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In the framework of Einstein’s theory of general relativity we present a new interior solution with a
perfect fluid, this is constructed from the proposal of a gravitational redshift factor. The geometry
is regular and density and pressure are monotonic decrescent functions, furthermore the sound
speed is smaller than the light speed and monotonic crescent. The solution depends on a parameter
w ∈ (0, 2.0375509325] related to the compactness of the star u = GM/c2R, the maximum value
u = 0.2660858316 which allow to describe compact stars like quark stars or neutron stars. Although
there is a diversity of stars for which the model can be used, we only apply this solution to describe
the interior of a neutron star PSR J0348+0432. According to the observations, it is known that
its mass M = (2.01 ± 0.04)M� and its radius is between 12, 062Km and 12, 957Km, so the
value of the compactness is in the range u ∈ [0.2244845, 0.2509338]. In addition to the decreasing
behavior of the mentioned pressure and density functions, the results are consistent with the
density values range typical of neutron stars and the maximal central density of the star result to
be 1.283818× 1018Kg/m3.

Keywords: general relativity, exact solutions, perfect fluid, compact stars.

PACS numbers: 04.40.Dg, 04.20.Jb, 04.20.Nr

I. INTRODUCTION

The theoretical development on the constituents of the
interior of the stars have allowed a better understanding
of these, as a consequence of the advances in particle
physics [1, 2]. For decades it has worked about white
dwarf stars, neutron stars and quark stars [3–8]. The ad-
vances in the theoretical direction are limited in part by
the observational difficulty that allows to decide on the
model that adequately describes the interior of compact
stars. In addition, some observations focus on the deter-
mination of the mass and radius of the stars, although
there are also novel proposals such as the based on grav-
itational wave observations that allow to determine the
equation of state of matter of quarks [9] and this allows
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to give a possible equation of state for compact stars.
On the other hand, the approach that some researches
have proposed to understand the interior of compact stars
is based on the construction of exact solutions to the Ein-
stein’s equations with matter given by an anisotropic per-
fect fluid or charged [10–13] . This approach has allowed
to obtain some general conclusions for stellar models.This
approach showed that the ratio of compactness that lim-
its the value of the possible mass and radius is given by
u = GM

c2R < 4
9 [14], where R denotes the radius and M the

mass. This relation is valid if the matter inside the star is
described by a perfect fluid with decreasing monotonous
pressure and density.
Some models proposed as a result of the solution of the
Einstein’s equations with the source of matter of a per-
fect fluid and static and spherically symmetric spacetime
have been used to describe the behavior of stars [15–18],
although most of the solutions presented do not satisfies
conditions that make them physically acceptable [19]. An
analysis of the behavior of the known solutions until be-
fore 1998, it has shown that of 127 solutions analyzed
only 16 of them pass the conditions that make them

Page 1 of 7

https://mc06.manuscriptcentral.com/cjp-pubs

Canadian Journal of Physics



For Review Only

2

physically acceptable and of these only 9 comply that
their speed of sound is a decreasing monotone function
as a function of the radial distance [19]. This shows the
difficulty of building analytical solutions that are physi-
cally acceptable, i.e., solutions with regular geometry ab-
sent from the event horizon and with regular functions of
density and pressure monotonous decreasing. There are
works where some models have been constructed with
physically acceptable perfect fluid that describe compact
stellar objects [20–22]. In addition to the exact solu-
tions for stellar models, numerical solutions have been
proposed in which a specific form of the state equation
that describes the interior of the stars is supposed, the
restriction of the state equation makes it more difficult
to build analytical solutions by what is chosen by the use
of numerical methods to describe the behavior of the in-
terior of the stars [23–25].
There are fewer solutions to Einstein’s equations with a
perfect fluid than solutions with anisotropic or charged
fluid. One of the reasons is that solutions for the last
two cases can be generated from a solution with per-
fect fluid and the choice of the anisotropy shape function
or the charged function, although they must satisfy spe-
cific properties, are not unique, while another class of
anisotropic or charged solutions are not the result of the
generalization of solutions with perfect fluid [26].
In addition, solutions of Einstein’ equations associated
with a perfect fluid in a static and spherically symmetric
spacetime does not imply that it can have a physically
acceptable model. However, from these solutions in some
cases a physically acceptable solution it was built for the
case of a fluid with anisotropic pressures [27], in this work
it has been shown the importance of anisotropy in stel-
lar models and have been proposed more models than in
the case of perfect fluid. The relevance of the anisotropy
has led to the construction of anisotropic solutions, some
of them start from a seed of solutions with perfect fluid
[28], solutions with a geometric restriction [29, 30] and
the cases in which equation of state is giving by P = P (ρ)
and in some cases a physically acceptable solution with
perfect fluid is not recovered when the anisotropy factor
is zero [33–35].
For several years the approach of charged solutions has
also attracted attention and in recent times the number
of works on this topic them have intensified. There are
works of regular solutions that generalize to spacestime
as the internal solution of Schwarzschild [36] just like the
singular solutions [37], although most of the recent work
is more focused on stellar models that are regular [38–40].
For the more general case in which there is an anisotropic
fluid with charge, solutions have also been proposed as
well as their applications to different stars for which there
are observational data on their mass and radius [41–44].
In this work, following the idea of some research reports
in which exact interior solutions have been built for a
static and spherically symmetrical spacetime with per-
fect fluid, starting from a new form of the gravitational
redshift factor, it is different from the previously pro-

posed [19] given as a function of the form (1 + ar2)n,
we present a new stellar model within the framework of
general relativity suitable to represent compact stars.
Although the presented solution has its relevance by it-
self, because it is applicable to describe observed stars
and the values of the hydrostatic variables are consis-
tent with the expected orders of magnitude, it is worth
mentioning that having a stellar solution with perfect
fluid takes us to a series of theoretical implications and
increases the possibilities of a better understanding of
stellar interior behavior through the analysis of the same
solution as well as of variants or generalizations in which
anisotropies or models are contemplated loaded either de-
scribed by a perfect fluid or anisotropic.
We could also obtain new models with perfect fluid, tak-
ing this as seed, and through the application of proposed
theorems generate new solutions with perfect fluid [45–
48].
Giving rise to a diversity of research works that could be
developed in the future. In the next section we give the
equations that describe the interior of a star and from
the assignment of the explicit form for the function of
gravitational redshift we build the solution.
The section III focuses on the algebraic and graphical
analysis of the solution and restriction of the parameters
to determine a physically acceptable solution.
In the section ref IV for the data of the neutron star
PSR J0348 + 0432 cite Antoniadis, Zhao. We finalize
this paper with the conclusions section where the future
works that arise as a result of the proposal presented in
this paper are also discussed.

II. THE MODEL

For the construction of our model, we suppose that it
is described by a static and spherically symmetric space-
time, so the metric is expressed in the form [49]:

ds2 =−y2(r)dt2 +
dr2

B(r)
+r2(dθ2 + sin2 θ dφ2), (1)

where the metric functions y(r) y B(r) describe the ge-
ometry of the interior of the star with matter given by a
perfect fluid, i.e. the energy-moment tensor is given:

Tµν = (P + c2ρ)uµuν + Pgµν , (2)

where ρ represents the energy density and P the pres-
sure and c the speed of light. From the Einstein’s field
equations Gµν = kTµν , where k = 8πG

c4 is the coupling
constant, then [49]:

kc2ρ = −B
′

r
+

1−B
r2

, (3)

kP =
2By′

ry
− 1−B

r2
, (4)

kP =
(ry′′ + y′)B

ry
− (ry′ + y)B′

2ry
, (5)
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where ′ denotes the derivative with respect to the coor-
dinate r. From the combination of the equations (3)-(5),
then

P ′ = −
(
P + c2ρ

)
y′

y
, (6)

So the effective system of equations are the three equa-
tions (3)-(5) with the four functions to be determined,
so we can impose an additional equation or constraint,
which may well be an equation of state P = P (ρ) or
some other relation as the assignment of a metric func-
tion, which is the way we will proceed. To solve the
system, note that by subtracting the equations (4) and
(5) we get a differential equation that only involves the
metric components and their derivatives:

(ry′ + y)rB′ + 2(r2y′′ − ry′ − y)B + 2y = 0, (7)

the integration of this can be done assuming the shape
of one of the metric functions y or B and solving for the
other. The convenience of assigning a specific form of
the gravitational redshift factor y as a starting point for
the construction of solutions to the stellar model system
with perfect fluid has been used previously [50], since the
equation (7), once assigned a form of y, it turns out to
be a non-homogeneous ordinary differential equation of
the first order and this can facilitate the construction of
new exact solutions. The relation between the gravita-
tional redshift factor y and the function of gravitational
redshift z(r) is given by z(r) = y(r)−1 − 1, that by the
conditions of continuity of the inner solution and the ex-
ternal solution described by the Scwarzschild metric on
the surface of the star the gravitational redshift value is
z = 1/

√
1− 2GM/c2R−1. In our case we take the grav-

itational redshift factor given by the following expression

y (r) =
C(5 + 4ar2)√

1 + ar2
,

where C and a are constant, substituting this in (7)

(5 +12ar2 + 8a2r4)(1 + ar2)rB′ − (10 + 28 ar2

+ 28a2r4 + 16a3r6)B + 2(5 + 4ar2)(1 + ar2)2 = 0, (8)

then

B(r)=
(5 + 11ar2 + 6 a2r4 − 4ar2S(r))(1 + ar2)

5 + 12ar2 + 8a2r4
, (9)

where

S (r) =
(1 + ar2)2

[
A+ arctanh

(
1+2ar2√

5+12ar2+8a2r4

)]
√

5 + 12 ar2 + 8 a2r4
.

with A the integration constant. When we get (y,B) of
(3) and (4) we obtain density and pressure respectively.
In the next section, we discuss the conditions that must
have a solution of Einstein’s equations with perfect fluid
to be physically acceptable.

III. PHYSICALS CONDITIONS

For an inner solution of Einstein’s equations with perfect
fluid associated with compact objects, the model must
satisfy the following conditions [19]:

• The solution must not have singularities, i.e., for
0 ≤ r ≤ R the curvature scalars must be regular
and the metric functions (y2, B), the density and
central pressure are positive.

• The pressure and density must be positive and
monotonous decreasing functions as a function of
radial distance, with its maximum value in the cen-
ter, so in particular in the origin:

P (0) > 0,
dP

dr

∣∣∣∣
r=0

= 0,
d2P

dr2

∣∣∣∣
r=0

< 0,

ρ(0) > 0,
dρ

dr

∣∣∣∣
r=0

= 0,
d2ρ

dr2

∣∣∣∣
r=0

< 0,

while for r 6= 0 ρ′ < 0 y P ′ < 0.

• The condition of causality must not be violated, i.e.
the magnitude of the speed of sound must be less
than the speed of light

0 ≤ v2 =
∂

∂ρ
P (ρ) =

dP

dr

/
dρ

dr
≤ c2,

and additionally we will impose that the speed of
sound is a monotonous function decreasing towards
the surface.

• For the stability of the solution, in the relativist
case, it is required that the adiabatic index γ =
c2ρ+P
c2P

dP
dρ = c2ρ+P

P
v2

c2 > 4
3 , [51, 52]. The adia-

batic index in the same way as the magnitude of
the speed of sound can be obtained through the
chain rule if known P = P (r) y ρ = ρ(r).

• There must be a region r = R, the surface of the
star, where the pressure is P (R) = 0.

• About the border r = R the internal metric and the
external metric must be continuous. The exterior
geometry is described by the Schwarzschild metric:

ds2 = −
(

1− 2GM

c2r

)
dt2 +

(
1− 2GM

c2r

)−1
dr2

+ r2(dθ2 + sin2 θ dφ2), r ≥ R, (10)

where M is the mass of the star, G is the gravita-
tional constant and c the speed of light.

These basic requirements allow to determine which inte-
rior solution can be useful as a model for the description
of some compact object.
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IV. ANALYSIS OF THE SOLUTION

Once that the metric functions are known, pressure
and density are obtained by direct substitution of (y,B)
in (3) and (4), we get

ρ(r) =−
a
(
60 + 265ar2 + 486a2r4 + 424a3r6 + 144a4r8

)
kc2 (5 + 12ar2 + 8a2r4)

2

+
12a

(
5 + 15ar2 + 16a2r4 + 8a3r6

)
S (r)

kc2 (5 + 12ar2 + 8a2r4)
2 , (11)

P(r)=
a
(
50 + 167 ar2 + 190 a2r4 + 72 a3r6

)
k (5 + 12 ar2 + 8 a2r4) (5 + 4 ar2)

−
4a
(
5 + 15 ar2 + 12 a2r4

)
S (r)

k (5 + 12 ar2 + 8 a2r4) (5 + 4 ar2)
. (12)

Determined the pressure and density, the calculation of
the speed of sound is given:

v2 (r)

c2
=

(
5 + 12ar2 + 8a2r4

)
(N1S (r)−N2) (3 + 4ar2)

(5 + 4ar2)
2

(N3S (r)−N4(1 + ar2))
,

(13)
where

N1 (r) =4(25 + 75 ar2 + 70 a2r4 + 24 a3r6),

N2 (r) =(1 + ar2)(25 + 40ar2 + 28a2r4 + 16a3r6),

N3 (r) =12(25 + 115ar2 + 166a2r4 + 88a3r6 + 16a4r8),

N4 (r) =175 + 480ar2 + 372a2r4 + 96a3r6 + 32a4r8.

The imposition of the conditions mentioned in the previ-
ous section that guarantee that the solution is physically
acceptable sets the range of constants (a,A). Regarding
the conditions to impose so that the solution is physically
acceptable, we have that the metric functions are regular
and positive and the curvature scalars are regular. For
the rest of the conditions we will start by evaluating the
density and the pressure at the origin and indicating the
inequality that must satisfy:

kc2ρ (0) =
12

5
√

5

[
−
√

5 +A+ arctanh 5−
1
2

]
a > 0, (14)

kP (0) =
2

5
√

5

[
5
√

5− 2(A+ arctanh 5−
1
2 )
]
a > 0, (15)

then

k
(
ρ (0) c2 + 3 Pr (0)

)
=

18 a

5
> 0, (16)

of this expression we get that a > 0. The first derivative
of the pressure and density evaluated at the origin is zero,
while the second derivatives of the pressure and density
at the origin are

kP ′′(0) =
6

25
√

5

[√
5− 4(A+ arctanh 5−

1
2 )
]
a2< 0,

(17)

kc2ρ′′(0) =
2

5
√

5

[
7
√

5− 12(A+ arctanh 5−
1
2 )
]
a2 < 0.

(18)
While determining the speed of sound at the origin

v2(0)

c2
=

3[
√

5− 4(A+ arctanh 5−
1
2 )]

5[7
√

5− 12(A+ arctanh 5−
1
2 )]

< 1.

From the condition that the speed of sound must be less
than that of light and that the second derivative of the
density evaluated at the origin must be negative we have

2
√

5

3
− arctanh

1√
5
< A, (19)

√
5− arctanh

1√
5
< A <

5
√

5

2
− arctanh

1√
5
. (20)

This interval was obtained only using the conditions in
the center, its relation with the constant a is obtained by
imposing that the pressure is annulled on the surface of
the star, located in r = R, then:

A =

(
50 + 167w + 190w2 + 72w3

)√
5 + 12w + 8w2

4 (5 + 15w + 12w2) (1 + w)
2

−arctanh

(
1 + 2w√

5 + 12w + 8w2
,

)
(21)

where w = aR2 > 0. A graphical analysis of the density
and pressure behavior in the interior shows that these are
definite positive and monotonous decreasing functions.
The speed of sound is positive less than the speed of
light and monotonous increasing as a function of the dis-
tance to the center of the star, a stronger condition on
the behavior of the speed of sound requires that this be
a decreasing monotone function, in our case the solution
does not satisfy this condition [19]. Another characteris-
tic that should be imposed on the model, given that this
is relativistic, is that the adiabatic index satisfies[51]:

γ =
ρ+ P

P

∂P

∂ρ
>

4

3

this is the condition that most restricts the parameter
range w, then w ∈ (0, 2.0375509325]. To know the type
of compact objects that can be described with this model
we calculate the compactness ratio u = GM/c2R, where
M is the mass of the object and R the radio. From the
continuity of the metric on the surface, the inner metric
(1) and the external metric (10), then

y2(R) = 1− 2GM

c2R
,B(R) = 1− 2GM

c2R
= 1− 2u.

From the first of these equalities we obtain the value of
the constant C, while of the second equality implies that
the value of compactness is

u =
1

2
(1−B) =

w (3 + 4w)

5 + 15w + 12w2
.
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this function is monotonously increasing so, given the in-
terval w ∈ (0, 2.0375509325], its maximum value occurs
for w = 2.0375509325 and this is u = 0.2660858316 that
allows to describe compact stars. Now we make use of
graphic representations to show the behavior inside the
star and this is represented in the figures 1-5. Although
we have chosen some specific values of the parameter w,
its behavior is similar for other values of w in the inter-
val for which the solution is physically acceptable. To

FIG. 1: Density behavior

graphically represent the behavior of density, we define
the dimensionless variable ρ = kc2R2ρ as a function of
x = r/R for different values of the parameter w. On the
graph 1 its monotonous and decreasing behavior with re-
spect to the radial or dimensionless coordinate is shown
x.

FIG. 2: Pressure for different values of the parameter w

The dimensionless function for pressure is now given by
P = kR2P and its decreasing monotonic behavior as a
function of radial distance is described in the figure 2.
Note that pressure and density increase their values if
the value of the parameter is greater.

FIG. 3: Speed of sound

From the figure 3, it is observed that the speed of sound
is a growing monotonous function, taking its maximum
value at the border, i.e. v2 = 0.4707785807c2 for the case
in which the parameter w = 2.0375509325. The graph
shows that for smaller values the speed of sound is less
than this value.

FIG. 4: Graph of the behavior of the adiabatic index

The condition that reduced the parameter range w is
the adiabatic index its lowest valueγ = 4/3 occurs in the
center to w = 2.0375509325 and for higher values of pa-
rameter w the adiabatic index is higher, this is shown
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in the graph 4. In Figure 5, the behavior of the gravi-

FIG. 5: Graph of the behavior of redshift

tational redshift function is shown. This is a decreasing
monotone function as a function of the radial coordinate
and independent of the values of w. For different values
of w of the graph it is observed that in the interior as
well as in the border its value is greater for larger values
of w.

V. APPLICATION OF THE MODEL TO THE
NEUTRON STAR PSR J0348+0432

The compactness value determined for the model al-
lows to describe compact stars such as neutron stars. As
an application and consistency of our model we will apply
it to the neutron star PSR J0348+0432 that according to
the observational data and its analysis it is known that
its radius is between 12.062Km and 12.957Km and its
mass M = 2.01± 0.04M� [53, 54]. Can be seen from the
figure 1 the form of the density function is independent
of the value of the parameter w, while of the figures 2-
4 we note that also in the case of the functions of den-
sity, pressure, speed of sound and adiabatic form of the
respective functions does not depend on the parameter
w so the range of possible values in each case is between
the values in the center and the border.
For the neutron star PSR J0348+0432 with the mini-
mum compactness u = 0.2244845, that occurs when the
radius is maximum R = 12.957Km and the minimum
mass M = 1.97M�, in the first row of the table I we
present the intervals for density, pressure, speed of sound
and adiabatic index. In the second row of the table I we
give the respective intervals for maximum compactness
u = 0.2509338 that occurs when the radius is minimal
R = 12.062Km and the mass is maximum M = 2.05M�.
It is convenient to note that the adiabatic index tends
to infinity on the surface of the star, while the pres-
sure on the surface of the star vanishes. The values of

ρc ρb Pc vc vb γc
1017 Kg

m3 1017 Kg
m3 1034Pa c c

8.126410 3.086713 1.278207 0.4976045 0.6082809 1.662451
12.83818 3.717407 2.420873 0.4998542 0.6528634 1.440711

TABLE I: Values of the hydrostatic variables in the center and
on the surface for the minimum and maximum compactness.

the central and border densities obtained from the theo-
retical model constructed considering the minimum and
maximum compactness values for the neutron star PSR
J0348+0432 are consistent with orders of magnitude,
greater than the nuclear density ρn = 2.7× 1017Kg/m3,
associated with neutron stars. The table shows that for
greater compactness the density is greater than the cen-
tral pressure, as expected for this type of objects.

VI. CONCLUSIONS

A solution to Einstein’s equations has been presented
that can be used to describe compact objects with com-
pactness ratio u ≤ 0.2660858316. The solution depends
on a parameter that has been algebraically and graph-
ically restricted by imposing the conditions that deter-
mine whether the model is physically acceptable or not.
We have shown through graphical analysis of the behav-
ior of pressure, density, speed of sound and adiabatic in-
dex that the solution is physically acceptable. Also as an
application of the model, we describe the neutron star
PSR J0348+0432 obtaining that the maximum density
value 1.283818 × 1018Kg/m3 it happens for the value
of the mass 2.05M� and radio 12.065Km. The model
could also be useful to describe more compact objects
to the neutron star PSR J0348+0432 and according to
the obtained these stars would be more dense. This so-
lution leads to future work in which we can consider
generalizations of the model for the case of anisotropic
or charged stars, as has been approached in relation to
other solutions [55, 56] to describe other compact stars.
Or, the possibility of describing the neutron star PSR
J0348+0432 using a charged or anisotropic stellar model
and through a comparison between the possible mod-
els and based on observational data, discerning about
the convenience of some of these models on the model
presented with the interior described by a perfect fluid,
questions that could be made later.
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