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M NOPQRST U VWXYZ[\]^Z\\_ _\` XabcX\a d eb^Xcf g\ahc^bXach d [ \]a_W_ c^WWi X_cZ d _XhcbagWj
ZW^W_Xcb^f Y^beZh k

l mnopqrstouqn

vZW _\` XabcXaY hWc e^\[wW` Xh ba WxcWahXyWwf hc]_XW_ e^\[wW` Xa Y^beZ cZW\^f ba_ g\` j
[Xabc\^Xbw \ecX` XzbcX\a ba_ gba [W e^\yW_ c\ [ W

NP
jg\`ewWcW {\^ YWaW^bw Y^beZh [f b

^W_]gcX\a {^\` cZW yW^cWx g\yW^ e^\[wW` k vZW g\agWec \{ _\` XabcX\a Xh ]hW_ Xa ` baf bej
ewXgbcX\ah wX|W w\ gbcX\a e^\[wW` h ba_ aWci\^| _WhXYa k V]` W^\]h yb^Xbach \{ cZXh gwbhhXgbw
e^\[wW` ZbyW [WWa XayWhcXYbcW_ k }\^ b h]^yWf \a cZXh c\eXg cZW ^Wb_W^ Xh ^W{W^^W_ c\ ~��� k �a
cZXh ebeW^ d iW _Xhg]hh b ` \_X�gbcX\a \{ cZW _\` XabcXaY hWc e^\[wW` [f g\ahX_W^XaY eb^Xcf
g\ahc^bXach {\^ cZW yW^cXgWh k �a \^_W^ c\ hcbcW cZXh e^\[wW` Xa b ^XY\^\]h ibf h\`W a\cbcX\a
Xh Xac^\_]gW_ k

vZ^\]YZ\]c cZW ebeW^ Xc Xh bhh]`W_ cZbc bww Y^beZh b^W �aXcW d hX`ewW d ]a_X^WgcW_ ba_
g\aaWgcW_ k vZW yW^cWx hWc \{ b Y^beZ

G
Xh ^W{W^^W_ c\ bh

V (G)
d Xch W_YW hWc Xh _Wa\cW_ [f

E(G)
k �{ a\ b`[XY]Xcf Xh e \hhX[ wW d iW i Xww i ^XcW

V
ba_

E
XahcWb_ \{

V (G)
ba_

E(G)
k }\^ b

YXyWa Y^beZ
G = (V, E)

ba_ b h][hWc \{ cZW yW^cXgWh
U ⊆ V

iW _Wa\cW [f
G[U ]

cZW Xa_]gW_
h][Y^beZ \{

U
d X kW kd cZW yW^cWx hWc \{

G[U ]
Xh

U
ba_ cZW W_YWh b^W cZW W_YWh \{

G
iZW^W
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[\cZ yW^cXgWh b^W Xa
U

k }]^cZW^` \^W d cZW \e Wa aWXYZ[\]^Z\\_ \{ b yW^cWx
v

Xa b Y^beZ
GXh _W�aW_ [f

NG(v) := {w ∈ V (G) | ∃e = (v, w) ∈ E(G)}
ba_ cZW gw\hW_ aWXYZ[\]^Z\\_ Xh

NG[v] := NG(v) ∪ {v}.
� YbXa d iW i Xww i ^XcW

N(v)
\^

N [v]
X{ a\ g\a{]hX\a Xh e\hhX[ wW k � hXaY cZWhW _W�aXcX\ah

b _\` XabcXaY hWc Xa b Y^beZ
G = (V, E)

Xh b h][hWc
D ⊆ V

\{ cZW yW^cXgWh h]gZ cZbc
NG[v] ∩ D 6= ∅

{\^ bww
v ∈ V

k �a \eWa _\` XabcXaY hWc gba [W _W�aW_ Xa ba babw\Y]W ibf
[f ^W�]X^XaY cZbc

NG(v) ∩ D 6= ∅
{\^ bww

v ∈ V
k vZXh yb^Xbac \{ _\` XabcXaY hWc ibh bwh\

g\ahX_W^W_ XacWahXyWwf �hWW {\^ Wxb`ewW ~���� k
vZXh ebe W^ g\ahX_W^h [ \cZ |Xa_ \{ aWXYZ[\]^Z\\_h ba_ b__XcX\abwwf cb|Wh eb^Xcf g\aj

hc^bXach Xac\ bgg\]ac k �Wc
π : V → {0, 1}

[W b YXyWa {]agcX\a ba_
V = V o ] V c

b eb^cXcX\a
\{ cZW yW^cWx hWc d cZWa b hWc

D ⊆ V
Xh gbwwW_ b

π
jeb^Xcf _\` XabcXaY hWc X{

|NG(v) ∩ D| ≡ π(v) mod 2 ∀v ∈ V o ���
ba_

|NG[v] ∩ D| ≡ π(v) mod 2 ∀v ∈ V c.
���

�{
V = V o

�
V = V c

� cZW hWc
D

Xh gbwwW_ b
π
jeb^Xcf \e Wa �gw\hW_ � _\` XabcXaY hWc k vZW

g\ahc^bXach ��� ba_ ��� b^W ^W{W^^W_ c\ bh eb^Xcf g\ahc^bXach k vZW eb^Xcf _\` XabcX\a e^\[wW`
_Xhg]hhW_ Xa cZXh ebe W^ gba a\i [W hcbcW_ bh {\ww\i h �
� XyWa b Y^beZ

G = (V, E)
d b {]agcX\a

π : V → {0, 1}
d b eb^cXcX\a \{ cZW yW^cWx hWc

V = V o ] V c
ba_ b g\hc {]agcX\a

c : V → R
d �a_ b

π
jeb^Xcf _\` XabcXaY hWc

D
h]gZ cZbc

c(D) :=
∑

v∈D

c(v)

Xh ` XaX` XzW_ k V\cW cZbc Xa ` baf XahcbagWh cZW e^\[wW` _\Wh a\c WyWa ZbyW b {WbhX[ wW
h\w]cX\a k �a eb^cXg]wb^ d X{

G
Xh cZW g\`ewWcW Y^beZ i XcZ

n
yW^cXgWh ba_

D ⊆ V (G)
cZWa

|NG[v]∩D|
Xh WXcZW^ WyWa \^ \__ {\^ bww yW^cXgWh k vZW^W Xh \aW {b`\]h ^Wh]wc _]W c\ 	]caW^

~�
 � d iZXgZ hcbcWh cZbc X{
π(v) = 1

{\^ bww
v ∈ V

ba_
V = V c

cZWa WyW^f Y^beZ
G

Zbh b
π
j

eb^Xcf _\` XabcXaY hWc k � W g\]w_ e^\yW cZXh [f hZ\i XaY cZbc cZW hfhcW` \{ wXaWb^ W�]bcX\ah
(A + I)x = � bwibfh Zbh b h\w]cX\a \yW^ cZW [Xab^f �Ww_

GF (2)
d iZW^W

A
Xh cZW b_ bgWagf

`bc^Xx \{ b cZW Y^beZ
G

i XcZ
n

yW^cXgWh d
I

Xh cZW
n× n

X_WacXcf ` bc^Xx ba_ � Xh cZW yWgc\^
\{ wWaYcZ

n
i XcZ bww WwW` Wach W�]bw c\ �k �c Xh Wbhf c\ hWW cZbc WbgZ h\w]cX\a \{ cZW hfhcW`

\{ wXaWb^ W�]bcX\ah g\^^Whe \a_h c\ b {WbhX[ wW h\w]cX\a c\ cZW eb^Xcf _\` XabcX\a e^\[wW` k �
hX` ewW^ e^\\{ ibh YXyWa [f �b^\ ~�� k �b^\ ba_ �bg\[h\a ~�� g\]w_ WyWa hZ\i cZbc WyW^f
c^WW g\acbXah b h][hWc \{ cZW yW^cXgWh

D
h]gZ cZbc

|NG[v] ∩ D| 6= 0 mod k
Z\w_h {\^ bww

k
k

vZWf bwh\ g\a Wgc]^W_ cZbc cZXh ^Wh]wc Z\w_h {\^ YWaW^bw Y^beZh d []c cZXh e^\[wW` Xh hcXww
\e Wa k

�



�\iWyW^ d 	]caW^ ~�
� bwh\ \[hW^yW_ cZbc �a_XaY cZW ` XaX`]` gb^_XabwXcf \{ ba
π
jeb^Xcf

gw\hW_ _\` XabcXaY hWc Xh
NP

jZb^_ k vZ]h d he WgXbw Y^beZ gwbhhWh {\^ iZXgZ cZXh e^\[wW` gba
[W h\wyW_ Xa e\wfa\` Xbw cX` W iW^W g\ahX_W^W_ k vZW �^hc hcWeh Xa cZXh _X^WgcX\a b^W _]W c\
� biWh ~��� k � W e^\e \hW_ b e\wfa\` Xbw cX` W bwY\^XcZ` {\^ cZW he WgXbw gbhW iZW^W

G
Xh b

c^WW d
V = V c

ba_
π(v) = 1

{\^ bww
v ∈ V

k vZXh ^Wh]wc ibh YWaW^bwXzW_ [f �`Xa ba_ 	 wbcW^
~�� iZ\ g\ahX_W^W_ cZW gwbhh \{ hW^XWh eb^bwwWw Y^beZh ba_ bww\iW_ b^[Xc^b^f {]agcX\ah

π
k

vZWf e^\e\hW_ b wXaWb^ cX` W bwY\^XcZ` {\^ cZW gbhW
V = V c

iZXgZ Xh [bhW_ \a b _fab` Xg
e^\Y^b`` XaY bee^\bgZ k �]^ g\ac^X[]cX\a c\ cZXh c\eXg Xh b {]^cZW^ YWaW^bwXzbcX\a \{ cZW
`\_Ww ]hW_ [f �` Xa ba_ 	 wbcW^ beewXW_ c\ Y^beZh i XcZ [ \]a_W_ c^WWi X_cZ �iZXgZ Xagw]_W
c^WWh ba_ hW^XWh eb^bwwWw Y^beZh� ba_ c\ _XhcbagWjZW^W_Xcb^f Y^beZh k

vZXh ebeW^ Xh \^YbaXzW_ bh {\ww\i h � �a 	WgcX\a � iW Xac^\_]gW cZW gwbhh \{ Y^beZh i XcZ
[\]a_W_ c^WWi X_cZ ba_ YXyW ba \yW^y XWi \{ h\` W [bhXg e^\e W^cXWh \{ c^WW _Wg\`e\hXcX\ah k
� {cW^ib^_h d Xa 	WgcX\a � b wXaWb^ cX` W bwY\^XcZ` {\^ cZW eb^Xcf _\` XabcX\a e^\[wW` \a
Y^beZh i XcZ [\]a_W_ c^WWi X_cZ Xh _Xhg]hhW_ k 	WgcX\a 
 g\acbXah ba Xac^\_]gcX\a c\ _XhcbagWj
ZW^W_Xcb^f Y^beZh iZXwW Xa 	WgcX\a � iW e^\e \hW b wXaWb^ cX` W bwY\^XcZ` {\^ cZW g\ahX_W^W_
_\` XabcX\a e^\[wW` \a _XhcbagWjZW^W_Xcb^f Y^beZh k

� �p�� r�tq��q	uouqn 
nr op��� uro�

�a cZXh hWgcX\a d iW Xac^\_]gW cZW g\agWec \{ c^WWi X_cZ ba_ cZW ]a_W^wf XaY c^WW _Wg\`e\j
hXcX\a k vZWhW cW^` h iW^W \^XYXabwwf Xac^\_]gW_ [f \[W^ch\a ba_ 	Wf`\]^ ~��� ba_ ewbf
ba X`e\^cbac ^\wW Xa bwY\^XcZ` Xg Y^beZ cZW\^fk � baf iWwwj|a\ia

NP
jg\`ewWcW e^\[wW` h

wX|W Xa_We Wa_Wac hWc d � b` Xwc\aXba gX^g]Xc d yW^cWx g\yW^ ba_ 	cWXaW^ c^WWh b^W h\wyb[wW Xa
e\wfa\` Xbw cX` W {\^ Y^beZh i XcZ [\]a_W_ c^WWi X_cZ �hWW ~� d ���� k �xcWahXyW h]^yWfh \a
c^WWi X_cZ gba [W {\]a_ Xa �\_wbWa_W^ ~�� ba_ � w\|h ~��� k �\_wbWa_W^ ~
 � e][wXhZW_ b wXaWb^
cX` W bwY\^XcZ` iZXgZ _WcW^` XaWh {\^ b YXyWa Y^beZ

G = (V, E)
iZWcZW^ cZW c^WWi X_cZ \{

GXh bc `\hc
k
d {\^ b �xW_

k
d ba_ X{ h\ d \]ce]ch b c^WWj_Wg\`e\hXcX\a \{

G
i XcZ c^WWi X_cZ bc

`\hc
k
k }]^cZW^`\^W d cZW^W Wx Xhc e\wfa\` Xbw cX` W bwY\^XcZ` h c\ g\`e]cW cZW c^WWi X_cZ {\^

g\Y^beZh ba_ _XhcbagWjZW^W_Xcb^f Y^beZh k � XhcbagWjZW^W_Xcb^f Y^beZh b^W c^WbcW_ Xa 	Wgj
cX\a 
 \{ cZXh ebe W^ k �a g\ac^bhc d cZW g\`e]cbcX\a \{ cZW c^WWi X_cZ Xh

NP
jZb^_ {\^ YWaW^bw

Y^beZh �hWW ~�� {\^ `\^W _WcbXwh� k �xb`ewWh {\^ Y^beZh cZbc ZbyW [ \]a_W_ c^WWi X_cZ b^W
c^WWh �c^WWi X_cZ �� d hW^XWhjeb^bwwWw Y^beZh �c^WWi X_cZ �� d \]cW^ewbab^ Y^beZh �c^WWi X_cZ �� d
gbgc]h Y^beZh �c^WWi X_cZ �� ba_ �bwXa Y^beZh �c^WWi X_cZ �� k
� N�����Q� � �� � � c^WW _Wg\`e\hXcX\a \{ b Y^beZ

G = (V (G), E(G))
Xh b ebX^

(T,X )g\ahXhcXaY \{ b c^WW
T = (V (T ), E(T ))

ba_ b {b` Xwf \{ yW^cWx hWch d X kW kd
X = {Xt : Xt ⊆

V (G), t ∈ V (T )}
h]gZ cZbc

�v ��
V (G) =

⋃

t∈V (t) Xt �
�v �� {\^ WyW^f W_YW

(u, v) ∈ E(G)
cZW^W Wx Xhch b yW^cWx

t ∈ V (T )
h]gZ cZbc

u ∈ Xt

ba_
v ∈ Xt �

�



�v �� X{
t2 ∈ V (T )

Xh \a cZW ebcZ [ WciWWa
t1

ba_
t3

Xa
T

cZWa
Xt1 ∩ Xt3 ⊆ Xt2

k
V\cW cZbc �v �� ba_ �v �� c\YWcZW^ X`ewf cZbc cZW YXyWa Y^beZ

G
Xh cZW ]aX\a \{ cZW

h][Y^beZh
G[Xt]

k � ^\e W^cf �v �� Xh W�]XybwWac c\ cZW ^W�]X^W` Wac cZbc {\^ WbgZ yW^cWx
v ∈ VcZW hWch

Xt

g\acbXaXaY
v

Xa_]gW b h][c^WW \{
T

k �a Wxb`ewW \{ b c^WW _Wg\`e\hXcX\a Xh
YXyWa Xa }XY]^W � �b� ba_ � �[ � k

�[hW^yW cZbc cZW gb^_XabwXcXWh \{ cZW hWch
Xt

_WeWa_ \a cZW YXyWa Y^beZ
G

k �c Xh Wbhf
c\ hWW cZbc X{

G
g\acbXah b gwX�]W \{ hXzW

k
cZW^W Xh b hWc

Xt

Xa cZW c^WW _Wg\`e\hXcX\a \{
Gi XcZ

|Xt| ≥ k
d [ Wgb]hW cZW^W Zbh c\ Wx Xhc b hWc g\acbXaXaY bww yW^cXgWh \{ cZW gwX�]W k �a cZW

\cZW^ Zba_ d X{
G

Xh b c^WW d cZW^W Wx Xhch b c^WW _Wg\`e\hXcX\a Xa h]gZ b ibf cZbc bww hWch Xa
X

ZbyW gb^_XabwXcf ci\ k vZWhW \[hW^ybcX\ah wWb_ c\ cZW {\ww\i XaY _W�aXcX\a \{ c^WWi X_cZ d
iZXgZ Xa h\`W hWahW ` Wbh]^Wh Z\i c^WWjwX|W b YXyWa Y^beZ Xh k
� N�����Q� � �� � vZW i X_cZ \{ b c^WW _Wg\`e\hXcX\a

(T,X )
\{ b Y^beZ

G = (V (G), E(G))Xh cZW a]`[W^
max{|Xt| − 1 : t ∈ V (T )},

ba_ cZW c^WWi X_cZ
tw(G)

\{
G

Xh cZW wWbhc i X_cZ \{ baf c^WW _Wg\`e\hXcX\a \{
G

k
� hXaY cZW g\``Wach b[\yW d Xc {\ww\i h cZbc cZW c^WWi X_cZ \{ baf c^WW Xh � ba_ cZbc

tw(Kn) =
n − 1

d iZW^W
Kn

Xh cZW g\`ewWcW Y^beZ i XcZ
n

yW^cXgWh k
�a\cZW^ ]hW{] w e^\e W^cf \{ c^WW _Wg\`e\hXcX\a iZXgZ i Xww [ W WhhWacXbw {\^ \]^ bwY\^XcZ` Xh
cZW h\ gbwwW_ hWeb^bc\^ e^\e W^cfk �c {\ww\i h _X^Wgcwf {^\` cZW _W�aXcX\a ba_ b {\^` bw e^\\{
gba {\^ Wxb`ewW [ W {\]a_ Xa � XWhcWw ~�
 � k
�N��� � �� � ���

e = (t1, t2) �� 	
 ��� � 

T � �� �
 Xt1 ∩Xt2

� 	 � ��	�	��� ��
G� ���� �� �� �	� � G[V \ (Xt1 ∩ Xt2)]

� 
 �� ��

 ������
}\^ cZW _Whg^XecX\a \{ cZW bwY\^XcZ` h e^\e \hW_ Xa cZXh ebeW^ Xc Xh ZWwe{]w c\ ]hW b

c^WW _Wg\`e\hXcX\a iZXgZ Zbh b eb^cXg]wb^ hX`ewW hc^]gc]^W k �a cZW {\ww\i XaY b 
�� ����
����������
 Xh b c^WW _Wg\`e\hXcX\a

(T,X )
i XcZ cZW {\ww\i XaY e^\eW^cXWh �

• T
Xh b ^\\cW_ [Xab^f c^WW i XcZ ^\\c yW^cWx

r
k

•
vZW yW^cXgWh \{

T
[ Ww\aY c\ \aW \{ cZW {\ww\i XaY {\]^ cfe Wh �

�k ��	� ������
i
Xh b wWb{ \{

T
ba_

|Xi| = 1
� k �
������� ������

i
Zbh \aW gZXw_

j
ba_

Xi = Xj ∪ {v}
{\^ h\` W yW^cWx

v ∈ V (G)
� k ���� �� ������

i
Zbh \aW gZXw_

j
ba_

Xi = Xj \ {v}
{\^ h\` W yW^cWx

v ∈ V (G)

 k ��
 ������

i
Zbh ci\ gZXw_^Wa

j
ba_

l
i XcZ

Xi = Xj = Xl

	WW }XY]^W ��g� {\^ b aXgW c^WW _Wg\`e\hXcX\a k � hXaY �W``b � k� \aW gba g\agw]_W cZbc
YXyWa b aXgW c^WW _Wg\`e\hXcX\a d {\^ WyW^f a\ajwWb{ yW^cWx

t ∈ V (T )
cZW hWc

Xt

Xh b hWeb^bc\^
\{ cZW Y^beZ

G
k �\iWyW^ d Xc hZ\]w_ [ W e\XacW_ \]c cZbc cZW aXgW c^WW _Wg\`e\hXcX\a Xh






a\c aWgWhhb^f {\^ cZW e^\e \hW_ bwY\^XcZ` d []c Wab[wWh ]h c\ hX`ewX{f a\cbcX\ah ba_ cZW
_Whg^XecX\a \{ cZW bwY\^XcZ` k �a ~��� Xc Xh hZ\ia cZbc X{ b Y^beZ

G
Zbh c^WWi X_cZ

k
cZWa

cZW^W Wx Xhch b c^WW _Wg\`e\hXcX\a
(T,X )

i XcZ
|V (T )| = O(n)

k � \^W\yW^ d YXyWa h]gZ b c^WW
_Wg\`e\hXcX\a

(T,X )
b aXgW c^WW _Wg\`e\hXcX\a \{

G
cZbc Zbh bwh\

O(n)
yW^cXgWh ba_ cZW

hb` W i X_cZ
k

gba [W {\]a_ Xa
O(n)

cX` W k vZXh ^Wh]wc Wah]^Wh cZbc Xc h]� gWh c\ _WyWw\e b
wXaWb^ cX` W bwY\^XcZ` {\^ b YXyWa aXgW c^WW _Wg\`e\hXcX\a k
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� w\c \{ \ecX` XzbcX\a e^\[wW` h \a Y^beZh i XcZ [\]a_W_ c^WWi X_cZ gba [W h\wyW_ i XcZ
_fab` Xg e^\Y^b`` XaY k �c c]^ah \]c cZbc cZW eb^Xcf _\` XabcX\a e^\[wW` gba bwh\ [ W h\wyW_
[f cZXh cWgZaX�]W k �W{\^W iW _Xhg]hh cZW wXaWb^ cX` W bwY\^XcZ` `\^W a\cbcX\a Xh aWW_W_ k
	]ee\hW iW b^W YXyWa b Y^beZ

G
ba_ b aXgW c^WW _Wg\`e\hXcX\a

(T,X )
i XcZ c^WWi X_cZ

kiZXgZ Xh ^\\cW_ bc
r
k �Wc ]h _Wa\cW [f

T (t)
cZW h][c^WW \{

T
^\ \cW_ bc yW^cWx

t
k }]^cZW^` \^W d

cZW h][Y^beZ

Gt = (Vt, Et) := G





⋃

j∈T (t)

Xj





Xh bhhXYaW_ c\
t ∈ V (T )

k �c Xh Wbhf c\ hWW cZbc
Gr = G

Z\w_h k �a cZW _fab` Xg e^\Y^b`` XaY
bee^\bgZ iW i Xww h\wyW cZW eb^Xcf _\` XabcX\a e^\[wW` {\^ WbgZ Y^beZ

Gt

Xa ba W� gXWac ibfk
�c cZW Wa_ b h\w]cX\a {\^

Gr

g\^^Whe\a_h c\ b h\w]cX\a \{ cZW \^XYXabw e^\[wW` k
V\cW cZbc cZW hWeb^bc\^ e^\e W^cf \{ b c^WW _Wg\`e\hXcX\a X`ewXWh cZbc YXyWa b h][hWc

W ⊆ Vt

{\^ h\` W
t ∈ V (T )

iZXgZ hZ\]w_ [W WxcWa_W_ c\ b {WbhX[ wW h\w]cX\a Xa
G

cZWa bww
yW^cXgWh

v ∈ Vt \ Xt

ZbyW c\ hbcXh{f cZW eb^Xcf g\ahc^bXach i XcZ ^Whe Wgc c\
W

k �\iWyW^ d
b yW^cWx

v ∈ Xt

{\^ h\` W
t ∈ V (T )

`bf yX\wbcW Xch eb^Xcf g\ahc^bXac i XcZ ^Whe Wgc c\
W[Wgb]hW cZW WxcWahX\a \{

W
`bf Xagw]_W yW^cXgWh \{

V \Vt

cZbc b^W b_ bgWac c\
v
k vZ]h d cZW

_W�aXcX\a \{ cZW {\ww\i XaY {]agcX\a hWW` h c\ [ W bee^\e^XbcW {\^ b _fab` Xg e^\Y^b`` XaY
bee^\bgZ k

}\^
t ∈ V (T )

d
Z ⊆ Xt

ba_ b {]agcX\a
s : Xt → {0, 1}

_W�aW
optt(Z, s)

c\ [ W ` XaX`]`
g\hc \{ b yW^cWx hWc

W
Xa

Gt

i XcZ
W ∩ Xt = Z

ba_

|NGt
[v] ∩ W | ≡

{

s(v) mod 2 ∀v ∈ Xt ∩ V c

π(v) mod 2 ∀v ∈ (Vt \ Xt) ∩ V c,
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|NGt
(v) ∩ W | ≡

{

s(v) mod 2 ∀v ∈ Xt ∩ V o

π(v) mod 2 ∀v ∈ (Vt \ Xt) ∩ V o.

�
�

}\^`bwwfd iW hWc
optt(Z, s) = ∞

X{ a\ h]gZ hWc
W

Wx Xhch k
vZW X_Wb \{ cZW bwY\^XcZ` Xh c\ g\`e]cW {\^ WbgZ yW^cWx

t ∈ T
cZW ybw]W

optt(Z, s)
{\^ bww

h][hWch
Z ⊆ Xt

ba_ bww {]agcX\ah
s : Xt → {0, 1}

k �a {bgc d iW g\`e]cW {\^ WbgZ yW^cWx
t
\{

cZW c^WW Wxbgcwf
2|Xt|2|Xt|

a]`[W^h k vZXh Xh _\aW Xa b [\cc\`j]e ` baaW^ {^\` cZW wWbyWh c\
cZW ^\\c d X kW kd cZW cb[wW

optt

Xh g\`e]cW_ X{ bww cZW cb[wWh \{ cZW gZXw_^Wa \{
t
b^W |a\ia k vZW

Wac^XWh Xa cZW ^\\c cb[wW
optr

{\^ iZXgZ
s(v) = π(v)

{\^ bww
v ∈ Xr

^We^WhWach ba \ecX` bw
h\w]cX\a c\ cZW e^\[wW` Xa cZW \^XYXabw Y^beZ

G
k

�a cZW {\ww\i XaY d Xc Xh bhh]` W_ cZbc iW b^W YXyWa b aXgW c^WW _Wg\`e\hXcX\a \{ b Y^beZ
G

k �bhW_ \a cZW yW^cWx cfe W Xc Xh WxewbXaW_ Z\i cZW cb[wWh gba [W \[cbXaW_ k �a \^_W^ c\
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_Whg^X[ W cZW g\`e]cbcX\a bh gwWb^wf bh e\hhX[ wW h\` W `\^W a\cbcX\a Xh Xac^\_]gW_ k 	]ee\hW
cZbc

Xi = Xj ∪ {v}
{\^ h\` W hWch

Xi, Xj ∈ X
ba_ h\`W yW^cWx

v ∈ V (G) \ Xj

k �{
s : Xi → {0, 1}

d cZWa cZW {]agcX\a
s|Xj

→ {0, 1}
d X kW kd cZW ^Whc^XgcX\a \{

s
c\ cZW _\`bXa

Xj

d Xh _Wa\cW_ [f
s̃
k } Xabwwfd X{

s : Xj → {0, 1}
d cZWa iW _W�aW {\^ b h][hWc

Y ⊆ Xj

cZW
{]agcX\a

s̄Y : Xj → {0, 1}
iZW^W

s̄Y (x) = 1
X{ ba_ \awf X{

s(x) = 0
ba_

x ∈ Y
\^

s(x) = 1ba_
x /∈ Y

k
�N� � �NR���NT U �Wc

t
[W b wWb{ \{ cZW c^WW ba_ bhh]`W cZbc

Xt = {u}
k vZWa iW

X``W_XbcWwf \[cbXa cZW {\ww\i XaY cb[wW {\^
optt

�

u ∈ V c u ∈ V o

s(u) = 0 s(u) = 1 s(u) = 0 s(u) = 1
∅ � ∞ � ∞
Xt ∞ c(u) c(u) ∞

���RQS��N �NR���NT U �Wc
i

[W ba Xac^\_]gW yW^cWx i XcZ gZXw_
j

ba_ bhh]`W
Xi =

Xj ∪ {v}
{\^ h\` W yW^cWx

v ∈ V (G)
k �]W c\ cZW hWeb^bc\^ e^\e W^cf cZW^W b^W a\ W_YWh

{^\`
v

c\ b yW^cWx
u ∈ Vi \ Xi

k �a \^_W^ c\ g\`e]cW cZW cb[wW
opti

d hWyW^bw gbhWh ZbyW c\
[ W _XhcXaY]XhZW_ �

�k
v /∈ Z�a cZXh gbhW cZW eb^Xcf \{ cZW yW^cXgWh Xa

Xi

_\Wh a\c gZbaYW ba_ iW \awf ZbyW c\ w\\|
bc cZW eb^Xcf \{ cZW aWi yW^cWx

v
k vZ]h d iW YWc

opti(Z, s) =

{

optj(Z, s̃)
X{

|NG[Xi] ∩ Z| ≡ s(v) mod 2

∞
\cZW^i XhW

.

� k
v ∈ Z ∩ V o�{

v
Xh b__W_ c\ cZW hWc

Z
d cZW g]^^Wac eb^Xcf \{ cZW yW^cXgWh Xa

N(v) ∩ Xi

gZbaYWh k
}]^cZW^`\^W d cZW eb^Xcf \{

v
Zbh c\ [ W gZWg|W_ k vZWhW ^W�]X^W` Wach gba [W Wxe^WhhW_

[f

opti(Z, s) =

{

optj(Z \ v, s̄N(v)∩Xi
) + c(v)

X{
|NG[Xi] ∩ Z| ≡ s(v) mod 2

∞
\cZW^i XhW

.

� k
v ∈ Z ∩ V cvZXh gbhW Xh yW^f hX` Xwb^ c\ cZW hWg\a_ \aW k �W \awf ZbyW c\ g\ahX_W^ cZbc

v ∈ V c
k

vZ]h d

opti(Z, s) =

{

optj(Z \ v, s̄N(v)∩Xi
) + c(v)

X{
|NG[Xi] ∩ Z| ≡ s(v) mod 2

∞
\cZW^i XhW

{\ww\i h k
�



�QR�N� �NR���NT U �W bhh]` W cZbc cZW {\^YWc yW^cWx
i
Zbh \aW gZXw_

j
ba_

Xi = Xj \{v}{\^ h\` W yW^cWx
v ∈ V (G)

k vZW _W�aXcX\a \{ b c^WW _Wg\`e\hXcX\a X`ewXWh cZbc
v /∈ V (G)\Vj

k
�\ahW�]Wacwfd iW ZbyW c\ gwbX` cZbc cZW eb^Xcf \{

v
W�]bwh

π(v)
Xa \^_W^ c\ Y]b^bacWW

{WbhX[XwXcfk vZXh gba [W \[cbXaW_ [f

opti(Z, s̃) = optj(Z, s)
i XcZ

s(v) = π(v).
�Q �� �NR���NT U vZXh gbhW Xh cZW `\hc _X� g]wc \aW k 	]ee\hW cZbc

i
Xh b  \Xa yW^cWx cZbc

Zbh ci\ gZXw_^Wa
j

ba_
l
i XcZ

Xi = Xj = Xl

k
�Wc

s : Xi → {0, 1}
ba_

Z ⊆ Xi

[W YXyWa k �a \^_W^ c\ g\`e]cW
opti(Z, s)

iW b^W w\\|XaY
bc bww hWch

W
i XcZ

W ∩ Xi = Z
cZbc {] w� ww ��� ba_ �
� k vZW gZWbe Whc g\hc \{ cZWhW hWch

i Xww [ W
opti(Z, s)

k �]W c\ cZW {bgc cZbc
Vj ∩Vl = Xi

Xc {\ww\i h ]hXaY cZW Xagw]hX\ajWxgw]hX\a
e^XagXe wW

|NGi
(v) ∩ W | = |NGj

(v) ∩ W | + |NGl
(v) ∩ W | − |NG[Xi](v) ∩ W |

���
{\^ bww

v ∈ Xi ∩ V o
ba_

W ⊆ Vi

k 	 X` Xwb^wfd iW ZbyW

|NGi
[v] ∩ W | = |NGj

[v] ∩ W | + |NGl
[v] ∩ W | − |NG[Xi][v] ∩ W |
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{\^ bww

v ∈ Xi ∩ V c
ba_

W ⊆ Vi

k �Wc ]h _W�aW

ps
Z(v) :=
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X{

v ∈ V o
ba_

s(v) + |NG[Xi](v) ∩ Z| ≡ 1 mod 2

1
X{

v ∈ V c
ba_

s(v) + |NG[Xi][v] ∩ Z| ≡ 1 mod 2

0
X{

v ∈ V o
ba_

s(v) + |NG[Xi](v) ∩ Z| ≡ 0 mod 2

0
X{

v ∈ V c
ba_

s(v) + |NG[Xi][v] ∩ Z| ≡ 0 mod 2
{\^ bww

v ∈ Xi

k �[hW^yW cZbc
ps

Z(v)
Xa_XgbcWh cZW eb^Xcf \{ aWXYZ[\]^h a\c Xa

Xi

cZbc ZbyW
c\ [ W gZ\hWa Xa b {WbhX[ wW h\w]cX\a

W
i XcZ

W ∩Xi = Z
Xa \^_W^ c\ bgZXWyW

s(v)
k � \^W\yW^ d

NG[Xi](v) ∩ Z = NG[Xi](v) ∩ W
ba_

NG[Xi][v] ∩ Z = NG[Xi][v] ∩ W
Z\w_h {\^ bww

W ⊆ Vi[Wgb]hW
W ∩ Xi = Z

k � hXaY W�]bcX\ah ��� ba_ ��� d ��� ba_ �
� gba [ W ^Wi ^XccWa bh

|NGj
[v] ∩ W | + |NGl

[v] ∩ W | ≡
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Z(v) mod 2 ∀v ∈ Xi ∩ V c

π(v) mod 2 ∀v ∈ (Vj \ Xi) ∩ V c

π(v) mod 2 ∀v ∈ (Vl \ Xi) ∩ V c,ba_

|NGj
(v) ∩ W | + |NGl

(v) ∩ W | ≡
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Z(v) mod 2 ∀v ∈ Xi ∩ V o

π(x) mod 2 ∀v ∈ (Vj \ Xi) ∩ V o

π(x) mod 2 ∀v ∈ (Vl \ Xi) ∩ V o.
�\iWyW^ d cZ Xh ` Wbah cZbc cZW^W Wx Xhc {]agcX\ah

s′ : Vj → {0, 1}
ba_

s′′ : Vl → {0, 1}i XcZ
s′(v) = |NGj

[v] ∩ W |
�
|NGj

(v) ∩ W |
� ba_

s′′(v) = |NGl
[v] ∩ W |

�
|NGl

(v) ∩ W |
� i XcZ

s′(v) + s′′(v) ≡ ps
Z(v) mod 2

{\^ bww
v ∈ Xi

ba_ ZW^Wi XcZ
�
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s′(v)+s′′(v)≡ps
Z

(v)
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optj(Z, s′) + optl(Z, s′′)
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−
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v∈Z

c(v).

�[hW^yW cZbc b yW^cWx
v ∈ Z

Xh g\acbXaW_ Xa
Xj ∩Z

ba_ Xa
Xl∩Z

k vZW^W{\^W cZW g\hc \{
v ∈ Z

Zbh c\ [ W h][c^bgcW_ k �a cZW b[\yW {\^`]wb {\^  \Xa yW^cXgWh iW ZbyW c\ g\`eb^W bc
`\hc

2k
ybw]Wh {\^ b YXyWa

s
ba_

Z
k �bgZ Wac^f Xa

opti

iZW^W
i
Xh b wWb{ d Xac^\_]gW ba_ {\^YWc

yW^cWx gba [W _WcW^` XaW_ Xa g\ahcbac cX` W k � WagW d cZW e^WyX\]h _Xhg]hhX\a X``W_XbcWwf
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� g\aaWgcW_ Y^beZ
G = (V, E)

Xh gbwwW_ _XhcbagWjZW^W_Xcb^f X{ WyW^f ebX^ \{ yW^cXgWh
i, j ∈ VZbh cZW hb`W hZ\^cWhc _XhcbagW �`Wbh]^W_ [f cZW a]`[W^ \{ W_YWh� Xa WyW^f g\aaWgcW_

h][Y^beZ g\acbXaXaY
i

ba_
j
k � XhcbagWjZW^W_Xcb^f Y^beZh iW^W Xac^\_]gW_ [f �\i\^|b

~��� k 	XagW cZWa hWyW^bw gZb^bgcW^XzbcX\ah [f ` Wbah \{ ` Wc^Xg e^\e W^cXWh ba_ {\^[X__Wa
h][Y^beZh ZbyW [ WWa YXyWa �W k Y kd hWW ~� d ���� k }^\` cZW bwY\^XcZ` Xg e \Xac \{ y XWi cZW
h\jgbwwW_ \aWjyW^cWx WxcWahX\a e^\eW^cf Xh \aW \{ cZW `\hc X` e\^cbac gZb^bgcW^XzbcX\ah \{
_XhcbagWjZW^W_Xcb^f Y^beZh k
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v �
�a \^_W^XaY

(v1, . . . , vn)
\{ cZW yW^cXgWh Xh gbwwW_ e^]aXaY hW�]WagW X{

vi

Xh b e Wa_bac \^
b ci Xa \{ h\` W yW^cWx

vj

Xa
G[{v1, . . . , vi}]

{\^
i = 2, . . . , n

k 	WW }XY]^W � {\^ b _XhcbagWj
ZW^W_Xcb^f Y^beZ ba_ Xch e^]aXaY hW�]WagW k

�Wc
(v1, . . . , vn)

[ W b e^]aXaY hW�]WagW \{
G = (V, E)

h]gZ cZbc
vn

ba_ h\`W yW^cWx
vjb^W ci Xah k vZWa cZW Y^beZ

G′ = (V ′, E ′)
^We^WhWacW_ [f cZW e^]aXaY hW�]WagW

(v′
1, . . . , v

′
n) =

(v1, . . . , vj−1, vn, vj+1, . . . , vn−1, vj)
Xh Xh\`\^eZ c\

G
i XcZ cZW [X WgcX\a

σ : V → V ′ iZW^W
σ(vi) = v′

i

{\^ bww
vi ∈ V

k
vZW ^Wg\YaXcX\a \{ b _XhcbagWjZW^W_Xcb^f Y^beZ ba_ Xch e^]aXaY hW�]WagW gba [ W _\aW Xa
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�



� � � 
 �T

T F

P

�� � ������ �������� �� G

�

�




�
�

� � ����� G
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{bXwh Xa h\` W gbhWh k �\iWyW^ d � b` Xba_ Wc bw k ~��� ^WgWacwf e^\e \hW_ b aWi wXaWb^ cX` W
^Wg\YaXcX\a bwY\^XcZ` k

� baf W� gXWac bwY\^XcZ` h {\^ e^\[wW` h \a _XhcbagWjZW^W_Xcb^f Y^beZh b^W [bhW_ \a cZW
\aWjyW^cWx WxcWahX\a �W k Y kd � b` Xwc\aXba gfgwW ~��� d ~��� d ` XaX`]` �wwjXa ba_ c^WWi X_cZ ~�� d
	cWXaW^ c^WWh ~��� d ~�� d ` bx X`]` hcb[wW hWc ~��� d gWacW^ ba_ `W_Xba ~��� ba_ Whe WgXbwwf
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 Whc^XgcX\ah \a cZW \e W^bcX\ah i XcZXa cZW \aWjyW^cWx WxcWahX\a e^\gW_]^W wWb_ c\ cZW
{\ww\i XaY h][ gwbhhWh \{ cZW gwbhh \{ _XhcbagWjZW^W_Xcb^f Y^beZh � v^WWh b^W e^\_]gW_ [f b
hW�]WagW \{ e Wa_bacj\e W^bcX\ah d {bwhW ba_ c^]W ci Xah wWb_ c\ g\Y^beZh d c^]W ci Xah ba_
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�a cZXh hWgcX\a d iW _WyWw\e ba bwY\^XcZ` {\^ cZW eb^Xcf _\` XabcX\a e^\[wW` \a _XhcbagWj
ZW^W_Xcb^f Y^beZh iZXgZ ^]ah Xa

O(m)
cX` W iZW^W

m
Xh cZW a]`[W^ \{ W_YWh \{ cZW Y^beZ k

vZW ` bXa X_Wb \{ cZW e^\e\hW_ bwY\^XcZ` Xh c\ ^W_]gW cZW hXzW \{ cZW Y^beZ h]ggWhhXyWwf
[f _WwWcXaY h\` W yW^cXgWh iZXwW _X� W^Wac g\ahc^bXach ZbyW c\ [ W cb|Wa Xac\ bgg\]ac Xa cZW
^W` bXaXaY Y^beZ Xa \^_W^ c\ Y]b^bacWW {WbhX[XwXcf {\^ cZW \^XYXabw e^\[wW` k vZXh Xh _\aW
[f b aWi iWXYZc {]agcX\a

w : V → {0, 1}
cZbc `\_Wwh cZW g\ac^X[]cX\a \{

v
c\ cZW eb^Xcf

g\ahc^bXach \{ Xch aWXYZ[\]^h k  Wgbww cZbc b h][hWc
D ⊆ V

Xh {WbhX[ wW X{ cZW eb^Xcf g\ahc^bXach
��� ba_ ��� b^W hbcXh�W_ k �c cZW [ WYXaaXaY iW hWc

w(v) = 1
{\^ bww

v ∈ V
k }]^cZW^`\^W d iW

_W�aW {\^ b hWc
X ⊆ V

w(X) ≡
∑

i∈X

w(i) mod 2

ba_ cZW Xa_Xgbc\^ {]agcX\a

��



δX(v) =

{

1
X{

v ∈ X

0
\cZW^i XhW

.
� hXaY cZW b__XcX\abw iWXYZc {]agcX\a cZW eb^Xcf g\ahc^bXach gba a\i [W ^Wi ^XccWa bh

w(NG(v) ∩ D) ≡ π(v) mod 2 ∀v ∈ V o ���
ba_

w(NG(v) ∩ D) + δD(v) ≡ π(v) mod 2 ∀v ∈ V c.
���

��]bcX\ah ��� ba_ ��� b^W gbwwW_ {WbhX[ XwXcf g\ahc^bXach k �[yX\]hwfd cZWf b^W W�]XybwWac
c\ cZW eb^Xcf g\ahc^bXach ��� ba_ ��� X{

w(v) = 1
{\^ bww

v ∈ V
k }]^cZW^`\^W d b yW^cWx

v
Xh gbwwW_ {WbhX[ wW i XcZ ^Whe Wgc c\ b hWc

D
d X{ cZW g\^^Whe\a_XaY {WbhX[ XwXcf g\ahc^bXac Xh

hbcXh�W_ k � hWc
D ⊆ V

Xh gbwwW_ {WbhX[ wW X{ WyW^f yW^cWx Xa
D

Xh {WbhX[ wW k
}^\` a\i \a d ba XahcbagW \{ cZW eb^Xcf _\` XabcX\a e^\[wW` Xh b �]Xac]ewW

I = (G, V o]
V c, c, π, w)

iZW^W
G

Xh b _XhcbagWjZW^W_Xcb^f Y^beZ i XcZ b e^]aXaY hW�]WagW
(v1, . . . , vn)

d
V o]V c

Xh b eb^cXcX\a \{ cZW yW^cWx hWc d
c
Xh b g\hc {]agcX\a d

π
_Whg^X[ Wh cZW eb^Xcf g\ahc^bXach

ba_
w

_Wa\cWh cZW b__XcX\abw iWXYZc {]agcX\a k vZW hWc \{ {WbhX[ wW h\w]cX\ah \{ cZXh XahcbagW d
X kW kd cZW hWch

D ⊆ V
hbcXh{f XaY ��� ba_ ��� d Xh _Wa\cW_ [f

SI

k
� N�����Q� � �� � �Wc

I = (G, V o ] V c, c, π, w)
ba_

I ′ = (G′, V ′o ] V ′c, c′, π′, w′)
[W ci\

XahcbagWh \{ cZW eb^Xcf _\` XabcX\a e^\[wW` ba_ wWc
D∗ ∈ SI

[ W ba \ecX` bw h\w]cX\a \{
XahcbagW

I
k vZWa iW hbf cZbc

I ′ Xh b ^W_]gcX\a \{
I

X{ cZW {\ww\i XaY e^\eW^cXWh b^W hbcXh�W_ �
�k vZW^W Wx Xhch b h][hWc

Y ⊆ SI

i XcZ
D∗ ∈ Y

ba_ b [X WgcX\a
f : Y → SI′

i XcZ

c(D) = c′(f(D)) + K.

{\^ h\` W g\ahcbac
K

ba_ bww hWch
D ∈ Y

k
� k �Wc

(v1, . . . , vn)
[W cZW e^]aXaY hW�]WagW \{

G
k vZWa cZW e^]aXaY hW�]WagW \{

G′ Xh
YXyWa [f

(v1, . . . , vn−1)
k

�{
I ′ Xh b ^W_]gcX\a \{

I
d iW i Xww i ^XcW

I ′ ≺ I
k

vZXh _W�aXcX\a ` Wbah cZbc X{
I ′ ≺ I

cZWa Xc h]� gWh c\ �a_ ba \ecX` bw h\w]cX\a
D′∗\{ cZW XahcbagW

I ′ d [ Wgb]hW
f−1(D′∗)

Xh ba \ecX` bw h\w]cX\a \{
I
k vZW e^\e \hW_ bwY\^XcZ`

XcW^bcXyWwf g\`e]cWh ^W_]gW_ XahcbagWh ba_ cZW g\^^Whe\a_XaY [X WgcX\ah ]acXw cZW ^W` bXaXaY
Y^beZ Xh c^Xy Xbw k

�Wc ]h hcb^c cZW _Whg^XecX\a \{ cZW bwY\^XcZ` i XcZ b wW``b d iZXgZ Xh yW^f ]hW{]w {\^ cZW
_WyWw\e`Wac \{ cZW e^\e \hW_ bee^\bgZ k
�N��� � �� � ���

I �� 	 � � �
 
��	
 �� 	
�
vn = j

	
�
vk = i

� �� � �� �
1 ≤ k ≤ n − 1���� � �� � 	 �� �� �� 
� � ����� ��� ���� ���

Y = {D ∈ SI | j ∈ D (j /∈ D)}

��



�� �� ��	� Y
��
�	
� 	
 �� �� 	 � � �����
 ��

I � � ���� � ��	� �
j ∈ X

�
j /∈ X

� � �� � �� �
������ � ��

X
�� �
 i

� � �	���� � 	
� �
 �� j
� � �	���� � �� ���� ��� ��

X � �� �
 �� ��� �� ���
	
 
��	
 ��

I ′ � �� I ′ ≺ I �

� ���� � vZW e^\\{ \{ cZXh wW``b Xh _Xy X_W_ Xac\ ci\ eb^ch �
�k �Wc

j ∈ D
{\^ bww

S ∈ Y
k vZWa b aWi XahcbagW

I ′ i XcZ e^]aXaY hW�]WagW
(v1, . . . , vn−1)gba [W _W�aW_ bh {\ww\i h � _WwWcW cZW yW^cWx

vn

{^\` cZW g\^^Whe\a_XaY hWc
V o

\^
V c

\{ cZW yW^cWx eb^cXcX\a Xa XahcbagW
I

Xa \^_W^ c\ YWc cZW aWi yW^cWx eb^cXcX\a
V (G′) = V ′o ] V ′c k � \^W\yW^ d hWc

π′(v) ≡

{

π(v) + w(j) mod 2 ∀v ∈ NG(j)

π(v)
\cZW^i XhW

.

}]^cZW^`\^W d _W�aW
c′(v) = c(v)

ba_
w′(v) = w(v)

{\^ bww
v ∈ V (G) \ {j}

k } Xabwwfd
wWc

f : Y → SI′
[W b {]agcX\a i XcZ

f(D) = D \ {j}
{\^ bww

D ∈ Y
k �]W c\ cZW {bgc

cZbc
NG(v) = NG′(v) ∪ {j}

Z\w_h {\^ bww
v ∈ NG(j)

ba_
NG(v) = NG′(v)

Z\w_h {\^
bww

v ∈ V \ NG(j)
Xc gba [ W g\agw]_W_ cZbc

f
`beh Xa_WW_ b hWc Xa

Y
c\ b hWc Xa

SI′
k }]^cZW^`\^W d

f
Xh b [X WgcX\a i XcZ XayW^hW {]agcX\a

f−1(D′) = D′ ∪ {j}
[ Wgb]hW

cZW {WbhX[ XwXcf \{ WyW^f yW^cWx
v ∈ V \ {j}

i XcZ ^Whe Wgc c\
D′ Xa

I ′ X` ewXWh {WbhX[XwXcf
i XcZ ^Whe Wgc c\

f−1(D′)
Xa

I
ba_

j
Xh {WbhX[ wW hXagW

i
Xh {WbhX[wW Xa

I
k � \^W\yW^ d

c(D) = c′(f(D)) + c(j)
Z\w_h {\^ bww

D ∈ Y
k vZ]h d cZW g\ahc^]gcW_ XahcbagW

I ′ Xh b
^W_]gcX\a \{

I
k

� k }\^ cZW gbhW iZW^W
j /∈ D

{\^ bww
D ∈ Y

b ^W_]gW_ XahcbagW
I ′ Xh g\ahc^]gcW_ Xa b hX` Xwb^

ibfk vZW yW^cWx
j

Xh _WwWcW_ {^\` cZW yW^cWx eb^cXcX\a ba_ cZW {]agcX\ah
c′
d
π′ ba_

w′ b^W cZW ^Whc^XgcX\ah \{ cZW g\^^Whe \a_XaY {]agcX\ah Xa
I

c\ cZW _\`bXa
V (G) \ {j}

k
}]^cZW^`\^W d iW ZbyW

f(D) = D
{\^ bww

D ∈ Y
ba_

c(D) = c′(f(D)) = c′(D)
k �c Xh

bYbXa ba Wbhf cbh| c\ e^\yW cZbc
f

Xh b [X WgcX\a ba_
I ′ ≺ I

k

�[hW^yW cZbc �W``b � k� gba bwh\ [ W beewXW_ {\^ cZW gbhW iZW^W cZW ^\wWh \{
i
ba_

j
b^W

XacW^gZbaYW_ k �\iWyW^ d iW ` bf bhh]`W i XcZ\]c w\hh \{ YWaW^bwXcf cZbc
j ∈ D

\^
j /∈ D

{\^
bww

D ∈ Y
[ Wgb]hW \cZW^i XhW

i
ba_

j
b^W XacW^gZbaYW_ Xa cZW e^]aXaY hW�]WagW k

� �� ����� �	 
��

�a cZXh h][hWgcX\a d iW _Whg^X[ W Z\i c\ _Wbw i XcZ b e^]aXaY hW�]WagW \{ ba XahcbagW
I

iZW^W
cZW wbhc yW^cWx Xh b {bwhW ci Xa k �a \^_W^ c\ _Whg^X[ W cZW g\ahc^]gcX\a \{

I ′ hWyW^bw gbhWh ZbyW
c\ [ W _XhcXaY]XhZW_ �

��



• ��TN � i, j ∈ V c
�

�[hW^yW cZbc {\^ cZXh he WgXbw hXc]bcX\a cZW {\ww\i XaY W�]bcX\a Z\w_h {\^ baf {WbhX[ wW
hWc

D ∈ SI

�

π(i) ≡ w(N(i) ∩ D) + δD(i) = w(N(j) ∩ D) + δD(j) + δD(i) − δD(j)

≡ π(j) + δD(i) − δD(j) mod 2.

}^\` cZXh W�]bcX\a Xc gba [ W g\agw]_W_ cZbc X{
π(i) 6= π(j)

cZWa Wxbgcwf \aW yW^cWx Xh
Xa baf {WbhX[ wW hWc

D
k �a cZW \cZW^ Zba_ d X{

π(i) = π(j)
WXcZW^ [\cZ yW^cXgWh b^W Xa b

{WbhX[ wW h\w]cX\a
D

\^ a\aW \{ cZW` k vZW hXc]bcX\a Xh ^WgbeXc]wbcW_ Xa cZW {\ww\i XaY
cb[wW �

X{ cZWa
��TN �� � π(i) 6= π(j)

WXcZW^
i ∈ D

\^
j ∈ D

�g{ k �W``b � k��
��TN �� � π(i) = π(j)

WXcZW^
i, j ∈ D

\^
i, j /∈ D

�g{ k �W``b � k��

• ��TN �
i, j ∈ V o

�
� W^W iW ZbyW

π(i) ≡ w(N(i) ∩ S) = w(N(j) ∩ S) ≡ π(j) mod 2

{\^ bww
D ∈ SI

ba_ Xc gba [W hWWa X``W_XbcWwf cZbc X{
π(i) 6= π(j)

cZW e^\[wW`
XahcbagW

I
Xh Xa{WbhX[wW d X kW kd

SI = ∅
k �a cZW \cZW^ Zba_ d X{

π(i) = π(j)
cZWa

i
Xh

{WbhX[ wW i XcZ ^Whe Wgc c\
D

X{ ba_ \awf X{
j

Xh {WbhX[ wW i XcZ ^Whe Wgc c\
D

k vZWhW ^Wh]wch
b^W h]``b^XzW_ Xa cZW {\ww\i XaY cb[wW �

X{ cZWa
��TN �� �

π(i) 6= π(j)
Xa{WbhX[ wW �g{ k �W``b � k��

��TN �� � π(i) = π(j)
a\ {]^cZW^ ^W�]X^W` Wach \a

i
ba_

j
�g{ k �W``b � k��

• ��TN �
i ∈ V c

ba_
j ∈ V o

�
�a cZXh gbhW

π(i) ≡ w(N(i) ∩ D) + δD(i) = w(N(j) ∩ D) + δD(i) ≡ π(j) + δD(i) mod 2

Z\w_h {\^ bww hWch
D ∈ SI

ba_ cZW {\ww\i XaY cb[wW YXyWh bYbXa h\` W Xa{\^` bcX\a b[\]c
D ∈ SI

_WeWa_XaY \a
π(i)

ba_
π(j)

�

X{ cZWa
��TN �� �

π(i) = π(j) i /∈ D
�g{ k �W``b � k��

��TN �� � π(i) 6= π(j) i ∈ D
�g{ k �W``b � k��

V\cW cZbc cZW gbhW iZW^W
i ∈ V o

ba_
j ∈ V c

gba [W Zba_wW_ Xa Wxbgcwf cZW hb` W ibfk
��



vZW b[\yW cb[wWh _Whg^X[ W e^\e W^cXWh \{ b {WbhX[ wW h\w]cX\a
D

k � \^W\yW^ d iW X``W_XbcWwf
YWc cZW {\ww\i XaY ^Wh]wc � �Wc

D ⊆ V
h]gZ cZbc \aW ci Xa Xh {WbhX[ wW i XcZ ^Whe Wgc c\

D
ba_ Xa

b__XcX\a cZW ^W�]X^W_ e^\eW^cf \{ cZW g\^^Whe\a_XaY cb[wW Z\w_h cZWa cZW \cZW^ ci Xa Xh bwh\
{WbhX[wW i XcZ ^Whe Wgc c\

D
k � hXaY cZW cZ^WW _X�W^Wac gbhWh ` WacX\aW_ b[\yW cZW {\ww\i XaY

wW``b gba [W e^\yW_ k
�N��� � �� � ���

I �� 	
 
��	
 �� �� �� � �	��� ��� 
	��
 � ������ 	
�
(v1, . . . , vn)
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�
� � ��

� � ��� �
 ��� ���� �� � vn = j
	
�

vk = i
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1 ≤ k ≤ n − 1 � �� �
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��	
 ��
I ′ � �� I ′ ≺ I � ���� �	
 �� ���� ���� 


O(deg(j))
�� ��

� ���� � �Wc ]h hcb^c i XcZ ��TN �� iZW^W Wxbgcwf \aW yW^cWx \{
i
ba_

j
Xh Xa WyW^f {WbhX[ wW

hWc
D ∈ SI

ba_
i, j ∈ V c

k vZW^W b^W cZ^WW _X�W^Wac h][ gbhWh cZbc ZbyW c\ [ W _XhcXaY]XhZW_ �
�k

w(i) = w(j) = 1
� �a cZXh gbhW cZW aWi XahcbagW

I ′ Xh _W�aW_ bh {\ww\i h � vZW aWi
yW^cWx eb^cXcX\a Xh YXyWa [f

V ′o = V o
ba_

V ′c = V c \ {j}
d cZW {]agcX\a

π′ Xh _W�aW_
[f

π′(v) ≡

{

π(v) − 1 mod 2
X{

v ∈ NG(j)

π(v)
\cZW^i XhW

,

w′ Xh hWc c\
w′(v) =

{

w(v)
X{

v 6= i

0
X{

v = i,
ba_

c′
Xh _W�aW_ [f

c′(v) =

{

c(v) − c(j)
X{

v = i

c(v)
\cZW^i XhW

.
}]^cZW^`\^W d wWc ]h _W�aW cZW {]agcX\a

f : SI → SI′
i XcZ

f(D) =

{

D
X{

i ∈ D (
ba_

j /∈ D)

D \ {j}
X{

i /∈ D (
ba_

j ∈ D)

�a cZW {\ww\i XaY Xc Xh e^\yW_ cZbc
I ′ ≺ I

d
f

Xh cZW g\^^Whe\a_XaY [X WgcX\a ba_
c(D) =

c′(f(D)) + c(j)
{\^ bww

D ∈ SI

k
} X^hc \{ bww Xc Xh hZ\ia cZbc

D′ := f(D)
Xh Xa_WW_ b {WbhX[ wW h\w]cX\a \{ XahcbagW

I ′ dX kW kd cZW {WbhX[ XwXcf g\ahc^bXach ��� ba_ ��� Z\w_ {\^
D′ k V\cW cZbc cZW yW^cXgWh Xa

V (G′) \ NG′(j)
b^W {WbhX[ wW i XcZ ^Whe Wgc c\

D′ [Wgb]hW

w′(NG′(v) ∩ D′) = w(NG(v) ∩ D)

�




ba_
π′(v) = π(v)

{\^ bww
v ∈ V (G′) \ NG′(j)

k }]^cZW^`\^W d

w′(NG′(v) ∩ D′) ≡ w′(NG′(v) \ {i} ∩ D′) + w′({i} ∩ D′) (w′(i) = 0)

≡ w′(NG(v) \ {i, j} ∩ D′) (j /∈ D′)

≡ w(NG(v) \ {i, j} ∩ D) (w(v) = w′(v), v 6= i, j)

≡ w(NG(v) ∩ D) − w(i)δD(i) − w(j)δD(j)

≡ w(NG(v) ∩ D) − δD(i) − δD(j) (w(i) = w(j) = 1)

≡ w(NG(v) ∩ D) − 1 (i ∈ D
\^

j ∈ D) mod 2

Z\w_h {\^ bww
v ∈ NG(j)

k �]W c\ cZW {bgc cZbc
π′(v) ≡ π(v) − 1 mod 2

Xc gba [W
g\agw]_W_ cZbc bww yW^cXgWh Xa cZW \eWa aWXYZ[\]^Z\\_ \{

j
b^W {WbhX[ wW i XcZ ^Whe Wgc

c\
D′ k vZW {WbhX[ XwXcf \{ yW^cWx

i
Xa XahcbagW

I ′ i XcZ ^Whe Wgc c\
D′ {\ww\i h WbhXwf {^\`

w′(NG′(i) ∩ D′) = w(NG′(i) ∩ D′) = w(NG(i) ∩ D)

ba_ cZW {bgc cZbc
π′(i) = π(i)

k vZ]h d Xc gba [ W g\agw]_W_ cZbc
f(D) ∈ SI′

k
�a cZW aWxc hcWe Xc Xh hZ\ia cZbc

f−1(D′) ∈ SI

{\^ bww
D′ ∈ SI′

k �Wc
D′ [ W b {WbhX[ wW

h\w]cX\a \{ XahcbagW
I ′ k � Wgb]hW \{ cZW b^Y]`Wach b[\yW Xc {\ww\i h cZbc bww yW^cXgWh

v 6= j ∈ V (G)
b^W {WbhX[ wW i XcZ ^Whe Wgc

f−1(D′)
k �c Xh \awf aWgWhhb^f c\ hZ\i cZbc

cZW _WwWcW_ yW^cWx
j

Xh {WbhX[ wW k �\iWyW^ d cZ Xh {\ww\i h X``W_XbcWwf [ Wgb]hW iW |a\i
cZbc yW^cWx

i
Xh {WbhX[ wW i XcZ ^Whe Wgc c\ b hWc

X
cZbc g\acbXah WXcZW^

i
\^

j
X{ ba_ \awf

X{ yW^cWx
j

Xh {WbhX[ wW i XcZ ^Whe Wgc c\
X

k � \^W\yW^ d Xc Xh \[y X\]h cZbc
f

ba_
f−1 b^W

Xa WgcXyW k � WagW d
f

Xh [ X WgcXyW k } Xabwwfd Xc {\ww\i h {^\` cZW _W�aXcX\a \{
f

ba_
c′

cZbc
c(D) = c′(f(D)) + c(j)

{\^ bww
D ∈ SI

k
vZW ^W` bXaXaY gbhWh \{ cZXh e^\\{ b^W a\c c^WbcW_ Xa h]gZ ba WxewXgXc ibfd [ Wgb]hW
cZWf b^W hX` Xwb^ c\ cZXh gbhW k vZW g\ahc^]gcX\a \{ cZW ^W_]gW_ XahcbagW

I ′ ba_ cZW
g\^^Whe\a_XaY {]agcX\a

f
b^W YXyWa d []c b {\^` bw e^\\{ cZbc

f
Xh Xa_WW_ [X WgcXyW Xh

\` XccW_ d []c gba [ W _\aW Xa ba babw\Y]W ibfk
� k

w(i) = w(j) = 0
� � W^W d cZW aWi XahcbagW

I ′ Xh _W�aW_ [f hWccXaY
π′(v) = π(v)

ba_
w′(v) = w(v)

{\^ bww
v ∈ V (G′)

k vZW aWi yW^cWx eb^cXcX\a d cZW g\hc {]agcX\a ba_ cZW
[X WgcX\a

f : SI → SI′
b^W cZW hb` W bh Xa cZW e^Wy X\]h gbhW k � hXaY cZWhW _W�aXcX\ah

Xc gba [W hZ\ia cZbc
I ′ ≺ I

ba_
c(D) = c′(f(D)) + c(j)

{\^ bww
D ∈ SI

k
� k

w(i) 6= w(j)
� � XcZ\]c w\hh \{ YWaW^bwXcfd iW ` bf bhh]` W cZbc

w(j) = 0
ba_

w(i) = 1
k

vZWa WyW^fcZXaY gba [W _W�aW_ bh Xa cZW gbhW iZW^W
w(i) = w(j) = 0

ba_ bww
b^Y]`Wach gba [ W ]hW_ bw`\hc wXcW^bwwfk

�W |a\i cZbc Xa ��TN �� WXcZW^ [\cZ \^ a\aW \{ cZW {bwhW ci Xah
i

ba_
j

b^W Xa baf
{WbhX[wW h\w]cX\a

D
k � W^W cZW XahcbagW

I ′ Xh YXyWa [f
V ′o = V o

d
V ′c = V c \{j}

d
π′(v) = π(v){\^ bww

v ∈ V (G) \ {j}
d

c′(v) =

{

c(i) + c(j)
X{

v = i

c(v)
\cZW^i XhW

��



ba_
w′(v) ≡

{

w(i) + w(j) mod 2
X{

v = i

w(v)
\cZW^i XhW

.
v\ hWW cZbc

I ′ Xh b ^W_]gcX\a \{
I
d \aW Zbh c\ g\ahX_W^ cZW {]agcX\a

f : SI → SI′
i XcZ

f(D) =

{

D
X{

i /∈ D (
ba_

j /∈ D)

D \ {j}
X{

i ∈ D (
ba_

j ∈ D).

vZXh Xh Xa_WW_ b [X WgcX\a ba_
c(D) = c′(f(D))

{\^ bww
D ∈ SI

k
�a gbhW ��TN � iW gba bhh]`W cZbc

π(i) = π(j)
d [ Wgb]hW \cZW^i XhW

SI = ∅
ba_ cZW^W Xh

a\cZXaY c\ hZ\i k � h [ W{\^W h][gbhWh ZbyW c\ g\ahX_W^W_ �
�k

w(i) = w(j)
� V\cW cZbc X{

i, j /∈ D
cZWa

D ∈ SI

X{ ba_ \awf X{
D̃ := D ∪ {i, j}

Xh
{WbhX[ wW d X kW kd

D̃ ∈ SI

d [ Wgb]hW
i, j ∈ V o

ba_
i

ba_
j

g\ac^X[]cW
0

c\ cZW {WbhX[XwXcf
g\ahc^bXach \{ cZWX^ aWXYZ[\]^h k }]^cZW^`\^W d X{

i /∈ D
ba_

j ∈ D
{\^ b hWc

D
cZWa

D ∈ SI

X{ ba_ \awf X{
D̃ ∈ SI

d iZW^W
D̃ = D \ {j} ∪ {i}

k vZWhW hcbcW` Wach Z\w_
[ Wgb]hW

w(NG(v) ∩ D) = w(NG(v) ∩ D̃)
{\^ bww

v ∈ V (G)
k vZXh X`ewXWh cZbc cZW^W Xh

ba \ecX` bw h\w]cX\a
D∗ ∈ SI

{] w� wwXaY \aW \{ cZW {\ww\i XaY e^\e W^cXWh �

X{ cZWa
0 ≤ c(i) + c(j)

ba_
c(i) ≤ c(j)

WXcZW^
i, j /∈ D∗ \^

j /∈ D∗ ⇐⇒ j /∈ D∗

0 ≤ c(i) + c(j)
ba_

c(i) > c(j)
WXcZW^

i, j /∈ D∗ \^
i /∈ D∗ ⇐⇒ i /∈ D∗

0 > c(i) + c(j)
ba_

c(i) ≤ c(j)
WXcZW^

i, j ∈ D∗ \^
i ∈ D∗ ⇐⇒ i ∈ D∗

0 > c(i) + c(j)
ba_

c(i) > c(j)
WXcZW^

i, j ∈ D∗ \^
j ∈ D∗ ⇐⇒ j ∈ D∗

vb[wW � � vi\jyW^cWx Xagw]hX\a�Wxgw]hX\a e^\e W^cf \{ ba \ecX` bw h\w]cX\a
D∗ k

� We Wa_XaY \a cZW ybw]Wh
c(i)

ba_
c(j)

iW gba ^Whc^Xgc cZW hWc \{ e\hhX[wW \ecX` bw
h\w]cX\ah ba_ _WgX_W iZWcZW^

j ∈ D∗ \^
i ∈ D∗ {\^ h\` W \ecX` bw h\w]cX\a

D∗ k � WagW d
iW gba beewf �W``b � k� k

� k
w(i) 6= w(j)

� �Wc ]h bhh]` W i XcZ\]c w\hh \{ YWaW^bwXcf cZbc
w(j) = 0

k � W^W Xc Xh
bYbXa c^]W cZbc X{

j /∈ D
{\^ b hWc

D ∈ SI

d cZWa
D̃ = D ∪ {j}

Xh bwh\ Xa
SI

ba_ yXgW
yW^hb k �\iWyW^ d cZ Xh YXyWh cZW Xa{\^` bcX\a \{ cZW {\ww\i XaY cb[wW ba_ �W``b � k� gba
[W beewXW_ bYbXa k

�[hW^yW cZbc ��TN �� ba_ ��TN �� ZbyW bw^Wb_f [ WWa c^WbcW_ Xa �W``b � k� k
�a \^_W^ c\ e^\\{ cZW g\`ewWx Xcfd a\cW cZbc cZW cX` W g\`ewWx Xcf Xh WXcZW^ g\ahcbac \^

O(deg(j))
X{ Xc Xh aWgWhhb^f c\ ]e_bcW cZW {]agcX\a ybw]Wh \{

π
{\^ bww

v ∈ NG(j)
k
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X{ cZWa
c(j) ≤ 0 j ∈ D∗

c(j) > 0 j /∈ D∗

vb[wW � � �aWjyW^cWx Xagw]hX\a�Wxgw]hX\a e^\e W^cf {\^ yW^cWx
j

Xa ba \ecX` bw h\w]cX\a
D∗ k

� �� ���� �	 
��

V\i iW g\ahX_W^ c^]W ci Xah d X k W kd iW b^W YXyWa ba XahcbagW
I

i XcZ
G = (V, E)

iZW^W cZW
�abw yW^cWx

vn = j
\{ cZW e^]aXaY hW�]WagW Xh b c^]W ci Xa \{

i
k �c Xh hZ\ia Z\i c\ g\ahc^]gc

b ^W_]gW_ XahcbagW
I ′ k �[hW^yW cZbc X{

i, j ∈ V
b^W c^]W ci Xah cZWa

N [i] = N [j]
ba_

(i, j) ∈ E(G)

Z\w_h k � YbXa iW _XhcXaY]XhZ iZWcZW^
i
ba_

j
b^W Xa

V o
\^

V c
k �Wc

D
[W b {WbhX[ wW h\w]cX\a k

• ��TN � i, j ∈ V c
� �[hW^yW cZbc

π(i) ≡ w(N(i) ∩ D) + δD(i)

≡ w(N [i] ∩ D) + δD(i)(1 − w(i))

≡ w(N [j] ∩ D) + δD(j) − δD(j) + δD(i)(1 − w(i))

≡ w(N(j) ∩ D) + δD(j) + δD(j)(w(j) − 1) + δD(i)(1 − w(i))

≡ π(j) + δD(j)(w(j) − 1) + δD(i)(1 − w(i)) mod 2

Z\w_h k
� ��TN �� �{

π(i) = π(j)
cZWa WyW^f {WbhX[ wW h\w]cX\a

D ∈ SI

{] w� wwh

δD(j)(w(j) − 1) + δD(i)(1 − w(i)) ≡ 0 mod 2.

vZW^W{\^W d iW YWc cZW {\ww\i XaY h][gbhWh �
X{ cZWa

w(i) = 1
d
w(j) = 0 j /∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 1 i /∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 0

WXcZW^
i, j ∈ D

\^
i, j /∈ D

�g{ k �W``b � k��
w(i) = 1

d
w(j) = 1

a\ ^Whc^XgcX\ah \a
i
ba_

j
�g{ k �W``b � k��

�{ a\ ^Whc^XgcX\ah b^W ` b_W \a
i
ba_

j
cZWa

i
Xh {WbhX[ wW i XcZ ^Whe Wgc c\ b hWc

DX{ ba_ \awf X{
j

Xh {WbhX[ wW i XcZ ^Whe Wgc c\
D

k
� ��TN �� �{

π(i) 6= π(j)
cZWa iW ZbyW

δD(j)(w(j) − 1) + δD(i)(1 − w(i)) ≡ 1 mod 2

ba_ iW YWc
��



X{ cZWa
w(i) = 1

d
w(j) = 1

Xa{WbhX[wW
w(i) = 1

d
w(j) = 0 j ∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 1 i ∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 0

WXcZW^
i ∈ D

\^
j ∈ D

�g{ k �W``b � k
�

• ��TN �
i, j ∈ V o

� �[hW^yW cZbc

π(i) ≡ w(N(i) ∩ D)

≡ w(N [i] ∩ D) − δD(i)w(i)

≡ w(N [j] ∩ D) − δD(i)w(i)

≡ w(N(j) ∩ D) + δD(j)w(j) − δD(i)w(i)

≡ π(j) + δD(j)w(j) − δD(i)w(i) mod 2

Z\w_h k
� ��TN ��

π(i) = π(j)
cZWa WyW^f

D ∈ SI

{] w� wwh

δD(j)w(j) − δD(i)w(i) ≡ 0 mod 2.

�W _XhcXaY]XhZ bww e \hhX[ wW gbhWh {\^ cZW iWXYZc {]agcX\ah �
X{ cZWa

w(i) = 1
d
w(j) = 1

WXcZW^
i, j ∈ D

\^
i, j /∈ D

�g{ k �W``b � k��
w(i) = 1

d
w(j) = 0 i /∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 1 j /∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 0

a\ ^Whc^XgcX\ah \a
i
ba_

j
�g{ k �W``b � k��

� ��TN �� π(i) 6= π(j)
� vZWa

D ∈ SI

hbcXh�Wh

δD(j)w(j) − δD(i)w(i) ≡ 1 mod 2.

X{ cZWa
w(i) = 1

d
w(j) = 1

WXcZW^
i ∈ D

\^
j ∈ D

�g{ k �W``b � k
�
w(i) = 1

d
w(j) = 0 i ∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 1 j ∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 0

Xa{WbhX[wW

• ��TN �
i ∈ V o

ba_
j ∈ V c

�

π(i) ≡ w(N(i) ∩ D)

≡ w(N [i] ∩ D) − δD(i)w(i)

≡ w(N [j] ∩ D) − δD(i)w(i)

≡ w(N(j) ∩ D) + δD(j) + δD(j)(w(j) − 1) − δD(i)w(i)

≡ π(j) + δD(j)(w(j) − 1) − δD(i)w(i) mod 2
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� ��TN ��
π(i) = π(j)

� vZWa {\^
D ∈ SI

δD(j)(w(j) − 1) − δD(i)w(i) ≡ 0 mod 2

Z\w_h k �W _XhcXaY]XhZ bww e \hhX[ wW gbhWh {\^ cZW iWXYZc {]agcX\ah �
X{ cZWa

w(i) = 1
d
w(j) = 1 i /∈ D

�g{ k �W``b � k��
w(i) = 1

d
w(j) = 0

WXcZW^
i, j ∈ D

\^
i, j /∈ D

�g{ k �W``b � k��
w(i) = 0

d
w(j) = 1

a\ ^Whc^XgcX\ah \a
i
ba_

j
�g{ k �W``b � k��

w(i) = 0
d
w(j) = 0 j /∈ D

�g{ k �W``b � k��
� ��TN �� π(i) 6= π(j)

� }\^
D ∈ SI

iW ZbyW

δD(j)(w(j) − 1) − δD(i)w(i) ≡ 1 mod 2.

X{ cZWa
w(i) = 1

d
w(j) = 1 i ∈ D

�g{ k �W``b � k��
w(i) = 1

d
w(j) = 0

WXcZW^
i ∈ D

\^
j ∈ D

�g{ k �W``b � k
�
w(i) = 0

d
w(j) = 1

Xa{WbhX[wW
w(i) = 0

d
w(j) = 0 j ∈ D

�g{ k �W``b � k��
�{

i ∈ V c
ba_

j ∈ V o
cZWa

i
ba_

j
gba [W XacW^gZbaYW_ Xa cZW e^]aXaY hW�]WagW ba_

�bhW � gba [ W beewXW_ k
vZW b[\yW _Xhg]hhX\a _Whg^X[ Wh cZW e^\e W^cXWh \{ b {WbhX[ wW h\w]cX\a

D ∈ SI

_We Wa_XaY
\a cZW aWXYZ[\]^Z\\_ d eb^Xcf ba_ iWXYZc \{ cZW c^]W ci Xah

i, j ∈ V
k vZW Y\bw Xh c\ _WwWcW

\aW yW^cWx ba_ c\ ]e_bcW cZW _bcb Xa \^_W^ c\ YWc b ^W_]gW_ XahcbagW
I ′ k

vZW �^hc wW``b i XcZXa cZXh _Xhg]hhX\a _Wbwh i XcZ cZW gbhW iZW^W WXcZW^
i ∈ D

\^
j ∈ D{\^ bww

D ∈ SI

k
�N��� � �	 � ���

G = (V, E) �� ���	
 ���� �����	�� � �� � ��

� � ����
 ��
(v1, . . . , vn)�

vn = j
	
� ��� � �� 
�

i, j ∈ V � �� ��� �� i ∈ D
��

j ∈ D
� �� 	 � � D ∈ SI

�� �
 �� ��� �� ��� 	
���� ���


I ′ ��
I

���� �	
 �� ���� ���� 

O(deg(j))

�� ��

� ���� � �Wc
i, j ∈ V

[ W c^]W ci Xah k vZWa cZW e^\e W^cf cZbc WXcZW^
i ∈ D

\^
j ∈ D

Z\w_h {\^
bww

D ∈ SI

Xh {] w� wwW_ X{ iW ZbyW \aW \{ cZW {\ww\i XaY gbhWh �
�k

i, j ∈ V c
d
π(i) 6= π(j)

ba_
w(i) = w(j) = 0

���TN �� � \^
� k

i ∈ V o
d
j ∈ V c

d
π(i) 6= π(j)

ba_
w(i) = 1

d
w(j) = 0

���TN �� � \^
� k

i, j ∈ V o
d
π(i) 6= π(j)

ba_
w(i) = w(j) = 1

���TN �� � k

��



}\^ cZW �^hc ci\ gbhWh cZW ^W_]gcX\a
I ′ Xh _W�aW_ Xa cZW hb`W ibf hXagW Xch g\^^WgcaWhh

[bhWh \a cZW {bgc cZbc
w(j) = 0

k vZW g\hc {]agcX\a \{
I ′ Xh _W�aW_ bh {\ww\i h �

c′(v) =

{

c(v) − c(j)
X{

v = i

c(v)
\cZW^i XhW

.

� ww ^W` bXaXaY _bcb b^W cZW hb` W bh Xa
I
k vZW [X WgcX\a Xh _W�aW_ [f

f : SI → SI′
i XcZ

f(D) =

{

D
X{

i ∈ D (
ba_

j /∈ D)

D \ {j}
X{

i /∈ D (
ba_

j ∈ D).

}\^ cZW ^W` bXaXaY cZX^_ gbhW cZW aWXYZ[\]^h
v ∈ N(j) \ {i}

_\ a\c _XhcXaY]XhZ [ WciWWa
i ∈ D

ba_
j ∈ D

hXagW
w(i) = w(j) = 1

k �a [\cZ gbhWh
i
ba_

j
g\ac^X[]cW

1
c\ cZW {WbhX[XwXcf

g\ahc^bXac \{
v
k � \^W\yW^ d X{

j ∈ D
cZWa

i
ba_

j
g\ac^X[]cW

1
c\ cZW {WbhX[XwXcf g\ahc^bXac

\{
i
iZXwW X{

i ∈ D
cZWa

i
ba_

j
g\ac^X[]cW

0
hXagW

i ∈ V o
k � WagW d

I ′ Xh _W�aW_ bh {\ww\i h �
V ′o = V o \ {i, j}

d
V ′c = V c ∪ {i}

ba_

c′(v) =

{

c(i) − c(j)
X{

v = i

c(v)
\cZW^i XhW

π′(v) ≡

{

π(v) − 1 mod 2
X{

v ∈ N(j)

π(v)
\cZW^i XhW

ba_ �abwwf

w′(v) =

{

0
X{

v = i

w(v)
\cZW^i XhW

.

vZW {]agcX\a
f : SI → SI′

Xh _W�aW_ bh Xa cZW e^WyX\]h gbhW k
�[hW^yW cZbc Xa [\cZ gbhWh

f
Xh [X WgcXyW ba_

c(D) = c(f(D)) + c(j)
Z\w_h {\^ bww

D ∈ SI

k
�a cZW aWxc wW``b iW _Wbw i XcZ cZW gbhW iZW^W iW ZbyW c\ gZ\\hW WXcZW^ [\cZ ci Xah \^

a\aW \{ cZW` k
�N��� � �� � ���

G = (V, E) �� ���	
 ���� �����	�� � �� � ��
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 ��
(v1, . . . , vn)�

vn = j
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�

i, j ∈ V � �� ��� �� i, j ∈ D
��

i, j /∈ D
� �� 	 � � D ∈ SI
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 �� ����� ��� 	
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O(deg(j))
�� ��

� ���� � �Wc
i, j ∈ V

[W c^]W ci Xah k vZWa cZW e^\e W^cf cZbc WXcZW^
i, j ∈ D

\^
i, j /∈ D

Z\w_h
{\^ bww

D ∈ SI

Xh {] w� wwW_ X{ iW ZbyW \aW \{ cZW {\ww\i XaY gbhWh �
�k

i, j ∈ V c
d
π(i) = π(j)

ba_
w(i) = w(j) = 0

���TN �� � \^
� k

i ∈ V o
d
j ∈ V c

d
π(i) = π(j)

ba_
w(i) = 1

d
w(j) = 0

���TN �� � \^
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� k
i, j ∈ V o

d
π(i) = π(j)

ba_
w(i) = w(j) = 1

���TN �� � k
� YbXa cZW �^hc ci\ gbhWh b^W g\ahX_W^W_ c\YWcZW^ hXagW

w(j) = 0
k

I ′ Xh _W�aW_ Xa cZW
{\ww\i XaY ibf �

G′ Xh \[cbXaW_ {^\`
G

[f _WwWcXaY
j

ba_ hWccXaY
c′(i) = c(i) + c(j)

ba_
c′(v) = c(v)

{\^
v ∈ V ′ \ {i}

k � ww ^W` bXaXaY _bcb \{
I ′ hcbf ]agZbaYW_ k vZWa iW ZbyW

f(D) =

{

D \ {j}
X{

i ∈ D (
ba_

j ∈ D)

D
X{

i /∈ D (
ba_

j /∈ D)

{\^
D ∈ SI

ba_
Y = SI

k �[hW^yW cZbc
c(D) = c(f(D))

Z\w_h k
vZW cZX^_ gbhW iZW^W

w(i) = w(j) = 1
Xh g\ahX_W^W_ aWxc k vZW yW^cXgWh

i
ba_

j
bwibfh

g\ac^X[]cW
0

c\ cZW {WbhX[ XwXcf g\ahc^bXac {\^ bww
v ∈ N(j) \ {i}

k �\iWyW^ d X{
i, j ∈ D

cZWa
1Xh g\ac^X[]cW_ c\ cZW {WbhX[ XwXcf g\ahc^bXac \{

i
ba_

0
\cZW^i XhW �

i, j /∈ D
� k � WagW d

i
gZbaYWh

{^\`
V o

c\
V ′c d X k W kd

V ′o = V o \ {i, j}
d
V ′c = V c ∪ {i}

ba_

c′(v) =

{

c(i) + c(j)
X{

v = i

c(v)
\cZW^i XhW

,

w′(v) =

{

0
X{

v = i

w(v)
\cZW^i XhW

,

π′(v) ≡

{

π(v) − 1 mod 2
X{

v ∈ N(j)

π(v)
\cZW^i XhW

.
vZW {]agcX\a

f
Xh _W�aW_ bh b[ \yW ba_

c(D) = c(f(D))
{\^

D ∈ SI

k
} Xabwwfd iW XayWhcXYbcW cZW gbhW iZW^W a\ b__XcX\abw ^W�]X^W` Wac Xh YXyWa {\^

i
ba_

j
k

�N��� � �� � ���
G = (V, E) �� ���	
 ���� �����	�� � �� � ��

� � ����
 ��

(v1, . . . , vn)�
vn = j

	
� ��� � �� 
�
i, j ∈ V

	
� ��� D ⊆ V � ��
j

� � �	���� � �� ���� ��� ��
D

� 	
� �
 ���
i
� � �	���� � �� ���� ��� ��

D
�� �� ��� 	
� ��������
� �
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�

j
� �� �
 �� ��� �� ��� 	

���� ��� 
��	
 ��
I ′ ≺ I
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O(deg(j))

�� ��

� ���� � �[hW^yW cZbc cZXh e^\e W^cf Z\w_h {\^ cZW {\ww\i XaY cZ^WW gbhWh �
�k

i, j ∈ V c
d
π(i) = π(j)

ba_
w(i) = w(j) = 1

���TN �� � \^
� k

i, j ∈ V o
d
π(i) = π(j)

ba_
w(i) = w(j) = 0

���TN �� � \^
� k

i ∈ V o
d
j ∈ V c

d
π(i) = π(j)

ba_
w(i) = 0

d
w(j) = 1

���TN �� � k
�Wc ]h hcb^c i XcZ cZW �^hc gbhW iZW^W

w(i) = w(j) = 1
ba_

i, j ∈ V c
� �Wc

D̃ = D∪{i, j}i XcZ
i, j /∈ D

k �W hZ\i cZbc
D ∈ SI

X{ ba_ \awf X{
D̃ ∈ SI

� �Wc
v ∈ N(j) \ {i}

cZWa

w(N(v) ∩ D̃) ≡ w(N(v) ∩ D) + w(i) + w(j) ≡ w(N(v) ∩ D) mod 2
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Z\w_h [ Wgb]hW
w(i) + w(j)

Xh WyWa k � WagW d
v

Xh {WbhX[ wW i XcZ ^Whe Wgc c\
D

X{ ba_ \awf X{ Xc
Xh {WbhX[ wW i XcZ ^Whe Wgc c\

D̃
k �a_ {\^ yW^cWx

i
iW ZbyW

w(N(i) ∩ D) + δD(i) ≡ w(N(i) ∩ D̃) + w(j) + δD(i)

≡ w(N(i) ∩ D̃) + δD̃(i) mod 2.

vZW �^hc W�]bcX\a Xh _]W c\ cZW _W�aXcX\a \{
D

ba_
D̃

ba_ cZW hWg\a_ \aW Z\w_h [ Wgb]hW
δD(i) = 0

ba_
δD̃(i) = 1 = w(j)

k 	 XagW
i ∈ V c

d iW g\agw]_W cZbc
i
Xh {WbhX[ wW i XcZ ^Whe Wgc

c\
D

X{ ba_ \awf X{ Xc Xh {WbhX[ wW i XcZ ^Whe Wgc c\
D̃

k 	XagW
j

Xh bwibfh {WbhX[ wW X{
i
Xh {WbhX[ wW

iW g\agw]_W cZW b[\yW hcbcW` Wac k �[hW^yW cZbc Xa [\cZ bwcW^abcXyWh
i
ba_

j
g\ac^X[]cW

0c\ cZW {WbhX[ XwXcf g\ahc^bXac \{ cZW aWXYZ[\]^h \{
j
k

�a cZW \cZW^ Zba_ d wWc
D̃ = D \ {i} ∪ {j}

i XcZ
i ∈ D

k � YbXa iW gba hZ\i cZbc
D

Xh
{WbhX[wW X{ ba_ \awf X{

D̃
Xh {WbhX[ wW ba_

i
ba_

j
g\ac^X[]cW

1
c\ cZW {WbhX[ XwXcf g\ahc^bXac \{

cZW aWXYZ[\]^h \{
j
k

vZW b[\yW _Xhg]hhX\a X`ewXWh cZbc cZW^W Xh ba \ecX` bw h\w]cX\a
D∗ hbcXh{f XaY cZW ci\j

yW^cWx Xagw]hX\a�Wxgw]hX\a e^\eW^cf wXhcW_ Xa vb[wW �k 	 XagW cZWhW e^\e W^cXWh _Whg^X[ W WXcZW^
Wxgw]_XaY \^ Xagw]_XaY b yW^cWx Xa

D∗ iW gba beewf �W``b � k� k
vZW ^W` bXaXaY ci\ gbhWh b^W hX`ewW^ [ Wgb]hW

w(i) = 0
k V\cW cZbc cZW \aWjyW^cWx

e^\e W^cf \{ vb[wW � Z\w_h {\^ yW^cWx
i
k vZW^W{\^W d iW gba beewf �W``b � k� \agW `\^W k

� �� �������

�a cZXh �abw h][hWgcX\a d iW g\ahX_W^ e Wa_bach k �{
j

Xh b e Wa_bac \{
i
cZWa

N(j) = {i}
k

• ��TN � j ∈ V c
� vZWa

π(j) ≡ w(N(j) ∩ D) + δD(j) ≡ w(i)δD(i) + δD(j) mod 2

Z\w_h k �W _XhcXaY]XhZ cZW {\ww\i XaY gbhWh �
� ��TN �� w(i) = 0

� vZWa
j

Xh {WbhX[ wW i XcZ ^Whe Wgc c\
D

X{ ba_ \awf X{
δD(j) =

π(j)
k

� ��TN �� w(i) = 1
�

X{ cZWa
��TN �� 
�� U π(j) = 0

WXcZW^
i, j ∈ D

\^
i, j /∈ D

��TN �� 
� � U π(j) = 1
WXcZW^

i ∈ D
\^

j ∈ D

• ��TN �
j ∈ V o

� vZWa

π(j) ≡ w(N(j) ∩ D) ≡ w(i)δD(i) mod 2

Z\w_h k

��



� ��TN ��
w(i) = 0

� �{
π(j) = 1

cZWa cZW e^\[wW` Xh Xa{WbhX[ wW k � cZW^i XhW
j

Xh
{WbhX[ wW i XcZ ^Whe Wgc c\ WyW^f h][hWc

D
k

� ��TN �� w(i) = 1
� vZWa

j
Xh {WbhX[ wW i XcZ ^Whe Wgc c\

D
X{ ba_ \awf X{

δD(j) =
π(j)

k
� ww gbhWh _Whg^X[ W_ b[\yW b^W g\ahX_W^W_ Xa cZW {\ww\i XaY wW``b �
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I ′ ��
I

���� �	
 �������� 
 �� 
 ��
��	
� �� ��

� ���� � vZ^\]YZ\]c cZXh e^\\{ iW _W�aW b ^W_]gcX\a
I ′ h]gZ cZbc

j
Xh ^W`\yW_ ba_ bww _bcb

WxgWec cZW g\hc ba_ eb^Xcf {]agcX\a ybw]W \{
i
ba_ cZW yW^cWx eb^cXcX\a ^W` bXa ]agZbaYW_ k

�W hcb^c i XcZ ��TN �� ba_ ��TN �� hXagW Xa [\cZ gbhWh
j

Xh {WbhX[wW i XcZ ^Whe Wgc c\
D

X{ ba_ \awf X{
δD(j) = π(j)

k �[hW^yW cZbc cZXh e^\e W^cf ` Wbah cZbc
j ∈ D

X{
π(j) = 1ba_

j /∈ D
X{

π(j) = 0
{\^ bww

D ∈ SI

k � W^W iW _W�aW
c′(i) = c(i)

d
π′(i) ≡ π(i) − π(j)w(j)ba_

V ′o = V o
d
V ′c = V c \ {j}

k }]^cZW^` \^W d
f := SI → SI′

i XcZ

f(D) =

{

D
X{

π(j) = 0

D \ {j}
X{

π(j) = 1.

V\cW cZbc
f

Xh [ X WgcXyW ba_
c(D) = c(f(D)) + π(j)c(j)

k
V\i g\ahX_W^ ��TN �� 
�� i XcZ

π(j) = 0
d X k W kd WXcZW^

i, j ∈ D
\^

i, j /∈ D
� �{

w(j) = 0cZWa
c′(i) = c(i) + c(j)

ba_ bww \cZW^ _bcb ^W` bXa ]agZbaYW_ k �\iWyW^ d X{
w(j) = 1

cZWa
Xc ` b|Wh b _X�W^WagW iZWcZW^

i ∈ V o
\^

i ∈ V c
k �{

i ∈ V o
cZWa

i
ba_

j
g\ac^X[]cW

0c\ cZW {WbhX[ XwXcf g\ahc^bXac \{
i

X{
i, j /∈ D

ba_
1

\cZW^i XhW �
i, j ∈ D

� k � WagW d iW hWc
c′(i) = c(i) + c(j)

d
π′(i) = π(i)

ba_
V ′o = V o \ {i}

d
V ′c = V c ∪ {i} \ {j}

k
� cZW^i XhW X{

i ∈ V c
cZWa

i
ba_

j
g\ac^X[]cW

0
c\

i
Xa_We Wa_Wac \{

i, j ∈ D
\^

i, j /∈ D
k

vZ]h d iW _W�aW
c′(i) = c(i) + c(j)

d
π′(i) = π(i)

ba_
V ′o = V o ∪ {i}

d
V ′c = V c \ {i, j}

k
�a bww gbhWh \{ �bhW �[ ��� iW ZbyW

f : SI → SI′
i XcZ

f(D) =

{

D
X{

i /∈ D (
ba_

j /∈ D)

D \ {j}
X{

i ∈ D (
ba_

j ∈ D).

� \^W\yW^ d iW ZbyW
c(D) = c(f(D))

k
vZWa iW XayWhcXYbcW ��TN �� 
�� i XcZ

π(j) = 1
d X k W kd WXcZW^

i ∈ D
\^

j ∈ D
k �{

w(j) = 0cZWa iW hWc
c′(i) = c(i) − c(j)

ba_ bww \cZW^ _bcb ^W` bXa ]agZbaYW_ k vZW XacW^WhcXaY gbhW
\gg]^h X{

w(j) = 1
k �{

i ∈ V c
cZWa

i
ba_

j
g\ac^X[]cW

1
c\ cZW {WbhX[ XwXcf g\ahc^bXac \{

iXa_We Wa_Wac \{
i ∈ D

\^
j ∈ D

k � WagW d iW hWc
c′(i) = c(i) − c(j)

d
π′(i) ≡ π(i) − 1 mod 2ba_

V ′o = V o ∪ {i}
d
V ′c = V c \ {i, j}

k }\^ [ \cZ gbhWh \{ �bhW �[ ��� iW hWc
f : SI → SI′i XcZ

f(D) =

{

D
X{

i ∈ D (
ba_

j /∈ D)

D \ {j}
X{

i /∈ D (
ba_

j ∈ D)
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�[hW^yW cZbc
c(D) = c(f(D)) + c(j)

k �\iWyW^ d X{
i ∈ V o

cZWa
i

ba_
j

g\ac^X[]cW
0

c\
cZW {WbhX[ XwXcf g\ahc^bXac \{

i
X{

i ∈ D
ba_

1
X{

j ∈ D
k � W^W iW _W�aW

c′(i) = c(j) − c(i)
d

π′(i) = π(i)
ba_

V ′o = V o \ {i}
d
V ′c = V c ∪ {i} \ {j}

k �a cZXh gbhW iW ZbyW
f : SI → SI′i XcZ

f(D) =

{

D \ {i}
X{

i ∈ D (
ba_

j /∈ D)

D ∪ {i} \ {j}
X{

i /∈ D (
ba_

j ∈ D)
� \^W\yW^ d iW ZbyW

c(D) = c(f(D)) + c(i)
k

} Xabwwfd iW g\ahX_W^ ��TN �� iZW^W
j

Xh {WbhX[ wW i XcZ ^Whe Wgc c\ WyW^f h][hWc
D

ba_
w(i) = 0

k
�W hcb^c i XcZ cZW ^bcZW^ hX` ewW gbhW iZW^W

w(j) = 0
� 	 XagW

j
g\ac^X[]cWh

0
c\ cZW

{WbhX[XwXcf g\ahc^bXac \{
i
d iW g\agw]_W cZbc WyW^f \ecX` bw h\w]cX\a

D∗ Xagw]_Wh
j

X{
c(j) < 0ba_ Wxgw]_Wh

j
X{

c(j) > 0
k vZ]h d cZW \aWjyW^cWx Xagw]hX\a�Wxgw]hX\a e^\e W^cf \{ vb[wW �

Z\w_h {\^
j
k vZW^W{\^W d

I ′ gba _W�aW_ bh Xa �bhW �b k
V\i wWc

w(j) = 1
ba_

i ∈ V o
k �Wc

D̃ = D \ {i} ⊆ V
k vZWa

D
Xh {WbhX[ wW X{ ba_ \awf

X{
D̃

Xh {WbhX[ wW hXagW
i ∈ V o

ba_
w(i) = 0

k vZW^W{\^W d cZW \aWjyW^cWx Xagw]hX\a�Wxgw]hX\a
e^\e W^cf \{ vb[wW � Z\w_h {\^

i
k �W _W�aW

c′(i) = c(j)
d
π′(i) = π(i)

d
V ′o = V o \ {i, j}

d
V ′c = V c ∪ {i}

ba_
f : Y → SI′

i XcZ

f(D) =

{

D ∪ {i} \ {j}
X{

j ∈ D

D \ {i}
X{

j /∈ D.

� W^W iW ZbyW
c(D) = c(f(D))

X{
c(i) > 0

ba_
c(D) = c(f(D)) + c(i)

X{
c(i) ≤ 0

k
} Xabwwfd wWc

w(j) = 1
ba_

i ∈ V c
k �Wc

D̃ = D ∪ {i, j}
i XcZ

i, j /∈ D
k vZWa

D
Xh {WbhX[ wW

X{ ba_ \awf X{
D̃

Xh {WbhX[ wW ba_ Xa [ \cZ h\w]cX\ah
i

ba_
j

g\ac^X[]cW
0

c\ cZW {WbhX[XwXcf
g\ahc^bXac \{

i
k �a cZW \cZW^ Zba_ d wWc

D̃ = D ∪ {i} \ {j}
i XcZ

j ∈ D
ba_

i /∈ D
k vZWa

DXh b {WbhX[ wW h\w]cX\a X{ ba_ \awf X{
D̃

Xh {WbhX[wW ba_
i
ba_

j
g\ac^X[]cW

1
c\ cZW {WbhX[XwXcf

g\ahc^bXac \{
i
k vZW^W{\^W d cZW ci\jyW^cWx Xagw]hX\a�Wxgw]hX\a e^\e W^cf \{ vb[wW � Z\w_h k

vZW �^hc ba_ cZW wbhc gbhW \{ vb[wW � b^W W�]XybwWac c\ �bhW �b k }\^ cZW ^W` bXaXaY ci\
gbhWh iW _W�aW

c′(i) = c(j)
d
π′(i) = π(i)

d
V ′o = V o \ {i, j}

d
V ′c = V c ∪ {i}

ba_
f : Y → SI′i XcZ

f(D) =

{

D ∪ {i} \ {j}
X{

j ∈ D

D \ {i}
X{

j /∈ D
�[hW^yW cZbc

c(D) = c(f(D))
X{

c(i) > c(j)
ba_

c(D) = c(f(D)) + c(i)
X{

c(i) ≤ c(j)
k

�a cZW e^WyX\]h h][hWgcX\ah iW _Whg^X[ W_ Z\i c\ ^W_]gW cZW \^XYXabw XahcbagW ]acXw cZW
Y^beZ g\acbXah b hXaYwW yW^cWx k �Wc

G
[W cZW �abw Y^beZ i XcZ
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cZWa ba \ecX` bw

h\w]cX\a
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1

Xh \{ cZW {\ww\i XaY {\^` �

v ∈ V c π(v) = 1 D∗
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1 = ∅

v ∈ V o π(v) = 1
Xa{WbhX[ wW

π(v) = 0
X{

c(v) < 0
cZWa

D∗
1 = {v}

\cZW^i XhW
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1 = ∅
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