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1. INTRODUCTION

The well-known projection methods of Kaczmarz [10, 3], Cimmino [6, 3] and
also the class of projection methods investigated by Householder and Bauer [9]
are iterative methods for solving linear algebraic equations and operator equations.

In this paper a direct projection method for linear algebraic systems is described.
The method is closely related also to other direct methods, as the elimination method,
the orthogonalization method and the method of conjugate directions. The algorithm
is in such a form that it may be used for nonlinear problems and also some of its
properties can be transferred to nonlinear problems. The method enables us to find
the minimum of a function without using derivatives and has the quadratic termina-
tion property, i.e., the minimum of a quadratic function is achieved by a finite
number of iterations.

2. DESCRIPTION OF THE ALGORITHM

Let us consider the system
(1 Ax =b

where A is a regular n by n matrix and b is an n-vector. Let us consider the system (1)
in the form

2 ri=b;—<a,x)=0 i=12...,n

where r; represent n hyperplanes in the n-dimensional Euclidean space E,, {a;, x) =

=Y a;x;, a; = (a;5, iy, ..., a;,) is the i-th normal vector of the hyperplane r;
i=1

and b; is the i-th component of the vector b.
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Definition. Let x{*, x{", ..., x{" ben + 1 linearly independent points of the space
E,. The algorithm for solution of (1) is defined by the recurrent relation

a;, x e
(3) x(ik (’c)1 + < R e l> U(z)

( is “)1) o

where

o, =x2, x5 i=1,2,.. 0 k=ii+1,...,n

Let x{, x(Y, ..., x{” be such points that
(@, v2)+0 i=12...,n.

Then the following theorem holds:

Theorem 1. The point x\™ defined by the algorithm (3) is the solution of (1).

Proof. Let us consider n linearly independent vectors

o = X — X = 1,2,

Let us project the points x4, xt, ..., x{” in the direction of the vector v into
the hyperplane r,. According to (3) we obtain
4 x = x + afe = x4+ a0V

X(IZ) — (2) + a(l) (1)

X = x4 oD

where o, oV, . .., ai” are real numbers, Let us denote

(k)

ol * _

= X3 x k=23,
Equations (4) yield
2 2 1 2 0 2 0 1 2 2 [} (1

v = xP — x = %) — x{ + (@ — «f?) of” = v + («§? — o) v§"

(5) v = + (2 — o) "

o = o+ (o — o) o)

(5) implies that o{”, o>, ..., v{” are linearly independent vectors, so that

X, x§, ..., x{” are n linearly independent points of the (n — 1)-dimensional
hyperp]ane r. Let us project the points x{, x{», ..., x{ in the direction of the
vector v'¥, which lies in the hyperplane r;, into the hyperplane r,. We obtain n — 1
linearly independent points x3, x5, ..., x5 of the (n — 2)-dimensional linear

subspace r n r,. Let us denote

(6) v = xP - xP k=34 ...,n.
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The vectors v satisfy

(3)

— @
vy = x50 = X8 = o 4 (@ — V) o

") o = o 4 (5 o)

)y __ (
o = o (o — ) o

1 2 . . .
where of", a{¥, ..., of” are real numbers. Again (7) implies that v§®, v$®, ..., o3
are linearly independent vectors, so that x$, x{, ... x{" are n — 1 linearly in-
dependent points. According to (6) v lies in the linear subspace r;  r,. By induction
we obtain that

o = x —x" k=it 1, i42 .. .,n

are linearly independent vectors and x{?, x{*»  x™ are n — i 4+ 1 linearly

independent points of the (n — i)-dimensional linear subspace r‘] r; and therefore

the point x™ = F\ r; is the solution of (1). "
i=1

Theorem 2. The vectors
pFD = XD o
defined by the algorithm (3) have the following property:

(8) (@, ") =0 i=1,2,..,n—1,j=1,2,...,1i.

Proof. The vector v{* lies in the hyperplane r, and therefore (a,, v{?) = 0.
The vector v$” lies in the linear subspace r, N r, and therefore (a,, v5’) = 0 A
i

A (a3, v8") = 0. Since the vector v{'*1 lies in the linear subspace ( r; we have
j=t

(aj,vf.i+1))=0 i=1,2,....n—1,j=1,2,...,i.
Theorem 3. The vectors
v(,."):x(i")—x(ii) i=1,2,....n—1Lk=i+1,...,n.

defined by the algorithm (3) satisfy the following recurrent relation:

| L)
9 NI CRL S )
( ) L Y (ai’ w2, o

i=12 .. on—Lk=i+1,...,n.
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Proof. From (3) we obtain

b; — {a;, x¥ ) i by — <an x5
=X+ _Lil(_l);ﬁ oy = xGim g DT < L ); 121)(1..21.
(a;, vi2y (a;, v

(1)

For the vectors v{® we have

) (i-1)
® _ () _ (K (i~1 (a, X2 — xi5 H o
o = x® — x{? = (x{?; — x;TP) - =2 o : o2, =
(a;, v$2,)
w (e 0f2)
= Vioq oy Ji-t
(al’ Uity
i=1,2...,n—1L k=i+1,
Theorem 4. Ler x5 = (0, ..., 0)" and let x{’ be of the form

=(0,...,t,.,...,0)T i=1,2,

where t, = 1. Let A be a strictly regular matrix, i.e.,

ayjq «.. 0y
Diz E =*=O i=1,2,...,n.
|
| Gig -0 Gy
Then the matrix defined by the columns of the vectors v§", v®, ..., v, is upper

triangular with unit elements on the diagonal and
(@, v2)*+0 i=12,...,n.
Proof. According to the definition
o) = xP — xX i=12...,n.

Since v§" = (1,0, ...,0)" and a;, *+ 0 we have

(“1, ”E)U) +0.
According to (9) the vector v{? is of the form
(10) o = p® — yOuP

where p{") is a real number. From (8) we have (a,, v{’) = 0 and according to the
assumption D, = 0. Since the vector v{? is of the form (10) we obtain

((12) v(12)) + 0.
Using twice the recurrent relation (9) we obtain

3) __ ,(3) (2),,(2) 1),.(1)
(11) U(z)—vo — 92 Vo — V20
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2) (1)

where y$?), 4" are real numbers. (8) implies that (a;, v$¥) = 0, j = 1, 2. According to
the assumption D; # 0. Since v5” is of the form (11) we have

(a3, v§?) 0.
By induction we obtain that the vector v{'**) is of the form
(12) v(ii+1) — vE)i-}‘l) _ yil)vg)l) — . ,})(ll) (1) A

From (8) we have (a;, v{'*Y) =0, j = 1,2, ..., i. According to the assumption
D;.y * 0. Since v{'* 1 is of the form (12) we have

(ai’ U(ii+1)) + 0
which is the assertion of the theorem.

Comment. The theorem holds also for arbitrary initial vectors 0§’ = x&? — x{?
for which the matrix of their components is upper triangular with unit elements
on the diagonal.

3. SOME PROPERTIES OF THE ALGORITHM

Theorem 5. Let A be a strictly regular symmetric matrix. Let v§”? = x§’ — x{ be
vectors of the form

v(l)z(O,“_’ti,'“,O)T i=12,...,n

where t; = 1. Then
(Ao, 02 ) =0 i%j.

Proof. From (9) we obtain

(Aus, o) = (40§, of —E— ”ffg o) = (Ao, o E ; (e, o
ay, Vg ay, Vg

k=213 ...,n
Let a] = Av{". Then
(13) (AvfP,09) =0 k=2,3,...,n
For v by virtue of (9) and (13) we obtain
(14) (P 2) = (s ) = 202280 (g o)
a, v

k=3,4...,n.
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From (9) and (13) we obtain

(15) (40", v3?) = (AvE?, v(lk)). ((aZ’ v} )) (40§, v®) = 0
1, 1
k=34 ...,n
a, v
(16) (AvE?, o) = (A, o) — gaz (12)_; (Av), )
k=3,4,...,n

Let a} = Avi?. According to (14), (15), (16) we have

(A2, v8) =0 i=1,2 k=3,4,...,n
Let

(17) (A2, 00 )=0 j=1,2,..,ri=12...,j—1.

k=jj+1,.
We shall prove that

(402, vy =0 i=12,...,r,k=r+1,..,n

According to (9), (17) we obtain

(19) (401, o) = (A0?, o) — Ea” = 20) (400, 49,) = 0

r» Uply

i=12..,r—1L k=r+1...,n
It is sufficient to show that
(19) (A2, v¥9) =0 k=r+1,...,n
By means of (9), (18) we have
(402, v) = (402, ) = = (4o, o®) k=r+1,...,n
and
(k)

(20) (A0, o) = ( Avd, v®, ( a, v;2,) (4D, v,

(tl,, vﬁr‘)l
k=r+1..,n
Let a] = Av§’. From (20) we obtain

(Au(” (k))=0 k=r+1,...,n
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The condition al = Av{”, i = 1,2, ..., n is fullfiled by the unit basic vectors vf’
and hence the assertion of the theorem is proved.
Let us denote

b, — (a, x® . .
W, = -—'»*&—‘—(’;-'wJﬁ i=1,2,...,n k=i-1,i...,n.
(ai’ Viz1
For special types of sparse matrices, reduced algorithms can be derived for solution

of (1).

Theorem 6. Let A be a strictly regular, g-diagonal band matrix. Let X =
=(0,...,0) and x§’ = (0, ..., 1}, .... O) where t, = 1. Then

(21) P =xD+x k>(@-1D2+i
i=1,2,...nk=i+1,....n.
Proof. For i = 1, according to the algorithm (3), we have
x(ll) = xf)l) + ozﬁ,l)vf,“ = xﬁ)o) + oc(oo’vﬁ)” .
Since a,;, = 0 for k > (g — 1)[2 + 1, we obtain

(ay, xg"y = Capxg?) =0 k>(g—-1)2+1
and hence

1’ =l k>(qg—1)2+1

so that according to the algorithm (3) we obtain

(22) P =x§ + a0 = xP + X k>(g- D2+ 1.
For i = 2 we get

)

xP = x@ 4 a@® = x4 (PP

According to the assumption a,, = 0 for k > (¢ — 1)/2 + 2 and by (22) we obtain

{ag, x{) = <ap ¥y k>(q—1)2+2
so that

(23) aV =al? k>(g-1)2+2.
According to the algorithm (3) and (22), (23) we have
x‘l") = x‘lk) + oz(,")v(lz) = x(ll) + a(ll)v(lz) + xg‘) = x(zz’ + x‘o")
k>(q—-1D2+2.

By induction the assertion holds for i = p. For i = p + 1 we have

(24) x;p:ll) = x;“ by a(pIH' 1)ng+ v _ x;”) + a;")vﬁ,’”l) .
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According to the assumption a,. =0 for k > (¢ — 1)/2 + p + 1 and x¥ =
= xP + x{ for k > (g — 1)/2 + p + 1 so that

{apr s X = Cape i, x3> k>(q— D2+ p+ 1

and

(25) P =ao® k>(qg-12+p+1.

»
From (24), (25) and by the inducuon hypothesis we have

%

® = X L g ®p@ED ) ) g ) r D 0

k>(qg-1D2+p+1.

Similarly we can derive reduced algorithms for other structures of sparse matrices
such as block diagonal matrices, bordered block matrices and bordered band matrices.
The analysis of the algorithm (3) for 3-diagonal band matrices is given in [18]. The
reduced algorithms are also useful for minimization of the corresponding quadratic
function. In the case of gradient methods the structure of the matrix has no influence
on the structure of the algorithm [14]. The above described reduced algorithms,
owing to the simplicity and small storage requirements, may be considered quasi-
iterative algorithms for large sparse systems. The point x!™ will be considered the
initial point x{*’ for the computation given by the recurrent relation (3). This is the

same as to start from x§” = (0, ..., 0)T and to solve

(26) Ay =r
where r = b — Ax"™. The refinement of the solution is then
S

where y is the solution of (26).

4. LU DECOMPOSITION OF 4

The above described method is related to the elimination method in the sense
that the elimination may be viewed as a successive reduction of the number of linearly
independent points which lie in the corresponding subspaces. The symmetry of the
matrix by the elimination method allows to reduce the number of atithmetic opera-
tions. In our case the symmetry has no influence on the number of arithmetic opera-
tions, but enables us to generate conjugate vectors and therefore the described
method is related also to the methods of conjugate directions.

The method is also related to the elimination method from the viewpoint of LU
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decomposition of a matrix into the product of g lower triangular matrix and an upper
triangular matrix. Let us consider the matrix

Jlug oo ug,,
1 T
U =
0 .
1

where u;; are the components of the vectors v{?, under the conditions of Theorem 4.
Then we have

( (@)
(a2, 00") (a2,07) 0
(27) C, =AU =] - :

\ (am 087 (@ v®) ... (an vf,"_)l)}

From (27) we obtain
(28) A=CU-t
According to (27) we have
det 4 = (ay, v5") (az, ) ... (a, vy) .

The same decomposition is provided by the escalator method [11, 4], the Purcell
orthogonalization method [] 3, 4] and the Fox-Huskey-Wilkinson method of A-ortho-

gonal vectors [ 5, 4]. The analysis of relationships of various direct methods is given
in [4,7, 17}
Let v$", be mutually cenjugate vectors. Then we can write

(29) UTAU = D

where U is the matrix defined by the columns of the vectors v{" ; and D is the diagonal
matrix with the diagonal

d = (00, AoV, (02, AP), ..., (07, Ao,

From (29) we obtain
A"t =UDT'U".
According to Theorem 5 we have

(042, Ao ) = (0124, a)),

e., the inner products in the recurrent relation (3). According to Theorem 4 the
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matrix U is upper triangular and the number of arithmetic operations of the algorithm
(3) for the solution of (1) is as follows:

1/3n® +  n® — 1/3n  operations of multiplications,

1/3n + 3/2n* — 11/6n operations of additions,

] operations of divisions.
The total storage requirements are less than n?/4 + n + 2 which is known as the
smallest upper bound for storage requirements for a direct method. Input of data is
very convenient for the algorithm since single rows of the matrix are required on each
iteration. For a g-diagonal band matrix it is necessary to store (¢ — 1)/2 + 1 vectors.

The above described method can be applied to the solution of a system with strictly
diagonally dominant matrix and symmetri¢ positive definite matrix.

5. APPLICATION

In [14] it is shown how the algorithm (3) can be modified in a suitable way to form
an efficient algorithm for minimization. Let us consider the quadratic function

(30) f(x) = (Ax,x) — 2(b, x) + ¢

where 4 is a symmetric positive definite n by n matrix, b is an n-vector and ¢ is
a scalar.

General algorithm. Let x{*, x{V, ..., x{? be n + 1 linearly independent points

of the space E,. Then the algorithm for minimization of (30) is defined as follows:

(31 NN RN CIOR
where
(l) _ (t) (z 1)
Up—y = X321 — Xi—1

and of, are scalar coefficients such that

FEO, + ) =min! i=1,2,...,n k=1i1i+1,

—

It was shown [14] that v{” are mutually conjugate vectors and at the point x{” the
function (3()) achieves its minimum, i.e., the algorithm has the quadratic termination

property.

Special case. Let xi) = (0, ..., 0)Tand x{? = (0, ..., 4, ..., 0) fork = 1,2, ...
, n, where t, = 1. Then oc(,".’l defined by the algorithm (31) satisfies

k
<av x(x )1

(a vl

(32) W%=~ i=12..,n k=ii+l,
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In [15] a generalization of the above described algorithm for minimization of
strictly convex functions is suggested. Let f: E, — E, be a continuously differentiable
strictly convex function. Let x§, x{, ..., x{ be n + 1 linearly independent points
of the space E,. Let x{” be an initial point and let x{ = x{ + o, 0§ = (0, . ..

s b -, 0)F where , = 1 is a suitable positive real number. Then the algorithm
for minimization of f(x) is defined as follows:

(33) Algorithm.

Step (i): For given x{, x§7 = x{ + v{? do the calculation by the recurrent
relation

(k) — (ky (D)
x L oo ~1W. L
where '

Wy = o2 o] = a0

and &', is defined as

FEP oW )y =min! i=12 .. 0 k=11i+]1,

— k)
o gl—l

Step (ii) : Replace xi”’ by x{™ and go to Step (i).
According to the choice of 4 which defines the vectors o8 in Step (i), we obtain the

following algorithms:

Algorithm L. £

— x§|]) where h is a constant, usually h = 0-5(1).
Algorithm 1I: /. = min (h, [f(x{") = f(x0)]"). pe(0,1).

Algorithm I11: 1 = min (h,

Let us consider the system

(34) ffox; = filxi, Xgy .. X)) =0 i=1,2,...n

(x)]) where f(x) = (offox,. ..., dffox,).

Definition. The occurrence matrix of the system (34) is a Boolean matrix, associat-
ed with the system (34) as follows:

An element of the matrix ,s;;, is either a Boolean 1 or O according to the rule

1 if the j-th variable appears in the i-th equation
5 = ;
M 0 otherwise.

This occurrence matrix influences the structure of the algorithm (33). For the
algorithm (33), the following theorem holds [15]:
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Theorem 7. Let f : E, — E, be a continuously differentiable strictly convex func-
tion satisfying
lim f(x) = +o0.

[|x]] o0

Let the occurrence matrix corresponding to the function f(x) be a g-diagonal
band matrix. Let x\* e E, be an arbitrary initial point and let v{ = x — x(
have the form

=00, ...t ..., 0

where t, = A. Then x\" defined by the algorithm (33) fulfils
N S
i= 1,2 . k=i i+,

For g = 1 we obtain the nonlinear Gauss-Seidel iteration. This theorem enables us
to reduce the computational time required for minimization of f(x). For a g-diagonal
band matrix it is necessary to store (¢ — 1)/2 + 1 vectors. According to Theorem 7
an alternative implementation of the algorithm (33) is described as follows [15]:
(35) Algorithm.

Step (0): Define 4 and set x{? = x§” + v{? for k = 1,2, ..., n;set i = 1.

Step (1): Compute

XD = XD ol Dyl
where
) i~ 1
w = o2, o2, = x2, — x{inP
and "1 is a scalar coefficient such that
S + awd? ) = min!
a = al )V
Step (2): Compute
k k k .
x®p = x® — (P = X, wP )W k=i 1,0,

Step (3): Compute
x® = (k
b= x{2 + a2 wil,
where «{, is a scalar coefficient such that
F + awl®)) = min! k=i+1,
oN

&= o2
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Step (4): Set i = i 4+ 1. If i < nthen go to Step (1), else go to Step (5).
Step (5): Replace x{ by x{” and go to Step (0).

In Step (2) we define the orthogonal projections of the point x{" defined in Step (1),
on the corresponding parallel directions using the fact that the vectors w!?, are
normalized. In Step (3) we consider the linear minimizations on the corresponding
parallel directions using the result of Step (2). Step (2) may be considered a pre-
dictor and Step (3) a corrector of the local minimizers.

In [16] a medification of the above described algorithm is suggested. The algo-
rithm for band occurrence matrices requires 0(n) function evaluations for determina-
tion of n linearly independent vectors. The conjugate gradient methods require 0(n?)
function evaluations in each iteration and the structure of the occurrence matrix
has no influence on the total number of function evaluations.

The other methods of this type [1, 2, 12] require n” linear minimizations per itera-
tion and the structure of the occurrence matrix has no influence on the total number
of linear minimizations. The structure of algorithms [1, 12] is purely sequential.
The above described algorithm is suitable for implementation on a parallel machine.
The minimizations on parallel directions are independent of the computational point
of view and can be calculated simultaneously. The structure of the occurrence matrix
influences the number of processors. Each processor of a parallel machine has to
store one vector.

Acknowledgement. I am greatly indebted to Dr. J. MikloSko CSc., Dr. G. Pod-
hajecky and to Professor Dr. M. Fiedler DrSc., for their advice and criticism during
the preparation of this paper.
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Sthrn

PARALELNA PROJEKCNA METODA PRE LINEARNE
ALGEBRAICKE SYSTEMY

FRIDRICH SLOBODA
V ¢&ldnku je popisand priama projekénd metdda pre rieSenie systému linedrnych
algebraickych rovnic. Algoritmus je ekvivalentny algoritmu pre minimalizdciu
odpovedajucej kvadratickej funkcii a mozno ho zobecnif pre minimalizdciu ostro

konvexnych funkcii.
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