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Abstract. In the next decades, it is necessary to forge new late-universe cosmological probes
to precisely measure the Hubble constant and the equation of state of dark energy simulta-
neously. In this work, we show that the four novel late-universe cosmological probes, 21 cm
intensity mapping (IM), fast radio burst (FRB), gravitational wave (GW) standard siren,
and strong gravitational lensing (SGL), are expected to be forged into useful tools in solv-
ing the Hubble tension and exploring dark energy. We propose that the synergy of them is
rather important in cosmology. We simulate the 21 cm IM, FRB, GW, and SGL data based
on the hypothetical observations of the Hydrogen Intensity and Real-time Analysis eXperi-
ment, the Square Kilometre Array, the Einstein Telescope, and the Large Synoptic Survey
Telescope, respectively. We find that the four probes have different parameter dependencies
in cosmological constraints, so any combination of them can break the degeneracies and thus
significantly improve the constraint precision. The joint 21 cm IM+FRB+GW+SGL data
can provide the constraint errors of σ(Ωm) = 0.0022 and σ(H0) = 0.16 km s−1 Mpc−1 in the
ΛCDM model, which meet the standard of precision cosmology, i.e., the constraint precision
of parameters is better than 1%. In addition, the joint data give σ(w) = 0.020 in the wCDM
model, and σ(w0) = 0.066 and σ(wa) = 0.25 in the w0waCDM model, which are better than
the constraints obtained by the CMB+BAO+SN data. We show that the synergy between
the four late-universe cosmological probes has magnificent prospects.
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1 Introduction

Since Edwin Hubble, it has been known that the universe has been expanding. In the
late 1990s, type Ia supernovae (SNe Ia) observations revealed that the expansion of the
universe is currently accelerating [1, 2], which means that the gravity becomes a repulsive
force on cosmological scales. In physics, usually there are two ways of realizing the cosmic
acceleration, i.e., modifying the gravity on large scales or assuming an exotic component
having a negative pressure. The latter is known as dark energy.

The cosmological constant Λ naturally emerges in general relativity and is considered
as the simplest form of dark energy among the possible theoretical hypotheses. The Λ cold
dark matter (ΛCDM) model has been viewed as the standard model of cosmology, because it
is strongly favoured by the current cosmological observations, in particular the precise mea-
surements of cosmic microwave background (CMB) anisotropies. Recently, however, some
cracks appeared in the ΛCDM model. It has been found that there are tensions between the
early- and late-universe measurements; in particular, the Hubble constant (H0) tension is too
prominent to be ignored [3]. Currently, the H0 value measured by the Cepheid-supernova dis-
tance ladder is in 4.2σ tension with that inferred from the Planck CMB observation assuming
ΛCDM [4, 5].

To solve the H0 tension (also known as the “Hubble tension”), besides searching for
new physics in cosmology (see Ref. [6] for a brief review), one should also seek to precisely
measure cosmological parameters using only the late-universe observations. Currently, the
late-universe observations, such as SNe Ia and the baryonic acoustic oscillations (BAO; here,
it refers to those measured from galaxy redshift surveys), cannot tightly constrain cosmo-
logical parameters, but can only be used as a supplementary tool to break the parameter
degeneracies inherent to the CMB data [5]. In the next decades, however, some novel late-
universe cosmological probes will be greatly developed, in which the most promising ones
include, e.g., 21 cm intensity mapping (IM), fast radio burst (FRB), gravitational wave
(GW) standard siren, and strong gravitational lensing (SGL).

The 21 cm IM technique provides us with a novel way to measure the large-scale structure
(LSS) of the universe. Originated from the photon-baryon plasma prior to recombination,
BAO leaves an imprint on the distribution of matter at a characteristic scale of ∼ 147
comoving Mpc [5]. This scale provides a standard ruler to measure the angular diameter
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distance DA(z) and the Hubble parameter H(z), and hence allows measurements of the
expansion history of the universe (see Ref. [7] for a review). To measure the BAO signal,
one can consider using the 21 cm emission from the neutral hydrogen (H i). In the post-
reionization era (z ≲ 6), most of the H i is thought to exist in self-shielded regions embedded
in galaxies [8]. Therefore, H i traces the galaxy distribution, and thus the matter distribution.
By mapping the collective H i 21 cm emission of many galaxies, one can also obtain the
LSS, from which the BAO signals can be extracted. Compared to the traditional galaxy
redshift survey method, the 21 cm IM technique is more efficient. We can simply measure
the total H i intensity within relatively large voxels, instead of having to resolve individual
galaxies, which makes it much faster to survey large volumes than galaxy redshift surveys.
Therefore, the 21 cm IM surveys could play a crucial role in studying the expansion history
of the universe, especially in measuring the equation of state (EoS) of dark energy [9–12].
The first detection of the 21 cm signal in the IM regime was achieved by Chang et al. in
2010 [13]. They reported a cross-correlation between 21 cm IM maps and galaxy maps. Since
then, several other cross-correlation power spectra between 21 cm IM and galaxies have been
detected [14–17]. Although the 21 cm IM power spectrum in auto-correlation has not been
detected so far, it is believed that a breakthrough can be made in the near future with the
vigorous development of 21 cm IM experiments. It is expected that the 21 cm experiments,
such as the Square Kilometre Array (SKA) [18], the Baryon acoustic oscillations In Neutral
Gas Observations (BINGO) [19], the Hydrogen Intensity and Real-time Analysis eXperiment
(HIRAX) [20], the Canadian Hydrogen Intensity Mapping Experiment (CHIME) [21], and
the full-scale Tianlai cylinder array [22] will usher in the era of 21-cm cosmology.

FRBs are millisecond-duration radio pulses of unknown progenitors occurring at cosmo-
logical distances. They were first discovered by the Parkes telescope in 2007 [23]. Before
reaching our radio receivers, the signal from an extragalactic FRB will pass through the host
galaxy interstellar medium (ISM), the intergalactic medium (IGM), and the plasma of Milky
Way. Therefore, an important characteristic of FRBs is the high dispersion measure (DM),
i.e., the long arrival time delay for the low-frequency part of the signal, which is proportional
to the number of free electrons existing along the line of sight between the FRB source and
the observer [24]. Notably, the DM contribution from the IGM, DMIGM, can be considered
as an indicator of distance to the FRB source, since the intervening electrons increase with
increasing distance to the FRB. By measuring the redshift of the host galaxy, one can estab-
lish the DMIGM–redshift relation, and then place constraints on cosmological parameters [25].
Compared with the traditional cosmological probes, this probe observes the universe from
a unique perspective. For example, due to large DM values of the cosmological FRBs, one
can use the localized events to measure the cosmic baryon density Ωb [26, 27]. In addition,
the FRB observations can be used to measure dark energy and the Hubble constant [28–35].
In recent years, the number of detected FRBs has experienced a dramatic increase, and in
2021, the CHIME/FRB Project released a catalogue of 536 FRBs [36]. So far, the redshifts
of 21 FRBs have been determined by identifying their host galaxies [26, 37–54]. In the era
of SKA, about 105–106 FRBs could be detected per year [55], making FRBs promising to be
a powerful cosmological probe.

GWs can be utilized as standard sirens [56, 57], since the GW waveform directly carries
the information of the luminosity distance DL to the GW source. The distance measure-
ment using the standard siren method can obtain absolute luminosity distances (not relative
ones), avoiding the distance ladder and calibration process. If the source’s redshift can be
determined, for example, by identifying an electromagnetic (EM) counterpart of the GW
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event from the binary coalescence, we can then establish the DL–redshift relation, thereby
exploring the expansion history of the universe. In 2017, Abbott et al. [58] applied the multi-
messenger observation of GW170817 to cosmological parameter estimation for the first time
and obtained the first measurement of the Hubble constant (with 14% precision) using the
standard siren method. The precision of the Hubble constant could reach 2% using about
50 similar GW standard sirens [59], which is expected to make an arbitration for the Hubble
tension. Moreover, GW standard siren observations will be greatly developed in the future.
The sensitivity of the Cosmic Explorer (CE) [60] and the Einstein Telescope (ET) [61] will be
an order of magnitude improved over the current GW detectors, allowing us to observe GW
standard sirens at much higher redshifts [62]. Recent works show that CE and ET would play
a key role in cosmological constraints [63–80], especially in breaking the parameter degenera-
cies of other traditional EM observations [71–75]. We note that even if some GW events are
expected to have no EM counterparts, such as the binary black hole mergers, they could also
be used in cosmological fits using the statistical methods [59, 81–87]. We expect that GW
standard sirens would play an important role in solving the Hubble tension and improving
cosmological parameter estimation.

SGL is a rare astronomical phenomenon. As photons from a distant source propagate
to detectors on the Earth, their trajectories are deflected by the gravity of intervening mass
overdensities, such as galaxies, groups, and clusters. In rare cases, the deflection is sufficiently
large to produce multiple images of the light source (see Ref. [88] for a review). In the past few
decades, many SGL systems have been discovered, giving rise to two important cosmological
applications. One is the velocity dispersion (VD) method [89, 90], whose key idea is to
combine the observations of SGL and stellar dynamics in elliptical galaxies. Specifically, the
mass enclosed within the Einstein radius can be derived by measuring the Einstein angle or
by measuring the central velocity dispersion of the stellar component. Once the lens mass
model is determined, a relation between the Einstein angle and the stellar velocity dispersion
can be obtained, and the cosmological parameters can be estimated from this [90–93]. The
other is the time delay (TD) method [94, 95]. The TD between multiple images depends on
the gravitational potential as well as a ratio of angular diameter distances. The H0 Lenses
in COSMOGRAIL’s Wellspring (H0LiCOW) collaboration has obtained a measurement of
H0 with a 2.4% precision (for ΛCDM) utilizing the TDs of six lensed quasars [96], having
a 3.1σ tension with the Planck result [5] (for an analysis for interacting dark energy, see
Ref. [97]). While for the VD measurements, 161 available samples are obtained with well-
defined selection criteria using spectroscopic and astrometric observations at present [91]. In
the Large Synoptic Survey Telescope (LSST) era, more than 8000 SGL systems with well-
measured VDs and a few dozens of SGL systems with well-measured TDs could potentially
be observed [98, 99], which will play an important role in cosmological constraints [100, 101].

In this paper, we focus on these four novel late-universe cosmological probes. Although
today they have not been truly realized or have poor constraints on cosmology due to limited
observational data, they are expected to develop into powerful cosmological tools in the
future. Moreover, making use of different physical effects, the four probes are anticipated to
have different parameter dependencies and hence can break degeneracies. In this work, we
wish to offer an answer to the question of whether the combination of the four promising
late-universe probes could provide precise cosmological parameter measurements.

We simulate the 21 cm IM, FRB, GW, and SGL data based on HIRAX, SKA, ET, and
LSST, respectively. We give a detailed description of methodology in Sec. 2, and then we
present the forecasted constraints on cosmological parameters and make some discussions in
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Sec. 3. Finally, we give our conclusions in Sec. 4.

2 Methodology

In this paper, we employ the Planck best-fit ΛCDM model [5] for the fiducial cosmology,
with H0 = 67.3 km s−1 Mpc−1, ΩΛ = 0.683, Ωm = 0.317, Ωb = 0.0495, Ωk = 0, σ8 = 0.812,
and ns = 0.965. Unless otherwise specified, we use DC(z), DA(z), DL(z), H(z), H0, and
E(z) ≡ H(z)/H0 to represent comoving distance, angular diameter distance, luminosity
distance, Hubble parameter, the Hubble constant, and dimensionless Hubble parameter,
respectively. We also define Dν(z) = c(1 + z)2/H(z), where c is the speed of light.

In our analysis, we first simulate observations and calculate the measurement errors of
observables (such as DA and DL) for each probe, and then adopt the Markov Chain Monte
Carlo (MCMC) method to maximize the likelihood L ∝ exp (−χ2/2) to infer the probabil-
ity distributions of cosmological parameters (such as H0 and Ωm). Note here that, in some
simulation processes, we occasionally use the Fisher matrix method to determine the uncer-
tainties of cosmological observables and astrophysical parameters, but in the cosmological
parameter estimations, we uniformly use the MCMC method to infer cosmological parame-
ters. This is because the MCMC method is more accurate than the Fisher matrix method in
forecast studies when the situations have some complexities. More specifically, the MCMC
method allows for the non-Gaussian distribution of parameters, which is inherited from the
non-linearity of the model with respect to the cosmological parameters.

Next, we will introduce the simulations of the 21 cm IM, FRB, GW, and SGL data in
turn, and construct the likelihood function of each probe for the subsequent MCMC analysis.

2.1 21 cm intensity mapping

In the IM regime, the spatial location of an observed pixel is given by 2D angular
direction θp and frequency νp [102], i.e.,

r⊥ = DC(zi)
(
θp − θi

)
, r∥ = Dν(zi)

(
ν̃p − ν̃i

)
, (2.1)

where the survey has been centered on
(
θi, νi

)
, corresponding to a redshift bin centered at

zi. ν̃ ≡ ν/ν21, with ν21 = 1420.4 MHz being the rest-frame frequency of the 21 cm line. We
will work in observational coordinates (q = k⊥DC, y = k∥Dν), where k is the wave vector.

The mean H i brightness temperature is given by [103]

T b(z) = 188hΩH i(z)
(1 + z)2

E(z)
mK, (2.2)

where ΩH i(z) is the fractional density of H i for which we adopt the form shown in Figure 20
of Ref. [102], and h is the dimensionless Hubble constant satisfyingH0 = 100h km s−1 Mpc−1.
Considering the effect of redshift space distortions [104], the signal covariance can be written
as [102, 105]

CS(q, y) =
T
2
b(zi)α

2
⊥α∥

D2
CDν

(
bH i + fµ2

)2
exp

(
−k2µ2σ2NL

)
× P (k), (2.3)

where α⊥ ≡ Dfid
A (z)/DA(z) and α∥ ≡ H(z)/Hfid(z), with “fid” labeling the quantities calcu-

lated in the fiducial cosmology. bH i is the H i bias, and its specific calculation can be found in
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Ref. [106]. f(z) ≈ Ωγ
m(z) is the linear growth rate with γ = 0.545 for ΛCDM, and µ ≡ k∥/k.

σNL is the non-linear dispersion scale, for which we take 7 Mpc [107], corresponding to a
wave vector of kNL = 0.14 Mpc−1. P (k) = D2(z)P (k, z = 0), with D(z) being the linear
growth factor, which is related to f(z) by

f =
d lnD(a)

d ln a
= −1 + z

D(z)

dD(z)

dz
, (2.4)

and P (k, z = 0) being the matter power spectrum at z = 0 that can be generated by CAMB

[108]. In this paper, the primordial power spectrum is determined by adopting the Planck
best-fit values of As and ns.

Now we turn to instrumental and sky noises as well as effective beams. The noise
covariance has the form [102]

CN(q, y) =
σ2pixVpix

D2
CDν

B−1
∥ B−2

⊥ , (2.5)

where σpix is the pixel noise, Vpix = D2
CFoV×Dνδν/ν21 is the pixel volume, in which FoV is

the field of view of each receiver and δν is the channel bandwidth. B∥ and B⊥ describe the
frequency and angular responses of the instrument, respectively. For HIRAX,

σpix =
Tsys√

npolttotδν (FoV/Sarea)

λ2

Ae

√
FoV

1√
n(u)Nb

, (2.6)

where Tsys is the system temperature, npol = 2 is the number of polarization channels,
ttot = 10, 000 hr is the observing time, Sarea = 15, 000 deg2 is the survey area, Ae = ηπ(Dd/2)

2

is the effective collecting area of each receiver, in which Dd = 6m is the diameter of the dish
and η = 0.7 is the efficiency factor, FoV ≈ (λ/Dd)

2, Nb = 1 is the number of beams, and
n(u) is the baseline density (the detailed calculation can be found in Ref. [102]). The system
temperature is given by

Tsys = Trec + Tgal + TCMB, (2.7)

where Trec = 50K is the receiver noise temperature, Tgal ≈ 25 K × (408 MHz/ν)2.75 is the
contribution from the Milky Way, and TCMB ≈ 2.73 K is the CMB temperature. Assuming
a Gaussian channel bandpass, the effective beam in the parallel direction is given by [102]

B∥(y) = exp

(
−(yδν/ν21)

2

16 ln 2

)
, (2.8)

and the transverse effective beam has been accounted for by n(u).
Detection of 21 cm signal is complicated by astrophysical foregrounds that are orders

of magnitude brighter than the H i signal. Fortunately, these foregrounds have a basically
smooth spectral structure and hence one can use some sort of cleaning algorithm to remove
them [109–115]. In this work, we assume that a cleaning algorithm has been applied and the
covariance of residual foreground can be modeled as [102]

CF(q, y) = ε2FG
∑
X

AX

(
ℓp
2πq

)nX
(
νp
νi

)mX

, (2.9)
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where εFG ∈ [0, 1] is a scaling factor, which parameterizes the foreground removal efficiency:
εFG = 1 corresponds to no removal and εFG = 0 corresponds to perfect removal. In this
work, we consider an optimistic scenario of εFG = 10−6. It should be emphasized that
subtracting the foreground to such a level is extremely challenging. For discussion on the
performance of 21 cm IM in the cosmological parameter constraints as the foreground removal
efficiency is relatively low, we refer the reader to Ref. [116]. For a foreground X, AX is the
amplitude, nX and mX are the angular scale and frequency power-law indices, respectively.
These parameters at ℓp = 1000 and νp = 130 MHz are given in Ref. [117].

We define the total covariance as CT = CS +CN +CF, then the Fisher matrix for a set
of parameters p in a redshift bin is given by [102]

Fij =
1

8π2
Vbin

∫ 1

−1
dµ

∫ kmax

kmin

k2dk
∂ lnCT

∂pi

∂ lnCT

∂pj
, (2.10)

where Vbin = Sarea∆ν̃D
2
CDν is the survey volume, with ∆ν̃ being the dimensionless band-

width in the redshift bin. In this work, the parameter set {p} is selected as {DA(z), H(z),
[fσ8](z), [bH iσ8](z), σNL}. We assume that bH i is only redshift dependent, which is appropri-
ate for large scales, so we impose a non-linear cut-off at kmax = kNL(1+z)

2/(2+ns) (with fixed
ns by Planck observation) [118]. Moreover, the largest scale the survey can probe corresponds

to a wave vector kmin = 2πV
−1/3
bin .

We simulate the measurement of 21 cm IM power spectrum and calculate the Fisher
matrix for p in each redshift bin. The bin width is 0.1, and there are 17 bins in total.
Note that we marginalize [bH iσ8](z) and σNL, and construct the inverse covariance matrix
for {DA(z), H(z), [fσ8](z)} (which equals to the Fisher matrix) for the next step of cosmo-
logical parameter estimation. As mentioned earlier, we use MCMC to give constraints on
cosmological parameters ξ. The χ2 function for a redshift bin is given by

χ2(ξ) =
∑
ij

xiFijxj , (2.11)

where

x = (Hth(ξ)−Hobs, Dth
A (ξ)−Dobs

A , [fσ8]
th(ξ)− [fσ8]

obs). (2.12)

Here ξ denotes the set of cosmological parameters and the Fisher matrix Fij serves as
the inverse covariance matrix concerning {DA(z), H(z), [fσ8](z)}. The total χ2 function
of 21 cm IM, χ2

21 cm IM, is the sum of the χ2 functions of all redshift bins. The mock data are
shown in Fig. 1. To illustrate the correlations between observables, we show two representa-
tive normalized covariance matrices, at redshifts 1 and 2, respectively, in Fig. 2. Note that we
only consider the correlations between observables at the same redshift, and the correlations
between different redshifts are not considered.

2.2 Fast radio burst

In order to mock future detectable FRBs, we need to assume a redshift distribution
of FRBs. In this work, we assume that the comoving number density of FRB sources is
proportional to the cosmic star formation history (SFH) [119] (see also Refs. [120, 121]),
then the redshift distribution of FRBs is given by [122]

NSFH(z) = NSFH
ρ̇∗(z)D

2
C(z)

H(z)(1 + z)
e−D2

L(z)/[2D
2
L(zcut)], (2.13)
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Figure 1. Measurement errors on DA(z) (left panel), H(z) (central panel), and [fσ8](z) (right panel)
of HIRAX.
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0.0

0.5

1.0

Figure 2. The normalized covariance matrix concerning {DA(z), H(z), [fσ8](z)} at z = 1 and 2,
respectively.

where NSFH is a normalization factor. zcut = 1 is a cutoff, which characterizes the decrease
of detected FRBs beyond it due to the instrumental signal-to-noise threshold effect. The
density evolution can be parameterized as [123]

ρ̇∗(z) = a1
a2 + a3z

1 + (z/a4)a5
, (2.14)

with a1 = 0.7, a2 = 0.017, a3 = 0.13, a4 = 3.3, and a5 = 5.3.
When considering the observed DM of an FRB, the contributions from various ionized

regions along the line of sight can be separated as [24, 124]

DMobs = DMhost +DMIGM +DMMW. (2.15)

Here, DMhost refers to the contribution from the host galaxy interstellar medium and DMMW

represents the contribution by the plasma of the Milky Way. The DMIGM term relates to
cosmology, since the intervening electrons increase with increasing distance to the FRB, and
its average value can be expressed as

DMIGM(z) =
3cH0Ωb

8πGmp

∫ z

0

(1 + z′)fIGM(z′)χ(z′)dz′

E(z′)
, (2.16)
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where

χ(z) = YH χe,H(z) +
1

2
YHe χe,He(z). (2.17)

In this expression, Ωb is the present-day baryon density parameter and fIGM is the baryon
mass fraction in the IGM for which we adopt 0.053z+0.82 at z ≤ 1.5 and 0.9 at z > 1.5 [125].
YH = 3/4 and YHe = 1/4 are the mass fractions of hydrogen and helium, respectively, and χe,H

and χe,He are the ionization fractions for H and He, respectively. We assume χe,H = χe,He = 1,
which are reasonable at z < 3 because the IGM is almost fully ionized.

Now we turn to errors in DMIGM measurement. From Eq. (2.15), we can infer DMIGM if
DMhost, DMMW and DMobs could be determined. Thus, we can calculate the total uncertainty
of DMIGM using the expression

σDMIGM
=

[(
σhost
1 + z

)2

+ σ2IGM + σ2MW + σ2obs

]1/2
. (2.18)

It is difficult to estimate uncertainty of DMhost, because it depends strongly on host galaxy
type and local environment. Here we take σhost = 30pc cm−3. The factor 1 + z accounts
for cosmological time dilation for a source at redshift z. The uncertainty σIGM describes the
deviation of an individual event from the mean DMIGM, due to the inhomogeneity of the
baryon matter in the IGM, and we adopt the form [126]

σIGM ≃ 0.2DMIGM z−1/2. (2.19)

According to the Australia Telescope National Facility pulsar catalogue [127], the average
uncertainty of DMMW for the sources at high Galactic latitude is about 10 pc cm−3. The
observational uncertainty σobs = 1.5 pc cm−3 is adopted from the average value of the released
data [128].

For cosmological studies, we need to estimate the FRB event rate. Hashimoto et al.
[55] pointed out that ∼ 104 FRB events per day could be detected by the upcoming SKA.
Assuming that only 1% of the detected FRBs can be sufficiently localized to confirm their
host galaxies, there are still ∼ 100 FRBs available per day for cosmological constraints. In
this work, we consider an optimistic scenario ofNFRB = 100, 000 for a few years of observation
(see also Ref. [30]). For the performance of 10, 000 FRBs (a relatively conservative scenario)
in cosmological constraints, we refer the reader to Refs. [28, 29].

Assuming that the FRB events are independent of each other, the χ2 function of FRB
can be written as

χ2
FRB(ξ) =

100,000∑
i=1

(
DMth

IGM,i(ξ)−DMobs
IGM,i

σ(DMIGM,i)

)2

. (2.20)

We note that Reischke et al. [129] recently explored the covariance matrix of DMs of FRBs
induced by the LSS of the universe, and they found that the covariance needs to be taken
into account for unbiased inference when future samples contain a few hundred FRBs. In
this work, we focus on the synergy of multiple probes, and the covariance is not considered.

The simulated FRB events are shown in Fig. 3. In the left panel, we present the 100
representative FRB events, and in the right panel, we show the redshift distribution of FRB
event number.
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Figure 3. The simulated FRB data based on SKA. Left panel: the 100 representative FRB events.
Right panel: the redshift distribution of FRB event number.

2.3 Gravitational wave

In this paper, we consider that all GW standard sirens detected by ET are provided
by the BNS mergers. For the redshift distribution of BNSs, we employ the form [64, 70–
72, 79, 130]

P (z) ∝
4πD2

C(z)R(z)

H(z)(1 + z)
, (2.21)

where R(z) is the time evolution of the burst rate,

R(z) =


1 + 2z, z ≤ 1,
3

4
(5− z), 1 < z < 5,

0, z ≥ 5.

(2.22)

In the transverse-traceless gauge, the GW signal h(t) is the linear combination of the
two polarization components (i.e., h+ and h×),

h(t) = F+(θ, ϕ, ψ)h+(t) + F×(θ, ϕ, ψ)h×(t), (2.23)

where F+ and F× are the antenna pattern functions, (θ, ϕ) are the location angles of the
source in the detector frame, and ψ is the polarization angle. The antenna pattern functions
of ET are [64]

F
(1)
+ (θ, ϕ, ψ) =

√
3

2

[
1

2

(
1 + cos2θ

)
cos(2ϕ) cos(2ψ)− cos θ sin(2ϕ) sin(2ψ)

]
,

F
(1)
× (θ, ϕ, ψ) =

√
3

2

[
1

2

(
1 + cos2θ

)
cos(2ϕ) sin(2ψ) + cos θ sin(2ϕ) cos(2ψ)

]
,

F
(2)
+,×(θ, ϕ, ψ) =F

(1)
+,×(θ, ϕ+ 2π/3, ψ),

F
(3)
+,×(θ, ϕ, ψ) =F

(1)
+,×(θ, ϕ+ 4π/3, ψ). (2.24)
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We use the post-Newtonian approximation (to 3.5 order) to calculate the waveform [131, 132].
The Fourier transform H(f) of the time-domain waveform h(t) is given by

H(f) = Af−7/6 exp
{
i
[
2πftc − π/4 + 2ψ(f/2)− φ(2,0)

]}
, (2.25)

where the Fourier amplitude A is calculated by

A =
1

DL

√
F 2
+

(
1 + cos2 ι

)2
+ 4F 2

× cos2 ι×
√

5π/96π−7/6M5/6
c , (2.26)

and the functions ψ(f) and φ(2,0) can refer to Ref. [131]. Here, tc is the epoch of the merger,
ι is the inclination angle between the binary’s orbital angular momentum and the line of
sight, Mc = (1 + z)η3/5M is the observed chirp mass, M = m1 +m2 is the total mass of
binary system with the component masses m1 and m2, and η = m1m2/M

2 is the symmetric
mass ratio.

In our simulation, only GW events with signal-to-noise ratio (SNR) greater than 8 are
selected. The combined SNR for the three detectors of ET is given by

ρ =

√√√√ 3∑
n=1

(
H(n)|H(n)

)
, (2.27)

where the inner product is defined as

(a|b) = 4

∫ fupper

flower

a(f)b∗(f) + a∗(f)b(f)

2

df

Sn(f)
. (2.28)

Here, flower = 1 Hz is the lower cutoff frequency and fupper = 2fLSO is the upper cutoff
frequency, where fLSO = 1/(63/22πMobs) is the orbit frequency at the last stable orbit with
Mobs = (1 + z)M being the observed total mass. Sn(f) is the one-side noise power spectral
density for ET [133]. Following the estimate in Refs. [130, 131], we simulate 1000 GW
standard sirens generated by BNS mergers during a 10-year operation of ET.

The measurement errors of DL consist of the instrumental error σinstDL
, the weak-lensing

error σlensDL
, and the peculiar velocity error σpvDL

, i.e.,

σDL
=
[
(σinstDL

)2 + (σlensDL
)2 + (σpvDL

)2
]1/2

. (2.29)

We use the Fisher matrix to calculate σinstDL
. For ET, the Fisher matrix for a parameter set

p is given by

Fij =
3∑

n=1

(
∂H(n)

∂pi

∣∣∣∣∂H(n)

∂pj

)
. (2.30)

We choose the parameter set p as {DL,Mc, η, θ, ϕ, ψ, ι, tc, ψc}, in which ψc is the coalescence
phase, and then

σinstDL
=
√
(F−1)11 . (2.31)

For the error caused by the weak lensing, we adopt [134–136]

σlensDL
(z) = DL(z)× 0.066

[
1− (1 + z)−0.25

0.25

]1.8
Fd, (2.32)
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where Fd is a delensing factor with the form [136]

Fd(z) = 1− 0.3

π/2
arctan (z/0.073) . (2.33)

The error caused by the peculiar velocity of the GW source is given by [137]

σpvDL
(z) = DL(z)×

[
1 +

c(1 + z)2

H(z)DL(z)

]√
⟨v2⟩
c

, (2.34)

where
√

⟨v2⟩ = 500 km s−1 is the rms peculiar velocity.
In the process of simulation, we set tc = 0 for simplicity. Moreover, we assume that the

redshifts of the GW sources can be determined by measuring their EM counterparts, such as
the short γ-ray bursts (SGRBs). Notably, the γ-ray emission is supposed to be confined to a
cone with an opening angle as large as 40◦, corresponding to inclination angle ι = 20◦ [138].
Finally, for each GW event, the parameters we sample in the ranges of θ ∈ [0, π], ϕ ∈ [0, 2π],
m1 ∈ [1, 2]M⊙, m2 ∈ [1, 2]M⊙, ι ∈ [0, π/9], ψ ∈ [0, 2π], and ψc ∈ [0, 2π], respectively, where
M⊙ is the solar mass.

Since the GW events are independent of each other, the χ2 function of GW can be
written as

χ2
GW(ξ) =

1000∑
i=1

(
Dth

L,i(ξ)−Dobs
L,i

σ(DL,i)

)2

. (2.35)

Here ξ denotes a set of cosmological parameters.
The simulated GW events are shown in Fig. 4. In the left panel, we present the 100

representative GW events, and in the right panel, we show the redshift distribution of GW
event number.
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Figure 4. The simulated GW data based on ET. Left panel: the 100 representative GW events.
Right panel: the redshift distribution of GW event number.

2.4 Strong gravitational lensing

In this work, we consider only the galaxy-scale lenses, which dominate the lens abun-
dance [98]. One cosmological application of SGL is to combine the observations of SGL and
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stellar dynamics in elliptical galaxies. The main idea is that the gravitational mass ME
grl

and dynamical mass ME
dyn enclosed within a cylinder of the Einstein radius RE should be

equivalent, i.e.,

ME
grl =ME

dyn. (2.36)

The gravitational mass ME
grl is given by [91]

ME
grl =

c2

4G

DlDs

Dls
θ2E, (2.37)

where Dl, Ds, and Dls are the angular diameter distances between observer and lens, between
observer and source, and between lens and source, respectively. θE ≡ RE/Dl is the Einstein
angle. By observing the VD of the lens galaxy and assuming a lens mass model, one can
infer the dynamical mass ME

dyn.
We choose a general mass model based on power-law density profiles for the lens galaxies

[139] 
ρ(r) = ρ0(r/r0)

−γ

v(r) = v0(r/r0)
−δ

β(r) = 1− (σθ/σr)
2,

(2.38)

where ρ(r) is the total (i.e., luminous plus dark matter) mass density distribution, v(r)
denotes the density distribution of luminous mass, and γ and δ are power-law indices. β(r)
characterizes the anisotropy of the stellar velocity dispersion, and σθ and σr are the tangential
and radial components of the velocity dispersion, respectively. Then the mass contained
within a sphere with radius r can be written as [140]

M(r) =
2√
π

Γ(γ/2)

Γ[(γ − 1)/2]

(
r

RE

)3−γ

ME
dyn, (2.39)

where Γ(x) is Euler’s Gamma function. The radial distance velocity dispersion of the lumi-
nous mass could be expressed as

σ2r (r) =
G
∫∞
r dr′r′2β−2v(r′)M(r′)

r2βv(r)
. (2.40)

By substituting Eq. (2.39) into Eq. (2.40), one reads [91]

σ2r (r) =
2√
π

GME
dyn

RE

1

ξ − 2β

Γ(γ/2)

Γ[(γ − 1)/2]

(
r

RE

)2−γ

, (2.41)

where ξ = γ + δ − 2, and β is assumed to be independent of the radius r.
In practice, what we measure is the luminosity-weighted average of the line-of-sight

velocity dispersion of the lens galaxy inside certain apertures θap. Moreover, all velocity
dispersions σap measured within θap should be normalized to the one within typical physical
aperture θeff/2, with θeff being the effective angular radius of the lens galaxy. The theoretical
value of the velocity dispersion within θeff/2 is given by [91]

σ0 =

√
c2

2
√
π

Ds

Dls
θE

3− δ

(ξ − 2β)(3− ξ)
F

(
θeff
2θE

)2−γ

, (2.42)
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where

F =

[
Γ[(ξ − 1)/2]

Γ(ξ/2)
− β

Γ[(ξ + 1)/2]

Γ[(ξ + 2)/2)]

]
Γ(γ/2)Γ(δ/2)

Γ[(γ − 1)/2]Γ[(δ − 1)/2]
. (2.43)

In the case of γ = δ = 2 and β = 0, the mass model is simplified to the singular isothermal
sphere model, then

σ0 =

√
c2

4π

Ds

Dls
θE. (2.44)

Once θE is obtained, we can calculate σ0 under a specific cosmological model. By comparing
the calculated σ0 with the observed one, we can put constrains on the assumed model by the
distance ratio Ds/Dls. Note that H0 exists in both Ds and Dls expressions, but it cancels
out in the distance ratio, so the VD observations cannot place constraints on H0. We use
the code provided in Ref. [99] to simulate 8000 VD events of future LSST. The mock data
include the lens redshifts zl, the source redshifts zs, the Einstein angles θE, and the velocity
dispersions σ0. We simply assume that the relative errors of σ0 are 5% [141]. The χ2 function
of VD can be written as

χ2
VD(ξ) =

8000∑
i=1

(
σth0,i(ξ)− σobs0,i

σ(σ0,i)

)2

, (2.45)

where ξ denotes a set of cosmological parameters.
The gravitational lens time-delay method is another cosmological application of SGL

systems (see e.g. Refs. [142–145]). If the source has flux variations, time delays between
multiple images can be measured by monitoring the lens. The time delay between images i
and j is given by

∆tij =
D∆t

c

[
(θi − β)2

2
− ψ(θi)−

(θj − β)2

2
+ ψ(θj)

]
, (2.46)

where D∆t is the time-delay distance, calculated by

D∆t ≡ (1 + zl)
DlDs

Dls
, (2.47)

β is the source position, θi is the image position, and ψ is the lensing potential. By measuring
β, θi, ψ(θi), and ∆tij , one can obtain DlDs/Dls, which is closely related to cosmology. Note
that the ratio of three distances will retain an H0, so the TD observation is capable of
constraining the Hubble constant. In this paper, we assume that 55 TD events can be
measured, and the redshifts of the sources and lenses are taken from the VD data simulated
above. We calculate the time-delay distances D∆t in the ΛCDM model and also take 5%
relative errors for them. The simulated VD and TD events are shown in Fig. 5.

The χ2 functions of TD and SGL are then given by

χ2
TD(ξ) =

55∑
i=1

(
Dth

∆t,i(ξ)−Dobs
∆t,i

σ(D∆t,i)

)2

,

χ2
SGL = χ2

VD + χ2
TD. (2.48)
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Figure 5. The simulated TD and VD data based on LSST. Note that we actually simulate 8000 VD
events, but only 100 of them are shown here.

In this work, the four late-universe cosmological probes are uncorrelated. Taking all of
these into account, the total χ2 function of the four probes can be written as

χ2
tot = χ2

21 cm IM + χ2
FRB + χ2

GW + χ2
SGL. (2.49)

In this paper, we focus on the synergy of the four late-universe probes. We mainly
wish to investigate how they can constrain the late-universe physics (such as dark energy
and the Hubble constant), and thus we do not concern the primordial-universe parameters
(such as ns). When generating the mock data of these observations, we do not consider the
fluctuations in central values of the mock data. The reasons are as follows: (i) In a forecast
study, only the constraint errors of cosmological parameters are important, but their central
values are not worth concerning. (ii) Since we wish to combine the four cosmological probes,
it is necessary to try to avoid the potential tensions between them. (iii) In order to clearly
show how the cosmological parameter degeneracies are broken by the synergy of the probes,
the central values in the contour plots are better to be well concordant.

3 Results and discussions

In this section, we report the constraint results from 21 cm IM, FRB, GW, SGL, and
the combination of them. Here we consider only the three most typical cosmological models
of dark energy: (i) ΛCDM model—the standard cosmological model with w(z) = −1; (ii)
wCDM model—the simplest dynamical dark energy model with a constant equation of state
(EoS) w(z) = w; (iii) w0waCDM model—the dynamical dark energy model with a param-
eterized EoS w(z) = w0 + waz/(1 + z) [146, 147]. The cosmological parameters we sample
include H0, Ωm, Ωbh

2, σ8, w, w0, and wa, and we take flat priors for them. The 1σ and
2σ posterior distribution contours for various model parameters are shown in Figs. 6–9, and
the 1σ errors for the marginalized parameter constraints are summarized in Table 1. In the
following discussions, we use σ(ξ) and ε(ξ) = σ(ξ)/ξ to represent the absolute and relative
errors of the cosmological parameter ξ, respectively.
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Table 1. The absolute (1σ) and relative errors of the cosmological parameters in the ΛCDM, wCDM
and w0waCDMmodels using the 21 cm IM, FRB, GW, VD, TD, SGL, and 21 cm IM+FRB+GW+SGL
data. Here H0 is in units of km s−1 Mpc−1. Note that σ(ξ) and ε(ξ) = σ(ξ)/ξ represent the absolute
and relative errors of the cosmological parameter ξ, respectively.

Model Error 21 cm IM FRB GW VD TD SGL 21 cm IM+FRB+GW+SGL

ΛCDM

σ(Ωm) 0.0044 0.0036 0.013 0.0038 − 0.0038 0.0022

σ(H0) 0.32 − 0.52 − 0.74 0.46 0.16

ε(Ωm) 1.4% 1.1% 4.1% 1.2% − 1.2% 0.7%

ε(H0) 0.5% − 0.8% − 1.1% 0.7% 0.2%

wCDM

σ(Ωm) 0.0049 0.0039 0.019 0.0040 0.15 0.0040 0.0022

σ(H0) 0.58 − 1.2 − 2.3 0.60 0.28

σ(w) 0.030 0.053 0.14 0.046 0.48 0.043 0.020

ε(Ωm) 1.5% 1.2% 6.0% 1.3% 47% 1.3% 0.7%

ε(H0) 0.9% − 1.8% − 3.4% 0.9% 0.4%

ε(w) 3.0% 5.3% 14% 4.6% 48% 4.3% 2.0%

w0waCDM

σ(Ωm) 0.030 0.035 0.045 0.030 0.15 0.029 0.0092

σ(H0) 2.4 − 1.6 − 2.5 1.2 0.61

σ(w0) 0.23 0.16 0.22 0.13 0.68 0.12 0.066

σ(wa) 0.74 0.83 1.3 0.76 1.8 0.75 0.25

ε(Ωm) 9.5% 11% 14% 9.5% 47% 9.2% 2.9%

ε(H0) 3.6% − 2.4% − 3.7% 1.8% 0.9%

ε(w0) 23% 16% 22% 13% 68% 12% 6.6%

In the left panel of Fig. 6, we show the constraints on ΛCDM in the Ωm–H0 plane.
It is obvious that the Hubble constant H0 cannot be well constrained by FRB alone, since
the dispersion measure from the intergalactic medium DMIGM is proportional to H0Ωb [see
Eq. (2.16)]. In contrast, 21 cm IM, GW, and SGL can provide the small constraint errors of
0.32, 0.52, and 0.46 for H0, respectively, all meeting the standard ε(H0) < 1%.

It should be pointed out that the 21 cm IM alone cannot constrain H0 but only H0rd
(with rd the sound horizon at the drag epoch where baryons decouple from photons). The H0

constraint from BAO actually needs the addition of other observations such as CMB or big
bang nucleosynthesis (BBN) data helping break the H0–rd degeneracy [148]. In the forecast,
we have chosen the Planck best-fit ΛCDM model as a fiducial model to generate the mock
data, which is equivalent to inputting the Planck best-fit rd into the 21 cm IM data to break
the H0–rd degeneracy in BAO measurement, therefore the H0 constraint from 21 cm IM here
actually includes some contribution from CMB. Of course, the effect of CMB in this case is
mainly on the central value of H0, but the error of H0 is slightly affected. In the future, when
the actual observational data of 21 cm IM could be used in addressing the Hubble tension,
any connection with CMB should be avoided.

In Fig. 7, we show the tight constraint on Ωbh (left panel) and the strong degeneracy
between Ωb and H0 (right panel) in ΛCDM from the FRB mock data. Therefore, using
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Figure 6. Left panel: Constraints (68.3% and 95.4% confidence level) on the ΛCDM model by using
the FRB, GW, SGL, 21 cm IM, and 21 cm IM+FRB+GW+SGL data. Right panel: Constraints on
the ΛCDM model by using the TD, VD, and SGL data.
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Figure 7. Constraints (68.3% and 95.4% confidence level) on the ΛCDM model by using the FRB
data. Left panel: the constraint on the parameter combination Ωbh. Right panel: the Ωb–H0

degeneracy.

the localized FRBs to determine the baryon density needs to assume a value of the Hubble
constant [26]. Likewise, the determination of the Hubble constant using the FRB observation
also needs the help of the baryon density constraints from other observations [31–35].

Although FRB alone cannot effectively constrain H0, it gives a tight constraint on Ωm,
σ(Ωm) = 0.0036 and ε(Ωm) = 1.1%, which is slightly better than those of 21 cm IM, GW,
and SGL. Therefore, combining FRB with 21 cm IM, GW, or SGL can effectively constrain
Ωm and H0 at the same time. In addition, 21 cm IM, GW, and SGL have obviously different
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Figure 8. Constraints (68.3% and 95.4% confidence level) on the wCDM model by using the FRB,
21 cm IM, GW, SGL, and 21 cm IM+FRB+GW+SGL data.

parameter dependencies, so any combination of them can break the degeneracies and thus
improve the constraint precision. In general, any combination of the four probes is meaningful
and worth expecting. One may find that a large fraction of the constraining power comes
from 21 cm IM. As mentioned earlier, the 21 cm IM technique can measure the LSS of the
universe without having to resolve individual galaxies, which makes it much faster to survey
large volumes than traditional galaxy redshift surveys. It is worth mentioning that future
galaxy redshift surveys are still important, although they are more time-consuming. In
Ref. [102], the comparison between the DETF Stage IV galaxy surveys, such as Euclid [149]
and LSST [150], and the future 21 cm IM experiments, has been made, and it was found
that the future 21 cm IM experiments would have a comparable capability in constraining
cosmological parameters.

Note that the performance of SGL in cosmological constraints is actually the result of
the combination of VD and TD. We know that VD and TD relates to cosmology by the
angular diameter distance ratios Ds/Dls and DlDs/Dls, respectively [see Eqs. (2.44) and
(2.47)]. H0 is cancelled out in the former but retained in the latter, so VD is insensitive to
H0 but TD is very sensitive to H0. In the right panel of Fig. 6, we show the constraints on
ΛCDM by using the VD, TD, and SGL (i.e., VD+TD) data. It can be seen that the contours
from VD and TD are almost orthogonal, so VD+TD can thoroughly break the parameter
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degeneracies inherent to VD and TD alone. As a result, the SGL data can provide the tight
constraints, σ(Ωm) = 0.0038, σ(H0) = 0.46 km s−1 Mpc−1, ε(Ωm) = 1.2%, and ε(H0) = 0.7%.
It is worth noting that FRB and VD behave very similarly in constraining cosmological
parameters in ΛCDM, both of which can tightly constrain Ωm but not H0. Excitingly, the
joint 21 cm IM+FRB+GW+SGL data gives σ(Ωm) = 0.0022, σ(H0) = 0.16 km s−1 Mpc−1,
ε(Ωm) = 0.7%, and ε(H0) = 0.2%, which has achieved the standard of precision cosmology,
i.e., the precision of parameters is better than 1%.

In Fig. 8, we show the 1σ and 2σ posterior distribution contours for the wCDM model.
We can see that the four probes have different parameter dependencies and thus the combina-
tion of them could break the degeneracies. Concretely, the joint data provide σ(w) = 0.020,
which is 35% better than the result of σ(w) = 0.031 obtained by the CMB+BAO+SN data
[5]. Moreover, the constraint precision of Ωm and H0 is still better than 1%. Note that
CMB+BAO+SN is the combination of early and late-universe observations, and here we use
only the combination of late-universe probes.

In Fig. 9, we show the constraints on w0waCDM in the w0–wa plane that we are most
interested in. It can be seen that the performance of 21 cm IM in constraining the parame-
terized dynamical dark energy model is far inferior to that in constraining the ΛCDM and
wCDM models. This is because the surveys in the dark energy-dominated era of the uni-
verse help to better constrain the dynamical dark energy model, while HIRAX is designed
to mainly cover the matter-dominated era of the universe (0.8 < z < 2.5) [116]. However,
21 cm IM has a different w0–wa degeneracy orientation from the other three probes. The joint
constraint provides σ(w0) = 0.066 and σ(wa) = 0.25, which are 18% and 14% better than
the constraint results of σ(w0) = 0.080 and σ(wa) = 0.29 achieved by the CMB+BAO+SN
data, respectively [5].

It is known that the H0 tension between the Cepheid-supernova distance ladder mea-
surement [4] and the Planck CMB inference [5] has now reached 4.2σ. To solve the H0

tension, on one hand, it is important to develop the new late-universe cosmological probes
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independent of the distance ladder to precisely measure the Hubble constant, and on the
other hand, from the point of view of searching for new physics in cosmology, it is also of
great importance to use new late-universe probes to precisely constrain new-physics effects
and the related parameters. Therefore, from the both points of view, it is fairly necessary to
vigorously develop new late-universe cosmological probes in the next decades. Although the
CMB measurements initiated the era of precision cosmology, they can only precisely constrain
the cosmological parameters in the ΛCDM model. Since the CMB observation is an early
universe probe, it cannot effectively constrain the late-universe physical effects, in particular,
the CMB data can only provide rather poor constraints on the EoS of dark energy. Hence,
in order to precisely constrain the Hubble constant and the EoS of dark energy at the same
time, in this work we propose that in the next decades we need to forge precise late-universe
cosmological probes, in particular, 21 cm IM, FRB, GW, and SGL, and consider the synergy
of them in exploring the nature of dark energy and solving the Hubble tension.

4 Conclusion

In the next decades, it is necessary to develop new late-universe cosmological probes to
precisely measure the Hubble constant and the EoS of dark energy at the same time. In this
work, we show that the four typical late-universe cosmological probes, 21 cm IM, FRB, GW
standard siren, and SGL, will play an important role in cosmology in the near future. We
investigate the capability of their combination to constrain cosmological parameters. Here,
the 21 cm IM, FRB, GW, and SGL data are simulated based on the hypothetical observations
of HIRAX, SKA, ET, and LSST, respectively.

We find that 21 cm IM, GW, and SGL all can constrain the Hubble constant H0 to
the precision better than 1% in the ΛCDM model, so they will play an important role in
solving the H0 tension. Importantly, 21 cm IM, FRB, GW, and SGL have different parameter
dependencies and thus any combination of them could effectively break the degeneracies. It
should be pointed out that SGL is composed of VD and TD in this work. The parameter
degeneracy orientations of VD and TD are almost orthogonal in cosmological constraints, so
VD+TD can thoroughly break the degeneracies inherent to VD and TD alone. The SGL data
can offer the tight constraints, σ(Ωm) = 0.0038 and σ(H0) = 0.46 km s−1 Mpc−1, mainly
for this reason. In addition, FRB and VD behave very similarly in constraining cosmological
parameters in ΛCDM, both of which can tightly constrain Ωm but not H0.

The joint 21 cm IM+FRB+GW+SGL data could provide the constraint errors of σ(Ωm) =
0.0022 and σ(H0) = 0.16 km s−1 Mpc−1 in the ΛCDM model, which has achieved the stan-
dard of precision cosmology, i.e., the precision of parameters is better than 1%. Moreover,
the joint data can tightly constrain the dynamical dark energy EoS parameters. It offers
σ(w) = 0.020 in the wCDM model, and σ(w0) = 0.066 and σ(wa) = 0.25 in the w0waCDM
model, which are better than the constraint results achieved by the CMB+BAO+SN data
[5]. Our results are sufficient to show that the synergy of the four late-universe cosmological
probes has magnificent prospects in cosmological studies.
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