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A-posteriori error analysis of hp-version
discontinuous Galerkin finite element methods for
second-order quasilinear elliptic problems

Paul Houston!, Endre Siili?, and Thomas P. Wihler?

We develop the a-posteriori error analysis of hp-version interior-penalty
discontinuous Galerkin finite element methods for a class of second-order qua-
silinear elliptic partial differential equations. Computable upper and lower
bounds on the error are derived in terms of a natural (mesh-dependent) en-
ergy norm. The bounds are explicit in the local mesh size and the local degree
of the approximating polynomial. The performance of the proposed estima-
tors within an automatic hp-adaptive refinement procedure is studied through
numerical experiments.
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1 Introduction

In this article, we consider the a-posteriori error analysis, in a natural mesh-dependent
energy norm, for a class of interior-penalty hp-version discontinuous Galerkin fi-
nite element methods for the numerical solution of the following quasilinear elliptic
boundary value problem:

=V - (u(x, |Vul)Vu) = f in Q, (1.1)
u=0 on I (1.2)

Here, 2 is a bounded polygonal domain in R? with boundary I', and f € L2(f).
Additionally, we assume that the nonlinearity p satisfies the following assumptions:

(A1) i€ O@ x [0, 00));
(A2) there exist positive constants m,, and M, such that

m,(t —s) < p(x, )t — pu(x,s)s < M,(t — s), t>s>0,xeQ. (1.3)

We remark that, if u satisfies (1.3), there exist constants C and Cy, Cy > Cy > 0,
such that for all vectors v, w € R?, and all x € Q,

|1(x, [V)v = plx, [wl)w] < Cifv —wl, (1.4)
Colv = wl* < (u(x, [V)v — p(x, [w))w) - (v —=w);  (L5)

see [34, Lemma 2.1].

Nonlinearities of this kind appear in numerous problems in continuum mechanics.
In particular, they arise in mathematical models for non-Newtonian fluids, such as
the following generalised power-law model: given f € L*(Q)?, find (u,p) € H(Q2)? x
L2(Q)/R such that

—V - {ux, le(u))e(w)} +Vp = £ inQ,
diva = 0 in Q,

u =0 on I,

where u = (uy,us)? is the velocity vector, p is the pressure, f = (fy, fo)* is the
applied force, e(u) is the symmetric 2 x 2 strain tensor defined by

ew(u)_§<a:£]+0x,)’ 7’7.]_1727

and |e(u)| is the Frobenius norm of e(u).

For the sake of notational simplicity we shall suppress the dependence of ;1 on x
and write p(t) instead of p(x,t). Indeed, in many physical applications y is in fact
independent of x; for example, in the Carreau law for a non-Newtonian fluid, we

r—2

have p(t) = oo + (o — o) (1 + M) 2, where A > 0, 1 <7 <2 and 0 < piee < fo.




In recent years there has been considerable interest in discontinuous Galerkin
finite element methods for the numerical solution of a wide range of partial differ-
ential equations. We shall not attempt to give an extensive survey of this area of
research: the reader is referred to [11] for a detailed review. Discontinuous Galerkin
Finite Element Methods (DGFEMs) were introduced in the early 1970s for the
numerical solution of first-order hyperbolic problems (see [12,13, 15,29, 33, 41]). Si-
multaneously, but quite independently, they were proposed as nonstandard schemes
for the approximation of second-order elliptic equations [1,38,42]. The recent up-
surge of interest in this class of methods has been stimulated by the computational
convenience of DGFEMSs due to a high degree of locality, the need to approximate
advection-dominated diffusion problems without excessive numerical stabilisation,
the necessity to accommodate high-order hp- and spectral element discretisations for
first-order hyperbolic equations and advection-diffusion problems [17,31], and the
desire to handle nonlinear hyperbolic problems in a locally conservative manner and
without auxiliary numerical stabilisation [9, 14]; see also [8, 10] for the error analysis
of the local version of the DGFEM in the elliptic case, as well as [2] and [39].

In the recent article [20] a family of interior-penalty hp-DGFEMs was formulated
for the numerical approximation of the scalar quasilinear boundary value problem
(1.1)-(1.2), and a-priori bounds were derived on the error, measured in terms of
a mesh-dependent energy norm. These error bounds are optimal with respect to
the mesh size h and mildly suboptimal (by p'/?) in the polynomial degree p; more
precisely, for u € C1(Q2) N H*¥(Q), k > 2, it was shown that, for any member of the
family of methods considered, the error tends to zero at the rate O(h*~!/pF=3/2),
where 1 < s < min{p + 1,k}, as h tends to zero and p tends to infinity. For
related work on h-version local DGFEMs for quasilinear PDEs, we refer to the
articles [7, 18], for example. Here, we extend this work by considering the a-posteriori
error analysis of the interior-penalty hp-DGFEMs from [20]. In particular, we shall
derive computable upper and lower bounds on the error, measured in terms of the
underlying DG-energy norm, which are explicit in terms of their dependence on
h and p. The upper bound is based on the general techniques developed in the
articles [21,22, 23, 24]. Indeed, here the proof crucially relies on the approximation of
discontinuous finite element functions by conforming ones. Results of this type have
been developed independently by a number of authors in the context of the hA-version
of the DGFEM,; see, for example, [19, 30, 32]. The extension of this type of result to
the hp-version of the DGFEM was recently undertaken in the article [23]. In contrast
to [23], for example, here we avoid the need to introduce an auxiliary formulation of
the underlying DGFEM through the use of lifting operators, while still only requiring
minimal regularity assumptions on the unknown analytical solution. The proof of
the lower (efficiency) bounds is based on the techniques presented in [36]. As in
the case of the conforming hp-version finite element methods considered in [36],
reliability and efficiency of our error bounds cannot be established uniformly with
respect to the polynomial degree, since the proof of efficiency relies on employing
inverse estimates which are suboptimal in the spectral order. Finally, numerical



experiments highlighting the performance of the proposed estimator within an hp-
adaptive mesh refinement algorithm will also be presented.

The outline of this article is as follows. In Section 2, we revisit the hp-DGFEM
introduced in [20], for the numerical approximation of the boundary-value prob-
lem (1.1)-(1.2). In Section 3, our a-posteriori error bounds are presented and dis-
cussed; both upper and lower energy norm bounds will be derived. In Section 4,
we present a series of numerical experiments to illustrate the performance of the
proposed error estimator within an automatic hp-mesh refinement algorithm. Fi-
nally, in Section 5 we summarise the main results of this article and draw some
conclusions.

Throughout the paper, we use the following standard function spaces. For a
bounded Lipschitz domain D C R¢, d > 1, we write H!(D) to denote the usual
(real) Sobolev space of order ¢t > 0 with norm || - ||; p. In the case t = 0, we set
L2(D) = HY(D). We define H}(D) to be the subspace of functions in H'(D) with
zero trace on D. For a function space X (D), we write X(D)? to denote the space of
d-component vector fields whose components belong to X(D); this space is equipped
with the usual product-norm which, for simplicity, is denoted in the same way as
the norm in X(D).

2 hp-Version discontinuous Galerkin FEM

Let 7, be a subdivision of € into disjoint open element domains x such that Q =
Uyer, B We assume that the family of subdivisions {7}, }>0 is shape-regular (see,
for example, [6, pp. 61, 113, and Remark 2.2, p. 114]) and each x € 7, is an
affine image of a fixed master element &; i.e., for each k € 7}, there exists an affine
mapping F, : K — k such that Kk = F,(R), where & is either the open unit triangle
{(z,y): =1 <x <1,-1 <y < —x}) or the open unit square (—1,1)% in R?. By
h, we denote the element diameter of x € 75, h = max,ez, hy, and n, signifies the
unit outward normal vector to k. We allow the meshes 7, to be I-irreqular, i.e.,
each edge of any one element k € 7, contains at most one hanging node (which,
for simplicity, we assume to be the midpoint of the corresponding edge). Here, we
suppose that 7;, is reqularly reducible (cf. [40, Section 7.1]), i.e., there exists a shape-
regular conforming (regular) mesh T, (consisting of triangles and parallelograms)
such that the closure of each element in 7, is a union of closures of elements of ’jﬁ,
and that there exists a constant C' > 0, independent of the element sizes, such that
for any two elements k € 7, and k € 7;, with K C k we have h,/hz < C. Note that
these assumptions imply that the family {7}, },¢ is of bounded local variation, i.e.,
there exists a constant p; > 1, independent of the element sizes, such that

/)1_1 < he/hw < p1, (2.1)

for any pair of elements k, k' € 7}, which share a common edge e = 0k N OK'.
For a nonnegative integer k, we denote by P (k) the set of polynomials of total
degree k on k. When % is the unit square, we also consider Qy(k), the set of all



tensor-product polynomials on & of degree k in each co-ordinate direction. To each
k € T, we assign a polynomial degree p, (local approximation order).

We store the h,, p, and F, in the vectors h={h,: k € T}, p={ps: K € Tp}
and F = {F, : k € T}, respectively, and consider the finite element space

SP(0), T, F) ={v e L*(Q): v|,oF, € R,.(R) Ve €T},

where R is either P or Q. We shall suppose that the polynomial degree vector p,
with p, > 1 for each k € 7, has bounded local variation, i.e., there exists a constant
p2 > 1 independent of h and p, such that, for any pair of neighbouring elements
K,k € Ty,

P2’ < Du/Der < pa (2.2)

Let us consider the set £ of all one-dimensional open edges, or, simply, edges,
of all elements x € 7,. Further, we denote by &, the set of all edges e in
& that are contained in  (interior edges). Additionally, let 'y, = {x € Q
x € e for some e € &}, and introduce £ to be the set of boundary edges consist-
ing of all e € £ that are contained in 9€2. Moreover, let 'y, g = Line U L.

Suppose that e is an edge of an element x € 7,. Then, by h., we denote the
length of e. Due to our assumptions on the subdivision 7, we have that, if e C Ok,
then h, is commensurate with h,, the diameter of x.

Given that e € &y, there exist indices 7 and j such that ¢ > j and k;, k; € 7,
share the edge e; we define the (element-numbering-dependent) jump of an (element-
wise smooth) function v across e and the mean-value of v on e by

1
[[U]]e = U|8/<;iﬂe - U|8/-ejﬂe and <<U>>e = 5 (U‘aniﬂe + U‘Bﬁjﬂe) y
respectively. For a boundary edge e C I', and thereby e C 0x NI for some k € T,

we define
[[U]]e = <<'U>>e - 'U|8nﬁe~

When there is no danger of confusion, the subscript -, will be suppressed. Addi-
tionally, we associate with each edge e C I'j,; the unit normal vector v which points
from k; to k; (i > j); if e C I, then v is defined as the outward unit normal vector
on I'.

With these notations and a parameter 6 € [—1,1], we introduce the semilinear
form

B(w,v) :/,u(|Vhw|)Vhw-thdx
Q

- [ 9 Vi )l +6 [ ([l Vo )l ds

1—‘int,B

+ /1“ o [w] [v] ds,
| (2.3)



and the linear functional

E(v):/vadx. (2.4)

Here, V}, denotes the element-wise gradient operator defined, for v € HY(2, 7;,), by
(Viv)ls = V(v]k). For an edge e € &, the discontinuity penalisation parameter o,
featuring in B(-,-) above, is defined by

{(p*)e
he

(2.5)

Ole=0c=7

where v > 1 is a (sufficiently large) constant, cf. Theorem 2 below.
The hp-DGFEM approximation of problem (1.1)—(1.2) reads as follows: find
upg € SP(§2, 7, F) such that

B(upg,v) = £(v) Vv e SP(Q,7T,F). (2.6)

Remark 1 In the case of an inhomogeneous Dirichlet boundary condition, u = g
on I', the third term in the semilinear form Bpg(+,-) must be replaced by

0 [ 1wl Vi )Ll ds+0 | (™' = ) Vi 10— g) ds.

while the linear functional ¢(-) defined in (2.4) must be substituted by

((v) :/vadx—l—/F ogv ds;

we refer to [20] for further details.

The existence and uniqueness of the DG solution upg satisfying (2.6) is guaran-
teed by the following result proved in [20, Theorem 2.5].

Theorem 2 Suppose that v in (2.5) is chosen sufficiently large. Then, there exists
a unique element upg in SP(2, T, F) such that (2.6) holds.

We conclude this section by equipping the DG space SP(Q2, 7, F) with the DG
energy norm || - |pg defined by

1/2
HU”DG: (Z/‘VuPdX—i—/ U[[U]]2d8>
Dint,B

KET Y F
induced by the energy inner product
(v, w)pe = Z/Vv -Vwdx +/ o [v] [w] ds.
rkeT 7k 1—‘int,B

The a-priori error analysis of the discontinuous Galerkin finite element method
(2.6) has been developed in [20]; here, we shall be concerned with its a-posteriori
error analysis.



3 hp-Version a-posteriori error analysis

Under the structural hypotheses (1.4)—(1.5) on the coefficient pu, the existence of a
unique solution u € HY(Q) to (1.1)-(1.2) follows from the following result from the
theory of monotone operators (see [37], Theorem 3.2.23), with H = H}{(Q2), A = Cy
and X\ = Cy. Henceforth, we shall therefore assume that u € HL(€2).

Proposition 3 Let H be a real Hilbert space with inner product (-,-)g and norm
| - ||u, and let T' be an operator from H into itself. Suppose that T is Lipschitz-
continuous on H, i.e. there exists A > 0 such that

T (wy) — T(wo)|lg < Allwi — wal|g Ywq,we € H,
and strongly monotone on H, i.e. there exists A\ > 0 such that
(T(Wl) — T(Wg),Wl — W2)H Z )\||W1 — W2||%{ \V/W1,W2 € H.

Then, T is a bijection of H onto itself, and the inverse T~' of T is Lipschitz-
continuous on H:

1T =T gl < (A/Nf —glla  VfgeH.

3.1 Upper bound

In this section we will formulate the main result of this paper, Theorem 4. To this
end, we first define, for an element x € 7, and an edge e € &, the data-oscillation
terms

OF = hip 2 (L= z)|o(f + V- (u(|Vuna]) Vune)) I3 s (3.1)

and
O = hep, |1 = Te)|e([1(| Vupa|Vupe) - V5 . (3.2)

which depend on the right-hand side f in (1.1) and the numerical solution upg
from (2.6). Here, I is a generic identity operator and Il7;, denotes the element-wise
L2-projector onto the space SP~1(Q, 7, F), where p—1 = {p,—1}.e7,. Furthermore,
Il¢|. is defined as the L2-projector onto P _i(e); here, p, = max{p.,pw}, with
K,k € T, e = Ok N Ok’ (we note that, due to our assumptions on the polynomial
degree vector p, the quantities p,, p,, and p,s are all commensurate with one another).

Theorem 4 Let the analytical solution u of (1.1)—(1.2) belong to HY(Q). Further-
more, let upg € SP(Q, 7, F) be its discontinuous Galerkin approzimation, i.e. the
solution of (2.6). Then, the following hp-version a-posteriori error bound holds:

lu — upcllpe < C (Z e+ O(f, uDG)) , (3.3)

KETH



where the local error indicators n., k € Ty, are defined by

e = hip 2 Mg, (f + V- (u(|Vupc|) Vune)) 1.«

_ (3.4)
+ hepy, ! e ([n(|Vunc)) Vune - VDG amr + 77 Pl [unc] 16 o4

and

quG ZO +ZO

k€T e€&int

Here, C > 0 is a constant that is independent of h, the polynomial degree vector p,
and the parameters v and 6, and only depends on the shape-reqularity of the mesh
and on the constants p1 and py from (2.1) and (2.2), respectively.

Remark 5 We observe a slight suboptimality with respect to the polynomial de-
gree in the last term of the local error estimator 7, in (3.4). This results from the
fact that, due to the possible presence of hanging nodes in 7,, a nonconforming
interpolant is used in the proof of the above Theorem 4; cf. Section 3.1.3. Indeed,
for conforming (regular) meshes, i.e. meshes without any hanging nodes, a con-
forming (hp-version) Clément interpolant, as constructed in [35], can be employed;
this then results in an a posteriori error bound of the form (3.3), with the term
Y '} ||[unc]llf o, in (3.4) replaced by the improved expression vh,'p || [upc] | o,;
cf. [23].

Remark 6 In order to incorporate the inhomogeneous boundary condition u = g
on I, the error indicators 7, are simply adjusted by modifying the jump indicators
o2 [upc] 15,6« on Ok N T, with the inclusion of an additional data-oscillation term;
see [23] for details.

3.1.1 DG decompositions

The hp-version a-posteriori error analysis for the DGFEM (2.6) will be based on
an approach similar to the one discussed in [23] (see also [21,22,24,44], for related
work). In contrast with the analysis presented in [23] though, here we shall also
admit 1-irregular meshes containing hanging nodes. To this end, consider a given
subdivision 7;, of €2 that is regularly reducible, i.e., 7, can be refined to a shape-
regular_conforming mesh 7, as described in Section 2. Furthermore, denote by
SP(Q2, 7, F) the corresponding DG space, with a suitable affine element mapping
vector F and a polynomial degree vector p that is defined by pz = ps., for any
k € T, with & C &, for some k € 7. We note that SP(Q,7;,,F) C SP(Q, T, F),
and that, due to our assumptions in Section 2 (specifically, the commensurability
of the local element sizes and of the local polynomial degrees in 7, and ﬁ, due
to our bounded local variation assumptions), the DG energy norms || - |lpg and
| - l5g corresponding to the DG spaces SP(€2, 7, F) and SP((, Tn., F), respectively,
are equivalent on SP(€2, 7, F); in particular, there exist positive constants Ny, N,



independent of h and p, such that

Nl/ ov]?ds < ﬁ o [v]*ds < N2/ ov]*ds Vo€ SP(Q, 7T, F).
Fint,B Fine,B Fine,B

(3.5)

Here, fmt,B denotes the union of all element edges of ﬁ, and o is the discontinuity pe-
nalisation parameter on SP((, 7, f‘) which is defined analogously as for SP(Q2, 7;,, F)
n (2.5); note that, for v € SP(Q,7,,F), the jump [v] vanishes on fint,B \ int B-

An important step in our analysis is the decomposition of the space S 5(9 ﬁ, N)
into two orthogonal subspaces: a conforming part [SB(Q, T, F)]l = S%(Q, 7, F) N
H;(Q2), and a nonconforming part [SP(Q 7,,, F)]+ defined as the orthogonal comple-
ment of [SP(Q2, 7, F)]l in SB(Q, 7, F) with respect to the DG energy inner product
(*,")pg (inducing the DG energy norm | - [|5g), ie.,

SP(Q, T, F) = [SP(Q, T, F)] @ [SP(Q, T, F))-

Based on this setting, the DG-solution upg obtained by (2.6) may be split accord-
ingly,
Upg = u}'DG + U, (3.6)

where ul, € [SP(, T, F)]l and ug, € [SP(Q, 7, F)]*. Furthermore, we define the
error of the hp-DGFEM by

epc = U — Upg, (3.7)
and let
e}'DG =u— u}'DG € Hy(9). (3.8)
3.1.2 Auxiliary results

For the proof of the above Theorem 4, we shall require the following auxiliary results.

Proposition 7 Under the assumptions in Section 2 on the (reqularly reduced) sub-
division Ty, the following norm-equivalence holds over the space [SP(Q, Ty, F)]*:

Cllillss < [ FRPAs<Calollyy  welP@QBFL, (39
int,B
where the constants 5’1, 52 > 0 depend only on the shape-regularity of T, and on the
constants py and po in (2.1) and (2.2), respectively.

Proof See [23, Proposition 4.5]. =

Corollary 7TA With ugy and ey)G defined by (3.6) and (3.8), respectively, the fol-
lowing bounds hold:

2
lupellga < D (/ o HUDGﬂ2d8> : lehalpa < Dallencllna,
Fint,B



10

where the constants Dy, Dy > 0 are independent of v, h and p, and only depend on
the shape-reqularity of T;, and the constants p1 and py in (2.1) and (2.2), respectively.

Proof In order to prove the first of the above bounds, we recall that u” € H{(€2). This

implies that [[uDG]] =0 on Fmth, and hence,

[ubg] = [M')G]] + [uie] = [M')G + upsa] = [upc].

Then, due to Proposition 7, we obtain,
a2 < 0/~ 5 [uba]? ds = c/~ 5 [unc]? ds. (3.10)
1—‘int B int,B
Furthermore, since upg € SP(Q2, 7, F), and because of (3.5), we conclude that

lubelZ, < C / o [upcl? ds.

1nt B

For the second bound, we use the triangle inequality, the bound (3.10), and the fact
that, since the analytical solution u of (1.1)—(1.2) and ey)G belong to H}(2), we have

[ul =[ele] =0 and  [epa] = [u] — [unc] = —[unc] (3.11)
on fint,B (and thereby also on I'jp ). Thus,

1
2

& [upc]? ds)

”ey)GHDG = He ”DG = ”eDGHDG + HUDG”DG < ”eDG”DG +C </F

int,B
2
<llencllgg +C (/~ G [[eDG]]2d3> < Cllepcligg-
int,B
(3.12)

In a similar way, we obtain

lepalZ, = 3 IVenal2; + / FlepclPds = 3 Ve, + / 5 [upc]® ds.

HGT]—L 1nt,B HeTh Fint,B

Moreover, observing that upg € SP(Q2, 75, F), and applying (3.5), leads to

levclizg < 3 IVealf+C [ olucl*ds
k€T Tint,B
= ”WDGHOHJFC/ [epc]® ds < Cllepclba
k€T Tint,B

which, referring to (3.12), yields the second bound. m
Next, we state the following approximation property.
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Lemma 8 For any ¢ € H}(Q), there exists a function ¢p, € SP(Q, T, F) such that

Dille — emplliw + 11V (@ = @np)llee + 1" pillee — enpllon < CrlVelli ., (3.13)

for any k € T, with an interpolation constant C; > 0, which is independent of h
and p, and only depends on the shape-reqularity of the mesh and the constants p;
and pg in (2.1) and (2.2), respectively.

Proof We first consider the proof of the upper bounds on the L2(x)-norms of ¢ — ©np and
V(¢ — ¢np). In this case, on quadrilateral elements, the above approximation property
follows from the tensorisation of the corresponding one-dimensional approximation results
for an H'-projector; see [25], for details. For triangular elements, we employ a reflec-
tion technique. More precisely, writing K to denote the canonical triangle with vertices
(—=1,-1), (1,—1), and (—1,1), we define %’ to be triangle with vertices (1,—1), (1,1), and
(—1,1) obtained by reflecting % about its longest edge. Analogously, given v € H! (%), we
write o € H'(K') to denote the reflection of v in the line & = —¢;, where (£1,£2) denotes
the local coordinate system for the reference element k. With this notation we define the
function w € H(S) by w|z = © and w|z = ¥, where S is the unit square (—1,1)2. Due
to symmetry, we deduce that there exists a positive constant C', such that

V2|dlloz < l@llyg < Cllollog  and V2| Valloz < [Vall, 5 < ClIVlos

Thereby, the approximation properties on the reference element K now follow from the
corresponding results on the unit square S ; the proof is then completed by employing a
standard scaling argument.

The upper bound on the approximation error measured in terms of the L?(9x)-norm
now follows from the above results, together with the trace inequality

013,05 < C (1V0lloellvllon + At 0l13 )

where v € H! (k) and C is a positive constant which depends only on the shape-regularity
of the element k. M

3.1.3 Proof of Theorem 4

We commence the proof of our main theorem by applying (1.5). This yields

/ |VU — VUD(;| dx —|—/ o [[6])(;]]2 ds)
Tint,B

Z/|Vu—VuDG|2dx+/ o [epc]? ds

mt,B

Collenclbg = Ca <

KETH

reT)
< Z / \Vu| Vu — (|VUD(;DVUD(;) . VeDG dx + Cg/ g [[eD(;]]zdS
RET;L Tint,B
= T1 + T2 + Tg,

(3.14)
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where

7= Y [ l1Vul) V= ([ Func V) - Ve dx,

~ K
KeTh

==, /~(M(|VU|)VU = 1(|Vung|)Vupc) - Vg dx,

~ = K
RETH

T = 02/ o [enc]® ds,
Tint,B

and eDG e HY(Q) and uby € [SP(Q,T,,F)* are defined as in (3.6) and (3.8),
respectively.

We will now analyse the three terms 77, T, and T3 separately.

Term 77. We first note that

T, = Z/ (IVu))Vu — u(|Vupe|) Vupg) - Vel dx.

KETH

Then, using integration by parts, we obtain

Z/ 1(|Vu|)Vu)el , dx — Z/ (IVupe|) Vupg - Vel dx

k€T KET),
- Z/fe dx — Z/ (|Vupc|)Vupg - Ve dx.
KeTy " k€T,

We now let ¢p, € SP(Q,7,,F) be the element-wise projection of e}'DG satisfying
Lemma 8. Then, by the definition of the hp-DGFEM (2.6), it follows that

Tl Z /f eDG (php dX— Z/ |qug|)VUDG V((JDG (,th)d

KETH, KET),

- / Vel Vi - )] ds + 6 / (b Tunc]) Vagn - ) [upc] ds

Dint,B

+ / o [[UD(;]] [[Qphp]] ds.
Tint,B
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Hence, integrating the second term on the right-hand side of the above equality by
parts, leads to

1= 3 [ (49 (| Vuna) Tupe) (ehe — ) dx

k€T
— Z/ (|Vupg|)Vupg - n,{)(ePDG ©Onp) ds
KETy
- /F  (ulIVrupa]) Vaune - v) Lpns] ds +6 /F | (b [upc]) Vieny - ) [upc] ds

+ / o [upc] [pnp] ds.
1—‘int B

Using the fact that [[eDG]] = 0 on @'y, B, since ey)G € H}(Q), and a few elementary
calculations, we have that

-3 / (|Vupc|)Vupe - 0, (ehg — @np) ds

KETy
= — /F [1(V hunc]) Viupe - v]{ehe — o) ds + /F ((|V hunc)) Viuoe - ) [enp] ds.
Therefore,
7= Y [+ 9 (| Vunc]) Vuno) (ebe — ons) dx

KETH k

B /F [1(|Vhupa|) Viaupe - V] <<6}|3G — Pnp) ds

0 [ G funel) Vg, ) lunclds+ [ o funcl [on] ds

int,B

and thus,

T<Y / 4V - (1| Vuna) Van) e — onl dx

k€T
£y / (Ve Vuna - 7111 (el — orp)|ds
KETy H\F

o / el )  Eana )| (Vagny - v) | ds + / ollunclllon] | ds
<> ||f+v (| Vuna)) Vune) lloxllebg — npllo

k€T

+CZ I[1(IVupa]) Vune - Y] lloamrllebe — rplloon

KET)

=001 [ el (Vaemlds+ [ ollunclllfen]]ds,

Tint,B
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where we have applied (1.3) (with s = 0 and ¢t = h™!|[upg]|) to bound the second-
last of the above terms. Moreover, proceeding as in the proof of [20, Lemma 2.2]
(cf., also [43, Lemma 3.5]) and recalling that v > 1, we obtain

/FMH[uDG]]|<<|vhgohp|>>dsg( / o [uncl? ) (Z / (V) )
=¢ (/" upcl’ ) (Z Ilwhpnoﬁ>

w€Tp

Furthermore, by (3.13), we have

S IVerl2. <O IViepe — em)lla, +C D IVeballd, < C D IVebslld s

HETh I’CGT]—L I’CGT]—L HETh

and hence,

/ |[[um]1\<<\vhgohp\>>dssc(/P ) (Zuw HM).

KETH
Moreover, using again the fact that [[ey)G]] = 0 on Iy B, and recalling (2.1)—(2.2),

implies

/1“- o [[upc]lllen]| ds :/ a|[[uDG]]||[[e}|DG — onp] | ds

1—‘imB

¢ (/ 7{ed fuc] S) (Z/@ ) e sohp\2ds>
Fint,B k€T ¥ OF
</F o {(p) [undl s> (Zh "Pellebe Qphpng’aﬁ) .

KETH

1
2

IA

[NIE

IN

Cy

Thus, collecting the terms leads to

T <Y hep I + V- (0 Vuncl) Vune) loxhy ' pelleba = @npllo

k€T
} 11
+C'Zhnp52|| (|Vupc|)Vupg - v]|o,amrhs 2 2H€DG Phpllo,on
KETH
1
2
el ( [ oluner ) <Z |vel, ||0H>
1—‘intB HET}L

+ Oz (/ a{p) [upc] 5) (Zh pn|€ ‘Php||(2),an> :
Tint,B

KETH
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Furthermore, applying again the approximation property (3.13), using that v > 1 >

1
2
SOhPHO Ii)

|0] > 0, and incorporating (2.2), results in

k€T k€T

<Z hep?|lf + V- ((|Vupa]) Vupc) ||0n) (Zh

+C(Z hep | (| Vupe]) Ve - VHO@;@\F) (Zh "Pellebe

k€T k€T
el <Z / o [unc]? ) <Z Vel ||0H)
KETH, HETh
+C’}/% (Z/ uDG 8) (Zh pRH€
KET, ok KET,

w€Tp

(Zh,@pnzllﬂv (1(Vuna]) Vupc) ||o,@) (ZHW ||oﬁ>

KETH

1
2
— @hp H3,8ﬁ>

D=

+C<Z hpy (| Vupg]) Vupe - v ||oan\1“> (ZHW Hw)

KETH
HET}L ﬁe?’h
Therefore,

1
2
T <C (Z ?7’2) leballbe:

w€Tp

which, by Corollary 7A, yields

1
2
T, <C (Z Tﬁ) lencllpa-

w€Tp

Here, for k € 7}, the term 7, is defined by

02 = h2p 2| f+ V- (u(|Vune]) Vupe) |12,

+ hepy (I Vupcl) Vune - VG sr + 70y 03

Noticing that

m<C|m+oP+ > 0P|,

eCEing
eCOK

KETH

<22h | [unc ||oa,@) (an 0,@)5.

1
2
@hp”?),{)n)

elllunclll6 o
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we obtain

[NIES

n<c| ) |m+ol+ > o lepc|pe- (3.15)

KET), Eizint
e K

Term T,. In order to bound T3 we recall (1.4). This yields

T, < Z/ (IVu)Vu — (| Vupe|) Vupe||[Vude| dx

KTy
<Y / Venal[Vubal dx < Cr S [Venallosl|Vuglox
ReTh ReTy,
3 3
S 1WenalZs | | 3 Va2
ReT, ReT),

Hence, we have

T, < C1||6DG||DGHU$G||13@

which, upon applying Corollary 7TA, gives

T, < C|lepcpa (/ o [upc]? ds)
1—‘im,B

and thus, since v > 1,

[SIE
=

< Cllepc|pa (7 > b [uncllld aﬁ> ,

KETH

[NIES

Ty < Cllepc|pa (Z ng) : (3.16)

k€T

Term T3. A bound for T3 is found by recalling (3.11). This gives

T3 S Cg/ g |[[6DG]]H[[UDG]]| ds S Cg </ g [[6])(;]]2 dS) </ g [[UD(;]]2 dS)
Dint,B Tint,B Tint,B

1

< Cllencllpe (7 Rl UDG]]HO(?/@) :

w€Tp

Thereby, we obtain

[NIES

T3 < Cllepcllpa (Z ni) . (3.17)

k€T
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Finally, combining the bounds (3.14) and (3.15)—(3.17) leads to

lepcllhe < € (Z 4+ O(f, uDG)) lepclpe-

k€T

Dividing both sides of the above inequality by |lepg|lpg completes the proof of
Theorem 4.

3.2 Local lower bounds

In this section we derive local lower bounds on the error measured in terms of the DG
energy norm || - |[|[pg. As in the case of conforming hp-version finite element methods,
estimators which are both optimally reliable and efficient in the polynomial degree
are not currently available in the literature, cf. [36], for example. The key techni-
cal reason for this is that the proofs of the lower bounds exploit the use of inverse
estimates which are suboptimal in the polynomial degree. To minimise the dete-
rioration of the efficiency bounds with respect to the polynomial degree, weighted
versions of the local a-posteriori error indicators 7, may be employed. This idea was
first used in the context of conforming finite element methods in [36]; subsequent
extensions to DGFEMs have been undertaken in the article [23], for example. For
simplicity of exposition, we only present lower bounds for our (unweighted) a pos-
teriori error indicators 7),; extensions to weighted versions of 7, follow analogously,
cf. [23]. We begin by quoting the following theorem under the assumption that the
computational mesh 7}, is conforming (regular). The extension of these bounds to
nonconforming (irregular) meshes which are regularly reducible follows analogously;
cf. Remark 10 below.

Theorem 9 Let k, k' € T;, be any two neighbouring elements, e = Ok N Ok’ € Eppy,
and we = (RUF)°. Then, for all § > 0, the following local hp-version a-posteriori
lower bounds on the error epg from (3.7) hold:

a)

T - ((|Vupg|)Vupa))|lox < Ch,, py, €nG|lox pi_g ol ;
1Lz, (f + V- (u(|Vupcl) Vupe))llox < Chy 'k I Vencllox +

b)
Mele([u(Vunc) Vupal - ¥)le)llo.

_1 3 _1 _1
< Ohepi [ IVencllow, +0x 2 > VOV 42O | ;

Te{k,k'}

1.1 1
I[upc]llo. < Cy 2hip, |o% [enc]]lo,e-
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Here, the generic constant C' > 0 depends on ¢, but is independent of h and p.

Proof We proceed similarly as in [36]; see also [23]. To this end, we first introduce
suitable cut-off functions as follows: on the reference element k, we define a weight-
function ®z(x) = minycgp [x — y|. Then, for k € 7p,, we let &, = ¢, Pz 0 F-1, where
the factor ¢ is chosen so that [ (®, — 1)dx = 0. Furthermore, on the reference interval

~

I = (—1,1), we define the weight-function ®;(z) = 1 — x2. Then, for an interior edge
e € Emg, we let &, = c.P;o0 F !, where F, is the affine mapping from 7 to e, and ¢, is
chosen so that [ (®. —1) ds = 0.

Proof of a): Let k € Tj, and define v, = Iy, (f + V - (u(|Vupc|)Vupg)), where
€ (%, 1]. Then, using (1.1), and integrating by parts, yields

%00l = [ el (£ + V- (1 Vupc ) Vupc) dx
- / 0V - (1| Vupa|)Vupe — (| Vul) Vi) dx
4 / on(llg, ~I)(f +V - (u(|Vupc ) Vunc)) dx
_ / Vor - (1| Vuna)) Vape — p(|Vu]) V) dx
T / on(llg, —D)(f +V - (u(|Vupc|) Vupe)) dx
< [ 190 Vuncl) Vuoe = (| V) Vulax

+ [0l =D + 9 - (1 Ve Tunc)) .
Recalling (1.4), this can be transformed into
195 0l < © [ 190l Vepaldx+ [ oIz, = T)(f + V- (ul|Funcl) Vupe)| dx
< Ol VualoslVenclion + 185 2 vellowll 2 (I r ) (f + V - (1| Vuncl) Vune)) o

— -3 1
< C|IVrllonlVencllos + by pull®r 2 vellony OF.

From the proof of [36, Lemma 3.4], we have

—a
IVvellos < Chi il n > viclloes

thereby,
_a _ _a _ 1
185 5 vl < Che pell®n vl (p; *|Vena o + VO ’) -

Dividing both sides of the above inequality by ||®x 2 v,|lo,» and observing that (by applying
the inverse inequality from [36, Theorem 2.5])

7, (f + V- (u(|Vupc) Vupe))llox < CpRll®E 1Ly, (f + V- (1(|Vupc|) Vupe)) llox

o

= CPl|®x 2 villo.w,
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leads to

I3, (F + ¥ - (u([Vunc)) Vane) lox < Chzlptte <pt—auwmuo,ﬁ Ty OS’) . (318)

Choosing § = a — %, completes the proof of a).

Proof of b): Let q. = ®11¢|e (([1(|Vunc|)Vunc] - v)|e), where again a € (1,1]. Then,
referring to [36, Lemma 2.6 with ¢ = p, 2], there exists x. € H}(we) such that xe|e = ge
and

1 _a
HXe”O,we S Ch/%p,;luq)e ZQE”O,Ea

1 L a (3.19)
HVXeHO,we < Chy zan(I)e 2Qe”0,e-

Noting that —V - (u(|Vu|)Vu) = f € L3(Q), we conclude that [u(|Vu|)Vu] - v = 0 on
e. Hence, integrating by parts and assuming (without loss of generality) that the normal
vector v points from « to «’, leads to

@2 2 gell2.

N /Hs([[u(\WDGDWDG]] “V)Xe ds

e

- / (e(Vupe)) Vupe — p(Vu)Vu] - )xe ds + / (e — D)([u(|Vupa)) Vupc] - #)xe ds

€ €

- /a (| Vupa ) Vupe — (| u))Va) - 1) xe ds
# (V] Vo — ([ 9u) V) ) x. ds
+ /(Hg —I)([u(|Vupc|)Vupc] - v)xe ds

- / (| Vupe]) Vune — u(|Vul)Vu) - Vye dx + / (f +V - (u(| Vuna]) Vune))xe dx

e

+ /(Hg —I)([u(|Vupc|)Vupc] - v)xe ds

e

= Ry + Ry + Rs.
(3.20)

Employing (1.4) and (3.19), Ry can be bounded as follows:

_1 _a
R <C |veDG||vX6| dx < OHveDGHO,weHvXeHO,we < Chy 2anveDG||0,we||(I)e 2(]eHO,e-

We

(3.21)
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In order to obtain a bound for R, we use (3.18) and the definition of oY from (3.1);
thereby,

Ry = / M7, (f + ¥ - (4(|Vupa|) Vupe))xe dx

- / (I~ D)(f + V- (u(|Vupa]) Vupa))xe dx

< |z, (f + V- (u(IVupc ) Vupe))llowe [ xello.w. (3.22)
+ |z, = D(f + V- (u(IVupc|) Vupe))llowellxello.w.

~ 1
< Oh'pt | okl Vencllow. + ) \/E Ixellowe:
TG{KHK/}

Recalling (3.19), this gives

_ 1 -5
Ry < Chi?p2 | pi o Wenclow. + 3 VO | @2 2 g o,

Te{r,k'}

A bound on R3 is based on the definition of 0 from (3.2) and on the fact that x. = ¢
on e:

1

a 1 _a
Rs < [|®2 (g — I)([u(|Vupc|)Vupc] - v)o.e | ®e Xe”()e < Chy 2p2\ O 192 2 gello.e.-
(3.23)

Combining (3.20)—(3.23), gives

_a 1 1 _a
1@ 2 gellg. < Chi®pi (VGDGO,we +p270 Y Vol 1 p2y 022)) 1B 2 gello,e.

Te{r,k'}

As in the proof of a), we divide the above inequality by ||®e 2 gello,e, and use the fact

that @;%qe = &2 ¢l (([u(|Vupc|)Vupc] - v)|e). Then, applying the inverse inequality
from [36, Lemma 2.4] (see also [4,5]), we get

e ([(|Vupc|) Vupa] - v)lloe < Cpal|® He ([u(|Vuna|) Vupa] - v)lloe = Cral|Pe  gello.e-
Thereby,
e ([1(|Vupa|)Vupa] - v)llo.e
< Chy?ptte [ [Venglow, 7271 Y VOW 1 pr 2y 0P
Te{k,k'}

Again, selecting § = o — 5 leads to estimate b).
Proof of ¢): This follows from (2.1), (2.2) and (3.11):

[Tuncllloe = lllepclllo.e < Cy~ thpanU? [epc]lloe-

That completes the proof of the lower bounds. ®
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Remark 10 For the case when the mesh 7, is 1-irregular (but assumed to be reg-
ularly reducible to a conforming mesh ﬁ, cf. Section 2), analogous bounds to the
ones derived in Theorem 9 still hold. Indeed, bounds a) and c) follow directly; for
the proof of b), employing the argument outlined in the proof of Theorem 9, we
deduce that

Mele(([u(Vunc) Vupal - v)le)llo.

_1 3 _1 _1
< Ohpl | IVencliog, +02 * Y. VO +p2Jo? | (3.24)

[
Te{k,k'}

where @, is defined so that the closure of W, is the union of the closure of the two
elements k, k' € 7, which share the common edge e. The right-hand side of (3.24)
may now be bounded from above by an similar expression involving quantities mea-
sured over the (nonmatching) elements x and " which share the edge e; by this we
mean that, in the estimate (3.24), the element size hz and polynomial degree pz
are commensurate with h, and p,, respectively, and the error term ||Vepgllos, is

bounded from above by ||Vepg|low.. We note that the data oscillation terms oW

appearing in (3.24) are, however, still measured over the elements k, K’ € 7, since
they are in general not bounded by the corresponding oscillations on k, k' € 7},.

4 Numerical experiments

In this section we present a series of numerical examples to demonstrate the practi-
cal performance of the proposed a-posteriori error estimator derived in Theorem 4
within an automatic hp-adaptive refinement procedure which is based on 1-irregular
quadrilateral elements. In each of the examples shown in this section the DG solution
upg defined by (2.6) is computed with = 0, i.e., we employ an incomplete-interior-
penalty-type discontinuous Galerkin method. Analogous results to those presented
for € = 0 are also observed with # = —1 and 6 = 1; for brevity these results have
been omitted. Additionally, we set the constant v appearing in the definition of the
interior-penalty parameter o defined in (2.5) equal to 10. The resulting system of
nonlinear equations is solved by employing a damped Newton method; within each
inner (linear) iteration, we exploit a (left-) preconditioned GMRES algorithm using
a block symmetric Gauss—Seidel preconditioner.

The hp-adaptive meshes are constructed by first marking the elements for refine-
ment or derefinement according to the size of the local error indicators 7,; this is
achieved by employing the fixed fraction strategy, see [27], with refinement and dere-
finement fractions set to 25% and 10%, respectively. Once an element x € 7, has
been flagged for refinement or derefinement, a decision must be made whether the
local mesh size h, or the local degree p, of the approximating polynomial should
be adjusted accordingly. The choice to perform either h-refinement/derefinement
or p-refinement/derefinement is based on estimating the local smoothness of the
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(unknown) analytical solution. To this end, we employ the hp-adaptive strategy
developed in [28], where the local regularity of the analytical solution is estimated
from truncated local Legendre expansions of the computed numerical solution; see,
also, [16, 26].

Here, the emphasis will be on investigating the asymptotic sharpness of the pro-
posed a-posteriori error bound on a sequence of nonuniform hp-adaptively refined
1-irregular meshes. To this end, we shall compare the estimator derived in Theo-
rem 4, which is slightly suboptimal (by a factor of p*/?) in the spectral order p, with
the corresponding optimal one (cf. Remark 5); we note that the derivation of the lat-
ter precludes the use of hanging nodes. Indeed, here we shall show that despite the
loss of optimality in p, the former indicator performs extremely well on hp-refined
meshes, in the sense that the effectivity index, which is defined as the ratio of the
a-posteriori error bound and the energy norm of the actual error, is roughly constant
on all of the meshes employed. Moreover, our numerical experiments indicate that
both a-posteriori error indicators give rise to very similar quantitative results. For
simplicity, as in [3], we set the constant C arising in Theorem 4 equal to one; in
general, to ensure the reliability of the error estimator, this constant must be deter-
mined numerically for the underlying problem at hand. In all of our experiments,
the data-approximation terms in the a-posteriori bound stated in Theorem 4 will be
neglected.

4.1 Example 1

In this example, we let € be the unit square (0,1)? in R%. The nonlinear diffusion
coefficient is defined as follows:

1

e, V) = 24 e

further, we select f so that the analytical solution to (1.1)—(1.2) is given by

u(z,y) = (1 — 2)y(1 — y)(1 — 2y) e~V

where s is a positive constant, cf. [23,36]; throughout this section we set s = 20.
In Figure 1(a) we present a comparison of the actual and estimated energy norm
of the error versus the third root of the number of degrees of freedom in the fi-
nite element space SP(2,7;,,F) on a linear-log scale, for the sequence of meshes
generated by our hp-adaptive algorithm using the suboptimal indicator stated in
Theorem 4 (denoted by p?® in the figure) and the corresponding optimal one out-
lined in Remark 5 (denoted by p* in the figure). We note that for both indicators
meshes employing hanging nodes are employed, despite the fact that the derivation
of the latter, hp-optimal, error indicator necessitates the use of conforming (regular)
meshes. The third root of the number of degrees of freedom is chosen on the basis
of the a-priori error analysis performed in [43], for example. Here, we observe that
the two error indicators perform in a very similar manner: in each case the error
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Figure 1: Ezample 1. (a) Comparison of the actual and estimated energy norm of
the error with respect to the (third root of the) number of degrees of freedom with
hp-adaptive mesh refinement; (b) Effectivity indices; (¢) & (d) Comparison of the
actual error with h- and hp-adaptive mesh refinement.

bound over-estimates the true error by a (reasonably) consistent factor; indeed, from
Figure 1(b), we see that the computed effectivity indices oscillate around a value
of approximately 13. Additionally, from Figure 1(a) we observe that the conver-
gence lines using hp-refinement are (roughly) straight on a linear-log scale, which
indicates that exponential convergence is attained for this smooth problem, as we
would expect. In Figures 1(c) & (d), we present a comparison between the actual
energy norm of the error employing both h- and Ap-mesh refinement; here, the hp-
refinement is based on employing the error indicator stated in Theorem 4. In the
former case, the DG solution upg is computed using bilinear elements, i.e., p = 1;
here, the adaptive algorithm is again based on employing the fixed fraction strategy,
with refinement and derefinement fractions set to 25% and 10%, respectively. From
Figures 1(c) & (d), we clearly observe the superiority of employing a grid adaptation



24

N N N[NNI N[N| NN N N[N N|[N|[N| N
N N[N N[N N[N N[N N[N N[N|N[N|N
\SVIaV/avial gV iaViatiavigViaV i aviaviaviaV avia [VaviaVlaviaViavauialiaViaviaviavaViay
CNCNTNCY CNCN OOV TN U TN TNTONONTNC NTNTNCN|
o Qv Y

NN
\j I
o pllas Y )
N YN YN YN N YN YN YN N YN N MNTN NN MMWMN NN NTYN NN NNYNN
o] OO <O
N oolcjloojlvcjloiLLILLILILIOlOOlO|lO|O |
N il oiLLILILILI OOl |O|O | LW
N oolcjloojlvcloiLLILLILILLI OOl |lO|O |
NIl ol oiLLILILILI OOl O|lO|O|O | LW
P e T e e S S T T O e e
NININNINININN (N INNININNININNININN
NN(NNINTN N NN NN OONTN NN [(MMNTN TN TN NN NN O[O
ﬂ.ﬂl\ e i o N
)i i
" Vi QY
m M
v 3y QY
[viay 3 3 I3V o~ VA Vi
N N[N N[N N[N N[N N[N N[N|N[N|N
N[N N[NNI N[N NN N N[N N|N|N|N

Figure 2: Ezample 1. Finite element mesh after 11 adaptive refinements, with 1198

elements and 18443 degrees of freedom: (a) h-mesh alone; (b) hp-mesh.
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strategy based on exploiting hAp-adaptive refinement: on the final mesh, the energy
norm of the error using hp-refinement is over two orders of magnitude smaller than
the corresponding quantity computed when h-refinement is employed alone.

In Figure 2 we show the mesh generated using the proposed hp-version a-posteriori
error indicator stated in Theorem 4 after 11 hp-adaptive refinement steps. For clar-
ity, we show the h-mesh alone, as well as the corresponding polynomial degree
distribution on this mesh. Here, we observe that some h-refinement of the mesh
has been performed in the vicinity of the base of the exponential ‘hills’ situated in
the left- and the right-hand sides of the domain, where the gradient/curvature of
the analytical solution is relativity large. Once the h-mesh has adequately captured
the structure of the solution, the hp-adaptive algorithm increased the degree of the
approximating polynomial within the interior part of the domain containing these
hills.

4.2 Example 2
In this section we let Q be the L-shaped domain (—1,1)?\ [0,1) x (=1, 0], and select

w(x, | Vu|) =1+ e Ve,

Then, writing (r, ¢) to denote the system of polar co-ordinates, we choose f and an
appropriate inhomogeneous boundary condition for u so that

u = 13sin(2p/3);

cf. [43], for example. We note that u is analytic in Q \ {0}, but Vu is singular at
the origin; indeed, here u ¢ H*(Q).

Figure 3(a) shows the history of the actual and estimated energy norm of the
error on each of the meshes generated by our hp-adaptive algorithm using both the
indicator stated in Theorem 4 (denoted by p? in the figure) and the corresponding
one outlined in Remark 5 (denoted by p? in the figure). As in the previous example,
we observe that the two error indicators perform in a very similar manner, though
for this nonsmooth example the loss in optimality in the jump indicator in the
estimator stated in Theorem 4 does lead to a slight increase in the effectivity indices
in comparison with the latter indicator. However, from Figure 3(b) we observe that
asymptotically both a-posteriori bounds over-estimate the true error by a consistent
factor. Additionally, from Figure 3(a) we observe exponential convergence of the
energy norm of the error using both estimators with hp-refinement; indeed, on a
linear-log scale, the convergence lines are, on average, straight. Figures 3(c) &
(d) highlight the superiority of employing hp-adaptive refinement in comparison
with h-refinement: on the final mesh, the energy norm of the error using the hp-
refinement indicator stated in Theorem 4 is over two orders of magnitude smaller
than the corresponding quantity when h-refinement is employed alone, based on
using bilinear elements.
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Figure 3: Ezample 2. (a) Comparison of the actual and estimated energy norm of
the error with respect to the (third root of the) number of degrees of freedom with
hp-adaptive mesh refinement; (b) Effectivity indices; (¢) & (d) Comparison of the
actual error with h- and hp-adaptive mesh refinement.

In Figure 4 we show the mesh generated using the local error indicators 7, stated
in Theorem 4 after 13 hp-adaptive refinement steps. Here, we see that the h-mesh
has been refined in the vicinity of the re-entrant corner located at the origin; from
the zoom, we see that h-refinement is more pronounced in the direction y = x. In
the normal direction, y = —z, p-refinement is employed instead, as the solution
is deemed to be smooth here. Additionally, we see that the polynomial degrees
have been increased away from the re-entrant corner located at the origin, since the
underlying analytical solution is smooth in this region.
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Figure 4: Example 2. hp-mesh after 13 adaptive refinements, with 162 elements and
4302 degrees of freedom.

5 Concluding remarks

In this paper, we derived global upper and local lower residual-based a-posteriori
error bounds in the energy norm for the class of interior-penalty hp-DGFEMs devel-
oped in [20] for the numerical approximation of second-order quasilinear elliptic par-
tial differential equations. The analysis is based on employing a suitable DG space
decomposition, together with an hp-version projection operator. Numerical exper-
iments presented in this article clearly demonstrate that the proposed a-posteriori
estimator converges to zero at the same asymptotic rate as the energy norm of
the actual error on sequences of hp-adaptively refined meshes. Future work will
be devoted to the extension of our analysis to hp-adaptive discontinuous Galerkin
approximations of quasi-Newtonian incompressible flow models.

References

[1] D. ARNOLD, An interior penalty finite element method with discontinuous el-
ements, SIAM J. Numer. Anal., 19 (1982), pp. 742-760.



28

2]

[10]

[11]

[12]

[13]

[14]

D. ArNoOLD, F. BrREzz1, B. COCKBURN, AND L. MARINI, Unified analysis of
discontinuous Galerkin methods for elliptic problems, STAM J. Numer. Anal.,
39 (2001), pp. 1749-1779.

R. BECKER, P. HANSBO, AND M. LARSON, Energy norm a posteriori error
estimation for discontinuous Galerkin methods, Comput. Methods Appl. Mech.
Engrg., 192 (2003), pp. 723-733.

C. BERNARDI AND Y. MADAY, Spectral methods, in Handbook of Numerical
Analysis, P. Ciarlet and J. Lions, eds., vol. 5, North-Holland, Amsterdam, 1997.

C. BERNARDI, R. OWENS, AND J. VALENCIANO, An error indicator for mor-
tar element solutions to the Stokes problem, IMA J. Numer. Anal., 21 (2001),
pp- 857-886.

D. BRAESS, Finite Elements. Theory, Fast Solvers, and Applications in Solid
Mechanics, Cambridge University Press, 1997.

R. BusTiNZA AND G. GATICA, A local discontinuous Galerkin method for non-

linear diffusion problems with mized boundary conditions, SIAM J. Sci. Com-
put., 26(1) (2004), pp. 152-177.

P. CasTIiLLO, B. COCKBURN, I. PERUGIA, AND D. SCHOTZAU, An a priori

error analysis of the local discontinuous Galerkin method for elliptic problems,
SIAM J. Numer. Anal., 38 (2000), pp. 1676-1706.

B. CockBURN, S. Hou, AND C.-W. SHU, T'VB Runge—Kutta local projection

discontinuous Galerkin finite elements for hyperbolic conservation laws, Math.
Comp., 54 (1990), pp. 545-581.

B. CockBURN, G. KANSCHAT, I. PERUGIA, AND D. SCHOTZAU, Supercon-

vergence of the local discontinuous Galerkin method for elliptic problems on
Cartesian grids, SIAM J. Numer. Anal., 39 (2001), pp. 264-285.

B. COCKBURN, G. KARNIADAKIS, AND C.-W. SHU, eds., Discontinuous
Galerkin Methods. Theory, Computation and Applications, vol. 11 of Lect.
Notes Comput. Sci. Engrg., Springer, 2000.

B. CoCKBURN AND C.-W. SHU, T'VB Runge—Kutta local projection discon-

tinuous Galerkin finite element method for scalar conservation laws ii: General
framework, Math. Comp., 52 (1989), pp. 411-435.

—, The Runge-Kutta local projection P'—discontinuous Galerkin method for
scalar conservation laws, Modél. Math. Anal. Numér., 25 (1991), pp. 337-361.

— The local discontinuous Galerkin method for time—dependent reaction—
diffusion systems, SIAM J. Numer. Anal., 35 (1998), pp. 2440-2463.



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

29

— The Runge—Kutta discontinuous Galerkin method for conservation laws:
Multidimensional systems, J. Comput. Phys., 141 (1998), pp. 199-244.

T. EIBNER AND J. M. MELENK, An adaptive strategy for hp-fem based on test-
ing for analyticity, Tech. Report 12/2004, University of Reading, Department
of Mathematics, 2004.

J. FLAHERTY, R. Loy, M. SHEPHARD, AND J. TERESCO, Software for paral-
lel adaptive solution of conservation laws by discontinuous Galerkin methods, in
Discontinuous Galerkin Methods: Theory, Computation and Applications, Lec-
ture Notes in Computational Science and Engineering, Vol. 11, B. Cockburn,
G. Karniadakis, and C.-W. Shu, eds., Springer, 2000, pp. 113-123.

G. G. M. GONZALEZ AND S. MEDDAHI, A low-order mixed finite element
method for a class of quasi-Newtonian Stokes flows. Part I: A-priori error
analysis, Comput. Methods Appl. Mech. Engrg., 193(9-11) (2004), pp. 881—
892.

P. HousToN, I. PERUGIA, AND D. SCHOTZAU, Mized discontinuous Galerkin
approximation of the Mazwell operator, SIAM J. Numer. Anal., 42 (2004),
pp- 434-459.

P. HousToN, J. ROBSON, AND E. SULI, Discontinuous Galerkin finite ele-

ment approximation of quasilinear elliptic boundary value problems I: The scalar
case, IMA J. Numer. Anal., 25 (2005), pp. 726-749.

P. HousToN, D. SCHOTZAU, AND T. WIHLER, hp-Adaptive discontinuous
Galerkin finite element methods for the Stokes problem, in Proceedings of the
European Congress on Computational Methods in Applied Sciences and Engi-
neering, Volume II, P. Neittaanmaki, T. Rossi, S. Korotov, E. Onate, J. Périaux,
and D. Knorzer, eds., 2004.

—, Energy norm a posteriori error estimation for mized discontinuous
Galerkin approzimations of the Stokes problem, J. Sci. Comput., 22(1) (2005),
pp- 357-380.

P. HousToN, D. ScHOTZAU, AND T. P. WIHLER, Energy norm a posteri-

ori error estimation of hp-adaptive discontinuous Galerkin methods for elliptic
problems, Math. Models Methods Appl. Sci., (In press).

P. HousToN, D. SCHOTZAU, AND T. P. WIHLER, An hp-adaptive mized dis-
continuous Galerkin FEM for nearly incompressible linear elasticity, Comput.
Methods Appl. Mech. Engrg., (In press).

P. HousToN, C. SCHWAB, AND E. SULI, Stabilized hp-finite element methods
for first—order hyperbolic problems, STAM J. Numer. Anal., 37 (2000), pp. 1618
1643.



30

2]

[28]

[29]

[30]

[31]

[32]

[35]

[36]

[37]

P. HousToN, B. SENIOR, AND E. SULI, Sobolev reqularity estimation for
hp—adaptive finite element methods, in Numerical Mathematics and Advanced
Applications ENUMATH 2001, F. Brezzi, A. Buffa, S. Corsaro, and A. Murli,
eds., Springer, 2003, pp. 631-656.

P. HousTON AND E. SULI, Adaptive finite element approximation of hyper-
bolic problems, in Error Estimation and Adaptive Discretization Methods in
Computational Fluid Dynamics. Lect. Notes Comput. Sci. Engrg., T. Barth
and H. Deconinck, eds., vol. 25, Springer, 2002, pp. 269-344.

— A note on the design of hp—adaptive finite element methods for elliptic
partial differential equations, Comput. Methods Appl. Mech. Engrg., 194(2-5)
(2005), pp. 229-243.

C. JOHNSON AND J. PITKARANTA, An analysis of the discontinuous Galerkin
method for a scalar hyperbolic equation, Math. Comp., 46 (1986), pp. 1-26.

O. KARAKASHIAN AND F. PASCAL, A posteriori error estimation for a dis-
continuous Galerkin approximation of second order elliptic problems, STAM J.

Numer. Anal., 41 (2003), pp. 2374-2399.

G. KARNIADAKIS AND S. SHERWIN, Spectral/hp Finite Element Methods in
CFD, Oxford University Press, 1999.

M. LARSON AND A. NIKLASSON, Conservation properties for the continuous
and discontinuous Galerkin method, Tech. Report 2000-08, Chalmers Finite
Element Center, Chalmers University, 2000.

P. LESAINT AND P. RAVIART, On a finite element method for solving the
neutron transport equation, in Mathematical Aspects of Finite Elements in Par-
tial Differential Equations, C. de Boor, ed., Academic Press, New York, 1974,
pp- 89-145.

W. B. Liu AND J. W. BARRETT, Quasi-norm error bounds for the finite ele-
ment approximation of some degenerate quasilinear elliptic equations and varia-
tional inequalities, RATRO Modél. Math. Anal. Numér., 28 (1994), pp. 725-744.

J. MELENK, hp—Interpolation of non-smooth functions, SIAM J. Numer. Anal.,
43 (2005), pp. 127-155.

J. MELENK AND B. WOHLMUTH, On residual-based a posteriori error estima-
tion in hp-FEM, Adv. Comp. Math., 15 (2001), pp. 311-331.

J. NECAS, Introduction to the Theory of Nonlinear Elliptic Equations, John
Wiley and Sons, 1986.



[38]

[39]

[40]

[41]

[42]

[43]

[44]

31

J. NITSCHE, Uber ein Variationsprinzip zur Lésung von Dirichlet Problemen bei
Verwendung von Teilrdumen, die keinen Randbedingungen unterworfen sind,
Abh. Math. Sem. Univ. Hamburg, 36 (1971), pp. 9-15.

J. ODEN, I. BABUSKA, AND C. BAUMANN, A discontinuous hp-finite element
method for diffusion problems, J. Comput. Phys., 146 (1998), pp. 491-519.

C. ORTNER AND E. SULIL, Discontinuous Galerkin finite element approrima-
tion of monlinear second-order elliptic and hyperbolic systems, Tech. Report

NA-06/05, Computing Laboratory, Oxford University, May 2006 2006.

W. REED AND T. HiILL, Triangular mesh methods for the neutron transport
equation, Tech. Report Tech. Report LA-UR-73-479, Los Alamos Scientific Lab-
oratory, 1973.

M. WHEELER, An elliptic collocation finite element method with interior penal-
ties, STAM J. Numer. Anal., 15 (1978), pp. 152-161.

T. WIHLER, P. FRAUENFELDER, AND C. SCHWAB, Fzxponential convergence
of the hp-DGFEM for diffusion problems, Comput. Math. Appl., 46 (2003),
pp- 183-205.

T. P. WIHLER, Locking-free adaptive discontinuous Galerkin FEM for elastic-
ity problems, Math. Comp., 75 (2006), pp. 1087-1102.



