UNIVERSITAT POLITECNICA
DE CATALUNYA
BARCELONATECH

UPCommons
Portal del coneixement obert de la UPC

http://upcommons.upc.edu/e-prints

This is an Accepted Manuscript of an article published by Taylor &
Francis in Journal of thermal stresses on 18/17/2020, available
online:

https://www.tandfonline.com/doi/10.1080/01495739.2020.1780176.

Published paper:

Bazarra, N. [et al.]. A poro-thermoelastic problem with dissipative
heat conduction. "Journal of thermal stresses”, 18 Juliol 2020.
doi: 10.1080/01495739.2020.1780176

URL d'aquest document a UPCommons E-prints:

https://upcommons.upc.edu/handle/2117/328295



http://upcommonsdev.upc.edu/
http://upcommonsdev.upc.edu/
http://upcommons.upc.edu/e-prints
https://www.tandfonline.com/doi/10.1080/01495739.2020.1780176
https://www.tandfonline.com/doi/10.1080/01495739.2020.1780176
https://upcommons.upc.edu/handle/2117/328295

A PORO-THERMOELASTIC PROBLEM WITH DISSIPATIVE HEAT
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Abstract: In this work, we study from the mathematical and numerical points
of view a poro-thermoelastic problem. A long-term memory is assumed on the
heat equation. Under some assumptions on the constitutive tensors, the resulting
linear system is composed of hyperbolic partial differential equations with a dis-
sipative mechanism in the temperature equation. An existence and uniqueness
result is proved using the theory of contractive semigroups. Then, a fully discrete
approximation is introduced applying the finite element method to approximate
the spatial variable and the implicit Euler scheme to discretize the time deriva-
tives. A discrete stability property is obtained. A priori error estimates are
also shown, from which the linear convergence of the approximation is derived
under suitable additional regularity conditions. Finally, one- and two-numerical
simulations are presented to demonstrate the accuracy of the algorithm and the
behavior of the solution.

Keywords: Thermoelasticity, porosity, dissipative mechanism, finite elements,
discrete stability, a priori error estimates.

1. INTRODUCTION

We believe that the porous thermoelasticity is the easiest extension of the classical theory of
thermoelasticity. Apart of the usual elastic deformations and temperature, it incorporates the
volume fraction, which determines the porous structure of the material. The linear isothermal
theory was proposed by Cowin and Nunziato [1, 2], but it is also worth recalling the contribution
of Tesan [3], where thermal considerations are incorporated to the linear case. Porous thermoe-
lasticity is a theory widely accepted, and the quantity of contributions involving it is huge (see,
among others, [4, 5]), because it describes the evolution of thermoelastic solids with small dis-
tributed pores. Among the physical applications of this theory, we can point out rocks, soils,
ceramics or woods, as well as biological materials as bones or dentures. In recent years, a big deal
has been developed to understand the time decay of perturbations [6, 7, 8, 9, 10, 11, 12, 13, 14].

Heat conduction theory based on classical Fourier law is very often used in engineering studies;
however, this proposition violates the “causality principle”. Indeed, it is well known that inside
the Fourier theory the thermal waves propagate instantaneously. This fact is not well accepted
and many scientists have proposed alternative theories to overcome this paradox. The most
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known theory is the one based on the Cattaneo-Maxwell law, which introduces a relaxation
parameter in the Fourier law and which brings to a hyperbolic heat equation. Other theories
have been proposed [15, 16, 17]. We here want to emphasize the one considered by Gurtin [18].
In this case, the author imposes a thermoelastic theory where the entropy is invariant under time
reversal. It is worth noting that, in comparison with other non-classical heat conduction theories,
the one suggested by Gurtin has deserved few attention. Although it can be extended to other
thermomechanical situations, the number of contributions that we can find in the literature is
low [19, 20].

In this paper, we start with the general equations in the porous thermoelasticity which can
be obtained from the papers of Gurtin [18] and Ciarletta and Scalia [21]. Then, we propose a
particular sub-class for the constitutive relaxation functions in such a way that we can recover
the recent proposition called as Moore-Gibson-Thompson thermoelasticity. We believe that this
fact is remarkable as well as it is worth recalling that this theory has deserved a big interest in
the last two years (see, for instance, [22, 23, 24]).

Here, we consider the poro-thermoelastic theory based on the heat conduction of the Moore-
Gibson-Thompson type. First, we recall the basic equations for the theory. An existence and
uniqueness result combined with the stability of the solutions is obtained. Later, using the finite
element method to approximate the spatial variable and the implicit Euler scheme to discretize
the time derivatives, fully discrete approximations are introduced. A discrete stability property
and a priori error estimates are shown, from which the linear convergence of the algorithm is
deduced under suitable additional regularity conditions. Finally, some one- and two-dimensional
numerical simulations are provided to demonstrate the accuracy of the approximation and the
behavior of the solution.

2. BAsIC EQUATIONS

In this section we describe briefly the poro-thermomechanical problem (see [18, 21] for details).

Let B € R%, d = 1,2,3, be the domain which occupies the thermoelastic material and denote
by [0,T], T > 0, the time interval of interest. The boundary of the body, denoted by 0B, is
assumed to be Lipschitz. Moreover, let € B and t € [0, 7] be the spatial and time variables,
respectively. In order to simplify the writing, we do not indicate the dependence of the functions

on x = (:EZ)?:Z and t, and a subscript after a comma, under a variable, represents its spatial
derivative with respect to the prescribed variable, that is f; ; = a—fl The time derivatives are
L

represented as a dot for the first order and two dots for the second order, over each variable.
Finally, as usual the repeated index notation is used for the summation.

We recall that the evolutions equations are the following:

pl; = tijj,
Jo=hi;+g,
Ton = iy,

where u = (ui)?zl, tij, ¢ and 1 denote the displacement vector, the stress tensor, the volume
fraction and the entropy, respectively, and p, J, h;, g, Tp and ¢ are the mass density, the equi-
librated inertia, the equilibrated stress, the equilibrated body force, the reference temperature
(that we assume equal to one to simplify the calculations) and the heat flux vector, respectively.
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Following the thermoelastic theory proposed by Gurtin and restricting our attention to materials
with a center of symmetry, the constitutive equations are:

= [ (Gt = 5)emn() + Byt = )0(5) Lyt = 96(5)] ds,

—00

hi = /_; [Aij(t — 5),5(s) + Mi;(t — 5)94‘(5)} ds,

g= /_ ; [—Bij(t—s)éij(s) —b(t—s)é(s)+m(t—s)9(s>} ds,
0= /_ too [zij(t — 5)éij(s) + a(t — 5)0(s) +m(t — s)é(s)] ds,

g = /_ ; [kig(t = )6,(5) + Myi(t = 5)5(5)| s,

where 6 represents the temperature field and Gjmn, Bij, lij, Aij, M;i; and k;; are constitutive
tensors, and b, m and a are constitutive functions.

In this theory it can be proved that
Gijmn = Gmnij,  lij = i, Ay = Aji,  kij = kjs,
In this paper we restrict our attention to the case that the constitutive tensors and functions
are given in the following form:
Gijmn (T, 5) = Gijmn(x), Bij(z,s) = Bij(x), lij(x,s) = lj;(x),
Mi'(mv S) = Mij(m)7 m(m7 S) = m(m)7 a(?la 8) = a(a:), b(ma 8) =
kij(®,s) = kij(®) + (77 kg () — kij(@))e ™™,
where 7 is a positive constant.

Hence, we obtain the system:

pii; = (Gijmnum,n + Bij¢ — (0 + Té)) ,

. 2] .
(2.1) Jop = (Aij¢,j + Mij(a,j + T@J))J — Bijum —bo + m(0 + T@),

Taé + aé = —lij’L'LiJ' — qu + (Mji(JSJ + k?;(j()é,j + k‘ije,j) K

N2

where « is the thermal displacement given by

(2.2) a(z,t) = o’ (x) —i—/o 0(x,s)ds

for a given function a.

This is a system of hyperbolic partial differential equations with a dissipative mechanism at
the temperature. In the following section, we will obtain existence and uniqueness of solutions
under suitable assumptions.

Remark 2.1. If we assume that the material is isotropic and homogeneous, then system (2.1)
becomes

pits = pi jj + (A + phug i+ Boi — 105 +70,), ,
(2.3) J(ﬁz A(Z_s,jj + M(Oém’ +.T97jj) — BUM —bo + m(9 + T@),

700 + af = —li;; — mo+ Mo + Koy + K0 jj,

where the thermal displacement is obtained from equation (2.2).
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In the one-dimensional case, the previous system reads:

P@_:Numm‘i'B@w_l(e“‘Té)ma ]
(2.4) J(b": A(.bm + M(agy + T0z:) — Bugy — bp + m(0 + 70),
Tah + af = =i, — mo + M P, + K gy + KOyy.

To determine a problem we need to impose initial and boundary conditions. Thus, we assume,
for a.e. ©x € B,

s f @0 = @), w0 = @), ow.0) = P@), a0 = 1),

' Oé(ZIZ,O) = ao(w)y Oé(il), ) = eo(w ) a(w70) = 60(&:)7
where functions u’ = (u?)le, vV = (v?)le, 2, ¢°, 6° and €0 are prescribed functions, and
(2.6) ui(x,t) = ¢p(x,t) = a(x,t) =0 for a.e. x € OB.

We state now the assumptions on the constitutive coefficients. First, we impose that all of them
are bounded and also that

(i) p(x) > po>0, J(x)>Jy>0, a(x)>ay>0, blx)>by>0.
(ii) There exists a positive constant C such that

/ (Gijmnti jtmn + 2Biju; jé + bg?) de > Cy / (ui jui; + ¢°) de,
B B

for every vector u; vanishing on the boundary of B and every function ¢.
(iii) There exists a positive constant Cy such that

Aijpidj + 2M;50:i&5 + ki;6i€5 > Cadiddi + §i&i),

for every vectors (¢;), (&).
(iv) There exists a positive constant Cs such that

Fij&i&j > Catiti,
for every vector & where Eij = kij — Tk;kj.
We note that the previous conditions are natural. The physical meaning of condition (i) is
obvious. Condition (ii) can be interpreted with the help of the elastic stability meanwhile

condition (iii) is also needed to guarantee that the internal energy of the system is positive.
Condition (iv) is usual in the context of the problems related with viscoelasticity (see [22]).

3. EXISTENCE AND UNIQUENESS OF SOLUTION

In this section we assume that the assumptions (i)-(iv) hold. Our aim is to show an existence
and uniqueness theorem for the solutions to the problem determined by system (2.1) with initial
conditions (2.5) and boundary conditions (2.6).

We study our problem in the Hilbert space:
M = [Hg(B)]? x [L*(B)] x Hy(B) x L*(B) x Hy(B) x Hy(B) x L*(B).
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We define the inner product:

1 — - _
< (u7 v, ¢7 TIZ), «, 97 5)7 (u*7 ’U*, ¢*7 ¢*7 OZ*, 9*7 6*) >= 5 / <PUiU§k + Gljmnuujurn,n + b¢¢*
- __  __“4JB * _ _ __
Bij(uijo* + uf ;0) + Mij((ev; + 703)9% + (o + 70%)9,5) + Aijdi¢"; + Thij0 07
+Jp* + a(T€ + 0)(TEF + 0%) + ki + TH,i)(afj + T@:})) dx.
We note that this inner product is equivalent to the usual one in the Hilbert space H.

We define the operators:

1 1
Aju = ;(Gijmnum,n)Ja Bi¢ = ;(Bij¢),j7

| -1
Cif) = 7(11'3'9)73'7 D¢ = 7(7113'5)73',
1 -1
E¢ = —[(Aijo ;)i —bgl, Fa= T(Mija,j),i,

GO = j[(TMije,j),i + m@], Hu = _71Bijui,j,
K?[) = %TRTTIZ), Lv = ;—1lijvi7j,
My = =24, No = —(Mjip),i
1’7'(1 TAQ 1
Pa = E(’ﬁj@j)m QO = E(kijevj)m
RE = T_lfa A= (Az)7 B = (BZ)7 C= (Cl)v D = (D2)7

and the matrix operator:

0 I 0 0 0 0 O
A 0B 0 0C D
000 I 00 O
A=| H 0 E 0 F G K
000 0 0 I 0
000 0 0 0 I
0 L N M*P Q R

So, we can write our problem as

iU o
— =AU, U(0)=U",

where U = (u, v, ¢, 1, o, 0,¢) and U® = (u,0°, 0%, 90, a0, 6°, £0).
We note that the domain of the operator A is the subset of the Hilbert space H such that

ve[H)(B)Y, 1,0, € Hj(B), wueclH*B),
E¢+ Fa+Goc L*(B), No¢+ Pa+Qfc L*(B).

It is clear that it is a dense subspace of H.
Theorem 3.1. The operator A generates a contractive semigroup.

Proof. We have seen that the domain of A is dense. We also have

1 _
Re < .AU, U >= —5/ kin,iH,j,da: <0.
B
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Therefore, in order to prove the theorem, it will be sufficient to see that zero belongs to the
resolvent of the operator. We consider (fy, fo, f3, f4, f5, f6, f7) € H. So, we just need to prove
that the system

’U:f17 ¢:f37 9:f57 §:f67
Aut B+ CO+ D¢ = f,,

Hu+ E¢p+ Fa+ GO+ K& = fy,

Lo+ Né+ M* + Pa+ QO + RE = fo,

has a solution in the domain of the operator A. It is clear that we obtain a solution for v, 1, 0
and &. Therefore, it follows that

Au+ B¢ = f,—Cfs — Dfs = Fy,
Hu+ E¢p+ Fa= f1—Gfs — Kfg = Fb,
No+Pa=fr—Lfi —M"fs —Qfs — Kfe = F3.

We see that (Fy, Fp, F3) € [H™Y(B)]¢ x H~Y(B) x H~Y(B).
On the other side, if we define the bilinear form
Bl(u, ¢, ), (u*, 9", a")] =< Au+ Bp,u* >+ < Hu+ E¢p + Fa, " >+ < Np + Pa,a™ >,

it is clear that it is bounded. On the other side, it follows that
B[(u, ¢, a), (u, ¢, 04)] = / [Gijmnu,-7jum,n+2B,~jui,j¢+b¢2+A,-j<z57,¢7j+2M,-j<;57,~a7j+k;‘ja7,-a7j] d:l),
B

and therefore, we see that this form B is coercive. In view of the Lax-Milgram lemma we
conclude the proof. O

We note that the above theorem leads to the following existence and uniqueness result.

Theorem 3.2. If the constitutive functions are bounded and assumptions (i)-(iv) hold, for each
(u®, 00, @0 0, a%, 0° €9) in the domain of A there exists a unique solution to problem (2.1),
(2.5) and (2.6).

4. FULLY DISCRETE APPROXIMATIONS: AN A PRIORI ERROR ANALYSIS

In order to introduce a finite element approximation of the problem determined by system
(2.1) with initial conditions (2.5) and boundary conditions (2.6), we obtain first its variational
formulation.

Let Y = L3(B), H = [L*(B)]? and Q = [L%(B)]**? and denote by (-,-)y, (-,-)g and (-,-)g the
respective scalar products in these spaces, with corresponding norms || - ||y, || - ||z and || - ||g-
Moreover, let us define the variational spaces V and E as follows,

V={we[H'B)* w=0 on 0B},
E={2€ HY(B);2=0 on 0B},

with respective scalar products (-,-)y and (+,-)g, and norms || - ||y and || - || .

By using Green’s formula and boundary conditions (2.6), we write thej variationz.ml formulation
of problem (2.1), (2.5) and (2.6) in terms of the variables v = @, ¢ = ¢ and £ = 6.
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Find the velocity field v : [0,T] — V', the volume fraction speed ¢ : [0,T] — E and the tempera-
ture speed & : [0,T] — E such that v(0) = v°, ¥(0) = ¢°, £(0) = £°, and, for a.e. t € (0,T) and
forallweV,rzeFE,

(4.1) (po(t), w)y + G(u(t),w) + B(s(t), w) = L(O(t) + TE(t), w),
(JY(t),r)y + A(B(t),r) + M(a(t) + 70(t),7) + (bp(t), )y + B(r,u(t))
(4.2) =m(0(t) + 7E(t), 7))y,
(rad(t) + al(t), z)y + K(0(t), z) + K*(a(t), 2) + M($(t), 2)
(4.3) = —L(z,v(t) —m((t), 2),

where the displacement field u, the volume fraction ¢, the temperature 6 and the thermal
displacement « are then recovered from the relations:

/tM@+u ¢@=4%@@+w,
/g )ds +6°, a(t):/o 0(s)ds + a°,

and we have used the following bilinear operators:

(4.4)

G(u,w) = (Gijmnumm,wi’j)y Vu,w € V,
B(r,w) = (Bijwm,r)y Yw € V, re E,
L(?",’LU) = (Lijwm,r)y Vr € E, w e V,
A(r,z) = (Agrj,24)y Vr, z € E,

M(r,z) = (Myrj,2z:)y Vr,z € E,
K(r,z) = (kijrj,2i)y Vr,z€E,
K*(r,z) = (kjjrj,2z:)y Vr,z € E.

Now, we consider a fully discrete approximation of problem (4.1)-(4.4). This is done in two steps.
First, we assume that the domain B is polyhedral and we denote by 7" a regular triangulation
in the sense of [27]. Thus, we construct the finite dimensional spaces V" ¢ V and E" C E given
by

(45)  Vh={whe[CcB); wh, e[P(Tr)? VIreT" w'=0 on 0B},
\Tr
(4.6) E"={r" e C(B); r‘TT € P(Tr) YTreT", +"=0 on 0B},

where P;(T'r) represents the space of polynomials of degree less or equal to one in the element
Tr, i.e. the finite element spaces V" and E" are composed of continuous and piecewise affine
functions. Here, h > 0 denotes the spatial discretization parameter. Moreover, we assume that
the discrete initial conditions, denoted by u®?, v, ¢ O O 9" and €% are given by

Oh _ P{Luo’ ,UOh — 'P{l’UO, ¢Oh — 7;5%0’ 1[)0h _ P£L¢O’

(4'7) — ’Pélao, goh — 7)3907 gOh — 7)5507

where 73{‘ and 735‘ are the classical finite element interpolation operators over V" and E", res-
pectively (see, e.g., [27]).

Secondly, we consider a partition of the time interval [0,T], denoted by 0 =ty < t; < -+ <
ty = T. In this case, we use a uniform partition with step size k = T/N and nodes t,, = nk
forn =0,1,...,N. For a continuous function z(t), we use the notation z, = z(t,) and, for the
sequence {2, })_,, we denote by 0z, = (2, — 2n—1)/k its corresponding divided differences.
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Therefore, using the backward Euler scheme, the fully discrete approximations are considered
as follows.
Find the discrete velocity field v"* = {'vhk N —o C V", the discrete volume fraction speed " =
{Q[th N —o C E" and the discrete temperature speed £hk = {£hk N —o C E" such that vhk = vV,
W‘k 1[)0h £hk €% and, forn=1,...,N and for all w" € Vh, rh b e ER,
(4.8) (povpF, w") i + G(u¥, wh) + B(cbiik, wh) = L(OF + 760F, wh),

(JSYIF Yy + A(GRF 1) + M (alF + 708% 7Y + (bgF, r")y + B(r", ul)
(4.9) = m(@hk + 7k )y

(Taééﬁk +G£Zk,zh)y +K(9hk h) —l—K*( hk’zh) —I—M( ijzh)
(4.10) — —L(h by — (gl M),

where the discrete displacement, the discrete volume fraction, the discrete temperature and the
discrete thermal displacement field are then recovered from the relations:

n
Zk —k Z,v?k + ,uOh’ thk k Z T/)hk + ¢Oh
(4.11) 7=t =1
OOF =k eh o ok =k oMk +
: =t

We note that the existence of a unique discrete solution to problem (4.8)-(4.11) is obtained in a
straightforward way using the classical Lax-Milgram lemma and assumptions (i)-(iv).

Remark 4.1. It is worth noting that assumptions (iii) and (iv) imply that
(4.12) Aijpidj + 21 M;jdi&5 + Thij&il; > Caldicdi + &),
where C} is a positive constant.
To prove this fact, using (iv) we first note that
Thii&i&; > Tk SISE
Now, keeping in mind that
Aijdits + 2T Mijpi&s + Thij€ily > Aijdig; + 21 Mijpily + TPkEE
= Aij¢idj + 2M;5¢i(75) + K (T&)(T&j)

> Co(gipi + (76:) (7))
> 02 min{l, 72}(¢Z¢2 + gzgl)v

we obtain estimates (4.12).

In the rest of the section, in order to prove a discrete stability property and a priori error
estimates, we need to impose the following restriction on tensor [;;:

(4.13) lij(x) =105, i,j=1,...,d,

where 6;; represents the kronecker symbol and [ is a constant.

First, we have the following stability property.
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Lemma 4.2. Let the assumptions of Theorem 3.2 hold. Under additional assumption (4.13),
it follows that the sequences {u"* vhk ghk hk ok ghk ¢hky generated by problem (4.8)-(4.11)
satisfy the stability estimate:

lor® 3 + IV 1G + 10p* I3 + IV ORI + 100515 + IV antllE + IVORFIE + I3 < C,

where C' is a positive constant which is independent of the discretization parameters h and k.

Proof. In order to simplify the calculations, we assume that 7 = 1.

Taking v!* as a test function in variational equation (4. 8) we find that
(pdvr v o + Glu®, on®) + Blon®, vi) = L0 + & o).
Keeping in mind that

(povr b = EL {015 — b 1
G(uﬁk,v?f“)=§{G(uﬁk,uﬁ’“>—0< Wl )+ Gl — bttt —ult )
DO ) = [ gellontde = [ 1oltel dw<c<uvez'fu%1+uvz’fu%{),
we have
20 Il — B 3} + g { Gl ) — Gty )+ Gl — eyl — )}
(414)  +B(k0lF) < CUIVORH I + [0hF ) + L(ghk vib).

h = as a test function in (4.9), it follows that

(FOURE, 6R)y + AR, W14) & DB + 085, 41) + (b, 01}y
Bl ) = i+, u1y-

Using the following estimates:

hk hk
(J6URS 1)y 1ﬂ{w e
(SRR 0F) = S { AL 0lF) — AR o) + Al — oy, ol — i)
(bt )y = o { (601, 61F)y — (b6l 1, )y + ((61F — o), ol — ot )y .
it follows that

O LIS — IR0} g { Bt )y — (bl 6B )y + (6 — Ol ), ol — o)}
1
o { AR 0F) — A(GE 1, 015 1) + AORF — ok, ok — o))
+B (" up®) + M0, 0*) + M(ag", vn®)

(415) < CUGFIT + I 15 + lontlIE) + m(vn®, &35).

Taking now r

Finally, taking £"* as a test function in variational equation (4.10) we find that

(ad6s" + aga®, ")y + K (00", 60°) + K (ag, &) + M(¢7", &)
— —L( hk ,Uhk) _m( hk hk).

n »wn n Sn
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Taking into account that

(ad€l* sh’f) > 2 {IERHIR = gk }

k
1
wh’f Z—Li{Kwh’f ORF) — K (031, 005 ) + K (ORF — 088, 01 — 025 ) |
K ghk E{K* Zk’ezk K*( Ay 179 )}_K*(er};k’en—l)v
we find that

1
S LSRRI = gt 1B § + oo { K6k, 61F) — K01k, 00 ) + K (03 — 015,00 — 6)%,) }

o Kol ) — B (B 0 ) )+ MG €8

< CUIVOREIE + IVORE 13 + loi*lE) — m(vn

(4.16) FEMR) — L(EMF, vk,

Combining estimates (4.14), (4.15) and (4.16) we have

1
U1 — ol + 5 { Gl ulk) = Glult k) + Gl — ull ol —ult )}

n—1 Up—_1
J0 Rkn2  \.hk (2 1 hk L hk
P2 Lk — o} + 5] (ot oty
1
o { AR o) — Ak, ok ) + Al -
+B(unt, up®) + MO, ) + M(an®, ")

n ? n

— (bt OhE )y + (b(ORF — otk ), ok — o)y }
n 1 ¢ )}

+ 3 {Ilé I Nkt }
+%{K(62k792k) K(@n 1,9 ]il)_i_K(ehk en 1,9hk—921il)}

o { KOl O01F) — K (085 ) |+ MG, €8%) + ol vl
< C(IVORH + [0hF I + 16513 + IERH I3 + IIVORM % + IV ORE 1),

Observing that

n—1»

B, ol) + B ul) = T {BOIF, ulk) — Bl ull ) + B — ol — )}
M(@Zk,wzmM@n,qzs’,zk):%{M(eﬁ,%k)— D(ORE 1 G5 ) + MO — 01 o — ),

and that using assumptions (ii), (iv) and (4.12) we find that

Gl 0SBy 20
A((bn n—1» ¢ n—l) + 2M(9 9 -1

n ¢ ) + K(Hhk 971 176hk - 9251) > 07
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it follows that

P 1
I 1 = ol i+ 5 { Gt ul) — Gtk wlt )
Jo

1
+52 {uwﬁku% - uwﬁ’au%} + %{w&ﬁ,my — (9hE OBE )y |+ M(al )

! 1

1 hk phk k Liaronk ghw ik ghk
+2k{K<0n,en> K (08 1,e_l>}+,€{ (04, 65F) — M(01E 1, o1 )) |

T S R S N R A A N

hk hk hk hk
< CUIVORFIIG + llontIlE + 105713 + 1" 1 + IV6RE 1.
Multiplying the previous estimates by k and summing up to n we get

poll VR I3 + G(ulF wlk) + Jol| ¥ (3 + (bohF, giF )y + A(GhF, ¢hF) + 2B<¢hk ul®)

FE(61%,07%) 1 2M (07, %) 4 2K (0 h'f,ezk>+ao||£n’f||y+0kZM a5, ¥5")

7j=1
n
< kY (VORI + 10l 1 + 103513 + 1€l 13 ) + € (o 13 + a1 + "1
j=1
6™ I + a2 + 191 + 1€ ).

Finally, taking into account again assumptions (ii), (iv) and (4.12) we find that

G(ul®, ul®) + 2B(¢IF, ulk) + (bglF, ¢h%)y > C1 (| Vulk || + || ¢"F(12),
A(QpF, ¢hFy + 21 (01F, ¢Z’f> - K(ehk O1F) > Co(||Volik |1 + IVORF(13)),

n’''n

and using the following straightforward estimates:

kZM(a?’w% = ZM@% gk — gk )
Jj=

n ) n +ZM _a]+17¢hk)+M(a 7¢6L)7
n—1
hk hk
> M(afE, —aj*, o <01<:Z||V¢J I + kZHV — o)l
7j=1 j=1
n
hk hk
< CkY_(IVelFIIF + IVO* 13,
j=1
and a discrete version of Gronwall’s inequality, we deduce the desired stability property. O
Now, we derive some a priori error estlmates on the numerical errors un—uhk (. —'vn , On (b
Yn — PR, —alk 0, — 0% and ¢, — ¢h*. We have the following.

Theorem 4.3. Let the assumptions of Lemma 4.2 hold. If we denote by (v,1,&) the solution
to problem (4.1)-(4.4) and (v"F, "% €MF) the solution to discrete problem (4.8)-(4.11), then we
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have the following error estimates for all w" € VI, vt M e EM:

hk hk hk hk
[ax {Il’vn — 0P| H + = wdP 5+ [ = 90713 + 60 — &7 (1%
<n<N

hk hk hk
1 — ERFIIG + 18 — OBFIIE + o — a3}

N
<Ck) (H@j — 8v[[3 + V(05 — Su)|Z) + l[v; — wh T + [0 — 605115 + 165 — 56511%
j=1
g = % + 16— 0& 113 + 1165 — 60,1135 + 11§ — 2} 1% + lléy — 50éj||213;>

N—
C h h h
- Z (o = wl = 1 = wl DI+ 1y = v = Wy = i)}

ey~ — (61— SeDlf }+C max, (llow —whllf + o = il + 116 — 201 )

+C (1100 = 0 + u® — w03 + 0 — 6O+ 19° — 6% % + 16° — 0°% 13,
+la® = a®®% + 1€ — %% 3 ).

Proof. Again, we assume that parameter 7 = 1 to simplify the calculations.

First, we obtain the estimates for the discrete velomty v"*. Then, we subtract variational

equation (4.1) at time t = ¢, for a test function w = w" € V* C V and discrete variational
equation (4.8) to obtain, for all wh e Vi,

(p(’l)n - 5vgk)7wh)H + G(un - ugk7wh) + B(@n - Zk7w ) (9 - ehk + gn ~ Sn 7wh) = 07

and so,
(p(0n — 60p%), vy — 0pF ) + G(un - uhk? v — V) + B¢y — O1F, v, — 0}F)
~L(6, — eg’f +&n — o)
= (p(vn — 5U2k)7vn —w )H + G(un uhk 'Un ) + B(¢n — zky'vn - wh)
—L(6, — 0% + &, — Eh* v, —wh) vwh e Vh
Taking into account that
(p(0n — 60F), 05 — V1) = (p(0n — 60n), 00 — V1)1 + (p(605 — SUIF), v, — 1F)
+(p(on — 00), 00 viz’w %{{uvn — oI — on-y — ol ],
G(un — ul* v, — vh*) = — 2h Suy) + G(un — ul® Su, — oult)
= G(u, — u* a, 5un) + %{G(un —ul* u, — u) — Gup_ — ul* | u, g —ult )
+G(up, — qu — (up—1 — ufﬁl),un - uﬁk — (up—1 — uzlil))

B(¢, — ¢Zkavn - ")Zk) = B(¢n — ‘Mlzk’un — duy) + B(¢n — ‘Mlzk"sun - 5“#)7
|L(0n —ehk )|SC}:(HV(%—@Z'“)H%J;||w||%r), -
|L(&n — &%, vn — w)| < C([|6n = EFIF + [V (00 — w")[[),
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it follows that

B {lron = ol = lfonms = ol 1} + B(6n — 61F, du, — dull)
o { Gl — ulf wy — ul¥) = Gyl wy — ulk)

W)t =l = (g =l ) = D& — €4, v — o)

< O (o = d0nll3 + IV (it — G + [0 — w3 + [V (6n — 63 + 6 — 1413

(O — ) + 1o — W, + (p(50, — 601), 0, — ) ).

+G(uy — ul* — (U —u

Now, we obtain the estimates on the discrete volume fraction speed. Therefore, subtracting
variational equation (4.2) at time ¢ = t, for a test function r = r* € E" C E and discrete
variational equation (4.9), we obtain, for all rh e B,

(J(n = SVRF), M)y + Adp — &5, ") + My — afif + 0, — 01K ") + (b(¢ — GF),7)y
+B(r" w, — ul*) —m(0, — 0% + ¢, — k. )y =0,

n o

and so, we have, for all " € E",

(J(T/.)n_&ﬁ )T/Jn_ zk)Y“‘A(ﬁbn_ Zkv¢n_ zk)+M(an_agk+9n_92ka¢n_ ﬁk)

( (¢n n )ﬂp wﬁk)y + B(wn - Zkaun - Uﬁk) - m(en - sz + gn wn n )
=(J (wn - &zbhk) Un — )Y + A(pn — ¢ s n — rh) + M (a, — O‘Zk + 6 — 92k7¢n -r )
( (gbn n ),7/) )Y + B(T;Z)n 'r' s Up — }rtk) - m(en - QQk + gn - ﬁkﬂ/)n - rh)Y-

Keeping in mind that

(F (n = 0Uk), ton = 1)y = (J (thn — 00n), tn = U3F)y + (T (O — UE), U — U F)y
> (I — ), Y — 0y 50— I — s — 1}

Alfn — & n — U3F) = <¢n1— O, On — 0¢n) + A(dn — BF, 06 — d¢7)

— A — ot <z>n 56n) + {(qzsn W On — B) = Algn1 — B 1, s — 1)
#A(n = 01 = (Onor = 620,60 = 0~ (nr — ) L)}

(b(8n = O5), Y = 1) = (b(8n = 6B), b = 660) + (b(n — E), 06 — 61)

= (6(n — 1), bn — 860) + g { (00 — 61), 60— )y = (D1 — OE), Gus — S )y
(b — S = (dn1 = B 1)), 60 — B8 — (Bno1 — Sl 1)y |,

B(?X)n — ¢Zkyun - uﬁk) = B(an — 0p, Uy — hk) =+ B( On — &Mlzkvun - Uﬁk),
M (o, — ok 46, — 01 p, — %) = M (o, — oF 46, — 0%, — Sby,)
+M (ay — al* 0, — 075 56, — ),
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we obtain

20 LI — IR~ ons — 0013+ o {AC — 01,60 — )
—A(@n-1 = b1 601 = 11+ AGn = 91 = (601 = 91 1), 60 — 61 = (601 — B1E ) |,
4o 0060 = 1), 60— Oy — (B(Dns — A1), b — O )y
(b0 — B = (G — OBE1)) 60 — OBF = (D1 = OEE )y }
+M(ay, — ™ + 0, — 0% 56, — 5¢1F) + B(6¢n, — oI, u,, — ul®)
< (I = 8l + 16 = VEI3 + IV (90 — 5513 + dn — 6l + 1V (an — )13
i = T + 60 — OEF I3+ 1V (6 — O45) 3 + 1160 — 68F(13 + (0 — 0615, n — 1)y ).

Finally, we obtain the estimates on the temperature speed. Thus, if we subtract variational
equation (4.3) at time ¢t = ¢, for a test function z = 2" € E" C E and discrete variational
equation (4.10) it follows that, for all 2" € E",

(a(€ — 0% + &, — €87), M)y + K (0, — 1%, 2") + K*(a, — ol 21 + M (¢, — o1, 21)
+ L2, v, — 0F) + m(y, — ik ) =o0.

n

Therefore, we have, for all 2" € E",

(a(€ — 00" + & — &F), &0 — M)y + K (00 — O1F & — E07) + K (i — ¥ &0 — E1F)
+M(¢n - ¢2k7€n - Zk) + L(fn - gkv'vn - 'ng) + m(l/}n - Zkvgn - Qk)
= (a(€ — 66" 4 &, — €M) &, — M)y + K0, — 0% &, — 2 + K*(a, — aF €, — 21)
+M(¢n - ¢Zky£n - Zh) + L(&n - zh,'Un - 'U}r:k) + m(¢n - T,Z)ﬁk, n Zh)-

Now, taking into account that

(a(&n — 0EMF), &0 — EMF)y = (alén - 06n),En — EMF)y + (a8, — 0EM%), €, — 1Ry
> (alén — 3€n). & — )y + 52 { 160 — X1 = llgn-s — 15415
K(Hn - 62k7€n - Qk) = K(en - eﬁk, 971 - 5971) + K(Hn - eﬁky 5971 - 662k)
— K (6, — 1% 6, — 36,,) + i{K(Gn Mk 0, — OhRY K (B, q — 01 | 9,y — 6" )
K (O — 0% — By — 025,00 — 03 — (D1 — 0251 ) ],
1

E{K*(O‘n - O‘Zkaen - Hﬁk) — K (an-1 — ag’il’en—l - 9251)}
= K*(an — al*,60, — 0,) + K*(a, — % &, — £hF)
+K*(day, — Gy U1 — 92111) + K*(6,, — sz,ﬁn_l — 9251),
M(¢n - ¢Zk7§n - hk) = M((ﬁn - zkaen - 5971) + M((bn - Zkaéen - 592k)7

n
|L(&n — 2", v —0pP)] < C(l6n — 2" IF + lon — vi*I13),
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we obtain, for all 2" € E",

ag 1
{6 = EFIF = gt — €81 I} + 5 { K (0 — 05, 00 — 01) — K (0r = 011,001 — 01

K (B — 04 = (B — O151), 00 — 0% — (001 — 0251)) }
+k{K*(a" —al* g, — o) — K*(an 1—a® 0, — 92111)}
+M(¢n_ nygn_ )+L(€n_ nvv _'Uzk)
< C(Hin = 0&ull3 + 1160 — 80n 1% + 160 — ERFI + IV (0n — 037137 + 1160 — 2" 1% + 1o — RFIS-

i — anll3; + 1V (an — ab) + l[0n — VEE|Z + (a(dn — 0EEE), 60 — 2}y ).

Combining now the estimates for the velocities, the volume fraction speed and the temperature
speed, we obtain

Po
Ex{ o = wlH % — oas = ol |+ Blon — b, u — sull)
+%{G(un ul® g, —ul) — Glup—y —ult g, —ult)

TGy~ — (g — why), un — ul - (1~ k)

+;]—,Z{llwn — ORI = b — I + {A(qsn — O, dn — o)
_A((ﬁn—l - ¢Zlil7¢n—1 - n—l) + A((ﬁn — n ((ﬁn 1 — Zlil)a(bn N ¢h ((ﬁn - hk ))}7
+%{(b(¢n — ), — th’“)y (bt — ), G — )y

H(b(dn — B = (-1 — 1)), 60 — OBF = (b1 — GHE )y }
+M(ay, — al* 6, —oM* 5¢n — 6¢"%) + B(8¢p, — 661* w,, — ul)

1
52 { U6 — €513 — g — &8I} } + 5 { K (6, — 02F, 6, — 61F)

K (01 — 0% 0y — 0P ) £ K (0 — 0" — (01 — O7F ), 0, — OFF — (0, — OFF ))}
1 ., .
e { B = a0 = O15) = K (s — ol Oy = 01) b+ M (0 — 6l 60— €15)

< C(llvn — 603 + IV (G — dwn) |3 + v — w"[[§ + IV (6 — O8I F + 160 — ERFIS
+IV (6, — sz)H%{ + v — 'Uzk”%{ + (p(6vy, — 60)F), v, — wh) g + Hwn - 5¢n”§/
Hllton = DrF 13 + llon = 66nlF + l1tn — "% + [ V(an — )15 + lon — o3FI3
+”0n - HZRH% + (J(5¢n - 5¢Zk)=”¢n - Th)Y + ”gn - 5571”% + Hen - 56’71“%
+[1§n — Zh”% + ||, — 50‘11”?3 + (a(0&, — 5521:)’5” - Zh)Y)

Observing that

1
B(dn — ¥, dun — bul’) + B<5<z> = 00l — ) = 2{B(on — o1 wn — ull)

(¢n 1— ¢}ﬁk 1, Up—1 — u ) + B(@n ¢hk - (¢n—1 - ¢2131) Up — uﬁk - (un—l - u}ﬁ]i1))},
M(6,, — 0% 5¢,, — 661%) + M (66,, — 667F, p,, — I*) = 1

{me. oh’wn )
_M(en—l - 02517 qbn—l - QSﬁlil) + M(en - Hﬁk - (en—l - 0n—1)7 qbn - n - (¢n—1 - QSﬁlil))},
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and that using assumptions (ii), (iv) and (4.12) we have

G(un — uhk (Up—1 — uzlil)a Un — ugk — (Up—1— ug’il))
+2B(¢n — 1" — (Pt — O 1) un — upF — (w1 —ulF )
+(b(pn — PhF — (Pn—1 — 1E 1)), o — DbF — (D1 — @1 1))y >0,
A(¢n - ¢Zk - (@bn—l - ¢Z]il)7 ¢n - ¢Zk - (@bn—l - ¢Z]31))
+2M (On — O1F — (01 — O1F 1), b — OhF — (Pno1 — O1F 1))
+K(9n - 921@ - (Hn—l - Hﬁﬁl)ﬁn - 921@ - (en—l - 9261)) >0,
we find that
Po . hk . hk 12 B — o S — Sulk
ok ”Un v, ”H ”Uﬂ—l Un—lHH + (¢n ¢n y OUnp u, )
+—{G(Un - ngjun - ng) - G(up-1 — ug’ilaun—l - ug’il)}

+—{2{||wn wz’fny—nwnl ik

+or { — 6hF) = Adn-1 — i1 01 — o0 |

+o { bn = 1)y = (b(On-1 = B1E1), 6t — OhE L)y }

Mool ,wn—wiz’f) B0 — 0t — ) = BGwr — oy — il )}

1

a
+—°{u§n—fzkui—usn_l—fn_luy} 2k{K(@ — 01,0 = O1F) = K (Bt — 01 1,601 — 028 ) |

+%{K*(0zn —al* 9, — 0" — K* (o1 — o 0,1 — 9n-1)}
+E{M( 9hka¢n ¢Zk)_M( n— 1_9n 17¢n—1_¢2111)}
< C(”'Un - &Un”H + IV (@, — 5’“%)”@ + [lvn — wh”%/ + IV(pn — ¢Zk)H%{ + 160 — gﬁk”%
HIV O = 039 - e — 033 + (p(6v5 — 603F), 00 — w") i + [¥n — 603,
Hton = ORFI3 + 1 dn — 86nll% + [l — Thllz + [V (an — a3 + 60 — 5[5
0 = ORFI3 + (T (500 — 0O8E) b — M)y + [[€n — 6€nll5 + 110 — 86,17
lign = 213 + Nl — datall?, + (a(66n — 664), &0 — )y )

Multiplying the previous estimates by k and summing up to n we get
[vn — UﬁkH?{ + B(¢n - Zka oy, — 5uzk) + G(uy, — uzkaun - uzk) + [lvbm — Zk”g/

+A(py — Pl "\ = O0F) + (b(n — L), o — DRF)y + 2
+2B(¢n — ¢2F u, — ulF) + 116, — EEFI3 + K (6, — oh’f 0, — 1)

+K (om — a®, 0n = 05%) + M (6 — 03, 6 — ¢7") +ZM — ¥, 60, — 60l1*)
7=1
< Ok (llo5 = 30113 + 1965 — duy)liG + llo; = wh I} + V(6 = &45)IF + g — €413
j=1 )
HIV (05 = 01N + llv; — v + (p(0v;,, = 003%), 05 — wi i + s = 6051

g — 053+ 165 — o0yl +||w]—rh||E+||v<aj—ahk>||H+||¢y o
105 — O+ (065 — 00!%), 185 — vty + I — 0853+ s — 36,13 + 115 — 2413
5 — gl + (a(3€; — 86859, — )y ) + C (0" — oM, + u? — u¥[?

0 = YOI+ 160 — 63+ (189 — O3 + fla® — a1 + €0 — €%4[3.).
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Now, using again assumptions (ii), (iv) and (4 12) we find that
G(un - uhk y Up — hk) + 2B(¢n - un - uhk) + (b((bn - ¢Zk)7 (bn - ¢Zk)Y
> O1(|[V (s w3 + lldn — ¢hk\|y)
Adn = 83" 0n = 61°) + 2M (0 — O, o — 83) + K (6 — 0", 0 — 0°)
> Co([[V(¢n — &nO) 1T + V(0 — 039)113).

Keeping in mind the following straightforward estimates:

B> M(a; —af* 56, — 4i*) = Z M(a — ¢ = (9j-1 = #*1))
=1
= M(an — an, ¢ — $1F) + Z M(aj — of* — (a1 — o)), 65 — %) + M(a® — ™, 61 — 1),
j=1
n—1
Z M(cj — o — (a1 — o)), 65 — ¢)F)
j=1

n—1 n—1
C
< kY1900, = 80l + T X 190y = = agsa = )y
j=1

< Ckz IV (05 = &5M)I% + 11V (05 — 077 + 1V (65 — 6a) 1),

k Z(P(%j = v}*),v; —wh e = (p(vn — vp"), 00 — wi)u + (p(0° — "), 01 — i)y

(J(0¢; — 601%), 85 — 1)y = (J(dn — S1F), b — 1)y + (J(6° — 6°"), 61 — 1)y
+ > (T — M), 65— = (G501 — 7))y

kY (a(80; — 607%), 05 — =)y = (a(6n — O2F), 00 — 20)y + (a(6° — 6°"), 01 — 21)y

i=1
ik h h
+ E : —077),0; — 27 — (041 — 2741))y

using the above estimates and a discrete version of Gronwall’s inequality (see [26]) the proof is
done.

0

The estimates provided in Theorem 4.3 can be used to obtain the convergence order of the
approximations given by problem (4.8)-(4.11). As an example, if we assume the additional
regularity on the solution to problem (4.1)-(4.4):

u € H0,T; H) N W (0,T; [H*(Q)]7) N H*(0, T; [H' (2)]%),
(4.17) ¢ € H30,T;Y)N WL (0,T; H*(Q)) N H?(0, T} Hl(Q))
a € HYH0,T;Y)NW2(0,T; H2(Q)) N H3(0,T; H'(Q)),
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then we have the following result which states the linear convergence of the approximations
given by problem (4.8)-(4.11).

Corollary 4.4. Let the assumptions of Theorem 4.8 hold. If we assume the additional reqularity
(4.17) then there exists a positive constant C, independent of the discretization parameters h
and k, such that

max {Ilvn —optlla + [fwn = wg® v + [on = 9 lly + 160 — 01"l
0<n<N

Hlign = €5y + 160 = 85¥ + o — @l b < Ch+ k).

Remark 4.5. We note that, proceeding as in this section, we could also analyze, from the
numerical point of view, similar problems where the dissipative mechanism is included into the
displacement field or the volume fraction. Hence, we could consider the following problems:

puz = <Gijmnum,n + Bzg((b + T¢) - ll]9> J ’
7J$ +Jb = —Bijuij — bp — bré+mb + <M,ja + AL+ A”¢]> |
aé = —lij’L'LiJ' — m(qS + 7'(25) + (szﬂs,j + MijTQS,j + kija,]) i’

when the dissipative mechanism is assumed on the volume fraction (here, A;; is a new constitu-
tive tensor), and

Tpuz + puz = <G;ijnum,n + Gijmnum,n + Bzygb - lZJH) o
.. 7]
J¢ = = Bij(uij + Tii) = bp +mb + (Mija j + Aij¢ ;) ;
af = —lij (i j + Tiij) —mo) + (Mjig,j + kije) ;
when the dissipative mechanism is assumed on displacement field (G};,,,, is another new consti-
tutive tensor).

5. NUMERICAL RESULTS

In this section, we describe the numerical scheme implemented in MATLAB for solving prob-
lem (4.8)-(4.11), and we present some numerical examples to demonstrate the accuracy of the
approximation and the dependence of the solution with respect to a constitutive parameter.
Therefore, we solve the following linear problem (we restrict ourselves to the one-dimensional
case for the sake of simplicity), for all for all w" € V" and 7", 2" ¢ E".

(pont, ")y + 1k ((03F)a, W)y = plont g, ")y — nk((un)z, wi)y — (03" + 7€)z, w")y
+BE((9")a, w")y,

(TR Yy b ARZ(00%),, )y + BE2(0F 77y = (% )y — AR((O1F ), rP)y
_bk(¢” LT )Y_Mk((azk+T€Zk)xvrx)Y_Bk((un )1‘7 )Y+mk‘(0hk+ Shk h)Ya

(TCLS +ak€hk h)Y +Kk2(( n )Iv :c)Y + K*kg(( n )Ivzs}(zl)y (Tafn 157 ) - gk(( hk) Zh)Y
m ((?bﬁk):caz )Y - Kk((en—l)ng)y - K*k(( nk 2t k@ )ﬂm gc) Mk(( n )ﬂm .C}Z)Y7
where the discrete displacement, the discrete volume fraction, the discrete temperature and the
discrete thermal displacement field are then recovered from the relations:
= Ry o ol 0 = RO ol = ol
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This numerical scheme was implemented on a 3.2 Ghz PC using MATLAB, and a typical run
(h =k =0.001) took about 0.65 seconds of CPU time.
First example: numerical convergence

As an academical example, in order to show the accuracy of the approximations the following
simpler case is considered. We solve the one-dimensional problem (2.4), (2.5) and (2.6) with the
following data:

p=1 pu=1, B=1, (=1, =1 J=1 A=1,
b=1, m=1, M=1, a=1, K*=1, K-=1.

In this case, if we consider homogeneous Dirichlet boundary conditions at boundaries x = 0,1
and the initial conditions:

uw(z) =0%(z) = ¢°(z) = 0(x) = a%(z) = %(x) = %(z) = z(z — 1) for all z € (0,1),
and we add the following artificial supply terms, for (z,t) € (0,1) x (0, 1),
Fi(z,t) =2z +x(x—1) = 3), F(z,t)=e'2r—7), F(z,t)=¢e2r+3z(x—1)-7),

then the exact solution to problem (2.4), (2.5) and (2.6) can be easily calculated and it has the
following form, for (z,t) € [0,1] x [0, 1]:

u(z,t) = ¢(z,t) = a(z,t) = e'z(z — 1).

Thus, the approximation errors estimated by

hk hk hk hk
Jax {an =" |ly F [[(un = ually + 1Un = 3" ly + [[(dn — ¢5" )ally
<n<N

+l(an = aiF)zlly + [1(0n — 03F)ally + [1€n — Zk\ly}

are presented in TABLE 1 for several values of the discretization parameters h and k. Moreover,
the evolution of the error depending on the parameter h+ £ is plotted in FIGURE 1. We notice
that the convergence of the algorithm is clearly observed, and the linear convergence, stated in
Corollary 4.4, is achieved.

If we assume now that there are not supply terms, and we use the final time T = 200, the
following data:

p=2 pn=10, B=1, (=2, =1, J=2, A=6,
b=1, m=1, M=1, a=3, K*'=1, K =3,
and the initial conditions:

wW=1"=a"=0"=¢"=0, ¢%%) =9 )= %x(az —1) forz e (0,1),

taking the discretization parameters h = 1073 and k = 1073, the evolution in time of the discrete
energy E"* given by

1
Bl = Lol ¥+ ull (i )al3 + ORI + 2B, (uh)a)y + 20 (0l + 708%),, (61), )y
GV + TENO5)all} + TIGAHIF + all (rElt + O3 + N + 705)a 1} }

is plotted in FIGURE 2 (in both natural and semi-log scales). As can be seen, it converges to
zero and an exponential decay seems to be achieved.

Second example: dependence on the parameter 7 in a two-dimensional case
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As a second example, we analyze the dependence of the solution with respect to parameter 7 in
a two-dimensional setting. Therefore, the domain 2 occupies the square [0,1] x [0, 1], and it is
assumed to be clamped on its vertical boundaries {0,1} x [0, 1] and traction-free on the rest of
the boundary. So, we consider now the two-dimensional system (2.3) and we use the following
data:

T=1 p=2, pu=r=1 B=1 [=2 J=2 A=6,

b=1, m=1, M=1, a=3, K*'=1, K =3,
and the initial conditions:
uw=v0=0, a®=6"=¢0=0,
(z,y) = O, y) = x(x — Dy(y —1) forall (z,y) € (0,1) x (0,1).

Taking the discretization parameter k = 0.01, we assume that parameter 7 takes values 4 and
1. Therefore, in FIGURE 3 we plot the volume fraction at final time for these two values
of parameter 7. As can be observed, there are important differences between the solutions,
increasing the porosity of the material. Finally, in FIGURES 4 and 5 we show the temperature
and the temperature speed at final time. Again, the solutions are rather different and, even for
the temperature speed, it seems that some oscillations are produced for value 7 = 4. We also
point out that we have omitted the results regarding the displacement fields because they are
similar for the two values of the parameter.

ACKNOWLEDGMENTS

The work of J.R. Ferndndez has been partially supported by Ministerio de Ciencia, Innovacion
y Universidades under the research project PGC2018-096696-B-100 (FEDER, UE).

The work of A. Magana and R. Quintanilla is supported by Ministerio de Economia y Compet-
itividad under the research project “Analisis Matematico de Problemas de la Termomecéanica”
(MTM2016-74934-P), (AEI/FEDER, UE), and Ministerio de Ciencia, Innovacién y Universi-
dades under the research project “Anélisis matematico aplicado a la termomecénica” (currently
under evaluation).

REFERENCES

[1] S. C. Cowin, The viscoelastic behavior of linear elastic materials with voids, J. Elasticity 15 (1985) 185-191.

[2] S. C. Cowin, J. W. Nunziato, Linear elastic materials with voids, J. Elasticity 13 (1983) 125-147.

[3] D. Iesan, A theory of thermoelastic materials with voids, Acta Mechanica 60 (1986) 67—89.

[4] D. Iesan, R. Quintanilla, On a theory of thermoelastic materials with double porosity structure, J. Thermal
Stresses 37 (2014) 1017-1036.

[5] R. Kumar, R. Vohra, Effect of hall current in thermoelastic materials with double porosity structure, Int.
J. Appl. Mech. Engrg. 22 (2017) 303-319.

[6] B. Feng, T. A. Apalara, Optimal decay for a porous elasticity system with memory, J. Math. Anal. Appl.
470 (2019) 1108-1128.

[7] B. Feng, M. Yin, Decay of solutions for a one-dimensional porous elasticity system with memory: the case
of non-equal wave speeds, Math. Mech. Solids, 24 (2019) 2361-2373..

[8] M. C. Leseduarte, A. Magana, R. Quintanilla, On the time decay of solutions in porous-thermo-elasticity
of type II, Discrete Cont. Dyn. Systems - B 13 (2010) 375-391.

[9] A. Magana, R. Quintanilla, On the exponential decay of solutions in one-dimensional generalized porous-
thermo-elasticity, Asymptotic Anal. 49 (2006) 173-187.

[10] A. Magana, R. Quintanilla, On the time decay of solutions in porous-elasticity with quasi-static microvoids,

J. Math. Anal. Appl. 331 (2007) 617-630.



(11]
(12]
(13]
(14]

(15]

Poro-thermoelasticity with long-term memory 21

A. Magana, R. Quintanilla, Exponential stability in three-dimensional type III thermo- porous-elasticity
with microtemperatures, J. Elasticity DOI:10.1007/s10659-019-09748-6 (2019).

A. Miranville, R. Quintanilla, Exponential decay in one-dimensional type II thermoviscoelasticity with voids,
Appl. Math. Letters 94 (2019) 30-37.

A. Miranville, R. Quintanilla, Exponential decay in one-dimensional type II thermoviscoelasticity with voids,
J. Comput. Appl. Math. 368 (2020) 112573.

S. Nicaise, J. Valein, Stabilization of non-homogeneous elastic materials with voids, J. Math. Anal. Appl.
387 (2012) 1061-1087.

A. E. Green, P. M. Naghdi, On undamped heat waves in an elastic solid, J. Thermal Stresses 15 (1992)
253-264.

A. E. Green, P. M. Naghdi, Thermoelasticity without energy dissipation, J. Elasticity 31 (1993) 189-208.
A. E. Green, P. M. Naghdi, A verified procedure for construction of theories of deformable media. I. Classical
continuum physics, II. Generalized continua, III. Mixtures of interacting continua, Proc. Royal Society
London A 448 (1995) 335-356, 357377, 378-388.

M. E. Gurtin, Time-reversal and symmetry in the thermodynamics of materials with memory, Arch. Rat.
Mech. Anal. 44 (1971) 387-399.

R. Borghesani, A. Morro, Time-reversal and thermodynamics of electromagnetic fields in materials with
memory, Annali Matematica Pura et Applicata 99 (1974) 65-80.

D. Iesan, R. Quintanilla, On the theory of interactions with memory, J. Thermal Stresses 25 (2002) 1161—
1177.

M. Ciarletta, A. Scalia, On some theorems in the linear theory of viscoelastic materials with voids, J.
Elasticity 25 (1991) 149-158.

R. Quintanilla, Moore-Gibson-Thompson thermoelasticity, Math. Mech. Solids 24 (2019) 4020-4031.

M. Conti, V. Pata, R. Quintanilla, Thermoelasticity of Moore-Gibson-Thompson type with history depen-
dence in the temperature, Asymptotic Anal. DOI:10.3233/ASY-191576

M. Pellicer, R. Quintanilla, On uniqueness and instability for the Moore-Gibson-Thompson thermoelasticity,
ZAMP (2020) (accepted for publication).

N. Bazarra, J. R. Ferndndez, A. Magana, R. Quintanilla, On the time decay in porous-thermoelasticity of
MGT type, Submitted (2020).

M. Campo, J. R. Fernandez, K. L. Kuttler, M. Shillor, J. M. Viano, Numerical analysis and simulations
of a dynamic frictionless contact problem with damage, Comput. Methods Appl. Mech. Engrg. 196 (2006)
476-488.

P. G. Ciarlet, Basic error estimates for elliptic problems. In: Handbook of Numerical Analysis, P. G. Ciarlet
and J. L. Lions eds. (1991), vol. 2, Pages 17-351.



22

N. BAZARRA!, J. R. FERNANDEZ!, A. MAGANA2 AND R. QUINTANILLA?

hlk— 0.01 0.005 0.002 0.001 0.0005 0.0002 0.0001
1/23  10.854946 | 0.822368 | 0.810040 | 0.808537 | 0.808143 | 0.808010 | 0.807983
1/2%  ]0.478785 | 0.431473 | 0.407077 | 0.400576 | 0.398678 | 0.398255 | 0.398193
1/2°  [0.311233 | 0.248407 | 0.213827 | 0.204072 | 0.199943 | 0.198000 | 0.197709
1/2% ]0.242864 | 0.168093 | 0.122649 | 0.108689 | 0.102640 | 0.099654 | 0.098856
1/27 ]0.217701 | 0.135860 | 0.082576 | 0.064227 | 0.055561 | 0.051112 | 0.049927
1728 ]0.209600 | 0.124048 | 0.066415 | 0.045099 | 0.033978 | 0.027597 | 0.025789
1/2°  10.207320 | 0.120193 | 0.060355 | 0.037507 | 0.024891 | 0.016821 | 0.014207
17210 ]0.206728 | 0.119089 | 0.058252 | 0.034666 | 0.021334 | 0.012287 | 0.009004
1/2'1 [0.206578 | 0.118799 | 0.057600 | 0.033659 | 0.020001 | 0.010509 | 0.006860
1/212 10.206540 | 0.118725 | 0.057421 | 0.033337 | 0.019517 | 0.009836 | 0.006028
1/213 10.206531 | 0.118707 | 0.057375 | 0.033246 | 0.019356 | 0.009582 | 0.005712

TABLE 1. Example 1: Numerical errors for some A and k.
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FiGUuRE 1. Example 1: Asymptotic constant error.
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FIGURE 2. Example 1: Evolution in time of the discrete energy (natural and
semi-log scales).
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FIGURE 3. Example 2: Volume fraction at final time for 7 = 1 (left) and 7 = 4 (right).
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FIGURE 4. Example 2: Temperature at final time for 7 = 1 (left) and 7 = 4 (right).
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