ = 2arg +/z, the Taylor expansions of these functions can contain
only odd positive powers of y/z. Any function of this type can be written as y/z times an
arbitrary holomorphic function of z. So we conclude that the most general solution of the
flow equations satisfying the boundary condition at s = —oo is:

T +1i% = za(z), ¥ +iy =2b(2), (5.99)

where a(z) and b(z) are arbitrary holomorphic functions on the disk. Then the space of
boundary values of these solutions provides a good integration cycle.

Let us make contact with the fields of our theory. Recall that in section 5.4.3 we
defined the linear combinations of hypermultiplet scalars g+ = ¢1 & igo and g+ = §' + iG>,
in terms of which Q(¢) and Q(y) are

1 ; 1 ,
Q) = 5- ()" 4+ S (p)e™,
AR P Lipja | G io/2 (5.100)
Qle) = 507 (P)e 50 (p)e?/.

Using (5.99) restricted to the boundary z = €*?, and using Q = z + iy and @ =T+ 1y,
we obtain

Qp) = %(a(ew) +b(e'))e™/? + %(a(e‘w) (e #))emi/?
~ P - A (5.101)
Qp) = 5(b(e") = a(e'?))e?/? + 5™+ b(e~i#))e"1/2

Comparing (5.101) with (5.100), we conclude that we can take:

4-(p) = a(z) + ()] | _pio» 4+ = [a(2) =0(2)] |,_,.s »
7 (p) = [a(2) +0(2)] | i, G =lalz) =b(2)]| > (5.102)

and therefore completely describe the integration cycle by saying that it is given by (5.100),

with g_(¢) being the boundary value of a holomorphic function on a disk, and ¢ () being
the boundary value of an antiholomorphic function on a disk. For the tilded fields we
have g+t = (g=)*. But these descriptions coincide precisely with what we obtained in
section 5.4.3 from localization! We therefore conclude that the integration cycle we find
here using the Morse theory is the same as the integration cycle given in (5.93) obtained

before from localization.
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6 Properties of twisted Higgs branch theory

Before we move on to applications, let us provide a brief summary of the results of the
previous section and describe some important features of the 1d theory used to calculate
correlation functions of twisted Higgs branch operators.

6.1 Brief summary

The main result of our work is a concise formula representing a 1d Gaussian theory coupled
to a matrix model that can be used to compute correlation functions of twisted Higgs branch
operators. The matrix degree of freedom, o, has its 3d origin in the constant mode of one
of the NV = 4 vectormultiplet scalars and is thus valued in the Lie algebra g of the gauge
group G. By a gauge transformation, o can be taken to lie within the Cartan subalgebra,
and one can write the S® partition function as

1

Z=—
|W‘ Cartan

do det ,4;(2sinh(r0)) Z, (6.1)
where |W| is the order of the Weyl group of the gauge group, and Z, is the partition
function of the 1d Gaussian theory that couples to o. This 1d Gaussian theory is written
in terms of anti-periodic scalars Q(p) and @(g@) living on a great circle of S3 parameterized
by ¢ € [—m,m]. They have their 3d origin in the twisted operators formed from the
hypermultiplet scalars. For a hypermultiplet transforming in the representation R of g, we
have that Q(p) and Q(¢) transform in R and R, respectively. The partition function of
the 1d theory is

Z, = / DQDQeS70R! | 5,1Q,Q) = ¢ [dp |Q0,Q + Qo +mr)Q —2ritrcal, (62)

where ¢ = —47r, r being the radius of S2, m is the real mass matrix, and trc:g—Cisa
weight of g corresponding to FI parameters, i.e., if ¢, are generators of abelian factors in g,
then treo = tre ), 04ta = Y, 0atre(te), with tre(tq) = (, the FI parameters. The path
integral in (6.2) is over a middle-dimensional integration cycle in the space of complex
@ and @, as explained in sections 5.4.4 and 5.5. However, for the applications we are
interested in, the precise choice of the integration cycle will not be important.

The theory (6.1)-(6.2) can be used to calculate correlation functions of twisted Higgs
branch operators O; via

1 .
- 7z /C _do det 25 (7o) {01 (1) . Ou(pn))e Zo , (63)

(O1(e1) - - - Onlen))
where, (---) represents an expectation value in the full 3d N' = 4 SCFT, while (---),
represents the expectation value in the Gaussian 1d theory (6.2). The latter expectation
value can be computed using Wick contractions with the propagator

GU(SOI _@2) _ <Q(§01)©(§02)>0’ _ sgn(gol —@2)4—;&21’1}1(7’(’(0’4—7’”7’)) 6—(0'+m7“)(991—‘ﬁ2) . (64)
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At coincident points, this propagator reduces to

Go(0) = tanh(w(;g—i— mr)) . (6.5)

In the expressions above, o + mr is a shorthand notation for R(o) + rF(m), where R and
F are maps form the gauge and flavor algebras, respectively, into dim R x dim R hermitian
matrices, as introduced in footnote 6.

6.2 Topological gauged quantum mechanics

Let us now discuss two important properties of the theory presented above, first in the
conformal case m = { = 0, and then in the case where m and { are non-zero.

6.2.1 The conformal case

The first property of (6.1) when m = ¢ = 0 is that correlation functions of gauge-invariant
operators are topological. Indeed, at fixed o, the equations of motion for @) and @ give
0,Q = —R(0)Q and 8@@ = +R(0)Q. The theory (6.2) being Gaussian, it follows that
any operator O built out of ¢ and C~2 obeys 0,0 = —Rop(0)0, with R being the gauge
representation of 0. Gauge-invariant operators have Rp(o) = 0, and therefore they obey
0,0 = 0. Consequently, the correlation functions of gauge-invariant operators must be
independent of the precise distance between the operator insertions. However, these cor-
relation functions could and, in general, do depend on the ordering of the insertions. Note
that gauge-non-invariant operators may have position-dependent correlation functions, as
can be seen, for instance, in (6.4) in the case of the gauge non-invariant operators @) and @

Another property that is rather hard to see from (6.1), but that we have checked in
detail in many examples, is that, when m = ( = 0, we have

(QR(T)Q)(¢) =0, forall T € g, (up to contact terms). (6.6)

This identity can be used in the correlation functions of gauge-invariant operators (up to
contact terms). From the point of view of the 3d theory, the relation (6.6) is a D-term
relation. Indeed, at the SCFT fixed point attained by sending gyy — oo, the D® equation
of motion gives the D-term relations g, R(T")qy) = 0 for all T' € g. Taking appropriate linear
combinations of these relations and using the definitions of () and @ in (4.14) yields (6.6).
Note that when @R(T)Q appears in a composite operator, for instance in a gauge-invariant
operator @R(T)QO, this operator need not vanish exactly; instead, it can be written as
a linear combination of operators that do not involve @T\’,(T )Q. The precise form of this
linear combination depends on the precise definition of the composite operator @R(T)Q(’),
as we will see explicitly in examples.

It is possible to provide a more formal argument both for the topological nature of
the correlation functions of gauge-invariant operators and for the D-term relation (6.6).
This argument relies on interpreting (6.1) with m = ¢ = 0 as the partition function of
a gauge-fixed topological gauged quantum mechanics, albeit with an unusual choice of
integration cycle in the path integral. Let us construct this gauged quantum mechanics
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starting from (6.1). The first step is to rewrite (6.1) as an integral over the whole Lie
algebra, not just the Cartan. Up to an overall constant, we have

2sinh(7o)
—

Z - / do Z, det/y, (6.7)
Indeed, in passing from (6.7) to (6.1) one has to introduce a Vandermonde determinant
equal to det ’adja that cancels the denominator of the last factor in (6.7), as well as divide
by |[W|, the order of the residual discrete gauge symmetry.

We then notice that

2sinh(7a) T 2 g

T:CH(TL +a“), (6.8)
n=1

where the prefactor C amounts to a divergent a-independent normalization. It follows that

up to an overall normalization factor, we can write (6.7) as

Z:/dUZU/D’cD’Eexp [—/dgp’cv(%((?@—i—a)c , (6.9)

where ¢ and ¢ are Lie-algebra valued fermionic ghosts that are periodic on the circle, and
where the primes in the ghost integration measure mean that we are not integrating over
the ghost zero modes. Indeed, to show that (6.9) reduces to (6.7), note that integrating
out the pair of modes of ¢ and ¢ whose ¢ dependence is proportional to e and e,
with n > 1, results in a factor of

n?(n? + o?%). (6.10)

Using (6.8), we see that the product of (6.10) over all integer n > 1 gives (6.7) up to an
unimportant overall normalization factor.

Lastly, we interpret (6.9) as the ghost action corresponding to the gauge-fixing con-
dition 0,4, = 0 for a 1d gauge field A = A,dp. Thus, combining all the steps men-
tioned above, we find that the theory (6.1) is a gauge-fixed version of the gauged quantum
mechanics

s

7 = /DADQ DQ exp [—e d @D@Q] . Dy=0,+A,. (6.11)
—Tr

In order to match (6.9), the gauge fixing condition is solved by A, = o.

So far we have been cavalier about the proper integration cycle for @, @, A, and the
ghosts that would make the formal manipulations above well-defined. We leave a careful
discussion for future work, but we would like to point out that this integration cycle is
likely to be quite non-trivial. For instance, we know from section 5.4.4 that when A is
restricted to constant values o in the Cartan of the gauge algebra, one should choose a
slightly unusual integration cycle for ) and @ When A is not constant, one should choose
an integration cycle which is middle-dimensional in the space of complex @, @, and A and
that makes the path integral (6.11) well-defined. Hopefully such a cycle exists and can be
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used to show that, despite the lack of the usual factor of ¢ multiplying the gauge connection
in the covariant derivative, the action (6.11) still enjoys gauge invariance.

Assuming that the issues raised in the previous paragraph can be resolved, the descrip-
tion (6.11) makes more transparent the properties of (6.1) mentioned earlier. In particular,
the gauged quantum mechanics (6.11) is topological?® because it is invariant under repa-
rameterizations of the circle, so all correlation functions of gauge invariant operators must
be topological. In addition, the operator relation (6.6) is imposed pointwise by the path
integral over A,: the gauge field A, acts as a Lagrange multiplier.

It is worth noting that the topological quantum mechanics on a circle is an interesting
theory which has previously appeared in the literature in the context of deformation quan-
tization (see [56] and the footnote 3 of [57]) and the study of quantum geometry of phase
spaces [56], as well as the analytic continuation of quantum mechanics path integral in [54],
where the zero Hamiltonian quantum mechanics was the most basic example studied. The
fields there were taken to be periodic on the circle, in which case the theory had a zero
mode corresponding to translations along the circle. The proper definition of the theory
involved regularizing that zero mode, which can be done in a variety of ways (fixing zero
mode, delta function insertion, adding a small Hamiltonian, considering compact or finite
volume phase spaces) and which can introduce various subtleties. In our case, the fields @
and @ naturally appear as antiperiodic on the circle, which is yet another way of solving
the zero mode problem.

6.2.2 Non-vanishing mass and FI parameters

When m and ( are not necessarily vanishing, the discussion above is modified as follows.
The first modification is that all operators in the theory (6.1) obey 9,0 = —[Ro(0) +
Ro(mr)]O, where R is the representation of O under the product of the gauge and flavor
groups. For gauge invariant operators Rop(o) = 0, but Rp(mr) may not vanish when
m # 0. Consequently, the correlation functions of O may no longer be topological. The
position dependence of these correlation functions is rather simple, however. We have

(O1(01) -+ Oplipn)) = e~ 2=t Roi(mnei o (topological correlation function).  (6.12)

For example, if O; has charge ¢; associated with the flavor U(1) symmetry with real mass
parameter m;, the position dependence on ¢; is e™" 2;9™i%  The non-trivial position
dependence can also be understood from the fact that, as explained in section 4, in the
presence of real mass parameters, the twisted translation 15<p is cohomologous to —rm,
where m is the real mass operator.

The second modification of the discussion in the previous section is that the r.h.s. of
the D-term relation (6.6) receives contributions proportional to the FI parameters. Note
that non-vanishing FI parameters do not affect the topological nature of the correlation

function.

26For quantum mechanics, “topological” is synonymous to “zero Hamiltonian.” We use the Schwarz type
notion of a “topological” quantum mechanics, which means that Hamiltonian is precisely zero, not up to
Q-exact terms.

48 —



Lastly, the rewriting of the 1d Gaussian theory coupled to a matrix model (6.1) as a
gauge-fixed gauged quantum mechanics (6.11) is straightforward to perform in the presence
of non-zero m and ¢. The covariant derivative in (6.11) simply gets modified to D, + mr
and the path integral acquires an extra factor of S Z ¢ A This factor is a 1d analog of
an analytically continued Chern-Simons term. A precise understanding of this term in the
gauged quantum mechanics requires studying the middle-dimensional integration cycle in
the space of complex fields @, @, and A. As already mentioned before, we postpone this
task for future work.

6.3 Correlators of twisted Higgs branch operators

Having understood the main properties of the theory (6.1), let us move on to applications.
The main application of the theory (6.1) (or (6.11)) is to calculate correlation functions
of twisted Higgs branch operators. We again first focus on the conformal case, and then
extend this discussion to the non-conformal deformations.

6.3.1 The conformal case

The most basic correlation functions are the 2- and 3-point correlators. When m = { = 0,
we have

(Oi(p1)0;(p2)) = bij (Oi(p1)0j(p2)Ok(p3)) = cijis, 1 <2 <3, (6.13)

where b;; and c¢;j;, are constants independent of the insertion points in the range where
v1 < 2 < 3. All higher-point correlation functions are determined by (6.13) through a
successive use of the OPE

Oi(p)0;(¢) =D e Or(¢), <, (6.14)
k

This OPE should be interpreted as an identity when used inside correlation functions of
adjacent insertions of twisted Higgs branch operators. The OPE coefficients cijk can be
extracted from the 2-point and 3-point functions (6.13):

cii® =M, (6.15)

where the matrix b¥ is the inverse of b;; obeying b bjr = 5};. In practice, it is convenient to
work with a basis of operators that diagonalizes the 2-point function, such that b;; = b;d;;
and b = (1/b;)0%. The lack of an explicit position dependence in the coefficients c;;* is a
reflection of the topological nature of the correlation functions of gauge-invariant twisted
Higgs branch operators.

The quantities of main interest in any given application of the 1d theory (6.1) are
the OPE coefficients cijk, because they contain all the information necessary to construct
correlation functions of twisted Higgs branch operators. In particular, in the special case
where Oy, is the identity operator, O = 1, we have cijk = b;j, and thus from the cz-jk one
can immediately extract the coefficients b;; and c;;, defined above. The OPE coefficients

cijk are thus quantities we will calculate in explicit examples in section 7.
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6.3.2 Non-vanishing mass and FI parameters

When m = 0 but { # 0, the correlation functions of the twisted Higgs branch operators

are still topological and take the form (6.13). The discussion above holds in this case too.
When m # 0, the correlation functions acquire position dependence, as explained in

section 6.2.2. For the given ordering of the insertion points ¢1 < 9 < ..., we have

(Oi(1)0;(ip2)) = bige oI, ez, P1 < 2
(Oi(91)05(102)Onli3)) = cyjpe” 7O MMALTomnea=Fo (mnes ) < gy < g,
with b;; and ¢;;;, being constants, and F being the map from the flavor symmetry alge-
bra into complex dimR x dim R matrices defined in footnote 6. The 1d OPE (6.14) is
replaced by

Oz’(@)oj(wl) _ Z cijkok(spl)e—}'oi(mr)ﬂﬂ—foj (mr)¢’'+Fo, (mr)e 7 o<, (6.17)
k

(6.16)

with constant Cijk , which can now be used in any higher-point functions of twisted Higgs
branch operators between adjacent insertions. The relation between cijk and b;; and c;jj,
is then as in the conformal case.

While in a general non-conformal QFT it is not always possible to find a basis of
operators whose matrix of two-point functions is diagonal, in the 1d theory corresponding
to the twisted Higgs branch operators studied here one can diagonalize b;; through the
Gram-Schmidt procedure.

6.4 2- and 3-point correlators of Higgs branch operators of the SCFT

As advertised in the Introduction, when m = ¢ = 0, we can also infer the 2- and 3-
point functions of the untwisted Higgs branch operators. Concretely, let us make contact
between (6.13) and the 2- and 3-point functions of untwisted Higgs branch operators in
flat space. For a Higgs branch operator O, ..., (Z) of scaling dimension Ap = n/2 let us
define the index free operator

OMN(Z,U)=U™ ... UOy,...q, (T) (6.18)

by contracting the su(2)y indices with polarizations U. Conformal invariance and su(2) g
symmetry imply that we can choose a basis of operators where the only non-vanishing
2-point functions are
Ui, Us)"
(O (71, U1) O™ (&, Un)) = Bij% : (6.19)
|1 — T2
where B;; are constants and where (Uy, Us) = UfUS%e,.2" The 3-point functions of Higgs
branch operators are also constrained by conformal and su(2) gy symmetry to take the form
(O (&1, U1) 0" (2, Up) O™ (25, Us))

ni+n;—ng nitng—n; nj+ng—n;

_ (U, Un)™ 2 (U,Us) ™ 2 (U, Us) ™ 2z (6.20)
B e N e AN e
|71 — @[ 2 [T — 23] 2 |Zo — T3] 2

where Cijk are constants.

2TRecall that 12 = —e21 = —1.
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The untwisted operators are related to the twisted ones by setting U® = ug; as in (3.5).
A simple calculation shows that

ni+n]-+nk

\" 14 2
Bij = (27T> bij,  Cik= (27T> Cijk - (6.21)

If we calculate b;; and c;;, using the model (6.1), we can easily extract the coefficients
appearing in the untwisted correlators (6.19)—(6.20) using (6.21).

6.5 Star product, Higgs branch chiral ring, and deformation quantization

More abstractly, in the conformal case m = { = 0 we can represent the OPE (6.14) as the
star product operation
0;x0; = Z C,'jkok , (6.22)
k
which can be thought of as a non-commutative multiplication operation on the algebra of
twisted Higgs branch operators. What is slightly less obvious is that the star product (6.22)
is also a non-commutative multiplication on the Higgs branch chiral ring. Indeed, it is not
hard to see that the twisted Higgs branch operators are in 1-to-1 correspondence with
Higgs branch chiral ring operators — at any given ¢, the twisted Higgs branch operators
agree precisely with the Higgs branch chiral ring operators with respect to an N = 2
subalgebra, which is to say that they can be represented by holomorphic functions on the
Higgs branch with respect to an appropriate choice of complex structure. To be concrete,
let us take ¢ = 0 and denote the holomorphic function associated with O(0) by fo. The star
product (6.22) can therefore also be thought of as acting on the Higgs branch chiral ring:
fo,* fo, = ci" fo, - (6.23)
k
As explained in [8], (6.23) represents a deformation quantization of the usual commuta-
tive product fo,0, = fo, fo, given by the multiplication of the corresponding holomorphic
functions, with the deformation parameter equal to £~!. Indeed, the star product (6.23)
reduces to this commutative product in the £ — oo limit.

It was explained in [8] that the descent of the twisted Higgs branch operators from
the untwisted ones of the 3d N' = 4 SCFT, which have scaling dimension equal to the
su(2)g spin, A = n/2, yields various very special properties of the 1d operator algebra,
and consequently of the OPE (6.14) and of the star product (6.22). In some cases, it
was shown in [8] that these properties determine the star product uniquely up to a finite
number of parameters. Since we will not use these properties directly, we refer the reader
to the discussion in [8]. In the rest of this paper, we use the 1d theory of the previous
section to compute the star product explicitly in a few examples and compare with the
results of [8]. In particular, we determine the parameters left undetermined in [8].

In the non-conformal case when m or ( are non-zero, one can still define a star product
operation as in (6.22) using the coefficients cijk appearing in (6.17). The star product
defined in this way obeys all the properties discussed in [8] except for the property referred
to as evenness in [8]. There is thus more freedom in the star product of a non-conformal
theory relative to the conformal case.
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6.6 Operator mixing

As a last point in the discussion on how to use (6.1) to calculate explicit correlation
functions, we stress that the definition of the twisted Higgs branch operators in terms
of the fields of the 1d theory may suffer from operator mixing ambiguities even in the
conformal case. These ambiguities are reflected in non-zero two-point functions between
operators of different scaling dimensions, and can be removed upon performing a Gram-
Schmidt diagonalization procedure. From the point of view of the parent A" = 4 SCFT, the
freedom that is used for defining orthogonal operators is that of adding lower dimensional
operators multiplied by powers of the curvature tensor. Indeed, suppose we have identified
a basis of orthogonal operators with scaling dimension strictly less than A. In defining
an operator O of dimension A that is orthogonal to all lower dimension operators, one
can start with some choice @A that is not necessarily orthogonal to all lower dimension
operators and consider the linear combination

Op = Oa + Z a1,;ROA_2; + Z a2 R?OA_q; + - (6.24)

where RF denotes some contraction of the kth power of the Riemann tensor. One should
then adjust the coefficients «y; such that Oa is orthogonal to all lower dimension oper-
ators. The construction of orthogonal twisted Higgs branch operators follows a similar

€2k

recursive pattern, where we can simply replace R¥ by 1/£?* after redefining the ag; by a

dimensionless multiplicative constant. Note that if there are any flavor symmetries present,
then the lower dimension operators included in (6.24) should transform in the same rep-
resentation of the flavor symmetry as 6A- In practice, we remove the operator mixing by
diagonalizing the matrix of 2-point coefficients b;; defined in (6.13).

7 Applications to SCFTs

We now discuss specific examples in SCFTs, where m = ¢ = 0.

7.1 SQED with N charged hypermultiplet flavors

Our first example is A” = 4 SQED with N charged hypermultiplet flavors. Without adding
any real masses or FI terms, this theory is believed to flow to an interacting SCFT in
the IR. The matter content of the 1d theory consists of fields Qr(¢) and Q(y), with
I=1,...,N, and has the partition function

Z:/dO'Zg,

Zo = [ 021D exp |t [ 2 (210,07 +0G1")| - ()

2 cosh(mo)]Y

In preparation for describing all the gauge-invariant operators of the 1d theory, let
us observe that o acts as a Lagrange multiplier imposing the constraint Q;Q' = 0 as an
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operator relation. (See also the discussion in section 6.2.) Indeed, taking a derivative of
the integrand of (7.1) with respect to o, one obtains the integrated identity

/ de (Q1Q' () O1(1) -+~ Onlipn)) = 0 (72)

where O;(¢;) are any gauge-invariant insertions. Let us assume without loss of generality
that ¢1 < @2 < ... @, Because (QrQ' () O1(p1) -+ On(pn)) is a correlation function of
gauge-invariant operators, it is topological, or in other words

(QIQ"(9) O1(p1) -+~ Onln)) = o, if 0 € (&, Pht1) (7.3)
for some constants ay, with 1 < k < n. Here, we identified ¢, 11 = ¢1 + 27. Then (7.2)
reduces to
> a(rir —or) =0. (7.4)
k=1

This equation should hold for any ¢ obeying ¢ < w9 < ...pn < @nt1 = 1 + 27, which
implies that ax = 0 for all k. Consequently @ 1Q'(p) = 0 in all correlation functions. As
explained in section 6.2, this relation also follows from the D-term relations of the 3d theory.

As a further corrolary, we have that, up to mixings with lower dimension operators as
discussed in section 6.6, composite operators @ Q7 O(p) also vanish in correlation functions.
Here, O is any gauge-invariant operator. Indeed, a convenient definition of CNQ 1Q7 O(p) is
through the limit

. ~ I /
901'/12190 QIQ (CP)O(SD ) . (75)
>

Because Q;Q7(¢) = 0, as shown above, it follows that the operator defined in (7.5) also
vanishes in correlation functions. Any other definition of Q;Q’O(yp) differs from (7.5)
by lower dimension operators, so one concludes that indeed, @ 1Q1O(p) equals a linear
combination of lower dimension operators, with the precise linear combination depending
on the precise definition of @ 1Q'O(p). We call such an operator redundant.

Let us now describe the twisted Higgs branch operators of this theory. They are in 1-to-
1 correspondence with the Higgs branch chiral ring operators of the SCFT, or equivalently
with the holomorphic functions on the Higgs branch, as described in section 6.5.2° The
twisted Higgs branch operators can be constructed as gauge invariant words in Q! and
@ 7 modulo the complex D-term relation @ 1Q! = 0 proven above, with Q! and @ 7 having
gauge charges +1 and —1, respectively. The result is an algebra of operators generated by
the traceless bilinears

T’ = Qi@ ~ o1aKQ~, (76)

obeying the nilpotency constraint J;77;% = 0. This nilpotency constraint should be
interpreted as the relation f; s f7 x = f7,77,x =0 in the Higgs branch chiral ring, which

28The Higgs branch of SQED with N hypermultiplets is the hyperkéhler quotient HY ///U(1).
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means that the operator 7, IJ J JK is redundant. This relation can also be recovered from
the ¢/ — oo limit of the star product, namely limy ., Tl J5 =0, as we will see below.

Note that given that @KQK = 0, one need not write the second term in (7.6) that
makes manifest the tracelessness of J;7. However, we find it convenient to explicitly remove
the SU(N) traces in the definitions of the various operators considered here, as in (7.6),
because with such a traceless definition group theory arguments guarantee that there is no
mixing with lower dimension operators.

The other linearly independent twisted Higgs branch operators can be taken to be
products of J;/ symmetrized in their upper and lower indices separately and with no
indices contracted and the traces removed, namely

J J,
51112...IPJ1J2"'JP = j( lj JIP’;) — traces. (7.7)
For instance, we have

4@1{@

2) ) K\2
N+ 2 O Q) Q™ + QrQ7) oihal) . (78)

J1J2 _ ~ A Jl J2 _
Jh]z = Qlesz Q (N+ 1)(]\7 + 2) (I " I2) -

From a group theory perspective, the Higgs branch chiral ring admits an action of the
SU(N) flavor symmetry of the SQED under which Q! and @ 7 transform as a fundamental
and as an anti-fundamental, respectively.?? The algebra of operators decomposes under
this action as

PBlr.0.0,...,0,p], (7.9)
p=0

where the term [p,0,0,...,0,p|, appearing only once, is represented precisely by (7.7).

As reviewed in section 6.5, the correlation functions in the 1d theory can be deduced
from the non-commutative star product defined in (6.22). In the case of minimal nilpotent
orbits of classical groups (other than SU(2)), it was shown in [8] that the star product is
uniquely determined (see for instance [58]) by its properties, and consequently all corre-
lation functions of the operators (7.7) are also uniquely determined.? Nevertheless, it is
instructive to see how these correlation functions are computed within our formalism.

To avoid dealing with SU(V) indices, it is convenient to contract them into polarization
vectors (y!,7r) obeying 7 -y = 77y’ = 0. So let us define

Te,y,9) = Tntyn, 27y gy, g, (7.10)
Using (6.4) for each flavor, one can easily express the two-point functions of J ®) as

fdffZ [Go(£)Go(—))"

Tio 7, L (7.11)

(TP (01,91, 51) TP (02, y2,52)) = (F1 - y2)P (Y1 - T2)P

29Under the complexified action of s[(IN) 2 su(NN), the Higgs branch, seen as a complex manifold, can be
identified with the minimal nilpotent orbit of s[(/N). The Higgs branch chiral ring can be identified with
the ring of holomorphic functions on the Higgs branch.

3%Tn the case of SU(2) the star product is determined up to a free parameter. There exist different SCFTs
for which this parameter takes distinct values.
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with the propagator G, () given in (6.4). We have

(—=1)PsechV 2P (nro) (—1)PT (5 +p)

—)P = —
[ 02 GG = [ a0t = e iy (71

which immediately implies

(~DPT ()T (5 +p)

TP (o1, y1,51) TP (o, Y2, §2)) =
( (¢1, 91, 51) (¢2,y2,92)) (26)2pr\(%)r(%+p)

(U1 - y2)P(y1 - g2)? . (7.13)

It is not hard to compare this relation with the general expectation of [58]. To do so,
let us group together the J® into a single quantity

o0

T(e.y.9) =Y _ TP (p,y.7) (7.14)

p=0

from which J® (¢, y, %) can be identified with the term of total degree 2p in (y,%), and the
factor of /P was inserted such that all terms in the sum have the same scaling dimension.
Then (7.13) implies

_ _ N N  NN+1 U - g
<\7(301>y13y1)j(9027y2ay2)> = 3F2 <2> Ea 75 9 ; (yl y2)4(y1 y2)> .

(7.15)

Comparing with eq. (1.3) of [58], we see that these expressions agree precisely with the
bilinear form on the generalized higher spin algebra hs,(sl(/V)), with the parameter A
taking the value \ = 013!

One can also calculate three-point functions. For instance, for ¢1 < 2 < @3 we have

(T (1,91, 51) TV (@2, 92, 52) TV (03, 43, 33))
N (7.16)

— —m [(F1-y3) (T3 - y2) @ - 1) — (1 - y2) (@2 - y3) (T3 - y1)]

which also agrees with the results of [58].3% From this expression as well as from (7.13)

and (6.13)-(6.22), we can extract the star product of the generator J;7:

T’ « It = T’ — % (6Tt — ot gx’) - 452(zjvv+1) <5,L5=}( - ]175;’5,%) . (7.17)
In the ¢ — oo limit, this expression reduces to the commutative product on the Higgs
branch chiral ring, J;7 Tk’ = Jrx’%, or more precisely to the relation frifzee = fg,0L
written in terms of the holomorphic functions on the Higgs branch. This commutative
product follows from (7.6) and (7.8) as well as from the condition that in the Higgs branch
chiral ring we have the relation @ Q% =0.

31In making this comparison, one has to convert the matrix polarization V used in that reference to the
vector polarizations used here. The relation is Vi7 = gry”. Then (71 - y2)(y1 - §2) = tr(ViVa).

32To compare, in the convention of footnote 31, we can write (71 - ¥3)(73 - y2)(72 - y1) = tr(V1VaV3) and
(91-y2)(g2-y3)(F3-y1) = tr(VaVeVi). Then (7.16), with £ = 1, matches the terms cubic in V' in the expansion
of eq. (1.4) of [58].
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7.2 N-node quiver

The next example we study is that of an N-node Abelian quiver gauge theory with N
hypermultiplets with charges (1,-1,0,0,...), (0,1,—1,0,...), and so on. One has to mod
out by the overall U(1) since no matter fields are charged under it — the gauge group is
U(1)N/U(1). This theory is the mirror dual of SQED with N charged hypermultiplets, as
explained in [34].

The 1d theory describing the twisted Higgs branch operators is

N
:/ Hdaj ZO'] Ly,
j=1

N v (7.18)
Ly = / H DQ;DQ; | exp —f/dgpz (Qj&PQJ + (05 — UJH)Q]Q]>
Jj=1 Jj=1

where for the purpose of writing a succinct formula we have defined o1 = ;1. Integrating
out (); and Q; gives

::]2

T rr— (7.19)

The S? partition function itself can be calculated using the trick of writing each factor
n (7.19) as a Fourier transform:

1 p e2mi(0j—0j11)7; (7.20)
2cosh(m(o; — 0j41)) / T]W. .

Further performing the integral over o; and 7;, one finds

- / dr— () (7.21)

2cosh(ar)Y  2Ny/ar () ‘
This expression agrees precisely with the partition function of SQED with N charged
hypermultiplets, as should be the case since the two theories are each other’s mirror duals.
The Fourier transform in (7.20) effectively implements the mirror symmetry duality. See
also [59, 60] and [61].

Let us now discuss the twisted Higgs branch operators of this theory and their corre-
lation functions. The Higgs branch is the hyperkihler cone C2?/Z~, and the Higgs branch
chiral ring, whose operators are in 1-to-1 correspondence with the twisted Higgs branch
operators, is generated by three operators

X=QiQ2-Qn, YV=QiQ2 - Qn, Z=QiQ1=Q2Q2=...=QnQn (7.22)

modulo the relation XY = ZN. This relation should be interpreted as the ¢ — oo limit
of the star product X x Y or as the commutative product on the Higgs branch chiral ring
fxfy = fzv = (fz)V. The relations in the last equation of (7.22) can be seen from the
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1d theory (7.18) precisely in the same way as the relation @ Q" = 0 was derived in SQED
around equations (7.2)—(7.5). They are imposed by the integration variables o; which act
as Lagrange multipliers.

The 1d topological algebra of this theory was also studied in [8] quite expliclity in the
cases N = 3,4. When N = 3, for instance, ref. [8] found that some of the abstract properties
on the star product determine it up to two parameters that are denoted by as and k3:

__ 9. _ 22 93
N=3: 2*2_3—5—2,
1
Z*X:ZXJrQ—gX,
1 (7.23)
ZxY =2y —
*Y Yy %J},
3 3as + k3 3as + K3
X =23 —zZ2_ Z
xY 50 dog2 © T Tam

etc. The parameter as can be calculated using the supersymmetric localization results
of [41] combined with the prescription in [26]. It is found that [8]

w2 —8

= (7.24)

a3 =

Lastly, the relation between ag and k3 was determined in [8] using the remaining proper-
ties of the star product. The simple form of the result, namely k3 = —1/4 is suggestive of
the existence of an analytical derivation of it. The computation we are about to perform
represents such a derivation.

A similar analysis was performed in [8] in the case N = 4, where it was found that the
first few star product relations are

—4- _z2
N=4: ZxZ=2-T,
1
ZxX=ZX+—-X
* +2€ ’
1
EY=EV (7.25)
2 —2 —4 1 — —14
XxY=24_Zz3_ ka(Aa—4ag)+(1+ A1) (=546 a4)a422
¢ T(ka+as(2—3X\1+504)) 02
—2K4+as+ A0y —2ka+as+ Aoy
z-2 ,
Sayl3 504

etc., where ay, A4, and k4 are constants. Using existing supersymmetric localization com-
putations, one can determine a4, while imposing the other properties of the topological
operator algebra restricts the space of allowed values of k4 and A4 to a curve. Which
point on this curve corresponds to the N = 4 quiver theory was not determined. Our
computation below determines it.
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Let us now compute various correlation functions from which we can reproduce the
algebras (7.23) and (7.25) as well as generalizations thereof. To simplify the following
formulas, let us define the integration measure

N 1 N
du(o;) = (H dq) ) N Z o; | Zs (7.26)
i=1 j=1

and define o3, = 0; — o}, and @ = @; — ). Let us start with the 2-point functions

_ fd:u(o-j) [G012 (@12)G012(_9012) + GUIZ (0)2]

(Z(p1)Z(p2)) = 7 ; o
(= L O Gri () -
and the 3-point function
(Z(01) X (p2)V(3))
_ J dp(o:) Hj‘vz2 Gojiyin) (923) [Gam(;%)Gam(O) + Goyy (913)Goyy (921)] ‘ (7.28)

In these correlation functions, one can again pass to the mirror dual integration variable
7 by performing a Fourier transform. The result is

N
(X(p1)V(p2)) = KLN% /dTW (iT - ;) ) if o1 < 2

2 cosh (7)Y

N
<zwnXWﬁw%»:€§H;/ﬁql(w(w—;)),inn<¢2<m

These calculations are sufficient to determine the dimensionless parameters ag and k3
entering the algebra (7.23) in the N = 3 case. Before we do so, however, let us compute
2- and 3-point functions of some of the composite operators as well. While so far, the
operator mixing discussed in section 6.6 has not been important, it does become important
for composite operators. Our strategy is to first calculate the matrix of two-point functions
in some conveniently chosen basis of operators, and afterwards perform a change of basis
to an orthogonal set of operators.

Let us focus on the operators ZP with p < N. A rather convenient basis is

p
z =[] 0,0 (7.30)
j=1

where the hat on 27 signifies that we do not expect these operators to be orthogonal. We
reserve the notation ZP for the orthogonal operators. Following the same path as above,
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one can calculate

BT ) = gy [ r oy (7

N (7.31)
B ¥ = iy [ (W (1) ) |

where in the second equation we assumed @1 < 2 < @3. A closed analytical expression
for the integrals appearing in (7.31) does not seem to be available for a generic value of
N, p, and ¢, but these integrals can be performed analytically on a case-by-case basis.
Once these integrals have been performed, we can construct the orthogonal operators ZP
recursively via the Gram-Schmidt procedure:

20 _ Zp 3 (2P(p1)2(¢2)) ¢ (7.32)

In the case N = 3, we have

— 8 — 72

Z=2Z, ZQZZLW’ 23 = gt o (7.33)
Assuming ¢ < g < 3, we have
2 _
(2(01)2(02) = —;ﬂzgi,
(2022 (0) =
B0 (ew) = - E T L
p)Vip) =~ (731
(Zlo) X2V () =~
(Z o0 XpV(es)) = - LOAET T
e

Combining these expressions with (6.13)—(6.22), one can derive the star product rules (7.23)
with

w2 -8 1
e K= (7.35)

a3 =
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We have thus provided a direct derivation of the result k3 = —1/4 that was found numer-
ically in [8]. A similar exercise for N = 4 gives

(Z(p1)Z(p2)) = ;32;27;227
(2201 22 = —2 I AT
(B0 () = -2 ),
2o = B
p)Vien) = DT (7.6)
(Zlo) X (@Y () = DT
(2200 X (2 V) = BT
N e )
(oo = DI T ot i
From these correlation functions one can reproduce the algebra (7.25) with
7 —6 1 3
W= To5 K4 = To >\4:§. (7.37)

One can see from figure 5 of [8] that these values of the parameters lie in the region allowed
by the numerical bounds. Extending the analysis above to N > 4 is then straightforward,
but we will not perform it explicitly here.

7.3 U(2) with adjoint hypermultiplet and fundamental hypermultiplet

We can also study the much more intricate example of an NV = 8 SCFT and make a
comparison with the results of [7]. The N'= 8 SCFT we consider is the infrared limit of
U(2) gauge theory with an adjoint hypermultiplet and a fundamental hypermultiplet. Let
the twisted fields corresponding to the adjoint hypermultiplet be denoted by X ij and X’ij
and those corresponding to the fundamental hypermultiplet by @ and @i, where ¢,7 =1,2
are gauge indices. The 1d twisted Higgs branch theory is

1 L~ L~
Z=3 / doydog 4sinh?(7(oy — 03)) / DQ'DQ;DX' ;DX e~ (7.38)
with

S=€/d<p [@iQi‘i‘)?z’inj‘i‘Ul@lQl+U2@2Q2+(01_02)()?12X12_)?21X21)] (7.39)
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Integrating out the @’s and X’s we get the matrix model [39]

. 2 .
7 = 1/d01d02 5 sinh ({01 — 02)) = L
2 16 cosh? (7w (o1 — 02)) cosh(mwoy) cosh(mwoy) 167

(7.40)

The U(2) gauge theory with a fundamental and an adjoint hypermultiplet is believed
to flow to the same IR fixed point as the N' = 8 U(2) Yang-Mills theory. The IR fixed point
SCFT has two N = 8 stress tensor multiplets, one of which corresponds to a free sector
and one to an interacting sector. Intuitively, the free sector corresponds to the IR limit of
the diagonal U(1) in the Yang-Mills description, while the interacting sector corresponds
to the IR limit of SU(2) Yang-Mills theory, as will be made more precise shortly.

It was shown in [7] that upon decomposition to N/ = 4 SCFT notation, the 1d Higgs
branch theory has a flavor su(2)p symmetry that is a subgroup of the so(8) R-symmetry.
Under su(2)r, (X, XT) form a doublet.?® In order to match the notation in [7], let us
introduce polarization variables %%, @ = 1,2, and denote the operators in the 1d theory by

—a1 .

OZjF (303 g) = OELL..ELQij o gl_ljF ; (741)

where jp is the spin of the su(2)p representation.
We will identify 3 operators in the 1d theory and compute their correlation functions:

e The twisted Higgs branch representative of the N' = 8 free field multiplet. The
N = 8 free field multiplet consists of 8 scalar operators of scaling dimension 1/2
and 8 spin-1/2 operators of scaling dimension 1. Under the decomposition to N' = 4
supersymmetry, 4 of the scalar operators are interpreted as Higgs branch operators
(transforming under su(2) g @ su(2)r as (2, 2), while the other 4 are Coulomb branch
operators. From the 4 Higgs branch operators one can construct the twisted Higgs
branch operator O1 free(, 7).

e The twisted Higgs branch representatives of the free and of the interacting N =
8 stress tensor multiplets. Any N = 8 stress tensor multiplet contains 35 scalar
operators of scaling dimension 1, 9 of which being Higgs branch operators from an
N = 4 point of view. From them, one can construct twisted Higgs branch operators
Os2(¢p, 7). We will denote the operator corresponding to the free stress tensor multiplet
by O3 trec(¢, ¥) and the one corresponding to the interacting stress tensor multiplet

by OZ,int(QO, g)
7.3.1 Free N = 8 multiplet

The free multiplet operator O frec(¢,y) is

O1tree(9,9) = 7' tr X () + 77 tr X (). (7.42)

33Because of the D-term relations, we may construct operators only from X and X. Indeed, the equations
of motion for the auxiliary field D, imply @j Qi—i—)?ijik —)?kiij = 0, so every pair éj Q" can be replaced
by —)ijkXik + )kaiij. Since gauge-invariant operators can only contain an equal number of Q)’s and @’s
such replacements yield expressions depending only on X and X.
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From (7.38), we see that tr X and tr X only appear in the kinetic term, so computing
correlation functions of these operators can be performed using the propagator

(tr X (1) tr X (2)) = W. (7.43)

(No integrals over ¢ are necessary to establish (7.43).) Using this expression and (7.42),
one obtains

1
(O tree (91, 51) O tree(p2, 92)) = 5 (§1, 52) sgnler — ¢2). (7.44)
where the angle bracket notation is defined by
(Ui, Uj) = 2??5@537?, €91 = —€12=1. (7.45)

Higher point functions of O gec(y,y) can be computed using Wick contractions
using (7.44).

7.3.2 Free N = 8 stress tensor multiplet

There are two su(2)p triplets of linearly independent operators that are quadratic in X
corresponding to the two stress tensor multiplets of the theory. It is easy to identify the
one corresponding to the free N' = 8 multiplet because this is the only one appearing in
the OPE of O free X O1 free: it is simply the square of the free N' = 8 operator O free(¥, 7).

Ongree(i2: ) = (51)° (tr X)* + 25" (tr X) (tr X) + (5%)° (tr X)?. (7.46)
Again using (7.43) gives

2
(O2 tree (01, Y1) O2 free (P2, J2)) = 72@1, Pa)? . (7.47)

7.3.3 Interacting N = 8 stress tensor multiplet

The interacting stress tensor multiplet must be orthogonal to the free one. To obtain Og int,
we first compute the matrix of 2-point functions

((ir XP2(0) (1r K20 r XP2(0) e K90 _ (2 =) 7
(1 X2) () (1 XP2(0) (1 X)) (6 2)(0))) ~ \ e 52

4r2 2472
We can then easily see that

([ %20 - 510 200 (3200 ) 0. (7.49)

which implies that the (§')? component of Og it (¢, ) is (tr X2)(p) — (tr X)2() up to an
overall normalization factor of our choice. The su(2)r symmetry then implies

Onne1) = (17 (0 X2) = S X7 420152 (XX = (er )(0r D))
X (7.50)
+ (7)? ((trXQ) — 5 (tr X)2) .
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Computing the two-point function of Og ju¢ is more challenging, as one now has to use the
non-trivial propagators coming from (7.39). A careful calculation shows that the two-point
function is

_ _ (y1,72)% 1 / sinh?(1o12) [5 + cosh(2mo12)]
@) in 5 (@] in 5 = - doyd
(Ozin (1, 91) Ozint (02, 52)) 42 Z 71602 16 cosh* (m12) cosh(wo) cosh (o)
2,
= @(?Jhyﬂ? ) (751)

where 019 = 01 — 09.

7.3.4 Four-point functions

We can use the formalism we have developed to calculate the 4-point functions of
O3 tree (¢, 7) and Ogint(p,y) and compare with [7]. In [7] it was found that the 4-point
function of an operator Oz (¢, §) corresponding to an N = 8 stress tensor multiplet (which
could be any linear combination of O2 free(, ) and Oz int(p,¥)) is

(O2(1,51) O2(p2,92) O2(¢3,73) O2(4,Ya))

e, 1 1 2—w 1 6 —6w+w> (7.52)
= C2 (1, 52) (3. 50)” | 1+ 7 )+ N o F g M) mr |-
Here, w is defined as
o= 8205 0s). (7.53)
(91, U3) (Y2, Ya)
the constant C 1s given the normalization of the operator,
h C is gi by th lizati f th
(O2(1,51)O2(p2, 52)) = C {1, 52)* (7.54)
an an are the squares of the various coefficients o = 8 super-
d )\%B 2)? )\%B +)? d )‘gtress h q f th i OPE ffici fN 8 p

conformal multiplets appearing in the OPE of the N' = 8 stress tensor multiplet with itself.
The four-point function of Oj free(, ¥) does not require any integrals, as it again only
uses (7.43). When ¢ < @3 < 3 < (4, we obtain
_ _ _ _ 4, 5 o6+2w—2w?
<02,free(§017yl)OQ,free(cha y2)02,free(903a y3)02,free(9047y4)> = 674<y1ay2>2<y37 y4>2Ta
(7.55)
Obtaining Os int(p, ) is slightly more complicated. The final result is
_ _ _ _ 8 o pdt+w-—w?
(O2,int (1, 1) O2,int (92, Y2) O2int (93, U3) O2,int (P4, Ya)) = @<y1,y2>2<y37y4>2T-
(7.56)
Comparing these expression with (7.52), we find

Free stress tensor: )\gtress =16, )\%Br‘r) =16, )\%372) =0,

1 N 64 ) (7.57)

Interacting stress tensor: A2 , B4 = 5 /\(372) =0.

stress
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The expressions for the OPE coefficients of the free N/ = 8 stress tensor multiplet match
the result of [7] in the free N' = 8 theory (of 8 free massless scalars and 8 free massless
Majorana fermions), while the corresponding expressions obtained for the interacting stress
tensor match those obtained in [7] for the U(2)2 x U(1)_5 ABJ theory. The former theory
is the infrared limit of N’ = 8 super Yang-Mills theory with gauge group U(1), while the
latter theory is the infrared limit of N' = 8 Yang-Mills theory with gauge group SU(2).
These results show quite explicitly how, at the level of the N' = 4 Higgs branch theory, the
IR limit of N' = 8 U(2) Yang-Mills theory (or the U(2) gauge theory with one fundamental
and one adjoint hypermultiplet) is a product between a free theory and the IR limit of
SU(2) Yang-Mills theory.

8 Applications to N = 4 QFTs on S® with non-vanishing mass and FI
parameters

Let us now present a few examples of correlation functions in non-conformal theories with

either m or ¢ non-vanishing.

8.1 Deformation by FI parameters
8.1.1 SQED with non-zero FI parameter

Turning on a non-zero FI parameter in SQED is easily implemented by replacing Z, in (7.1)
and subsequent formulas in section 7.1 by

6271'2'{&7

Zy = ymm— (8.1)

The S? partition function is

I'(§—i¢o)T (5 +ice)
2n(N —1)!

Z = (8.2)

The two-point function of J® is then still given by (7.11). The integrals evaluate to

(TP (01,91, 51) TP (02, y2, 72))
(~1)PD(N)T (5 —i¢l+p) T (5 +iCl + p) (8.3)

- U1 - p . 775 )P
/2p F(N+2P)F(%—icf)r(%+i@) (yl y2) (y1 yg) .

These two-point functions can be combined into a single formula upon using the defini-

tion (7.14). We have

];/_Z,d’];f_i_id?l;];/N;l;_(yl y2)4(y1 yg)) ,
(8.4)

Comparing with eq. (1.4) of [58] we see that (8.4) agrees with the bilinear form of the

generalized higher spin algebra hs, (s[(/V)) with parameter A = £2i(¢/N.

(T (e1,91,71)T (92,92, 72)) = 357 <
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One can also compute 3-point functions. We have, for example,
(T (1,51, 51) TV (02,92, 52) T (03, y3, 3))

N (1 + 4%5;) [(1 2iCl

8G3(N + 1 N+2

> (U1 - y3) (Y3 - y2) (92 - y1) (8.5)

— <1 + ]\?ﬁg) (71 - y2)(F2 - y3) (U3 - Z/l)} ,

which matches eq. (1.4) of [58] upon making the identification A = —2i(¢/N. (See foot-
notes 31 and 32.) The star product of the generators of the chiral ring becomes

T’ * Tt = Tk’ + —— i SE I + ot Ti” —*(5‘];71( + o717y
N+2

CQ
~ N(N+1) 07O ~ N‘S{(SfL{ (8.6)
1 N 1
_7JL7L J v eLgJ - eJsL
20K IT + 501 T 42(N + 1) (515K Ndf‘sK) '

In the limit £ — oo, (8.6) reduces to the commutative product on the deformed Higgs
branch chiral ring. Indeed, using (7.6) and (7.8), one can check that the multiplication of
Jr? Tk yields the £ — oo limit of (8.6) provided that the relation @]QI = i( is satisfied,
as appropriate for the deformed Higgs branch chiral ring.

8.1.2 N-node quiver with non-zero FI parameters

The N node quiver has gauge group U(1)" /U(1) containing N — 1 Abelian factors. Conse-
quently, there are N — 1 linearly independent FI parameters that can be introduced. Let us
introduce an FI parameter (; for each one of the N gauge group factors with the constraint

> ¢ =0. (8.7)

The deformation to non-zero (;’s is realized by modifying the expression of Z, in (7.19) to

N QWIZCJU]
. 8.8
1:[ cosh(m(oj — 0iy1)) (88)
Because the ¢; sum to zero, it is possible to write them as
¢ =wj—1 —wj, (8.9)

for some wj, and then using summation by parts one can write

N
Z ¢joj = Z oj(wj—1 — wj) ij —0j41) - (8.10)
j=1
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This expression can be substituted into (8.8). Upon performing the Fourier transform to
the 7; coordinates using now

e—2milw;(0j—0j41) e2mil(oj—0j41)T;
= /de , (8.11)
2cosh(m(oj — 0j41)) 2 cosh(m (7 + Lwj))
we obtain
1
dr : (8.12)

TT3L, (2 cosh(m(r + Lw)))]

The S partition function (8.12) agrees with that of SQED with N hypermultiplets with
real masses wj, as required by mirror symmetry. (See [59] where this equivalence was first
shown at the level of the S3 partition function.) Note that an overall shift in w; can be
“gauged away” by shifting the integration variable 7. We will thus impose a gauge fixing
condition

D wj=0. (8.13)

In the presence of the FI terms, we can use a modified definition of the operators (7.22):
X=QiQyQn, V=C1QzQn,
Z:élQl — w1y :é2Q2_iw2 =... :QVNQN—in,

They obey the classical relation XY = (£ 4 iw1)(Z + iws) - - - (£ + iwy ), corresponding to
the deformation of the Kleinian singularity XY = Z¥ with parameters wj.
With the definition in (8.14), we have

(i7)?
(2o 2( €2 Z / H L [2cosh(m(T + fw;))] (8.15)

Then the second equation in (7. 27) still holds, and we have

(8.14)

(X(p1)V(p / (r+ty) — 3) for ¢y < (8.16)
, or . )
! EN z H 2cosh( (7 + twy))] s
More generally, defining
p ~
= H(Qj@j — iw;) (8.17)
=1

we find that for ¢ < g < w3 we have
)p+q

gp+q Z H 2cosh( (7 + Lw;))] 7

N i) P TI, (i(r + fw;) — 4
(Z2P(p1) X (p2)V(p3)) = eNler% /dT(H)N 11_[[;_(:10;1(( ;:"i‘]e)w ))2])
= j

From these expressions, it is straightforward to extract the corresponding star product

(ZP(p1)29(02))

(8.18)

deformed by the parameters w;.
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8.2 Introducing mass parameters
8.2.1 Mass-deformed N-node quiver

The N-node quiver has a U(1) flavor symmetry under which the Q; carry charge +1/N
while @; carry charge —1/N. This normalization of the U(1) charge is such that the
operators X and ) carry charges +1 and —1, respectively.

We can introduce a real mass term associated with this flavor symmetry by adding

¢ / de ™ G (8.19)

to the exponent of (7.18). This amounts to replacing Z, in (7.19) by

N
1
Zy = . 2
jl;Il 2cosh (m(oj — 0j41 +mr/N)) (8.20)
The partition function is given by the equation
N _ N |
7 F(7—zmr)1“(7+zmr) (8.21)

2n(N —1)! ’

which, upon the replacement mr — (¢, can be seen to agree with eq. (8.2) of the partition
function of SQED with N charged hypers and FI parameter (. Indeed, under mirror
symmetry the real masses and FI parameters are interchanged.

Egs. (7.27) and (7.28) still hold, with the only change that o;(;;1) is replaced by
TiG+1) T mr/N. We obtain, for instance, that

627rimr7'
B2 = g [t ) (322)

More generally, we can define the operators 2P with p < N, whose matrix of two point

functions is given by

— — e?ﬂ'imr‘r
BB ) = gy [ dr e (5.23)

The mixing of these operators can be removed by performing a Gram-Schmidt proce-
dure as was the case for SCFTs. For example, we can remove the mixing with the identity
operator by subtracting the expectation values of the operators. Explicitly, (8.22)—(8.23)
imply that the connected correlation function of Z is

W (X —imr W (X 4 imyr
(2o 2(e) ~ (2B = - E T AT G (s

where w(”)(z) is the polygamma function. One can see that this function vanishes as
m — o0.
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8.2.2 Mass-deformed SQED

The SQED theory with N charged hypermultiplets has an SU(N) flavor symmetry. One
can introduce N — 1 real mass parameters corresponding to the U(1)¥~! Cartan of SU(N)
by adding

N N
—€/d<p > mr Q@' > mp=0 (8.25)
I=1 I=1

to the exponent of the second equation in (7.1). The condition Z?{:l my = 0 ensures
that the m; are real masses for the Cartan of SU(N). The expression for the S partition
function in (7.1) gets replaced by

1
Z:/dUZg, Ly = . 8.26
122, 2 cosh(n(o + myr)) (8.26)

The S? partition function agrees with that of the N-node quiver (8.12) upon the replace-
ment myr — fwr, in agreement with mirror symmetry.

While it is possible to perform computations for arbitrary NV, for simplicity let us give
an example in the case N = 2 where we take m; = —mo = m. The partition function
in (8.26) evaluates to

Z = mr csch(2mmr) (8.27)

in this case. Let us define the quadratic operators
_Ya.0 6.0 — 0,02 — 0,0 8.28
J3=5(@Q1Q — Q7).  Jr=@QQ", T =Q. (8.28)

The operator J3 is neutral under the U(1) Cartan of flavor SU(2) symmetry, so it’s corre-
lation functions are independent of position. We obtain, for instance,

1—27mr coth(2mmr)

(Fa(e)) = ~ 12 cothGmmr). »
w2m2r2 —cosh(4rmr)] esch?(2mmsr '
(T3(p1) T3(p2)) — (T3 (1)) (T3(p2)) = [1+8 327:217(;21“262)] h™(2 ).

On the other hand, the operators Ji carry charges +2 under the Cartan of the flavor
SU(2). Their expectation values must vanish because they cannot mix with the identity
operator. Their correlation functions, however, do depend on position as in (6.16) with
Fg.(mr) = £2mr. We obtain

e2mr(#1=¢2) [1 — 2mrm coth(2mern)] [coth(2mrm) — sgn(er — @2)]
16w 0?mr

(T (p1)T-(p2)) =

(8.30)

One can see that both (8.29) and (8.30) interpolate between a non-trivial topological ex-
pression at mr = 0 and they both tend to zero as mr — oco. Indeed, if we interpret mr as
the RG scale, then at small mr we are probing the UV SCFT, while at large mr we are
probing the infrared.
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9 Discussion

In this paper we used supersymmetric localization to derive a 1d theory coupled to a
matrix model, given in (6.1), that can be used to calculate correlation functions of twisted
Higgs branch operators of NV = 4 QFTs on S*. 1In the case of N' = 4 SCFTs, this
theory provides a Lagrangian realization of the protected Higgs branch topological sector
discussed in [7, 8]. The immediate practical application of (6.1) is to the computation of
2- and 3-point functions of Higgs branch operators.

Our results can be used to perform more detailed tests of mirror symmetry. We have
seen, for instance, that in the N-node necklace quiver, the twisted operator Z has the
2-point function (see (7.29))

1

(Z(p1)2(p2)) = %2% /dTPcosh(M)]N

This theory is mirror dual to SQED with N flavors. One expects the twisted Higgs branch
operator Z in the N-node quiver to be mirror dual to the twisted Coulomb branch operator

(i1)?. (9.1)

® constructed from the vectormultiplet scalars in SQED. In section 5.2.2 we explained that
the 2-point function of ® can be computed by replacing each insertion of ® by 20 /r in the
KWY matrix model, thus obtaining

7T2
@) =55 [ damﬂ. 9.2)

Comparing (9.1) and (9.2), we can thus identify Z in the N-node quiver with +i®/(8)
in SQED. A similar exercise shows that, at least for p < N, ZP in the N-node quiver
can be identified with [+i®/(87)]” in SQED. These are, of course, rather simple tests of
mirror symmetry. It should be possible to perform more non-trivial tests in non-Abelian
gauge theories.

There are a few generalizations of our results that we have left for the future. One
such generalization is to N' = 4 gauge theories that include twisted vectormultiplets and
twisted hypermultiplets, which would then open the possibility of including Chern-Simons
interactions. Another such generalization would be to complete the Coulomb branch lo-
calization computation by allowing for insertions of monopole operators. Yet another such
generalization would be to Higgs branch operators in theories with 8 supercharges defined
in a different number of spacetime dimensions. We hope to report on these questions in
future publications.
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A Conventions

Curved space vector indices are denoted by pu,v, ..., while frame indices are denoted by
iyj,...=1,2,3. Welabel the doublet (spinor) representation of the SU(2),o. frame rotation
group by a,f,... = 1,2, of SU(2)y by a,b,... = 1,2, and of SU(2)¢ by a,b,... = 1,2.
Spinor indices are raised and lowered from the left with the antisymmetric tensors e,3
and *?, where e15 = —'?2 = —1. The same conventions are used for raising and lowering
SU(2)¢ x SU(2) g indices (e.g., A% = aabsdi’)\bb). When SU(2) spinor indices are suppressed
their contraction is defined with the convention:

(Vx) =v“xp = (x¥) - (A1)

In particular, for any three spinors x, y and z (either commuting or anti-commuting) we
have the Fierz identity:

Ta(y2) + (2Y) 20 + T5Yaz” = 0. (A.2)

We will always take variation spinors &, as in (2.4)—(2.9), to be commuting, while the d¢
symbol itself to be anti-commuting.

The flat space gamma matrices are the usual Pauli matrices, ('yi)aﬁ = o', which satisfy

Vv = 0ij + ey (e123 = 1), (A.3)

(V) (i)y° = 262°6,° = 6a76,° . (A.4)

Given a Euclidean metric g, an orthonormal frame is defined by

Guw = €'u€,0i5, 09 = gel el . (A.5)
A spin connection wy;; = —w,;j; is then fixed from the conditions
de; + wid A ej =0, e =epdxt. (A.6)
The Riemann tensor is
Rwij = Ouwyis + Wi o — (0 > v) (A.7)

while the Ricci tensor and scalar are defined by R, = R, and R = R¥,, respectively.
With this definition R = 6 for a round unit 3-sphere.
The space covariant derivative of spinors is defined as

Vb = (Out g (A8)
while the Lie derivative £, along v* acting on scalars ¢, spinors 9, and vector fields A4,,, is
given by

Lod =", (A.9)
Lot = (wv“ + ie/“fpv“va> ¥, (A.10)
L,A, =0"8,A, + 9" A, . (A.11)
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A.1 Differential geometry on S3

We will hereby summarize various details on differential geometry on S that are used in
the main text. Let S® be the radius r 3-sphere embedded into C? as

2124 |2)? =1, rzeC?. (A.12)

Each point on S3 can be represented by an SU(2) element

g= (.2_2 Z_Zl> . (A.13)
121 %9

The su(2)-valued left /right invariant 1-forms w®/"), and the frame 1-forms e(*/") associated
with them are defined as

— /L J4 7 r) - 7’ T )
w =g ldg = ;el(. )7 ;o w =dgg! = ;e(. )fy . (A.14)

7

They satisfy the Maurer-Cartan equations

1,
del(.e) + feﬂke,(f) A e? =0, (A.15)
r
T 1 ] T T
deg ) ;eﬂkel(g) /\65- =0, (A.16)

from which the spin-connections can be directly read-off by using (A.6).
The s5u(2), @ su(2), isometries of S are generated, respectively, by the vector fields £

and R, which are dual to the 1-forms egr) and eié up to proportionality constants that

we define as3*

(R = —%&j, M (L7) = %@-j. (A.17)
They satisfy the su(2) algebra
(L0, 9] =ik ek R RI] = ieTRRE . (A.18)
In the round coordinates
21 = cos(0)e’™, 2z =sin(h)e?, (A.19)

the metric on S? is given by

ds? = e(g)iel(-e) = e(r)iegr) = 12(d6?* 4 cos®(0)dr? + sin?(0)dp?) . (A.20)

31L% generates the left SU(2) action Lig = —%’yig, while R? generates the right action Rig = %gvi.
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and the vectors £ = L9, R' = R*, are given by

L= % (— cos(T + ¢)0p — tan(6) sin(7 + )3y + cot(0) sin(r + ¢)d,,) , (A.21)
2 — % (sin(7 + )dp — tan(6) cos(r + )3, + cot(8) cos(r + ©)d,,) , (A.22)
£ =2 (0, +0,). .
Rl — % (cos(T — )y + tan(f) sin(r — )3, + cot(8) sin(r — )d,,) | (A.24)
R2_ % (—sin(r — ¢)dp + tan(8) cos( — ¢)dx + cot () cos(t — ©)d,) (A.25)
RS =2 (0r=0,) (4.26)

It will also be useful to introduce stereographic coordinates. Let
rz1 = X1 +1Xo, 7129 =X3+1X4. (A27)

The stereographic coordinates x; (i = 1,2, 3) are defined as

1 22
x1,2 €3 472

X1,2 = ) X4 = ) X3 =T ) (A28)
1+ 2 1+ 2 1+ 2
2X 2X
12 1,2 = 2 =at + a2l 422 (A.29)

:1—|-X3/7“7 x3:1+X3/7“,

In our definition the origin & = (0,0,0) is mapped to X = (0,0,7,0). The induced metric
on S3 is conformally flat
1
2Q Q
v =€ ] v e = 5 A.30
U o 1t 22 ( )

4r2
and we define the stereographic frame as
el = e, (A.31)
Let us summarize how Killing spinors on S® look in the different frames that we

introduced. The spinor covariant derivatives in the left and right invariant frames are
given, respectively, by

i i
\Y =0+ =Y, V =0, — —Vu- (A.32)
g left inv. g 2r ! g right inv. ! 2r g
Let £ and £) be spinors satisfying
2‘ T Z T

Then in the left invariant frame £ is some constant spinor Y, while (") is some constant
spinor (") in the right invariant frame. In the stereographic frame one can check that

1 i .,
€0 =2 (1 at ) X0, €= (14 Lot )W (A3
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B Closure of superconformal algebra

For any two spinors &q, and &, satisfying (2.3), the anti-commutator of supreconformal
transformations (2.4)—(2.9) acting on any field ® closes up to equations of motion into

{de,061® = (16575 + GA) - P +e.om.. (B.1)

The operator IC 1s defined as

Kes= Lo+ Ro+ Ru+pA, (B.2)
where
e [, is the Lie derivative along v* = ig“d"y%aa.
° ]:ZC /m is an su(2)¢, g transformation, acting on doublets with the matrices
R(‘lb = i(ﬁc(df(c‘b) + fc(df‘/db)) ) (B'S)
Rop = 2‘(é.(acgllj)é + é(ac’glg)c') ’ (B4)
such that, e.g., chﬁa = Rabi/)i), Ran = R.qy, and with the obvious generalization
for triplets: }A%HDab = R,°Dep + Rp¢Dye, etc.
e p is the dilation transformation parameter
p=i(EP¢, +¢7¢,). (B.5)
The components of the vectormultiplet (2.1) appear with dimensions A[V] = (0,%,17 2),
and those of the hypermultiplet (2.2) have A[H] = (3,1).

e Grisa gauge transformation with parameter
A = (£%8,) 0% — vt A, (B.6)
such that, e.g., QAAM =D,A, QA‘% =i[A, ;] QAqa = 1Aqq, QAA% = —iAq,, etc.

C N =4 algebras

C.1 Superconformal algebra

The 3d N' = 4 superconformal algebra is osp(4]4), and its bosonic sub-algebra s0(3,2) @
su(2)c @ su(2) g consists of conformal and R-symmetry transformations. In flat space, the
conformal symmetry generators can be divided into translations P, rotations M,,,, dilata-
tions D and special conformal transformations K,. The su(2)c and su(2)y R-symmetry
generators will be denoted by R," and R~i’ respectively. The corresponding sub-algebra is

(Mo, Pys] = 6,P Pas 4 05° Pary — 34" Pys (C.1)
[Maﬁ,mé] = 0, K™ — §,°KP + 6, K, (C.2)
(M2, M) = —6,°M.° +6.,PM,°, [D,P.gl = Pap, [D,K*|=—-K  (C.3)
[Paﬁ,mﬂ = WMﬁ) ) +48(,785)°D, (C.4)
[Rob, R4 = —0,9R. + 6.°Ro?,  [Reb, Red] = —6,9R:> + 6:PRed (C.5)
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where we defined
Pag = (v")apPu K = (’Y“)aﬁKlM M,F = *(’Yu'yy)aﬁMw- (C.6)

The algebra (C.1)—(C.5) is represented on a dimension A scalar primary operator Oy, (x)
in the (2,2) irrep of su(2)c @ su(2)y as

[Py, Oi(2)] =i0,0qa(x), (K, Oua(x)] = i(xzaquxu(q:f)) —2Ax2,) 044 (),
(M, Oua(2)] = (240" =2"0")O(z),  [D,Oui(2)] = (2-0+2)Oui(z),
(R Out()] =6 0ui— 36,1 Oct, (R, Oual)] =6 Oua— 50,700, ()

The transformations of the odd generators in 0sp(4|4) can be read from the variations (2.4)—
(2.9) as follows. The solution of the conformal Killing spinor equation (2.3) on R? is

§aa = €aa T+ xi%naiz ) 5;& = Naa - (C'S)

We then define the action of the Poincaré supercharges (oqq and conformal supercharges
Saad by

0e0 = [aaaQaaa+77 *Saai> O] - (C.9)

The commutators of the odd generators Quaeq and Suqs then follow by matching the action
of IQ é defined in appendix B with (C.7). The resulting odd-odd and even-odd part of the
algebra is

{Qaaa: Q gy} =4€abe sy Fos (5%, 5P} = deape K (C.10)
[Kaﬂv Qvat’z] =1 <5wasﬁad+57,85aad> ) [Paﬁwswad} =—1 (5a’yQﬁad+5B’yQaad) ) (Cll)

(Mo, Qraa] = WQM—%éaﬁQm, (Mo, 87 0a] = —5avsﬂaa+%5a55ua, (C.12)
[D,Qaail = %Qaaiﬂ [D,5%a] = _%Saad; (C.13)
R Qo) = 0. Quoe— 50 Quce, (RS =6.5% e L0."5%, (C14)
[Rab, Qace) = 5(':6@046& - %6ai)Qacé ) [Rab, 8% = 5{:650‘(:01 - %561[)8&06' , (C.15)

and also
{Quai %3} = 41 ey, (Mo + 87D + 027 (et + s Ryy) | - (C.16)

C.2 Non-conformal A/ = 4 algebra on S3

We will now construct the S% A = 4 algebra su(2|1), @ su(2[1), explicitly, as a sub-algebra
of the osp(4[4) superconformal algebra defined in (C.1)-(C.5) and (C.10)-(C.16). The
matrices h,? and Bdb in (2.13) are traceless and square to 1. Therefore, they can always
be decomposed into commuting spinors (“twistors”) u4 and a4 as

he" = ugpqu’ +u_qul, b =ulu_; +uta,;, (C.17)
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where (uju_) = (ayu—) = 1. The decomposition to twistors (C.17) simplifies the con-
struction of the non-conformal sub-algebra, because it eliminates the need to carry the
su(2)c®su(2) g indices. The twistors us and @ are simply the eigenvectors of h,? and Eab:

ulha = +db,  RYul = +ul (C.18)

Let us parameterize the Cartan of su(2)c ® su(2)y as®

1=
RY = —h’Ry* = (uyRu_), R} = 5h RV, = (i, Ru_). (C.19)

N | =

The generators of the u(1),@u(1), C su(2)c ®su(2)y R-symmetry of the S N = 4 algebra
are then defined in terms of (C.19) to be

Ry=R} +R:, R.=R}—R}. (C.20)
Furthermore, the odd generators of su(2|1), & su(2|1), are given by

1+7 r 1+i .
ngi) = Tzuiui <Qaaa+ Saaa) ’ Qgi) TZU:I:U <Qaaa 2 aaa> . (0-21)

The relative coefficients between Quqq and Saqq in (C.21) can be fixed up to one con-
stant by demanding that Q“+) anti-commute with Q("+). The only non-trivial odd-odd
commutators are

4i 1
(0, Q) = =L (A + Jeashe) (c:22
(ro) o) i (e 1
{Qa+ ’Qﬂ } = —? Jaﬁ —+ §EQBRT R (C23)

where Jc(fﬁ) and Jgﬁ) are the su(2), @ su(2), isometry generators of S® defined by

/ T 1 1
7 = -5 <Pa,8 — 2 as— rMoz,B> : (C.24)
gD ="(p ! —Kap + M (C.25)
af 9 aB — 472 ap aB | - :

In particular, if we denote their components as

© 0 (r) ()
J. J J. J
0y B _ 3 + ™y B _ 3 +

then the only non-trivial even-even commutators are

0,00 = 200 0,59 = 250 (C.27)
g7 0 = 0 0,00 = 2057 (C.28)

35Recall that (utu_) = ubu_q and (uyRu_) = ul R u_s, etc.
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The action of the generators J/™) on a scalar operator O(x) on S? is given by

130, 0()] = —L30(x), 17, 0(x)] = ~R*0O(x), (C.29)
Y 0@) = —(£' £iL*)0(z), [JT,0()] = —(R! £ iR*)O(x), (C.30)

where £¢ and R’ were defined in (A.21)-(A.26).
Finally, the non-trivial even-odd commutators are

[Ry, Q+)] = £QU) | [R,, QU+)] = £0(+) | (C.31)

1 1
()", Q) = 8,°00#) — 28,7, [(J7)a”, Q)] = 8,700 — 2da” Q).
(C.32)

For the choice of he® = —0? and }_Ldb = —03, we can take

L 11— o L(1-i\ . o\ . [1
“+_2<1+z‘>’ “—_2(—1—i>’ “+_<1>’ ”‘_<0)' (0:33)

One then finds that

r_ 1
Qg ) + Qgh) = Q3+ 55222’ (C.34)
l_ r 1

are the nilpotent supercharges used to define the Higgs branch cohomology in [7, 8].

D 1d Green’s function from 3d theory

The Green’s function (5.22) of the fundamental twisted Higgs branch operators (4.14)
inserted on the 6 = 7 circle in 53, can be calculated directly from the 3d Gaussian
action (5.10). Without loss of generality let us consider a U(1) gauge theory with one

hypermultiplet. The bosonic part of the action is
Sfree hyper = /djx \/gaa(m-)’])ab(x)qb(g;) ) (Dl)

where the operator D,’(x) is defined by

24 3 4o _a
Dab(l') = ( +(;4.712 + 72 v2 T’§ 2 . (D2)
= Vit gzt

It is a straightforward exercise to determine the two-point function G,°(z,z') =
(qa(z)@(2")) by solving the differential equation

5b

Dac(x)gcb(x,x’) = 9(2')

Bz —2). (D.3)
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The solution is

, . 1 cos}.l(cErﬂ/zr)J"y) sinh(o('ﬂ/fzz;'y)
Ga' (#,7') = {ga(@)d" (+')) = gy ( siho ) cosﬁfalm) (D-4)
8mr cosh(om) cos(172) “n(y72)

where ~ is the relative angle between the points 2 and 2’. In the coordinates (6, 7, ¢) used
previously, it is given by

cosy = cosf cos @ cos(T — 1) + sin @ sin 0’ cos(¢ — ¢) . (D.5)

In particular, when both x and 2’ belong to the circle at § = 7/2, we have v = |¢ — ¢/|.
Using the definition (4.14) of Q(¢) and Q(y) in terms of the fields g,(x) and ¢*(z) evaluated
on this circle, we have

(Q(2)Q(0)) = — cos £G:(,0) — sin £ G2*(1,0), (D.6)

which, when using (D.4), can be seen to agree precisely with (5.22).

E Qg BPS equations
In this section we will study the full set of BPS equations
SeXas = O¢ tba = Ot = 0, (E.1)

where the transformations were defined in (2.5), (5.32) and (5.33), the Killing spinor £ = 55
is defined in (5.5), and v, satisfies (5.34).3% Here, we study the consequences of (E.1) before
the reality conditions are imposed on the fields.

Let us unpack the contents of these equations. The gaugino BPS equations, can be
used to solve for the auxiliary fields Dg,. This solution can be written as

iDgp = ; (—ie’“’” VottabFyu + 12 (€ 6D DU + 21 (E560) D, — ;,uab:udbq)déq)d}> ;
(E.2)
where the symmetric matrices pq, and p,; are given by
pab = (Ea6oe) s fghp = (Ea€) s 1= det(uay) = det(py) = B cos®(6), (E.3)
and v* is the Killing vector generating translations along 7:
oM = Q€Y NI L (E.4)

The remaining gaugino BPS equations imply that the fields are independent of T up
to a field dependent gauge transformation. The result is more conveniently expressed in
terms of the twisted fields

By =Ry, By =e Dy, (E.5)

36In this section, we will always write ¢ for the particular spinor 5? defined in (5.5) to avoid clutter.
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which satisfy [Z, 511] =1[Z, 522] =0, up to a gauge transformation, where Z was defined
in (5.36). The BPS configurations are naturaly expressed in terms of (E.5) since Qg

squares to Z. Let us also define a modified connection Dy, as>’

1
B
Using the definitions (E.5) and (E.6), one can show that d¢\ ; = 0 implies that

i ~ ~
'D: =D, + 5 COS(Q) <B(I)ﬁ + @22) , Dg,go = DQM . (EG)

Fj, = F}, = DiDgy, = Di®jj = Didyss = Didyy =0, (E.7)
where F;, = i[D};,, D;]. Asimplied by (E.7), the modified connection (E.6) actually satisfies
D (ﬁ&)ii + %522> = 0, and so is literally independent of 7 up to a gauge transformation.
It then follows that all fields in V are similarly 7-independent.

The analysis of the ' hypermultiplet BPS equations ¢, = 5571,1% = 0, is similar.
One first solves for the auxiliary fields:

1 . . . .
G, = ;Mgd) [(yda,yugba)D,uqb N (Vdagbé)q)cdqb + (Vdaglba)Qb] ’ (ES)
~ 1 . _ . o . B
Go = ;Mgd) [(Vd ’Y“gbd)Du% + (Vd §b¢)qb<1> o+ (I/d flba)qb] ) (Eg)

where we defined u((;) = (v4°vpe). The remaining equations then imply that

D*G, =D'Gy =D'gy = D:Gy = 0. (E.10)

Note that the solutions (E.8) and (E.9) for the auxiliary fields depend on the spinors v44.
Nevertheless, the conditions these spinors satisfy (5.34) can be shown to imply that (E.10)
holds for any choice of vgq.

The solutions (E.2), (E.8), (E.9) for the auxiliary fields in terms of the dynamical
ones, together with the 7-independence conditions (E.7) and (E.10), comprise the full set
of restrictions that follow from the BPS equations (E.1) without imposing additional reality
conditions on the fields. These conditions are sufficient in order to show that the action
Shyper 1] defined in (5.31) localizes to the 1d action (5.43). Indeed, after dimensional
reduction on 7, plugging (E.2), (E.8) and (E.9) in S| [H'], one can show that

Shyper[H] :/ /g2 VK", (E.11)
Qff —BPS D?
where
- rcos(0) (. uor ai ~ " o ~ T ebby ~
e = Lol (32777 1 (€ a1r €)@ Dote + 1 (€€, + 1 (€ V"€V Ta® 500 )

(E.12)

where fi Tuns over the coordinates § and ¢ of D2. Using the explicit form of (E.12), one
can check that the boundary term left from (E.11) is precisely the 1d action (5.43). This
completes the derivation.

3TNote that in our conventions (®ij)" = —®s;, so the connection (E.6) is complex unless § is pure
imaginary.
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