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ABSTRACT

Motivation: Haplotype information has become increasingly import-
ant in analyzing fine-scale molecular genetics data, such as disease
genes mapping and drug design. Parsimony haplotyping is one of
haplotyping problems belonging to NP-hard class.

Results: In this paper, we aim to develop a novel algorithm for the
haplotype inference problem with the parsimony criterion, based on a
parsimonious tree-grow method (PTG). PTG is a heuristic algorithm
that can find the minimum number of distinct haplotypes based on the
criterion of keeping all genotypes resolved during tree-grow process.
In addition, a block-partitioning method is also proposed to improve
the computational efficiency. We show that the proposed approach
is not only effective with a high accuracy, but also very efficient with
the computational complexity in the order of O (m?2n) time for n single
nucleotide polymorphism sites in m individual genotypes.
Availability: The software is available upon request from the authors,
or from http://zhangroup.aporc.org/bioinfo/ptg/

Contact: chen@elec.osaka-sandai.ac.jp

Supplementary information: Supporting materials is available from
http://zhangroup.aporc.org/bioinfo/ptg/bti572supplementary.pdf

1 INTRODUCTION

Single nuclectide polymorphisms (SNPs) characterize most of gen-
omic variationin human populations. A haplotypeisa SNP sequence
from each of the two copies of a given chromosome in a diploid
genome. In contrast, a genotype is a description of the mixture
information of the two haplotypesin agiven chromosome. Recently,
haplotype information has become increasingly important in ana-
lyzing fine-scale molecular genetics data for a variety of purposes,
such as disease genes mapping and drug design. However, cur-
rent sequencing technology typically determines genotypes rather
than haplotypes owing to the requirement of tedious and costly
experiments. Such restriction makes in silico haplotyping attractive.

So far, many inference and statistical method have been proposed
for haplotyping, such as Clark method (Clark, 1990), parsimony
approaches (Gusfield, 2001; Lancia et al., 2001; Wang et al.,
2005), maximum-likelihood methods (Excoffier and Slatkin, 1995;
Hawley and Kidd, 1995), phylogeny-based approaches (Gusfield,
2002; Chung and Gusfield, 2003; Halperin and Eskin, 2004)
and Bayesian methods (Stephens et al., 2001; Niu et al., 2002).
In particular, the parsimony criterion that seeks the minimum num-
ber of haplotypesto explain agiven set of genotypes hasbeen widely
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investigated owing to its intuitive simplicity and biological implica-
tion. Recently both Wang and Xu (2003) and Brown and Harrower
(2004) devel oped an exact algorithm to solve the haplotypeinference
problem based on the parsimony condition, by the branch-and-bound
method and by integer programming method respectively. How-
ever, the pure parsimony haplotype inference problem is NP-hard
(Gusfield, 2001). Any exact agorithm generally suffers from the
curse of dimensionality, whichimpedesthe application for analyzing
large-scale genomic data.

In this paper, we aim to develop a novel agorithm for the hap-
lotype inference problem with the parsimony criterion, based on a
parsimonious tree-grow method (PTG). We show that the proposed
approach is not only effective with a high accuracy but also very
efficient with the computational complexity in the order of O (m?n)
time for n SNP sites in m individual genotypes. The rest of this
paper is organized as follows. Section 2 gives a formal definition
of the haplotype inference problem. In Section 3, we explore PTG
to develop anew algorithm for the haplotype inference problem and
further analyzeits computational complexity and optimality. Several
numerical experiments are provided in Section 4 to demonstrate the
proposed a gorithm. In Section 5, we provide an algorithm to reduce
the genotype matrix to a smaller block matrix so as to improve the
efficiency of PTG algorithm. Finally, wegivesevera general remarks
to conclude the paper in Section 6.

2 NOTATION

In this paper, werestrict ourselvesto biallelic SNPs. Without | oss of
generality, assume that the values of the two involved alleles of each
SNP are aways 0 and 1, which represent the common allele and the
rare alleles, respectively. Since the SNPs are located sequentially on
a chromosome, a haplotype with length n is a vector over {0, 1}",
where each position i is also called a site or a locus. However, a
genotype vector, or simply agenotype, represents two haplotypes as
asequenceof unordered pairsover theset {0, 1}. Each pair represents
the nucleotides in a given site. Since the pairs are unordered, we are
not able to determine the two haplotypes from the genotype alone.
For example, two haplotypes with length 3 are (0,1,1) and (1,0, 1)
that are combined into the genotype [(0, 1), (0, 1), (1, 1)].
Whenever a pair is made of two identical values, the SNP site is
homozygous, otherwise it is heterozygous. Clearly, by the assump-
tion on the values of the alleles, the pair for a homozygous site is
(0,0) or (1,1), whereas the pair for a heterozygous siteis (0, 1). In
contrast to the unordered pairs, the genotype can al so be represented
by a compact form, i.e. a compact representation of the genotype
consists of avector over the alphabet {0, 1, 2}, where one of the first
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two symbols is used if the site is homozygous, and a 2 encodes a
heterozygous site. For example, the compact representation of the
genotype [(0,1), (0,1), (1,1)] is therefore (2,2,1). Next, we only
use the compact form of genotypein this paper. If agenotype has no
heterozygous site, then we call it homozygote; otherwise we call it
heterozygote.

Given agenotypeg = (g1,...,gn) € {0,1,2}", then aresolution
of g isapar (h k) of haplotypes, where h = (h3,...,h,) and
k = (ki,...,k,) are defined in such away that h; = k; = g; if
gi # 2;and h;, k; € {0,1} with h; # k; if g; = 2. When the above
conditions hold, we also say that (h, k) resolves g, which is denoted
by h @ k = g. Next, we give several definitions as well as a basic
result which is used in the proposed a gorithm.

DefFINITION 1. Let G = {0;,...,0,,} be a set of m genotypes
where g; = gi1--- gin IS the expression of the i-th genotype, and
gij € {0,1,2} isthe j-th SNP value in the i-th genotype. Then

811 812 -+ 8
821 82 -+ 82

G=]. . ) )
8ml 8m2 - &mn

is called a genotype matrix with m genotypesinn SNP sites.

Let
81 8u+1 0 81
o 82i 82i+1 - 82j
Gli,jl=1|. . . 2
gmi mi+1 0 8m

denote a submatrix comprising the columns from the i-th to the j-th
in G. Then this submatrix is a genotype submatrix of m genotype
fragments with consecutive j — i + 1 SNP sites, i.e,, from the i-th
SNP site to the j-th SNP site. Denote the k-th row of G[i, j] by
Ocli, j1, i€ Gili, j1 = guigwire--- gk, which is called a genotype
fragment.

Pure parsimony haplotype inference problem for agiven input set
of m genotypevectorsistofind aset of m pairsof haplotypes, onefor
each genotype vector, such that the number of distinct haplotypesis
minimum. For convenience, let H(G) beasolution set of ahaplotype
inference problem for a given genotype matrix G, and H*(G) bethe
optimal haplotype solution set with the parsimony criterion. Then,
H*(G) isthesolution with the smallest number of distinct haplotypes
that can resolvethe genotypes G. Clearly |H*(G)| < |H(G)|, where
| - | means the number of elementsin the set.

PROPOSITION 1. Forany 1 < j <n — 1, we have
[H*(G[L, DI < IH*(GI1, j + 1D)|.

3 PARSIMONIOUS TREE-GROW
METHOD (PTG)

In this section, we propose a novel agorithm, called parsimoni-
oustree-grow method (PTG), to solve the pure parsimony haplotype
inference problem for a given genotype matrix G. It is a heuristic
agorithm to find the minimal number of distinct haplotypes based
on the criterion of keeping all genotypes (or genotype fragments)
resolved during atree-grow process.

3.1 Mainideaof PTG

If a genotype matrix G has only one column, we can easily resolve
all genotypesin G by no more than two distinct haplotypes of length
1. If a genotype matrix (or submatrix) has k columns and we have
resolved the genotype submatrix G[1, k — 1] by ahaplotype fragment
set H(G[1, k — 1]) of length k — 1, then we can resolve the genotype
matrix (or submatrix) G[1, k] by ahaplotypeset H(G[1, k]) of length
k with every haplotype obtained by adding one SNP value O or 1 to
one of the haplotype fragments in H(G[1, k — 1]). In other words,
we can resol ve the genotype matrix columns one by one. The resolv-
ing process is executed by a growing tree with minimal branching
principle, which we called as PTG. In the growing tree, successive
layers of the tree correspond to the successive columns, from the left
to the right of G. We denote a submatrix of G as G[1, j], and call
therows g[1, j1, or smply g, (j) of G[1, j] as genotype fragments
or row fragments.

Each column of G is resolved one by one in a consecutive way.
Supposethat G[1, j] has been resolved and the tree has grown to the
j-thlayer. In the process of resolving G[1, j + 1], the tree grows or
extends to a new layer, i.e. the (j + 1)-th layer, where every node
inthe (j + 1)-th layer corresponds to a distinct haplotype fragment
of length j + 1 that can be used to resolve some row fragments in
GI[1, j+1]. All nodesinthe (j +1)-th layer correspondto all distinct
haplotype fragments that resolve all row fragmentsin G[1, j + 1].
When all the columns of G are resolved, each node in the final
layer corresponds to a unique haplotype, and thereby we can obtain
the parsimony haplotype solution set corresponding to the genotype
matrix G.

Before we describe the algorithm of PTG in detail, we introduce
several definitions. Let the genotype matrix G in Equation (1) have
m rows and n columns, and vy = {1,...,m} be the index set of
rows, which is also the index set of genotypes.

DEFINITION 2. For a given genotype matrix G, if thereisan/ for
1 <1 < jsuchthat gj = 2, then i is called a divided index in
the j-th layer. Otherwise, i is called an undivided index in the j-th
layer. To distinguish them, we use a boolean variable f (i) to denote
whether the index i isdivided at each iteration of PTG program.

3.2 Algorithm of PTG

Wefirst givethe detail procedure of PTG, and then useanillustrative
example to demonstrate the performance of the algorithm.

ALGORITHM 1. PTG. Initialization: Input an m x n genotype
matrix G. Set aroot node denoted by vz, which represents theindex
set {1,...,m}, i.e. vo1 = {1,...,m}. Set f(i) = false, for every
i=1,...,m.Let j =0,andgotostep 1.

Sepl Resolve submatrix G[1, j + 1].

Suppose that there are p nodes vji,. .., vj, ..., vjp in the j-th
layer of the growing tree, which correspondsto p distinct haplotype
fragments resolving G[1, j1. The nodes v;y, ..., vjp aso represent
their corresponding index sets. Do substeps 1.1 and 1.2 depicted
below.

Substep 1.1 Foreachl <k < p,andeachi, (1 <i < m), if
i € vjk, resolvethei-th genotypefragmentin G[1, j] wheni satisfies
either of the following two conditions:

Condition 1: g; j4+1 # 2,
Condition 2: g; ;41 = 2, and f (i) = false.
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Otherwise, record the i inaset /(;); and record vjk in anode set
Tij, where Tjj isaset of the j-th layer nodes that include node .

o If g; ;41 = 0O, then add a branch of type O to the node vjx when
thereis no branch of type O growing from node vjk; add i to the
index set of the node v(; 11, which is connected to the node vjk
by the existing branch or the just added branch of type 0.

o If g; ;41 = 1, then add a branch of type 1 to the node vjx when
thereis no branch of type 1 growing from node vjx; add i to the
index set of the node v(; 11, which is connected to the node vjx
by the existing or just added branch of type 1.

o If gi i1 = 2and f(i) = false, then add a branch of type
0 (a branch of type 1) or both branches (one of type 0 and
the other of type 1) or nothing to the node vjk according to the
following cases: only onetype of branch exists, no branch exists
or two types of branches exist. Add i into both index sets of the
(j + D-th layer nodes, which are connected to node vjk, set
f@i) = true.

Substep 1.2 For i € I(j), suppose Tij = {vjk,, Vik,}, i€ i
belongsto vjk, and vjk,. Check whether there are two different types
of branches growing separately from node vjk, and v, .

(1) If thereare no two such different types of branches, then add a
proper type of branch to node v, or vjk,, or add two different
types of branches, one to node vy, and the other to node vj, .

(2) Choose(or randomly choose) apair of different typebranches,
one growing from node vj, , the other growing from node vj, .
Add i into both node index sets of the (j + 1)-th layer which
are connected to vj, Or vjk, by one of the chosen branches.

Sep2 If j+1 < n,setj = j+1andreturn to Step 1.
Otherwise, assemble haplotypes as follows.

Trace each path from node vo; to every nodeinthen-thlayer of the
growing tree. The sequence of branch typeindices (0 or 1) of the path
givesahaplotype, which can be used to resolve the genotypes whose
indices belong to the corresponding node in the n-th layer. All the
haplotypes corresponding to the n-th layer nodes consist of H(G).

3.3 Anillustrative example
To demonstrate the algorithm, we resolve a genotype matrix G as

follows:
2 20
G=|2 0 2].
0 2 2

Let aroot node of the tree be vy, with index set vg; = {1, 2, 3}.

3.3.1 Resolve submatrix G[1,1] (or the first column of G) We
first resolve genotype fragment g1[1, 1]. Since g11 = 2, we must use
two distinct haplotype fragments (0 and 1) to resolve g;1[1, 1], which
results in a branch of type 0 and a branch of type 1 growing from
node vp; . Denote the two new nodesin the first layer by v11 and v1o,
and set v11 = {1} and v12 = {1}. Because index 1 is now adivided
index, set f(1) = true; then we resolve g1[1, 1].

Next, resolve the second genotype fragment go[1,1]. Despite
gz = 2, since both the branch of type 0 and the branch of type
1 have grown from node voz, we add index 2 into both v1; and v12,
i.e vy = {1,2},vi2 = {1,2}. Set f(2) = true. Then, we resolve
021, 1].

Vi2 V23
“ “

Fig. 1. Growing treefor resolving al three columns of G.

V32

Finaly, resolve the third genotype fragment gs[1, 1]. Since g3; =
0, and there is already a branch of type 0 growing from node voq,
we add index 3 into v11. Therefore, v11 = {1, 2,3} and vi2 = {1, 2},
which resolve g3[1, 1]. The result is shown in the first layer of tree
in Figure 1.

3.3.2 ResolvesubmatrixG[1, 2] (or thesecondcolumnof G)  First
check al indicesinv1;. Since 1 € vy3 with f(1) = trueand g12 = 2,
we record thenode 1 in alist 7(1) to be treated later, and record vq;
inTy,ie Ty = {v11}. Because 2 € vy with 822 = 0 and there
is no branch of type O growing from node v1; as well, we add a
branch of type O to node v11 and denote the new node by v,; and let
v21 = {2}. Since 3 € vy; with £(3) = falseand gz, = 2 and thereis
no branch of type 1 growing from node v11, we add a branch of type
1 to node v13, denote the corresponding node attached to it by vs;,
and further add index 3 to vo; and vy, i.€. vo1 = {2,3},v2 = {3}.
Set f(3) = true. Now gs[1, 2] isresolved.

In the same manner, we can check all indicesin vio. Sincel € vyo
with f(1) = true and g;» = 2, we record vy in Ty, i.e Ti1 =
{v11, v12}. Since 2 € vy with g2 = 0 and thereis no branch of type
0 growing from node v1> aswell, we add a branch of type 0 to node
v12 and denote the corresponding node by vy3 and let voz = {2}.
Now, g»[1, 2] isresolved.

According to substep 1.2 of the algorithm, now we consider the
indicesin I(1). Sincel € 1(1) and T11 = {v11, v12}, there are three
branches growing from nodes v;; and vi1>. Hence, we choose the
branch of type 1 growing from v1; and the branch of type O growing
from v toresolve g1o = 2, add index 1in vy and vo3. Now g;[1, 2]
isresolved, and

V21 = {21 3}1 V22 = {11 3}! V23 = {17 2}

3.3.3 Resolvesubmatrix G[1, 3] (or thethird columnof G) Inthe
same manner as the above two iterations, we obtain the index sets
for the third layer nodes:

V31 = {11 3}1 V32 = {11 2}1 V33 = {21 3}1

which finally solve the haplotyping problem to the given G.
Thefinal treeis depicted in Figure 1, which has three nodesin the

last layer corresponding to three distinct haplotypes. By tracing all

paths, we obtain three haplotypes for resolving all genotypesin G,

H*(G) = {001, 010, 100},

which is actually the optimal solution of the haplotype inference
problem. Because of 1 € wv3; and 1 € vz, the haplotypes 010
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(corresponding to v3;) and 100 (corresponding to vsp) resolve the
first genotype g; (220). Clearly, according to the index sets of
(va1, v32, v33), €ach haplotype can be used to resolve two genotypes
of G, e.g. the haplotype corresponding to vz; (i.e. 010) can be used
to resolve genotypes g; and gz (since 1 € vz and 3 € vag).

3.4 Computational complexity

There is a bound for the number of haplotypes by PTG. As proven
in Proposition (4) in Appendix 1 of Supporting material, if the gen-
otype matrix G hasm rows and n columns, then the resolution set of
haplotype inference problem obtained by Algorithm 1 must satisfy
the following inequality

[H(G)| < min{2m,2"}.

From Theorem (1) in Appendix 1 of Supporting material, we can
prove that PTG is a polynomial time algorithm. Specifically, the
computational complexity of PTG is O(m?n), where m denotes
the number of genotypes and n is the number of SNP sites in the
genotypes or haplotypes. Such a result implies that PTG may be
very efficient in terms of CPU cost even for a large amount of
genomic data.

4 EXPERIMENTAL RESULTS

In this section, we use both real data and simulation data to demon-
strate the performance of PTG. To improve the computational
efficiency, input data are preprocessed according to Algorithm 2,
which is described in detail in Section 5. CPU times in this section
are the total amount for Algorithms 1 and 2. The program isimple-
mented on a1.8 GHz 512 MB RAM Pentium 4 Processor PC using
Borland Delphi 5.0 by Pascal, and is available upon reguest or from
thewebsite. Throughout our experiment, to measurethe performance
of PTG, we use error rate, acommonly used criterion in haplotype
inference problem (Stephens et al., 2001; Niu et al., 2002; Wang
and Xu, 2003). The error rate is the proportion of genotypes whose
original haplotype pairs are incorrectly inferred by the program.

4.1 Experiment on 82AR gene data

Bo-Adrenergic Receptors (8,AR) are G protein-coupled receptors
that mediate the actions of catecholaminesin multiple issues. There
are 13 variable siteswithin aspan of 1.6 kb in the human 8,AR gene.
Among 121 individuals, there are 18 distinct genotypes, but only 10
haplotypes resolve all the genotypes. Those 10 haplotypes and 18
genotypes areillustrated in Table 1 (Wang and Xu, 2003).

We ran PTG on 82AR gene data 100 times; within 80 times of
the run, we found 10 distinct haplotypes to resolve al 18 genotypes,
where 9 of the 10 haplotypes correctly resolve 17 genotypes. The
average error rate in 100 runs was 0.056. In particular, in 10 of 100
runs, we found all 10 correct haplotypesto resolve all 18 genotypes.
Theaveragerunningtimeis~0.016 s, whichisconsidered to bevery
efficient in contrast to HAPER (>1 min) and PHASE (>10min).
Detail computation process for PTG is described in Appendix 2 of
Supporting material.

4.2 Angiotensin converting enzyme gene data

Angiotensin converting enzyme (ACE) is encoded by the gene
DCP1. Complete datafor the genomic sequencing of DCP1 from 11

Table 1. Ten haplotypes and 18 genotypes of 8,AR genes

Haplotype Genotype
hy 100000010000 U8, 99
ha 100111101000 01,02, 93, 06, 910, 911, 912, 913
hs 011000010000 011, Q14
hg 001000010000 01,94, 95, 97, 98, 914, 015, 916, 917
hs 001000000000 U6, 915
he 000000000101 03, 95,99, 018
h7 000000000111 012, 016, 018
hg 001000010101 013, 917
hg 000000000100 [o74
h1o 000000000000 g10

Table 2. Haplotypes for the maize data (Ching et al., 2002)

Haplotype Freguency
hy 011001001100100101 0.03
hy 000000000000000000 0.47
hs 000010001000000000 0.23
hy 101101110111011010 0.26

individuals in 22 chromosomes are available (Rieder et al., 1999).
There are 52 SNP sites and 11 genotypes, which are resolved by
13 distinct haplotypes (Rieder et al., 1999; Wang and Xu, 2003).
We obtained 13 haplotypes with 9 correct haplotypes that resolve 9
of the 11 genotypes correctly with an error rate of 2/11 = 0.182.
Such a performance is better than or at least equal to widely used
existing programs, i.e. HAPAR with an error rate of 0.273, Hap-
lotyper with an error rate of 0.182, HAPINFERX with an error
rate of 0.273 and PHASE with an error rate of 0.273 (Wang and
Xu, 2003). The relatively low accuracy is mainly because of the
small sample size. In these experiments, the average CPU time
is0.320 s.

4.3 Maizedataset

The maize dataset is used as one of the benchmarks to evaluate
accuracy of haplotype programs (Wang and Xu, 2003). Acetyl-CoA
C-acyltransferase which is an enzyme and catalyses the final step of
fatty acid oxidation, has 18 SNP sitesand 4 haplotypeswith frequen-
cies of 0.03, 0.47, 0.23 and 0.26 in the maize dataset, as shown in
Table 2. We follow the same procedure as Wang and Xu (2003) to
generate a sample of n genotypes by randomly picking two haplo-
types according to their frequencies and conflating them. Table 3is
the simulation results (Wang and Xu, 2003) for five programs. The
error rates are average valuesfor 100 random samples. Clearly, PTG
correctly resolves al genotypes for sample sizes from 4 to 10, and
behaves best among five programs in terms of accuracy. We aso
conducted simulations for Adhl in the maize dataset for different
sample sizes, which has 6 haplotypes and 14 SNP sites with freg-
uencies of 0.031, 0.031, 0.125, 0.25, 0.25 and 0.312. Thesimulation
results are almost the same as those of Table 3, and PTG correctly
resolves al genotypes.
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Table 3. Comparison of error rates for five programs on maize dataset

Table 6. The simulation results of PTG with n = 200

Samplesize PTG HAPAR HAPLOTYPER HAPINFERX PHASE m n CPU(s) Error rate
3 0.02 051 0.47 0.86 0.53 100 200 1.260 0.38
4 0 0.10 0.14 0.64 0.15 200 200 7.120 0.20
7 0 0.05 0.05 0.43 0.07 400 200 45.024 0.12
10 0 0 0 0.28 0 600 200 229.941 0.08
Table 4. The simulation results of PTG withn = 10
Table 7. Thesimulation results of PTG on large size of data
m n CPU(s) Error rate
m n CPU(s) Error rate
10 10 0.010 0.120
15 10 0.010 0.100 1000 100 303.687 0.01
20 10 0.010 0.050 1000 150 412,052 0.06
25 10 0.021 0.030 1000 200 491.641 0.05
30 10 0.027 0.025
35 10 0.032 0.018
40 10 0.036 0.005
Table 8. The simulation results of PTG on data with recombination
Table5. The simulation results of PTG with n = 50
m n CPU(s) Error rate
m n CPU(S) Error rate 10 10 0.015 0.25
15 10 0.025 0.45
50 50 0211 0.190 20 10 0.030 0.37
100 50 0.283 0.280 25 10 0.031 0.35
150 50 0.292 0.075 30 10 0.040 0.34
200 50 0.316 0.062 35 10 0.045 0.30
250 50 0.371 0.036 40 10 0.046 0.31
300 50 0.431 0.037

4.4 Experimentson simulation data

The haplotype generator, ms, in Hudson (2002) is a well-known
standard program based on the coalescent model of SNP sequence
evolution. In this subsection, we use the software (ms) to generate
2m haplotypes, each with n SNP sites, and then randomly pair them
to obtain m genotypes, which are used asinput for the PTG program.

4.4.1 Coalescence-based simulations without recombination In
this section, the number of SNPs is fixed as 10, 50, 200, and 100
replications were made for each sample size. When generating hap-
|otypes, we specify recombination parameter to be 0. The CPU times
and error ratesof PTG areillustrated in Tables 47, where m denotes
the number of genotype matrix rows, and n isthe number of genotype
matrix columns.

Comparing with Figure 4 of Wang and Xu (2003), the computation
in Tables4—7 isfairly efficient in terms of both CPU time and accur-
acy (Halperin and Eskin, 2004), even for large size of genomic data,
in contrast to PHASE (Stephens et al., 2001), HAPLOTY PER (Niu
et al., 2002) and other methods. The results indicate the superiority
of our algorithm over the conventional approaches. Both the numbers
of genotypes and SNP sites affect the computational cost, which is
also proved in Section 3.4 or Appendix 1 of Supporting material.

4.4.2 Coalescence-based simulationswith recombination Inthis
section, weintroduce recombination into the model when generating
simulated haplotypes. We set recombination parameter p to be 100.0
when generating haplotypes by the software ms. The simulation
results areillustrated in Table 8.

Comparing with figure 5 of Wang and Xu (2003), theerror rateres-
ultsin Table 8 are similar to those obtained by the existing haplotype
softwares. However, in contrast to the cases without recombination
shown in Table 4, the error rates are high. The reason resulting in
relatively high error rate is that in the simulation data with recom-
bination, the number of correct distinct haplotypes resolving all
genotypes is often not the minimum one. For example, in our simu-
lation of 30 genotypes with 10 SNP sites, the number of the correct
distinct haplotypes resolving all 30 genotypes is 24. However, by
PTG, we can find a solution of 19 distinct haplotypes resolving all
30 genotypes. Since PTG can amost always find the minimum num-
ber of haplotypes to resolve all genotypes, the error rate may not be
low when recombination rate is high. This is aso the reason why
the error rate of other programsis also high. Such afact implies that
parsimony approach may not be suitable for the data with a high
recombination rate, or needs to be modified to handle such problems
by further considering the characteristics of recombination.
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To study the bottleneck effect, we do simulation on large scale
of data without recombination, as shown in Table 7. For a sample
of 1000 individuals, PTG can currently handle 200 SNPs in no
more than 10 min, which is better than HAPLOTY PER (handling
50 SNPs of 1000 individuals); For a sample of 300 individuals,
PTG can handle 400 SNPs, which is aso efficient in contrast to
HAPLOTYPER (handling 256 SNPs of 100 individuals). PTG can
even resolve problems with a much large size of data if there is
sufficient capacity of computer RAM (>512 MB).

5 IMPROVING EFFICIENCY OF PTG

Usually in genotype matrix derived from human haplotypes, many
columnscorresponding to SNP sitesareidentical. Indeed, asnotedin
Patil et al. (2001), thenumber of identical columnsinreal dataiscon-
siderably large. It is common to keep only one column out of several
identical columns since they are assumed not to carry any additional
information (Patil et al., 2001). Thus we can improve the perform-
ance (in both CPU times and memory requirements) by reducing
the number of columns of genotype matrix. This can be executed
by dividing the genotype matrix into blocks, as a precomputation
process of Algorithm 1.

DEFINITION 3. Given a genotype g, = gx1 - - - gkn and a fragment
Okli, j1 = gki--- 8k, if ge = 0 (or 1) for eachi <t < j, then
the fragment g, [i, j] is called an identical homozygous genotype
fragment of type O (or 1) . If g, = 2for eachi <t < j, theng,[i, j]
iscalled an identical heterozygous genotype fragment.

DEFINITION 4. Given a genotype submatrix G[i, j], if every row
of G[i, j]iseither anidentical homozygous genotype fragment or an
identical heterozygous genotype fragment, i.e. every row of G[i, j]
is one of the following three types:

TypeO: O0O---0,
Typel: 1..-1,
Type2: 2..-2,

then G[, j] iscalled a block. A block is called a homozygous block
of type O (or type 1) if every row isan identical homozygous genotype
fragment of type O (or type 1). Otherwise, it is called a heterozygous
block.

Clearly, ablock isasubmatrix of the genotype matrix with all the
columnsidentical.

DEFINITION 5. Given a haplotype hy = hy1 - - - hyn Where by €
{0,1} for 1 < I < n, a haplotype fragment hc[i, j1 = hy - - - by is
called an identical homozygous haplotype fragment of type O (or 1)
if e = 0 (or hy = 1) holdsfor anyi <t < j.

With the preparation above, we have a basic proposition below to
simplify the computation in PTG agorithm.

ProPOSITION 2. All the genotypefragmentsin ahomozygoushblock
of type O (type 1) can be resolved by one (or two identical) identical
homozygous haplotype fragment of type O (type 1). All the genotype
fragments in a heterozygous block can be resolved by two different
types of identical homozygous haplotype fragments in the spirit of
parsimony.

For example, all genotype fragments in the homozygous block

00O
00O
0 0O

can beresolved by oneidentical homozygous haplotype 000, and all
genotype fragments in the heterozygous block

00O
111
2 2 2

can be resolved by two identical homozygous haplotype fragments,
i.e.000and 111. Givenagenctypematrix G, wecanusethefollowing
algorithm to divide G into blocks, which are further combined into
ablock matrix B.

ALGORITHM 2. Dividing genotype matrix G into blocks.

e Initidization: input a genotype matrix G with m individua
genotypesand n SNP sites, and letk := 1, ;= 1,i; = j.

e SeplIf

81i 81j+1 0
82iy 82j+1 0
gmiy gmi+1 0

then j := j + 1, go to Step 2; otherwise go to Step 3.

e Sep 2. If j =n, goto Step 3; otherwise go to Step 1.

e Sep 3. G, = Glig, j1, which is defined in Equation (2). If
Jj = n, stop and output al blocks G, of G; otherwise, let
k:=k+1, j:=j+1, ig:=j,andgoto Step 1.

e Sep 4. Combine al blocks into a block matrix B where each
column represents a block.

It can be easily shown that Algorithm 2 can divide the genotype
matrix G into blocksin no more than O (mn) arithmetic operations.
Since al columnsin a block are identical, we can use one of them
to represent the block. After doing thisto all blocks of G, we obtain
amatrix B, which is called a block matrix of G. Obviously, each
block comprises consecutiveidentical columns of agenotype matrix.
Clearly, the algorithm can be easily extended to find an extended
block matrix with the minimum number of ‘blocks’, where each
extended block is composed by all theidentical columnsin G.

PROPOSITION 3. Given a genotype matrix G and its corresponding
block matrix B, let H*(G) and H*(B), respectively be the optimal
haplotype solution sets of the haplotype inference problem with G
and B. Then |[H*(G)| = |H*(B)|, and the haplotypes in H*(G)
can be obtained from those in H*(B) by adding the corresponding
S\Ps. However, the haplotypesin H*(B) can be obtained fromthose
in H*(G) by deleting the SNPs according to the rule of dividing G
into blocks.

ExAMPLE 1. Given a genotype matrix
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the corresponding block matrix is

2 20
B=|2 0 2
2 2

o

according to Algorithm 2.

An optimal solution for the block matrix is H*(B) =
{001, 010, 100} by PTG algorithm, which means H*(G) = {00011,
00100, 11000} by Proposition (3). Clearly, every haplotypein H*(B)
isa‘compression’ of the haplotype in H*(G), and every haplotype
in H*(G) isan ‘extension’ of the haplotypein H*(B).

Therefore, instead of the original genotype matrix G, we can use
the block matrix B = (b; - - - by) that has less columns, to improve
the computationa efficiency in the initialization of Algorithm 1, in
particular, for large-scale data. Generally, such a compression not
only reduces the combination of possible haplotypes, but also loses
no information of genotype data. Hence, given agenotype matrix G,
we first use Algorithm 2 to reduce the number of columnsin G and
obtain the block matrix B, then apply Algorithm 1 (PTG) to the block
matrix B. After resolving the block matrix B, we recover haplotypes
of full length to resolve the genotype matrix G. The program in this
paper is coded by both Algorithms 1 and 2.

Using thismodified PTG algorithm, we obtained an optimal solu-
tion of B,AR gene data, the corresponding growing tree and the
index sets are depicted in Appendix 2 of Supporting material.

6 FURTHER DISCUSSION OF
PTG ALGORITHM

In this paper, we proposed a novel graphic algorithm—PTG, which
not only is very efficient with polynomial arithmetic operations, but
also hashigh accuracy for the hapl otypeinference problem. In partic-
ular, the computational cost isvery low even for large scale genomic
dataasindicated in Table 7 and proven in Theorem (1) in Appendix
of Supporting material. In contrast to Clark’s method, there is no
restriction for the given genotypes, i.e. PTG can resolve the case
that every genotype has more than one heterozygous site, such asthe
illustrative example and in the simulation tests in Section 4.4.

Although PTG is very efficient, it is based on the parsimony cri-
terion, which generally does not directly take the count information
of genotypes into consideration, as indicated in Section 4. To alle-
viate such a disadvantage, instead of pure parsimony, a modified
parsimony criterion may be required, such as by adding weighting
parameters to approximately incorporate frequency information of
genotypesin the model. In addition, PTG agorithm currently hasno
function to handle gaps in the genotype matrix. As a future topic,
we will improve the PTG algorithm to incorporate missing data in
optimization.
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