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- The reductive perturbation method developed in Part I of this series is applied to
plasma waves with long wavelength, where the fluid model will be used throughout. As
typical examples, we consider the ion-acoustic, magneto-acoustic, and Alfvén waves.
The ion-acoustic wave belongs to the ordinary case to which the general theory can directly
be applied, while the magneto-acoustic and Alfvén waves belong to the exceptional cases
noted in Part I.

§ 1. Introduction

Amongst various nonlinear waves sustained in plasma, the ion-acoustic
wave in a collisionless plasma is a typical example to which the reductive
perturbation method developed in I §4 (Section 4 in Part I of this series
will be referred to as 1§4 and so on) can directly be applied. Such an applica-
tion was first made by Washimi and Taniuti! who succeeded in reducing the
original system of equations for the ion-acoustic wave into a single Korteweg-de
Vries equation under the long wave approximation. Another example to
which the reductive perturbation method can also be applied is the hydro-
magnetic wave in a cold collisionless plasma under a uniform magnetic field.
It is well known that there exist two types of low frequency modes in hydro-
magnetic waves; one is the magneto-acoustic wave and the other the Alfvén
wave. As will be shown in §3, both modes belong to the exceptional cases
noted in Part I, more precisely, for magneto-acoustic wave the coefficient
of dispersion term, u, becomes zero, while for Alfvén wave the coefficient of
nonlinear term, a, vanishes. Hence one needs some modifications of the
general method in Part I for each case. Historically speaking, the magneto-
acoustic wave is nothing but the first example for which Gardner and
Morikawa?® derived the classical Korteweg-de Vries equation which was
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98 T. KAKUTANI

originally obtained at the end of the last century by Korteweg and de Vries®
for the shallow water wave.

In this review, we first consider the ion-acoustic wave in §2 and show how
the reduction to the Korteweg-de Vries equation can be made along the general
method. Brief discussion will then be given on comparison between the
Korteweg-de Vries soliton and the observed ion-acoustic soliton found ex-
perimentally by Ikezi et al.9:3 Finally a modification of the Korteweg-de
Vries equation will be remarked when we include effective electron-ion
collisions.®) ;

Section 3 of this paper will be devoted to the hydromagnetic waves in-
cluding - magneto-acoustic and Alfvén waves. We show how the general
method in Part I should be modified for these exceptional cases. It is found
that the magneto-acoustic wave is again described by the Korteweg-de Vries
equation? except for the critical propagation angle relative to the external
magnetic field. . For the critical angle the Korteweg-de Vries equation is
modified by an analogous equation with the dispersion term replaced by the
fifth order derivative.®) It should be noted that this equation has a solitary
wave solution with oscillatory structure? instead of the usual ‘‘monotone”
Korteweg-de Vries soliton. On the other hand, the Alfvén wave is found to be
governed by the modified Korteweg-de Vries equation,® which has two types
of solitary wave solution, one being compressive the other rarefactive. Some
relating extensions will be mentioned such as inclusion of a finite temperature
effect,10::11) 3n inhomogeneity effect,12) and an effect of electron-ion collisions.13)

§ 2. Ion-acoustic wave

We consider a fully ionized collisionless plasma which consists of cold
ions (73=0) and isothermal warm electrons (7,=const=¢0). There is assum-
ed to be no external magnetic field. In such a plasma, Landau damping due
to ions cannot occur, while effect of Landau damping due to electrons may be
of the order of \/W;, my and m, being, respectively, masses of ion and of
electron. In fact, Andersen et al.19 confirmed experimentally that the effect
of Landau damping is very small provided that 7,/73==10. Therefore if we
ignore the effect of Landau damping, the behaviour of the plasma under
consideration may be described by the following two-fluid equations,
equations of continuity:

_aan71,+ div (n;04)=0, @2-1)
%’Ze—i—div (11606) =0, 2-2)

equations of momentum:
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Plasma Waves in the Long Wave Approximation 99

| (vrgrad)vi=R3,E, 2-3)

{ dve + (e grad)ve} ﬁgrad ne— R3E, (2+4)
e

together with Maxwell’s equations:

rot E=0, (2+5)
—%l;i——ﬂeve—”ivia (2-6)
div E=n;—n,, (2+7)

where ions are assumed, for simplicity, to be monovalent. In the above
equations, E is the electric field, 7; and . are the number densities of ion and
of electron, respectively, v; and v, are the velocities of ion-fluid and of
electron-fluid, respectively. All quantities have been normalized with respect
to characteristic number density 7§, characteristic speed Ujg, and characteristic
length L}, whereby characteristic electric field is defined as Eg=4mengLg, ¢
being the unit electronic charge, and characteristic frequency is defined as
wg=U}/L§. The non-dimensional parameter Rp; denotes the normalized
frequency of ion-plasma oscillation, i.e., Rp;=wp;/wp, wm—-\/%e nym; , and
the Mach number M is defined as M= U}ja, a=V«Te/m; being the ion-
acoustic speed, « the Boltzmann constant.

Since #¢/mi&1 for most practical plasmas, the electron inertia (the left-
hand side of Eq. (2+4)) is negligible, which is compatible with the neglect of
Landau damping. It should be noted here that the Mach number 4/ can also
be expressed in terms of Rp; and the normalized Debye length, that is, M=
(Rpilp)™l, where lp=Lp/L} and Lp=vVkT./(4me?nf). By taking the
divergence of Eq.(2'6) and by employing Eq.(2:7), it is shown that only three
equations are independent of each other out of four equations (2-1), (2-2), (2:6)
and (2:7).

Let us now consider the one-dimensional plane waves, in which all physical
quantities such as E(Z, 0, 0), 7, #ne, (24, 0, 0), and ve(ze, 0, 0) are functions
of one space coordinate, say x, and the time # only. Then the system of Egs.
(2-1)~(2-7) can be written in component form as follows:

Iy W) —, e
4y, 29— R, (2:3)

1 one . : .
W, oz TERE=O, (&-4)
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100 T. KAKUTANI

Bai?— =Nele— MU, (2 * 6')
3E .
’a‘ =N ny. (2 7 )

It should be noted that Eq. (25) is automatically satisfied by virtue of the
one-dimensionality and that the redundant equation (2-2) has been discarded.
The electron inertia term in Eq. (2'4") has been omitted. We assume here
that the plasma is in undisturbed uniform state upstream at infinity, so that we
impose the following boundary conditions:

E — (,
ng —> ]-)
ne —> 1, as x —> —oo, (2'-8)

'%i—"")O,

e —> 0 /

Assuming now a sinusoidal wave proportional to exp [¢(fx—w?)], # and w
being, respectively, wavenumber and frequency, and linearizing the system
of Eqgs. (2:1")~(2-7"), we can obtain the following linear dispersion relation:

Vy=t =k VoA, Vomrip, @9)

where Vp denotes the phase velocity. It is evident from this that the dispersive
character of the ion-acoustic wave is due to the charge separation, since the
Debye length /p is a measure of local non-neutrality. For long wavelength
(£L1), Eq. (29) can be expanded as

Vp=+ Vo{l———kz—}— 0(/@4)} 2-10)

which satisfies the necessary condition under which the system may be reduced
to the Korteweg-de Vries equation (cf. Eq. (1.4-10) with p=3; Eq. (4-10) in
Part I will be referred to as Eq. (1.4:10) and so on). In fact, eliminating %,
ni and e from the system of Egs. (2-1")~(2-7"), we have the following set of
equations for 7z, and #;:1%

e ax

ane 3 ]. 3%,3
5y (o) —1B 5. ( 2 Ty )(“_‘““) 0,
\ , - 2-11)
U ui Ne __
+ + Mzﬂg ox O’

which can be written in matrix form:
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Plasma Waves in the Long Wave Approximation 101

aUu oA 0U 3 d 0
"E_‘FA(U)“a“;-FaEl <Ha—§lT+Ka%) U=0, (2‘12>

with

2-13)

which is nothing but a special case of Eq.(I1.4-1) with p=3 and s=1, and all
the conditions presumed in 1§4 are satisfied for the matrix form given by (2-12)
and (2-13). Therefore it is a straight-forward matter to reduce Eq.(2:12) into
the Korteweg-de Vries equation along the prescription described in 1§4. In
fact, Uop=(}), so that eigenvalues of Ag are given by Ao=1/M=4V,,
which shows that the eigenvalues of A¢ represent the phase velocity of the
“dispersionless’’ wave in the long wave limit #—0. The right and left eigen-
vectors for A¢g=1 become

1 o
R:(I/M) and  L=QM 1), 2-14)
respectively. The other root Ag=—Vy, which corresponds to the wave

propagating along negative x-direction, leads to essentially the same results.
Introducing the coordinate-stretching defined by (note that p=3 in Eq. (1.4:3))

E=el2(x—Vy2), T=¢6%2¢, (2-15)
and expanding

U=Up+eUr+e2Us++--

(D (2)
{3
1 . .

@
0 2%
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we obtain

8 | o W L, Fe®
. aT F+a(P ?4‘# 863 ’—'0) ‘ (2 ].7)

where

2D\ 1
( ugl) )290(1)( M-1 );
a=[L(RVyAQ)R)(LR)=M-1=V,,
' b _Voh (2:18)

#=(LK0R>/<LR)=W= 9

3 V.2 0
Ko= [1 (~ Vet Kao)=( "3 ),
=] ‘

Soliton solution to Eq.(2:17) was first found experimentally by Ikezi et al.9
in the UCLA double plasma device. After refining the preliminary experi-
ment, Tkezi® confirmed recently under the experimental condition 7%/73=>30
that the observed relations among width, speed, and amplitude of soliton and
the observed number of emerged solitons show fairly good agreement with
those obtained theoretically from Eq.(2:17). He observed, however, there are
some systematic deviations of the observed results from those due to theoretical
prediction. For example, the observed width of soliton versus its amplitude
always shows lower value than the corresponding theoretical value, whilst the
observed speed of soliton versus its amplitude always exceeds the corresponding
theoretical value. They argued that these discrepancies are due to finite
ion:temperature effects such as ion reflection by the wave potential and the
Landau damping due to ions. In order to clarify this point, one must give up
the fluid model and appeal to kinetic-theoretic approach. Such a treatment
will be discussed in Part IV B. ' ‘

In concluding this section, let us mention that an effect of electron-ion
~collisions modifies the Eq. (2-17) as

@ )
gt

Jo 330 9 [ dpD 1 doD) :
92§ +p a?:a "”MZ%)‘(?(‘%"‘F“MSD(D ng )=0, 2-19)

where v is a parameter characterizing the effective collision frequency.® ' It'is
found that, instead of the soliton or cnoidal wave solution to Eq.(2:17), Eq.(2-19)
has either oscillatory or quasi-monotone shock wave solution according to
dispersion-dominant or dissipation-dominant case. It is interesting to note
that the larger the effect of dissipation becomes, the steeper becomes the shock
profile. This unusual character must be due to the fact that the dissipation
term (the last member of Eq. (2:19)) contains the nonlinear term which con-
tributes to steepen the profile. :
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Plasma Waves in the Long Wave Approximation 103

§3. Hydromagnetic wave

We consider a cold collisionless plasma under a uniform magnetic field.
Since the velocity distribution function takes a form of the delta function, we
may describe the behaviour of such a plasma by the following two-fluid model,
equations of continuity:

ng+ div (n04)=0, @3-1)

aa’; ¢ 1 div(neve) =0, 3+2)
equations of momentum:

%+(vi-grad)vi=Ri(E+vix B), | (3+3)

aaljfe +(vegrad)ve=— Re(E+ve X B), 3-4)

together with Maxwell’s equations:

- (Up 29E M%RiR.
rot B—-( ) 57 + RiLR, (n40;—neVe), (3+5)
oB
rot E=—‘"g}—“, (3‘6)
div B=0, (3-7)
. R2
div E=22 (54—n,), (3+8)
R,

where ions are assumed, as before, to be monovalent. In the above equations,
B is the magnetic field, E the electric field, #; and: 7, the number densities
of ion and of electron, respectively, v; and v, the velocities of ion-fluid and of
electron-fluid, respectively. All quantities have been normalized with respect
to characteristic number density #§, characteristic speed U}, characteristic
length L§, and characteristic magnetic field Bj, whereby characteristic frequen-
cy is defined as wg= U}[Ly and characteristic electric field as Ej= U}B;.
The nondimensional parameters Ry, Re, and Rpe are, respectively, the normal-
ized ion-cyclotron, electron-cyclotron, and electron plasma frequencies, i.e.,
Ri=w;|w}, Re=we|wh, and Rpe=wpe/wl, where w;=eB/(myc), we=eBy|(mec),

electron, ¢ the unit electronic charge, and ¢ the speed of light. Another

nendimensional parameter M/ 4 denotes the Alfvén Mach number defined as

M,=U¥V 4, V4 being the Alfvén speed, i.e., V =B§[Ndani(m;+my).
Since we are concerned with hydromagnetic waves, for which U§/cL1
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104 T. KAKUTANI

and Rpe>>1, we may neglect the displacement current in Eq. (3-5) and assume
the quasi-neutrality zj=~n,=#» by virtue of Eq. (3-8). It should be noted
that Eq.(3-6) implies that Eq.(3:7) remains valid when it is valid initially.
Thus Egs.(3:1)~(38) constitute the consistent system of fundamental equations
for the present problem. Eliminating E and v, from Egs.(31)~(3-8), we have?

'%’;——kdiv (n0)=0, (39

9 dv; _l 1 _L . . d (1
MA——dt = rotBx B+ Z, {( " rotB gfad)vz+ﬁv<7zvrot3)}

. 1 me \[ 1 ) 1
5 R.R, (1+ - )(n rétB grad)(—; rot B), (3+10)
oB ) . 1 dvg )
O =rot@ix B — - Ri,rot(w), (3-11)

where d/dt=23/3¢t+(vi-grad). Thus we arrive at a one-fluid model, that is, we
can formulate the problem in terms of the magnetic field and the variables of
ion-fluid only. In this sense, one may call it ‘“magneto-ion-dynamics’16) in
analogy with the usual magnetohydrodynamics. It is interesting to note that,
in the limit of Rj— oo and Re—> oo, the system of equations (3:9)~(3-11) takes
the same form as that of the ideal (lossless) magnetohydrodynamics of
negligible pressure (note that we have assumed cold plasma). Moreover R;
and R play a similar role to that of the hydrodynamical and magnetic Reynolds
numbers, in the sense that their roles become appreciable for high frequency and
short wavelength. The essential difference is that the hydrodynamical and
magnetic Reynolds numbers are measures of dissipation while &; and R, are
those of dispersion. In this sense, the magneto-ion-dynamics is a sort of
“dispersive magnetohydrodynamics” and R; and R, may be called, respectively,
dispersive ion and electron Reynolds numbers. A systematic derivation of
the magneto-ion-dynamics was first made by Kawahara, Taniuti and the
present author with including an effect of isothermal electron pressure.l6)
The conditions for the validity of the equations, in particular, the conditions
for the validity of the neglect of the displacement current and of the charge
separation are established in their paper.

Let us now consider one-dimensional plane waves and take Cartesian
coordinates (x, y, z) with the x-axis parallel to the wave normal under the
presence of a uniform magnetic field Bo(cos#8, sinf, 0), where 6(0<0<n/2) is
an angle between the wave normal and the applied uniform magnetic field.
Then all quantities 7, vi(x, v, w), and B(Bgz, By, B;) may be assumed to be
functions of one space coordinate x and the time ¢, except for By(=cosb) which,
by virtue of Maxwell’s equations, can be shown to be identically constant. The
basic system of equations (3-9)~(3:11) then reduces to
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Plasma Waves in the Long Wave Approximation 105

o(nw) .9’
az+ 5 =0 3-9)
) 1 5 (B3+BD]=0, (3:10"a)
dt  M%mn 3 [2 '

a’v_ Bz aBy ]. il’_w l _z)_____ . ’
dt  M¥%n ox + M2 Re a’t(n ox =0, (3-10')
a’w_ Bx aBz d ]. o . ’
dt  M3n ox M2 2 Re E(Z )‘ (3:10%)
By _p v aw. (3.11'a)
L — Byt By g R ax(a’ ) 0 (3:11%a)
4B, duw 1 9 [dv\_ R
B, % + 8,2 ol (W)—O’ (3-11'b)

where d/dt=20/0¢+ud/0x. We assume, for simplicity, that the plasma is in a
uniform state upstream at infinity, so that we impose the following boundary
conditions:

" —> 1, \

u — 0, .

v — 0, ,
w — 0, as x —» —oo, (3-12)
By— sin,
B,— 0

As for the case of ion-acoustic waves, it is instructive to investigate first
the dispersion relation in the linearized limit. Linearizing the system of
‘equations (3:9)~(3:11") and assuming a sinusoidal wave proportional to
exp [£(Ax—wt)], we obtain the following dispersion relation: '

Vg=%
_ 1
- 2M (1 +MPRIR;AR)

X [‘/(1 + cos 6)2+ {(%-{—%)cosz -+sin?f-+2cos 0}M;2R;1R;%/é2

:*:l/(]‘ —cos§)24 {( Re - )00520+51n2 60—2cos B}M PRTIR;1A? } ,
(3.13)

where 1’3 are the phase velocities, £ the wavenumber, and w the angular

freugency, and where we have discarded the wave propagating along the
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106 T. KAKUTANI

negative x-direction, because it leads, as for the case of ion-acoustic wave, to
essentially the same results. Inspection of the relation (3-13) shows that there
are three cases for which the phase velocity coincides with the group velocity.
Two of them occur at £#—0 and the other at =4y, say. Since we are concerned
here with long waves, we shall consider the former only, while the latter has
been dealt with by Mizutani and Taniutil? for steady oblique propagation
and by Taniuti and Washimil® for parallel propagation 1nclud1ng unsteady
regime(see also Part IIT B).

For long waves with small values of £, we can expand (3:13) as power series
in 42 as follows:

=V {l+B=£2+ O(4%}
with
Vi=ar  Vi= 3}’2", | (3+13)
st/ B o
O Sl 6 ) T

We may intérprete I'$ as the phase velocity of the magneto-acoustic wave while
Vp as that of the Alfvén wave, because I’§ and "3 represent, respectively,
the phase velocities of the magneto-acoustic and Alfvén waves for ideal (non-
dispersive) magnetohydrodynamics. |

It is obvious from (3:13’) that the coefficient of 42 for the magneto-acoustic
wave, V§B*, vanishes at the critical angle 6, given by

00=tan"ﬁ1( e %)=tan—x( oy e ) (3-14)

while the coefficient for the Alfvén wave, V'§B™, is negative definite. There-
fore the Alfvén wave has a uniform negative dispersion irrespective of the
propagation direction relative to the external magnetic field, whilst the
magneto-acoustic wave has positive or negative dispersion depending upon
the propagation angle. We have adopted here the convention that a dispersion

effect is called to be positive if the phase velocity increases with the wave number.

When 6=0,, the phase velocity for the magneto- -acoustic wave, V%, may be
expressed as follows:

=V §{14+BcA+ 0(£5)},
| 1 (3-15)
Bo=— 2M%4 R2R? sin%,

It should be remarked here that the expansions (3-13") are valid under the
condition
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Plasma Waves in the Long Wave Approximation 107

1 (R, R .
(1—cos 6)2> MRR, {( )2 + 7, )c0520+sm20—2c059},é2, (3-16)

which is roughly equiValent to

437%{1%2 ’
> m AR R (3+16)

for 8K 1 and me/mi&K1. Therefore as 6 approaches zero, the wave becomes
arbitrarily “smooth”. In this sense one must regard the limit §—0 as an
asymptotic one.
In view of the relation
d{d\_9d/[d du 9 '
i\ ae )= e i) o a 817
together with Eq. (3:9’), the system of equations (3-9")~(3-11) can be trans-
formed into the matrix form:?

oU oU 2 d 0
G FAW 5+ [ [Hegy + K ey U=0 319
with ,
[ 7\ \
y ,
v
U= )
By
w
\ Bz/
A+ B
A= 4 )
u n 0 0
A+ . 0 U 0 Mzzn.—lBy
10 0« —MPn 1B, |
0 B, —By y
_ | u — M Pn 1B,
4 ——( — By u ),
0 0
B 0 MPn1B, 3
0 0 ' -~ (3+19)
0 0
0 0 0O
¢ —( 0 B, 0 0 )’
Hy —O:
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_( 0 &3
K*‘:(‘O 0 0 ——M;zke’ln‘l)
170 0 R;t o /)
0 0
_ | 0 0
Kl‘( 0 MPBRx)
— Rl 0
Hz =-[)
Ko =ul, /

‘where 7 stands for the unit matrix. This is of the standard form of Eq.(I1.4-1)
with p=2 and s=1.
Let us now consider a solution in the neighbourhood of the uniform state

(3-20)

2]
—

SO OO -

(cf., the boundary conditions (3-12)). Then the matrix Ao takes the following
irreducible form:

45 0
Ao_( X Ao‘>’ (3+21)
and the eigenvalues of A4y become
=0, +V§; +Vy, (3-22)

which correspond, respectively, to the contact surface, magneto-acoustic wave,
and Alfvén wave. Since we consider here the progressive waves, we shall
discard the contact surface specified by A¢=0.

3.1 Magneto-acoustic wave (08;)

Let us first consider the magneto-acoustic wave specified by Ag== V' § under
the condition 6=6,. Historically speaking, this is the first example for which
Gardner and Morikawa?® obtained the Korteweg-de Vries equation for the
special case of transverse propagation 6==/2. Then Berezin-Karpman,1¥
Morton20 and Kakutani-Ono-Taniuti-Wei? have extended the results to
general propagation angle 82c7/2. In their analysis Berezin-Karpman restrict-
ed themselves to the propagation angle which satisfies Vime|my Lm[2—0K1,
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Plasma Waves in the Long Wave Approximation 109

for which electron inertia is negligible.. In this connection, it should be
noted that when cot@=wme/m; electron inertia cannot be neglected even if
me[mi<1 (cf., (3:13") and (3:14)). On the other hand, Morton did not
discriminate clearly between magneto-acoustic and Alfvén modes.

Now that the system has been reduced to the standard matrix form given
by Eq.(I.4:1), let us try to proceed along the prescription described in I§4.
It should be noted, however, that

0 D-
K"“a”l(_ Vi H o+ K go)= ( JA )
_(0 0 )
0 0 ——M (3.23)
0 0
0 0
D" =( 0 —MBR |
2Rt 0 /

which represents the interchange between the two invariant subspaces as-
sociated with 4§ and Ay (cf,, (3:21)). On the other hand, the right and left
eigenvectors for the magneto-acoustic wave, Ag=V§, become respectively

+
R:("g) and  L=(Z* 0), )
where |
1 (3:24)
M-t . ,
Rt= M"fcota y Lt=0 Mysin@ —M 4cos8 1).
—M 4
cosec

Therefore a direct application of the general theory developed in I§4 leads to
p=(LKoR)/(LR)=0. (3+25)

It is thus found that the magneto-acoustic wave belongs to the: exceptional
case for which the coefficient of dispersion term becomes zero, hence, for
magneto-acoustic wave, the ordering specified by the expansion (1.4-2) and the
coordinate-stretching (1.4-3) with p=2 is not valid. In fact, the dispersion
relation (I.4-10) with p=2 shows that the lowest order dispersion first appears

from the order of O(42P-1), that is, the dispersion relation takes the explicit .

form given by (3-13"), which suggests the following coordinate-stretching
E=el2(x— V' {2), T=¢%2¢, (3+26)

instead of (1.4-3) with p=2. On the other hand, a simple dimensional argu-
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110 T. KAKUTANI

ment then suggests that the expansion of the dependent variables should be

Ut=3 U, (3-27 a)
=0
U-=e2 3 U7, (3:27b)
. =1
instead of (I.4-2), where |
” 1
| = . + | O 2.
Ut= v with  Ug= 0 (327 ¢)
By sin 6
and
U——_-( w ) with U—=( 0 ) (3-274)
B, o7\ o0

In terms of the new variables (§, 7), Eq. (3:18) takes the form:

U 3 2 8 2
e H(—VEI+4 )——a—%+sl/2agl {(— ViH+ K35 +eta —g} U=0.

(3-28)
In view of the property of H, and K, given by (3:19), the last term of Eq.(3:28)

can be expressed as

an [ Vil Ky el U=arn apU, (329
a=]

=0

where Dy takes the form

[0 Dq‘)
D ”‘( Dy 0
with

Dﬁ::]{ff[aa—g{(— V) —%—H

02
+__ K=
Dy=Kji otor’
D=0 |

Hence Eq. (3-28) splits into the following two parts:

e——-l—( V+]—|~A+\a + 89 +elfzzsqu =0, (3-30a)

f
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2V (- Vil o

By virtue of the expansions (3-27), we may expand 4, 5, C, and Dy as the
power series in &:

42U Lar s apsut=0.  (3-30b)
0¢é a=0

4%= % 45, (3-31a)
B—el? jé &1 B;, (3-31b)
C=el? 1:31 &C;, (331 ¢)
Di— jéoefd;;j, | (3-31d)

in which

AF=UTFurAd*), df=UT "V uDg)o

By=U7-(Pu-B)y, diy=d$,0%/082,
Ci=U1Fu-Co, dt=—V§K%

Substituting (3-27) and (3-31) into Eqs:(3-30) and equating terms with the same
powers in ¢, we obtain the following sets of equations for each power in e.
First we have for ¢l:

Ul__

(—VEI+A) —— 0 =0, 3+32a)

(—VEI+A4y) aa(él +dgUT=0. (3:32b)
Equation (3-32a) can be integrated at once, giving rise to

Ut=R¥p", (333)

‘where ()" is one of the components of U7 1 (here we set p()"=xM)), and where
‘the boundary conditions (3:12) have been used to specify an arbitrary function
of 7 resulting from the integration. Substitution of (3-33) into Eq. (3- 32b)
gives an expression for U7 in terms of @M)*, that is,

. 1)+ l
Ui=—(~V§l+ A5y tdsR 20 (3+39)
Next we have for &2:
+
(= VET+AD) aU _OUL 4 0U% e v (335 a)
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(—V§T+4) 2o +diyU

_oUy _
T or —A3

oUT oUYt ‘

agl —C1—+ 5 —dt, UT—d§ U (3:35b)
Multiplying (3:35a) by the left elgenvector L* of Af, and remembering the
relation (3:34) we obtain finally

)+ O+ + 33+

dp D+ _ .
—T—+ ® P13 ¥ €3 =0, (3 36)
where
a=[LH (R d¥)o) (LR =52 —=3 i,
= —[Ltdg(— VEI+ A7) Ad} R+]/(L+R+) (3-37)
- 1 Re /R \?
—_— Rt = 17/ e __ /L& 2
=—ViEB SMER,R, {1 ( R, Re) cot 0}

Thus we arrive at a conclusion that the magneto-acoustic wave can also be
governed by the Korteweg-de Vries equation under the long wave approxi-
mation, and that the coefficient of the dispersion term, p, exactly corresponds
to the coefficient of £2 in the dispersion relation (3:13"). -

The modification of the general method adopted in this section can be
extended to more general case satisfying the following conditions:?15)
(1) For the equation given by Eq.(I.4-1) with s=1, the matrix 4 has the
representation

(3-38)

=" &)

c 4

in which 4+ and A~ are respectively m X m and (n—m)X (n—m) matrices,
which are functions of U+ only, while the elements of the matrices B and C are
linear combinations of the components of U~ multiplied by functions of U+
only, where U%* are defined by

Uy Um+1
+
U=(g__); Ur=| % |, yo=| #me | (3+39)
Um Unp

(2) There exists a uniform state given by

oe{ 50)-(5)
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and U* can be expanded around the uniform state as power series in the scale
parameter ¢:

(>~

Ut=3 d U, (3+41 a)
j=0
U-=e2 3 & U5. (3+41b)
j=1 ;

(3) Ao has an irreducible representation:

+
Ag 0 ) (3-42)

A0=( 0 A;

where the eigenvalues of AY are real, at least one of them is nondegenerate,
finite, and nonzero and is not equal to any eigenvalue of A4j.

(4) H,and K, are functions of U* only, and the operator in the last term of
Eq. (I.41) takes the following form:

p 0 0 0 D
Hlegevtags)=( pe 3 ) s (3:43)

(5) U tends to the uniform state Uy as x—>—oo.
If the above five conditions are satisfied then the original system given by

Eq. (1.4+1) can be reduced to the Korteweg-de Vries type equation under the

coordinate-stretching defined by

1
200—1)"

where A} is the nondegenerate, finite, nonzero eigenvalue of 4§, which is not
equal to any eigenvalue of 45. The procedure of the reduction is quite parallel
to that given in this subsection for the magneto-acoustic wave (8=¢0c).

E=d(x—Nt), =l b= (3-44)

3.2 Magneto-acoustic wave at the critical angle 0=0,8

As was already remarked, when the propagation angle 6 of the wave
relative to the external magnetic field becomes the critical angle 8. given by
(3-14), the dispersion parameter V'§B* becomes zero, so that one needs a further
modification similar to that employed in the preceding subsection, §3.1.

Since the dispersion relation at the critical angle is given by (3:15), which
shows that the lowest order dispersion first appears in the order of O(44) instead
of O(#2), we should stretch our coordinates as follows: |

E=el2(x—V§E),  T=é2 (3+45)

Equation (3:18) then takes an analogous but slightly different form from that
of Egs. (3-30). Employing the same expansions as those given by (3:27), and
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carrying out a similar procedure to that in the preceding subsection, one finds
that

Ut=U5=0, (3+46)
and that ' '
0@+ 3 PYNC 5o+ v
- %T +3 Va’w‘z’*“—%g““-l— ViBe 7%5‘“ =0, (3+47)

where (@7 is one of the components of U3 (we set here p@+=#(®), Equation
(3-47) is of a generalized form of the Korteweg-de Vries equation in the sense
that the dispersion term is replaced by the fifth order derivative.

It was found by Kawahara® that Eq. (3:47) has an oscillating solitary
wave solution instead of the ‘‘monotone” Korteweg-de Vries soliton. He
considered the following type of equation: .

0 0 03 2

and found that the solitary wave solution becomes to have an oscillatory
structure if an effect of s term dominates over that of g1 term.

A generalized system in which the lowest order dispersion first appears
in the higher order in £2 can also be dealt with by a similar way if we modify the
corresponding coordinate-stretching appropriately.®

3.3 Alfvén waved

. For the case of Alfvén wave specified by Ap= I, it is natural to introduce
the coordinate-stretching defined as

E=el2(x—V5t),  r=e¥2, (3-49)

in analogy with that for the magneto-acoustic wave (cf., (3-26)). - We have
then an analogous system of equations to that of Egs. (3-30a) and (3:30b) in
which V§ is replaced by V5. If we attempt a similar procedure to that used
in §3.1 based on the expansions of the dependent variables defined by (3-27a)
and (3:27b), then with the boundary conditions (3-12) we have

Ut=0, (3-50)
and we obtain the following linear equation:

o B~ .

J%;,,,,_ VeB "f%pgng(), ‘ (3+51)

where ¢~ is one of the components of UT, i.e., oV~ is either w® or B, It

is thus found that the Alfvén wave belongs to the exceptional case for which -

nonlinear term vanishes under the same ordering to that of the magneto-
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acoustic wave. Physically speaking, this may reflect the fact that in this
ordering the Alfvén wave is essentially “‘transverse” wave and is not accompani-
ed by the density change. On the other hand, however, earlier investigations
on steady regime by Kazantsev2D) and also by Kellogg?? have shown that even

the Alfvén mode has a solitary wave solution associated with it, though this is

obviously not possible for a linear equation such as Eq. (3-51). Therefore in
order to take a nonlinear effect into account we must modify the ordering of
the dependent variables. A dimensional argument concerning the ‘balance
between nonlinear and dispersion effects suggests that the appropriate expan-
sions of the dependent variables should be

Ut= 5 d2UT, (352 2)
§=0 7
U= jéoej’z U;, (3:52b)
where
n(O)
u(O) _ w(O)
U—(*)-z 7)(0) and UO =( Bg)) ) ’

B:('_IO)

which are not constant but functions of (¢, 7). The boundary conditions (3-12)
- now imply that

1
Ut — g , U',,‘—-»(g> and Uf—0 (j=1,2, )
sinf as é—> —oo.-  (3+53)

The essential difference between the expansions (3:27) and (3-52) is that we take
into account in (3:52) ‘‘zeroth” order deviations of the dependent variables
from the uniform state. It should also be noted that the series expansions
(3-52) are not in integral powers of ¢ but in half-integral powers of ¢, and that
the perturbations of all quantities are of the same order of magnitude with
respect to one another. ' ’ |

Substituting (3+52) into the system of equations analogous to that of Egs.
(3:30a) and (3-30b) with I'§ replaced by Vg, and equating terms with the same
powers in ¢12, we obtain the following sets of equations for each half-integral
power of &.

For 9, we have

oU; ﬁ
52=0 (354 2)

AlJT
(— V5445 258+ Bo
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- +

agj; +Go aan" 0. (3-54b)

~ Since 4§, B,, and Cy are functions of U ¢ which are now not constant but
functions of (¢, 7), there seems to be no elegant method to integrate Egs.
(3:54) unlike the case for magneto-acoustic wave. It may, therefore, be
more convenient to deal with Egs. (3:54) in component form rather than in
matrix form. Expressing the system of Eqgs. (3:54) in component form, and
remembering the boundary conditions (3:53), we obtain

(=Vol+4g)

nO=1, \
2£® =0,

B2 BM2—sin?f, > (3+55)
M 0@ 4 B)>=siné,

M ;@ + B =().

Next for 12, we obtain
W cosO— M u® =0,
M 4@ cos6— (B BP + B BL)=0,

, 1 8BY
(L D 4
M By == o e

1 9B®
@ D __ 0by" 3+56
Mo+ B = oo (3+50
» 1 0w®
Ie¥) @) RO, __ ~
MAU +By By n Ri af ’
1 av(O)
R 98 /)

MAw(1)+B§1)~—B§°)n(1’=

which gi\'zé

1 1 1 \oBY
0, i 2
By'n MA( ) o¢ '

| | (3:57)
a1 (1108
A 7

ot "’
for &1,

7@ cos 0— M 422 = M ;nWVy Q) . \
1
M 4® cos§—(BY BP -+ BY Bgm):?(g(yl)z + B2,

0v®  9BP 1 0BY 1 o2BY
e e Ve o M4R. o
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1 0 ([ 1 aB(°)>
tar, s o0
0w® 9B _ 1 3B® , 1 By
AT5¢ o6 V; or M, R, 0€2 (3+58)
e S 222
MR, ¢ o¢ |’
0% | 9BP 3 ,po e 1 aBy DBADY
MAa—§+ o W(B )— g(" By”)
1 2w® 1 0 { @ 08P 0 /o (i>2
+_R; 0€? +MAR’Z €\ ot ) 0§ By
ow® | 9B 3 poven_ L 9B | 2 . apa
MaTag 9 — g P =y e Tag B
1 9% ] 0 / @ 0B (0, (12
Ri o8 MR, 9E\" 3 ) '55—_(_3‘2” ) )

where (3:55)~(3:57) have been used. Eliminating the higher order terms in
(3:58) by means of the relations (3:55)~(3+57), we have

1 (po 0B <o>53‘°)) 1 (,.L__Lz 290 (1 6‘35/‘”)
VO(B o 5 o o \ & Rz) o056\ B ae
1 oY azB(O) - (0)&)__
—SIERE, (Bz w — BT )=0,  (3:59)
where

b= [ Bt
It is now convenient to introduce new variables (B©), ®©) defined as
BY =B cos O, B®— BOgind©, (3+60)
The third line of (3:55) then gives
B®2=5in2f=const. (3-61)
In view of (3-53) and (3-60), the boundary condition for @© is given by ®©—0

as ¢—>»— 00,

In terms of the new dependent varidble @, we can rewrite Eq. (3:59) as

{1 900 g 2300 B—( B0 )3} 5200

ﬁ or 03 o€ 0&2 ,
_ 00 5 (1 00 s aaqs(o))
T ¢ of \Vo or o0& )’

which can be integrated once with respect to ¢, giving rise to
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o090 1 op© 53¢ (0)
oy Vi (% [ v

- where the boundziry condition for ®© and the linear dispersion relation (3:13")
have been used. Since #P =M} R;1—R1)DPP[o¢ by virtue of (3-57) and
(3+60), we can rewrite Eq. (3-62) as an equation for #(U:

=0, (3-62)

aﬂ(l) 712 ontl) 33%(1) __ .
a2, D, 363

where
3 V= _;.,l[ R~ R—1)—
as 2 OB %4( il 61) 2)

p=—"Vap.

Thus we arrive at a conclusion that the Alfvén wave is governed by the modified
Korteweg-de Vries equation. It should be noted that not only the dispersion
term but also the nonlinear term is affected by the dispersion effect, since a
contains the dipersion parameter B~. It is also noted that there are two types
of solitary wave solution to Eq. (3:63), one being compressive and the other
rarefactive, and that they coincide exactly with the approximate steady solutions
obtained by Kazantsev2l) and roughly coincide with the exact steady solutions
obtained numerically by Kellogg.22

The problem of hydromagnetic waves considered here has been extended
to various cases. One involves the inclusion of the plasma temperature.
Starting from the Vlasov equation, Kever-Morikawal® showed that the
magneto-acoustic wave is governed by the Korteweg-de Vries equation even
in warm plasma. By taking account of the electron temperature, Kawaharal?
also showed that the magneto-acoustic wave is governed by the Korteweg-de
Vries equation, whereas the Alfvén wave is governed by the modified
Korteweg-de Vries equation similar to Eq. (3463). In these cases, the
coefficients of the resulting equations are, of course, functions of plasma tem-
perature. The second extension involves the examination of an effect of
electron-ion collisions. In this case, the governing equations describing the
magneto-acoustic wave can be reduced to the Korteweg-de Vries-Burgers
equation,13 which has either oscillatory or monotone shock wave solution
according to dispersion-dominant or dissipation-dominant case. Another
extension is concerned with the examination of an effect of inhomogeneity of
the plasma density and that of the applied magnetic field.12 Effect of in-
homogeneity of the wave media has been discussed in Part 11 B of this series
from a generalized point of view.

In concluding this paper, we refer the interested reader to Jeffrey and
Kakutani?3® who reviewed other examples, such as water waves and lattice
waves, for which the reductive perturbation method can effectively be applied.

(3-64)
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